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Exceptional set estimates for radial projections in R™

PAIGE BRIGHT and SHENGWEN GAN

Abstract. We prove two conjectures in this paper. The first conjecture is by Lund, Pham
and Thu: Given a Borel set A C R™ such that dim A € (k, k + 1] for some k € {1,...,n — 1}. For
0 < s < k, we have

dim({y € R" \ A | dim(my(A)) < s}) < max{k + s —dim A,0}.
The second conjecture is by Liu: Given a Borel set A C R™, then
dim({z € R" \ A | dim(7,(A)) < dimA}) < [dimA].

Avaruuden R" siteittiisten projektioiden poikkeusjoukkoarvioita

Tiivistelma. Téssé tyossd vahvistetaan kaksi Borelin joukkoja A C R™ koskevaa konjektuuria.
Ensimmaéisen esittivit Lund, Pham ja Thu: Jos dim A € (k,k + 1] jollakin k € {1,...,n — 1} ja
0 < s < k, niin

dim({y € R" \ A | dim(my(A4)) < s}) < max{k + s — dim A, 0}.
Toisen konjektuurin esitti Liu:
dim({z € R" \ A | dim(7;(A)) < dimA}) < [dimA].

1. Introduction

In this paper, we study the radial projections in R". Let G(m,n) be the set
of m-dimensional subspaces in R", which is also known as the Grassmannian. For
V € G(m,n), define my: R® — V to be the orthogonal projection onto V. Given
r € R define m,: R"\ {x} — S"! to be the radial projection centered at z:

y—x

|y — 7|

We first discuss some background of the projection theory. We use dim X to
denote the Hausdorff dimension of the set X. There is a classical result proved by
Marstrand [9], who showed that if A is a Borel set in R?, then the projection of A
onto almost every line through the origin has Hausdorff dimension min{1,dim A}.
This was generalized to higher dimensions by Mattila [10], who showed that if A is
a Borel set in R"™, then the projection of A onto almost every k-plane through the
origin has Hausdorff dimension min{k, dim A}. It turns out that one can obtain some
finer results which are known as the exceptional set estimates. The exceptional set
estimates give a bound on the set of directions where the projection is small. There
are two types of exceptional set estimates known as the Falconer-type estimate and
Kaufman-type estimate.

Suppose A C R™ is a Borel set of Hausdorff dimension . For 0 < s < min{m, a},
define the exceptional set

E (A) ={V € G(m,n) | dim(my(A)) < s}.
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Then we have

(i) (Falconer-type) dim(E (A)) < max{m(n —m)+ s — «,0},

(ii) (Kaufman-type) dim(Es(A)) <m(n —m —1) + s.
The original papers of Falconer and Kaufman are |2, 6]. The more general version
was proved by Peres and Schlag [14]. We also recommend Theorem 5.10 in [11] for
the proofs of these two types of the exceptional set estimates.

In this paper, we study the exceptional set estimates for the radial projections.
We first state our theorems.

Theorem 1. Let A C R™ be a Borel set such that « = dim A € (k,k + 1] for
some k € {1,...,n—1}. Fix 0 < s < k and let

E (A) ={y e R"\ A|dim(m,(A)) < s}.

Then,
dim(Fs(A)) < max{k +s— «,0}.

Theorem 2. Let A C R™ be a Borel set such that « = dim A € (k — 1, k| for
some k € {1,...,n — 1}. Define the exceptional set

E(A) :={z e R"\ A|dim(7,(A)) < a}.

Then we have
dim(FE(A)) < k.

Theorem 2 is sharp: if we let A be an a-dimensional subset of R¥, we see that
E(A) = R*\ A which has dimension at most k.

We remark that Theorem 1 answers a conjecture by Lund, Pham and Thu (see
[8, Conjecture 1.2]); Theorem 2 answers a conjecture by Liu (see |7, Conjecture 1.2]).

Recently, Orponen and Shmerkin [12] proved the n = 2 case for both Theorem 1
and Theorem 2. Their proof of Theorem 1 (when n = 2) is based on a Furstenberg-
type estimate due to Fu and Ren [4]. Then by a swapping trick, they are able to prove
Theorem 2 (when n = 2). In this paper, we prove the Theorems for all dimensions.
We remark that the upper bound in Theorem 1 is a Falconer-type bound.

We talk about the structure of the paper. In Section 2, we prove Theorem 1 as a
result of Proposition 17 and Proposition 19. In Section 3, we prove Theorem 2 based
on Proposition 23 and a trick of Orponen and Shmerkin [12].

We note that Orponen, Shmerkin and Wang also proved Theorem 1 and Theo-
rem 2. See [13].

1.1. Some notations. We use “A < B” to denote A < C'B for some universal
constant C.

Definition 3. For a number § > 0 and any set X (in a metric space), we use
| X |5 to denote the maximal number of d-separated points in X.

Definition 4. Let §,s > 0. We say A C R" is a (, s, C)-set if it is J-separated
and satisfies the following estimate:

(1) #(AN B,(z)) < C(r/0)°

for any z € R™ and 1 > r > §. When the constant C' is universal or clear from the
context, the condition (1) will be shortened to

#(AN B(x)) < (r/0)".
Also, (6, s,C)-set will be shortened to (J, s)-set.
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Remark 5. Since the condition (1) is for scales > §, we can abuse the notation
to define: for A’ = UB;s being a union of disjoint d-balls, we say A is a (0, s)-set if

#{Bs: Bs C ANB,.(x)} < (r/d)°.

This definition is consistent with the previous definition: If A is a (4, s)-set, then the
d-neighborhood of A is also a (9, s)-set in the new sense; conversely, if A’ is a disjoint
union of ¢-balls and is a (6, s)-set in the new sense, then the set of centers of the
0-balls in A’ is a (9, s)-set in the old sense. Therefore, it makes sense to say a set A
is a (0, s)-set if A is d-separated or A is a disjoint union of d-balls.

Remark 6. Throughout the rest of this paper, We will use #FE to denote the
cardinality of a set £ and |-| to denote the measure of a region.

1.2. d-tube and §-slab. One of the main geometric objects we will study is the
so-called d-tube. In R”, we call T" a d-tube, if T" is a cylinder of radius ¢ and length
1. For C > 0, we use CT to denote the C-dilation of T" with respect to the center
of T'. For two d-tubes T and T", we say they are comparable, if 10717 c 7" C 107
We say they are essentially distinct, if they are not comparable. If T is a convex set
that is comparable to a d-tube T', then we also call 7" a §-tube. Therefore, if T is a
rectangle of dimensions ~ d x --- x § x 1, then T is also a J-tube.

In this paper, we will frequently encounter the following situation. There are
two finite sets E, F' C B"(0,1) (here B™(0,1) is the unit ball in R™ centered at the
origin). Each of E and F is contained in a ball of radius 1/8, and dist(E, F) > 1/2.
We use letter y to denote the points in | x to denote the points in F', and assume F
is a (J, a)-set, and F is a (9,t)-set. We can view F' (or F) as a d-discretized version
of A (or E4(A)) in Theorem 1. If y € E is in the exceptional set, then the maximal
d-separated subset of m,(F) is roughly a (d,s)-set in S"~'. We would like to use
another geometric object to characterize m,(F). For every w € S""!, we can define a
tube T, which is the d-neighborhood of the line segment {y+tw: ¢t € [0, 1]}. Roughly
speaking, T, is a tube of dimensions ~ ¢ X --- x § x 1 pointing to the direction w
and passing through y. In this correspondence, a maximal J-separated subset of
7, (F) gives rise a set of 0-tubes TV that pass through y, and (J,cr, T D F. We call
TY a bush centered at y. Additionally, the (4, s) condition of m,(F') transfers to TY
which says that: If T, is a r X --- X r X 1-tube passing through y, then there are
< (r/6)® many tubes in TY that are contained in 7, (6 < r < 1). When we call a
bush TY centered at y a (9, s)-set, we mean that 7, (Upcr, T\ B(y,1/2)) C S*is
a (0, s)-set. Here, B(y,1/2) is a ball of radius 1/2 centered at y.

We have discussed the notion of a bush centered at y and the definition for a
bush to be a (4, s)-set. We also need to consider another type of bush called the
truncated bush. If TY is a bush centered at y, then for each T' € TY we define the
truncated tube

T=T \ 31/2(9)-

By truncation, TY gives rise a truncated bush T¥ centered at y. The reason we do this
truncation is that the tubes in TY are now essentially disjoint. This will be helpful
in estimating the upper bound of integrals like fR" (Ey > ey 1T)2.

We will also study the geometric object called the k-dimensional d-slab. They
are of dimensions § X --- x § X 1 x --- x 1. In particular, a -tube is a 1-dimensional

Vv VvV
n—k times k times

d-slab.
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2. Falconer-type estimates for radial projections

In this section of the paper, we prove Theorem 1. We introduce some notations.
Fix 0 < o, d > 0. For a bounded set £ C R", define

(2) H; oo (E) := inf {Zr(pj)sz EcC uij} :

J
where the infimum runs over the coverings of £ by dyadic cubes {D,} with side
length > §, and r(D) denotes the side length of the cube. One may compare with
the definition of

(3) H: (F) :=inf {Z r(D;)*: E C UjD]} ,
J
where the infimum runs over the coverings of E by dyadic cubes {D;} (without
assuming side length > 9).
We state some useful lemmas.

Lemma 7. Let §,s > 0 and let B C R" be any set with H3_(B) =: k > 0 (see
the definition in (3)). Then, there exists a (0, s)-set P C B with #P 2 kd~*.

Proof. See [3, Lemma 3.13|. O

Lemma 8. Fix a > 0. Let v be a probability measure satistying v(B,) < r® for
any B, being a ball of radius r. If A is a set satisfying v(A) > k (k > 0), then for
any § > 0 there exists a subset F' C A such that F' is a (§,a)-set and #F 2 ko~

Proof. By the previous lemma, we just need to show H% (A) 2 k. We just check
it by definition. For any covering { B} of A, we have

k<Y w(B) S r(B)"

Ranging over all the covering of A and taking infimum, we get
kS HL(A). O
For any dyadic number § < 1, let Ds be the set of d-cubes of form [i1d, (i; +
1)8] X + - X [im0, (i, + 1)0] where 0 < iy, ... 4, < 6! — 1. The cubes in D; form a
covering of [0, 1]™ with the overlap only on their boundaries.

Lemma 9. Suppose X C [0,1]™ with dim X < s. Then for any € > 0, there
exist dyadic cubes Cy—x C Dy« (k> 0) so that

(1) X C Uk>0 LJDeCQ_]C D7
(2) Zk>o ZD@CQ_k r(D)® < e,

(3) Cy-r satisfies the s-dimensional condition: For | < k and any D € Dy-1, we
have #{D' € C,-+: D' C D} < 2(-=Us,
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Proof. See [5, Lemma 2]. O

Remark 10. Besides [0,1]™, this Lemma also works for other compact metric
spaces, for example S" and G(m,n). Each of them is locally diffeomorphic to [0, 1],
so we can pull back the structure of dyadic cubes on [0, ]! to S* and G(m,n).

Lemma 11. Suppose X C [0,1]™. Then there exist dyadic cubes

(with Co-x C Dy-r) that cover X and
(1) EDGC T(D>S = H;,OO(‘)()?

(2) Co-r satisfies the s-dimensional condition: For | < k and any D € Dy, we
have #{D' € Cy-r: D' C D} < 2%=Ds. In particular, H3 , __(Upee . D) =
) 2—
#Cgka_ks.
Proof. This lemma looks like Lemma 9, but it is much easier since we only care

about the scales > 0. We just choose C to be the covering that attain the “inf” in the
definition of Hj (X). It is not hard to check the two properties are satisfied. O]

The next lemma is |3, Proposition A.1]. Though it is stated for H?_ there, the
proof also works for Hj .

Lemma 12. Suppose X C [0,1]™, with H5_(X) = x > 0. Then there exists a
(0, s)-subset of X with cardinality 2 k0 ~°.

We also have the following lemma saying that the lemma above can be reversed.

Lemma 13. Suppose X C [0,1]™ is a (J,s)-set with #X > kd~°. Then,
Hj.o(X) 2 k. In particular, by Lemma 12, this implies that for any 6 < A <1,
X contains a subset X' which is a (A, s)-set and satisfies #X’ 2 kA™*; and also
implies that for any u < s, X contains a subset X' which is a (A, u)-set and satisfies
#X' 2 kAT

Proof. Assuming our (4, s)-set X satisfies #X > kd~ %, we are going to show
H;o(X) 2 k. Let C be the covering of X that attains “inf” in the definition of
H;3 o (X). Also let Ca C C be the set of A-cubes. We write X = | |, Xa, where Xa
is the points in X covered Ca. By the definition of (4, s)-set, each A-cube contains
< (£)° many points from Xx. We have #Ca 2 (2)*#Xa. We see that

~ \5
My oo(X) =D AHCA 2 0°H#X = k. O
A>§

Remark 14. We see that when X is a (4, s)-set, then #X 2 67°" and H; (X)
2 0° are equivalent.

We recall Theorem 1 here.

Theorem 15. Let A C R" be a Borel set such that o = dim A € (k, k + 1] for
some k € {1,...,n—1}. Fix 0 < s < k and let

E(A) ={y e R"\ A|dim(m,(A)) < s}.

Then,
dim(F4(A)) < max{k + s — «,0}.
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We will actually prove the following §-discretized version which is a generalization
of [12, Proposition 4.2].

Theorem 16. Let 0 < 0 < k, a € (k,k + 1] for some k € {1,...,n — 1} and
t > max{k + o0 —a,0}. Let n € (0,1/10). Then for ¢ and § small enough depending
on n,0,a, and t, we have the following result.

Let E,F C B™(0,1) be a (0, t)-set and a (0, a)-set respectively, with #E = 6",
#F = 6%t We also assume that each of E and F lies in a ball of radius 1/1000
and dist(E, F) > 3/4. Then, there exists y € E such that for all F' C F with
H#F' > °#F, we have

H o, (7)) > .
We first show that Theorem 16 implies Theorem 15.

Proof that Theorem 16 implies Theorem 15. Let A C R™ be a Borel set such that
a=dimA € (k,k+1] for some k € {1,...,n—1}. We first do a reduction to localize
A. For ag < a, we say x € A is an a;-dense point of A if diim(ANB,(x)) > «; for any
r > 0. We notice a fact: for a; < a, A has infinitly many a;-dense points; otherwise,
A can be covered by a finite set and countable union of sets with dimension less than
a1, which contradicts dim A = a.

Fix oy < a that is sufficiently close to o (we will later let ay — «). We can find
a1-dense points x1, xs of A. Since our problem is scaling-invariant, we can assume
|ZL‘1 - ZL‘2| = 99/100 We let Al = AN Bl/lOOO(xl)a A2 = AN Bl/looo(l‘g), and then
dim(A;), dim(As) > a;. We only need to show for any ball By /1909 of radius 1,/1000,
E(A) N Bijio00 has dimension < max{k + s — «,0}. Since dist(A;, A2) > 98/100,
we have either dist(B1/1000, A1) > 3/4 or dist(B1/1000, A2) > 3/4. We may assume
dist(B1/1000, A1) > 3/4. It suffices to show that the set

E = Es(Al) N Bl/lOOO = {y S Bl/lOOO: dim(ﬂ-y(Al)) < S}

has dimension < max{k + s — dim(A;),0}. From the reduction, these sets satisfy
certain separation properties:

(4) each of A; and E' lies in some ball of radius 1/1000,
(5) Ay, E' C B"(O, 1), diSt(Al, E,) > 3/4

(We remark that the numerology about the radii of balls or the distance between
sets are not important. For example, we only need A, E’ to be contained in a ball of
bounded radius and the distance between A; and E’ are bigger than some nonzero
constant. )

We choose t < dim(E’),a < dim(A;). Then H! (E’) > 0, and by Frostman’s
lemma there exists a probability measure v4, supported on A; satisfying v4, (B,) < r®
for any B, being a ball of radius . We only need to prove ¢t < max{k+s—a,0}, since
then we can send a — dim(A4;),t — dim(E’). For the sake of contradiction, assume
that ¢ > max{k + s — a,0}. Thus, we can find ¢ > s so that ¢ > max{k + o — a,0}.
Set n=0—15>0.

We remark that here we did a two-step reduction: we first localize A to be A;
so the index a becomes «7; next we use Frostman’s lemma to find a a-dimensional
measure so that the index a; becomes a. Though a is less than «, we can make a
arbitrarily close to a.

Now we fix a,t, so we may assume H! (E’') ~ 1 is a constant. In the following
estimates, the “<” notation is allowed to depend on H._ (E’).
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Fix a y € E'. applying Lemma 9 to m,(A;), we obtain a set of dyadic caps
C, = |_|j C,; in S*~! that cover m,(A;). Here each C, ; is a set of 277-caps that satisfy
the s-dimensional condition (see Lemma 9 (3)) as dim(m,(A;)) < s. Also, the radius
of these caps is less than ¢, which is any given small number.

By the s-dimensional condition of C, ;, we have

- U C|=4#c,;27° <1.

Cécy,j
Therefore, we have
(6) e | U C) s#C 277 <27
Cecy,j

Figure 1. T, ; in the radial projection.

For each cap C € C,, consider 7, '(C) N{z € R": 1 — 15 < |& — y| < 1} which

is a tube. We obtain a collection of finitely overlapping tubes
T, = I_l Ty,;
J

that cover A; (see Figure 1). This is a truncated bush centered at y. Here, each tube
has its coreline passing through y and at distance ~ 1 from y. The tubes in T, ; have
dimensions ~ 277 x +- - x 277 x 1.

For this fixed y € E’, there exists a j(y) > |log, €,| such that

1 1
7 va, | A1N T) > ——va(4) = — .
@) S T@p w0 ) = o5

v,3(y)

We have a partition £/ = |_|j B’ where E} = {y € E'": j(y) = j}. We choose j such
that H (E}) 2 %2 We let § = 277. Note that § < &, by assumption. By Lemma 7,
there exists a subset E” C Ej which is a (9, t)-set and #E" 2 |logd|~?6~". We use p

to denote the counting measure on E”.
Next, we consider the set S = {(y,z) € E" x A;: x € UTeTyj T'}. We also denote

the y-section and z-section of S by S¥ and S,. (In Figure 1, E’ is drawn above Aj,
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so we let y be the superscript in S¥). By (7), we have v4,(SY) > -, so we have

105 (y)?’
0 (0 1)(8) = (")
This implies
© o) ({0 € 555 2 o)) 2 S

Therefore, we have

1 1
: > —u(E") s ) > ~ -2,
(10) va, ({x € Ay p(Sy) > 2OJ,QM(E )}) = 3072 | log d|

By Lemma 8, we can find a subset F of {z € A;: pu(S;) > ﬁ,u(E”)}, so that F'is
a (0,a)-set and #F > |logd| =257,
Hence,

[logd| *#FH#E" <> #yeExe | J T

zeF TeT, ;

(11) v
= Z #zelF:ze U T 3.

yeR" TeT,, ;

By pigeonholing, there exists a subset £ C E” with #E > |log§| 2#E" > 6267,
so that for any y € E:

#{reFixe | T} 2 0 #F > °#F,

TGT%]'

when 0 is small enough.

We set F, := {3: e 'z e UTeTij}' Now we use Theorem 16 to derive a
contradiction. Since E is a (0,1)-set with #E 2 007" and F is a (4, a)-set with
#F 2 077, Theorem 16 yields the existence of an y € E such that Hg (7, (F),)) >
0". This contradicts (6). O

Before proving Theorem 16, we prove two propositions. Then we show The-
orem 16 is a result of them. The first proposition is a quantitative version of
Marstrand’s projection theorem. The second proposition is a special case of The-
orem 16 when k =n — 1.

Proposition 17. Set d,,,, = m(n —m) = dim(G(m,n)). Let 0 < a < m. Let
n € (0,1/10). Then for € and 6 small enough depending on 1, a, we have the following
result.

Let FF C B™(0,1) be a (6,a)-set with #F =2 0°6~*. Let G C G(m,n) be a
(8, dm.n)-set, with #G = §°§-4mn. Then, there exists G; C G with #G; > 1/2#G
such that for any F' C F with #F' > 6°#F and any V € Gy, we have

soo(Tv(F")) > 0.
Here, my is the orthogonal projection onto V.

Proof. Actually, we just need to show the existence of a single V' € G that
satisfies the property above. Then we can construct Gh = {Vi,...,Vy} inductively
and replace G by G \ Gy, and check whether #(G \ G1) 2= 6?69 and then repeat

again.
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Suppose there does not exist such V. By contradiction, for any V' € G, there
exists Fyy C F with #Fy, > 6°#F and

(12) H; oo (v (Fv)) < 67

By the definition of H§ _, we can find a covering of 7y (Fy) by dyadic cubes {D}
so that H§  (mv(Fv)) = >_pr(D)? Consider {m;'(D) N B"(0,1)} which are the
preimages of these {D} under my truncated in the unit ball. They actually form a

covering of Fy:
Iy C |_| U T.
I<AL1 TETV’A

Here, each Ty, consists of planks of dimensions A X A x --- X AX1x1x---x1

TV TV
m times n—m times

that are orthogonal to V. By Lemma 11, Ty, s satisfies the a-dimensional spacing
condition (inherited from {D}): For A < r < 1, if 7, is a plank of dimensions
rXrx-ooxrx1x1x---x1that is orthogonal to V, then 7, contains < (r/A)*

m ;irmes nfm‘,times
many planks from Ty a. Also by (12),
(13) #Tya SOTAT

We see that Ty is non-empty only for A < §7/¢,
Next, we will apply a standard pigeonholing argument to find a scale A. Note

that
rc || UT

§<A<Ln/a TETy A

For each V € G, we can find a dyadic A(V) € [6, 7] so that

(14) #{ P | Tz llogd| "#Fy 2 5°#F.

TeTy,Av)
Define Go = {V € G: A(V) = A}. We see that
G= || Ga
S<A<L§/a
By pigeonholing again, we can find a scale A, such that
(15) #Ga 2 FHG.

We fix this A. Noting that G is a (8, d,, ,)-set with #G > 656~ %mn we have that Ga
is also a (0, d,, ,)-set with #G 2> 62§ %~ By Lemma 13, we can find a subset G’
of Ga so that G’ is a (A, dp,)-set with #G' > §%2A~%mn. From (14), we have for
any V € G

(16) #(Fn | T|zo#Fz o=

TeTy,A

Next, we consider the set

S:=<(z,V)eFxG:ze€ U T;.

TGTMA
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Define the sections of S:

S, ={VelG:(x,V)eS}, Sy:={zeF:(zx,V)eS}.
By (16), we have #Sy 2 §°#F for V € G'. Then we have
(17) #S = #Sy > C'SHGHFE.

Ve@’
Since
1
#{(z,V) € S: #S, < (20) 0% #G'} < (20) 10 #G'#F < 5#5,
we have
L{(2,V) € S: 45, > (20)5F 4G} 2 6 HCHF.
The inequality above implies
#{r € F: #8S, > (20) 6% #G'} = 0°#F.
We define
(18) Fa = {x € F: #8S, > (20) ' §*#G"'}.
Noting that Fa is a (6, a)-set with #Fa = 627, by Lemma 13, we can find a subset
F' C Fa such that F’ is a (A, a)-set with
(19) #F' > 52N
Let us summarize what we obtained. We find a scale A € [,57%], a (A, d,y,.,)-set
G' C G with #G' 2 6% A% and a (A, a)-set F' C F with #F" > §2*A~¢, so that
(i) for each V € G’, we have a set of tubes Ty a that satisfy the a-dimensional
spacing condition and #Tya < 6"A™° (see paragraph before (13)),
(ii) each z € F’ is contained in 2 6*#G’ 2 §**A~%n planks from (Jy .o Tva
(see (18)).

In the rest of the proof, we fix A and simply write Ty A as Ty.
For each V' € GG, let Dy be a

ATTXA T X x AT I I xox L

TV TV
m times n—m times

slab centered at the origin such that the 1 x1 x - - - x 1-side is orthogonal to V. Then,
Dy is the dual rectangle of the slabs in Ty, .

For all T € Ty, choose a smooth bump function ¥y adapted to 7" such that
Yr > 1 on T, ¢ decays rapidly outside of T', and supp JT C Dy . Define

fo=Y vr and f=>_fv.

TeTy VeGa’

Then by the condition (ii) above, for x € Na(F"), we have
f(x) = ot Admn,
So,

(20) / |f|2 2 5O(E)ARA_Q_2dm’".
NaA(F7)

We are going to find an upper bound of fNA(F,) | f|? using the high-low method.

Let K be a large number to be determined later (we will actually choose K ~ §=9¢)).
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Let Mow(€) be a smooth bump function on B™(0, (KA)™) and mpign(€) = 1 — niow (£).
We have the following high-low decomposition for f:

f = fiow T fuign,

where ﬁow = nlowf and ﬁligh = nhighf. See Figure 2 for a diagram of the high part
and low part and the dual slabs.

Figure 2. Dual slabs.

For x € NA(F"), we have

(21) §EATm S f (@) < | figh ()] + | fiow(@)]-
We will show that the high part dominates for z € Na(F"), i.e., | fuign(z)| = 6% A=dmn,
It suffices to show

(22) | frow(z)| < CHo* AT Imn,

for a large constant C.

Recall that fiow = D ycqr U ¥y Since N is a bump function on B™(0, (KA)™1),
we see that 1 is an L'-normalized bump function essentially supported in B"(0, KA).
Let x(x) be a positive function = 1 on B"(0, KA) and decays rapidly outside
B™(0, KA). We have

1

Vi< -
Therefore,

1
(23) | fiow ()] S Vez;/ T%; Py * m Vezg/ T%T:VK X1y (@

Here, each Tk is a plank of dimensions

\[(AXKAX~-~XKAJX\1X1X-~-X14

m times n—m times

which is the K-thickening of the A x --- x A-side of T', and xr, is a bump function
=1 on Tk and decays rapidly outside T. The rapidly decaying tail is negligible, so
we can think of each xr, as the indicator function of Tk. For a fixed V € G, we
note that {7': T' € Ty} are orthogonal to V. Therefore, if we let Pxa be a plank of
dimensions

KAXKAX- - X KAx1x1x---x1

m times n—m times

that is orthogonal to V' and contains z, then by condition (i),

Z XTK('T) 5 #{T € TV: T C PKA} Sx Kav
TeTy



642 Paige Bright and Shengwen Gan

where the last inequality is by the a-dimensional condition of Ty . Plugging this back
into (23), we obtain

fiow (@) S K 4G < Ko A,

(G i 2 (B, dy)-set, s0 #G' S A=)
Noting that a < m, we may choose K ~g.,,, 6% 50 that (22) holds. Plugging
back to (20), we have
2
Z Jvhigh

An—a—Qdm,n é / |fhigh|2 :/
VeG’

Here, A < B means A < § 9 B. It is good to mention that since A < 7%, by
choosing ¢ small enough depending on 7, a, we have that K is much smaller than
AL

We use the following lemma to estimate the overlap of {supp(}";nmgh)}‘/eg/, or
more precisely { Dy \ B"(0, (KA)™!)}yeq. After rescaling x — Az, each Dy becomes
alx---x1xAx---x A-plank with m many 1’s and (n — m) many A’s in the
expression. We denote this rescaled plank by P,,. We can see that P, is morally
Na(V)n B"(0,1). It is harmless to just assume

Py = Na(V)N B*(0,1).
We also see that after rescaling, Dy \ B"(0, (KA)™!) becomes Py \ B"(0, K~'). We
will bound the overlaps of { P, \ B"(0, K~1)} where { P} are essentially distinct.
Lemma 18. {Py \ B"(0, K ) }yeq is < KOW A~ dmGm=1n=1)_sverlapping.

Proof. We will estimate the number of overlaps at the point &, = (0,...,0, )
with A € [K~! 1]. We just need to show that the number of planks Py that pass
through 0 and &, is < KOW A~ dm(Gm—1n=1)),

We first talk about some properties for the smooth manifold G(m,n). For V1, V; €
G(m,n), define d(V3,V3) = ||my, — my,||. Then d(-,-) gives a metric on G(m,n). We
need another characterization for this distance. Define p(V;, V2) to be the smallest
number p such that B"(0,1) N Vi C N,(B™(0,1) N V3). We claim that p(V4, V3) ~
d(Vh, V3). Suppose B"(0,1)N'V; C N,(B"™(0,1) N'V3), then for any v € R” we have

|73 (0) = v, (V)] S o],

which implies d(Vi, V2) < p. On the other hand, if for any |v| < 1 we have

|73 (v) = v, (v)] < dlo],

then we obtain that my, (v) C Neg(B™(0,1) NV3). Letting v range over the unit ball
in Vi, we get B"(0,1)N'Vy C Nea(B™(0,1) N V3).

Consider the G = {W € G(m,n): 0,&, € W} which is a submanifold of G(m, n).
G is the set of m-subspaces that contain the n-th axis. One can see that G is
isomorphic to G(m — 1,n — 1). We return back to P, = Na(V) N B™(0,1). We
make the following geometric observation: if £, C Py, then there exists W € G so
that W N B™(0,1) C Nega(V) N B™(0,1). Recall the length of €, is A € [K~1, 1], so
the angle between €, and V is < AK. Therefore the unit vector 71§ is contained
in Nega(V) N B™(0,1). It suffices to find an m-dimensional space W such that
A, € Wand W N B"(0,1) C Nigexga(V) N B™(0,1). Let v be the projection of
A7, onto V, then the angle between v and A\7'€, is < AK. Imagine we choose
a family of vectors v(6),0 € [0, AK] so that v(0) = v, v(AK) = A7'§, and also
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[v(01) — v(0)| < |01 — 0. Actually, we can choose them so that v(6) lies on the
line segment connecting v(0) and v(AK). Starting with § = 0, we choose the m-
dimensional space V(0) = V so that v(0) € V(0). When 6 changes we get a family
of m-dimensional subspaces V(6) by rotating V(0) = V so that v(f) € V(6). When
6 changes from 0 to AK, we see we rotate V' to another space W = V(AK) within
angle S AK. Therefore we find the desired subspace W.

We proved that there exists W € G so that W N B™(0,1) C Nega(V)NB™0,1).
By the comparability of the metric discussed in the previous two paragraphs, we
see that d(V,G) < AK. In other word, those V € G(m,n) satisfying §, € Py is
contained in the CAK-neighborhood of G in G(m,n). We denote this neighborhood
by Neax(G). Noting that G is submanifold of dimension dim(G(m — 1,n — 1)) =
(m —1)(n —m) and G’ is a A-separated subset of G(m,n), we get the number of
overlaps of G’ at & is

< measure (NCAK(G))/Adim(G(m,n)) O A~ dim(G(m—1,n—-1))

Note that we use a simple fact: If M is an m-dimensional smooth submanifold of the
n-dimensional manifold M, then

measure(N,(M)) S, 7™ "

NM,M r 9
for0<r <1. O
We are now able to find an upper bound to the high part of the integral. We

have
AT 2dm,n </|fhlgh| /|fhlgh|2 A” dim(G(m—1,n=1)) Z/|nh1ghfv

vVed’

by Lemma 18. Since |npign| S 1 and the planks in Ty (for a fixed V') are essentially
disjoint, we have

/|77h1ghfv Z /|fV|2 < Z Z /|¢T|2 (#G)(F#Ty)A™ < §1A™Fmn—atm,

Veg’ VeG' TeTy
Here we have a factor 6”7 because of the upper bound (13), and we remark that 67 is
quite important to get a contradiction.
Combining everything and noting that dim(G(m —1,n —1)) = (m —1)(n — m),
we have that

150
Unwrapping the notation, we get

1 <50

This is impossible if we choose 9, ¢ small enough depending on 7. We get a contra-
diction. 0J

Proposition 19. Let0 <o <n—1,a € (n—1,n] andt > max{n—1+40—a,0}.
Let 0 < n < 1. Then for ¢ and § small enough depending on o,t, and n, we have the
following result.

Let E,F C B™(0,1) so that E is a (0,t)-set with #FE 2 6°6~" and F satisfies
Hi o (F) 2 0%, #F S 07¢ (We remark that we did not assume F is d-separated.) We
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also assume that each of E and F lies in a ball of radius 1/1000 and dist(F, F') > 1/2.
Then, there exists y € E such that for all F' C F' with Hg  (F') > 0%, we have

HS oo (my (F7)) > 0"

Proof. Since n — 1+ 0 — a < o, it suffices to prove the proposition for ¢t < o.

Assume for the sake of contradiction that for all y € E there exists [, C F with
§ oo(Fy) = 0° such that
5.00(my(Fy)) < 07,

We first reduce F to a (9, a)-set. The algorithm goes as follows. By the condition
that H§ (F) 2 6% and Lemma 12, we can find a (0, a)-set Fy C F with #F 2 "2,
We look at F'\ Fy. If Hi (F\ Fi) < 0%, we stop; If H3 (F\ Fi) > 0%, we find a
(8,a)-set Fy C F\ Fy with #F, > 6772, Repeating the algorithm until we stop, we

obtain a decomposition
N
F= <|_| F) U F,

i=1
where each F; (1 <i < N) is a (4, s)-set with cardinality > 6%t and F} satisfies
H o (Fo) < 0%. We also see that N S #F/674% <672,
For any y € E, we have 6° < 3N Hi o(Fy N F;) < 6% + SN § oo (Fy N ).
By pigeonholing, there exists i = i(y) such that H§  (F, N F;) 2 §*. By another
pigeonholing, there exists i € [1, N], such that

#ly € Brily) =i} 2 0°#E.
For simplicity, we will still use the old notation. We replace E by {y € E: i(y) = i},
F by F;, F, by F,NF;, and € by €/10. Then, E is still a (d,¢)-set with #E 2 §°07;
Fis a (0,a)-set with #F 2 §°0~% F, C F and #F, 2 6°#F for each y € F (since
¢ (F,) 2 5%/ implies #F, > §-%*¢ > §#F); moreover,

5,00 (my (Fy)) < 07

§,00
We will derive a contradiction.
By the definition of H{ , we can find a covering of m,(F},) by dyadic caps {D}
in §"7', so that Hg _(m,(F,)) = >, 7(D)’. For each such D, consider 7, '(D) N
(B™(y,2)\ B"(y,1/4)). It is roughly a tube of length ~ 1 and radius comparable to
the radius of D. We put those tubes with radius comparable to A together, which is
the following set

Tya = {Wyl(D) N (B"(y,2)\ B"(y,1/4)): A/2 < diam(D) < A}.

(See Figure 3 for the configuration of these tubes.)
By the separation of E, F' and noting F, F' are contained in B™(0, 1), we see that
the tubes obtained in this way form a covering of F:

Fc || UT
S<A<LITET, A

T, a satisfies the o-dimensional spacing condition (inherited from {D}): For
A < r < 1,if T, is a tube of radius r length 1 that passes through y, then T,
contains 5 (r/A)” many tubes from T, . Since H§ (m,(F},)) < ", we have

(24) #T, A SOTAT.
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We see that T, a is non-empty only for A < §7/°.

Figure 3. Ty A in the radial projection.

Next, we will apply a standard pigeonholing argument to find a scale A. Note

that
rc || UTrT

S<ALn/a TETy A
For each y € E, we can find a dyadic A(y) € [4, 7] so that

(25) #|F,n U T 2 logd| " #E, 2 6#F.

TEeT, A
Define Ex ={y € E: A(y) = A}. We see that
E= |J Ea
S<ALN/a
By pigeonholing again, we can find a scale A, such that
(26) 4EN 2 CH#E.

We fix this A. Noting that E is a (0,t)-set with #F 2 6°~", we have that Fx is
also a (0,t)-set with #EA 2 §*°67'. By Lemma 13, we can find a subset E’ of Ex so
that E is a (A, t)-set with #F’ 2 §*A~*. From (25), we have for any y € E’ that

(27) #Fn | T|z8#F 20

TGT%A

Next, we consider the set

S:=<(x,y) e FxFE:zx¢€ U T;.

TET, A
Define the sections of S:
Sy, ={yerl: (r,y)e S}, SY:={zxeF:(x,y)eS}
By (27), we have #5Y 2 0*#F for y € E'. Then we have
(28) #S = #8Y > C'OCHEHF,

yeE’
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Since
#{(z,y) € S: #S, < (20) 6 H#E'} < (20) ' FFHEHF < %#57

we have
#{(2,y) € St #Ss > (2C) 76" HE'} 2 O #E'H#F.
The inequality above implies
#{o € F: #5, > (20)\05H#E'} 2 6°#F.
We define
(29) Fai={z € F: #S, > (2C) ' #E'}.

Noting that Fa is a (8, a)-set with #Fx 2 §*7% by Lemma (13), we can find a subset
F' C Fa such that F’ is a (A, a)-set with

(30) HE' > §EAT

Let us summarize what we obtained. We find a scale A € [§,077], a (A, t)-set
E' C E with #E' 2 6*A~" and a (A, a)-set F' C F with #F’ > §*A~?, so that
(i) for each y € E’, we have a set of tubes T, A that satisfy the o-dimensional
spacing condition with #T, Ao S 0"A™7 (see paragraph before (24)),
(ii) each x € F' is contained in 2, 0*#E" 2 0*A~" tubes from (J,cp Tya (see
(29)).
We see that we have reduced the problem to the following lemma, from which we
will obtain a contradiction. U

Lemma 20. Let 0 <t <o <n-—1,a € (n—1,n]. Let 0 < n < 1/100. Let
0<6 <A<, ¢>0, where 6,¢ are small enough depending on n,t,0,a. Let
E,F c B"(0,1) be non-empty A-separated sets where

(1) E is a (A, t)-set with cardinality #E 2 A7'6°,

(2) Fis a (A, a)-set with cardinality #F 2 A~%6°,

(3) each of E and F lies in a ball of radius 1/1000 and dist(E, F') > 1/2.

For all y € E, we assume there exists a collection of A-tubes T,,, such that
(1) each T € T, is of form 7,;'(C) N{z € R": 1 — 15 < |z — y| < 1} for some
dyadic A-cap C' C S"71,
(2) T, is a (A, 0)-set of tubes with cardinality #T, < 0"A~°,
(3) and for allx € F, #{y € E: 3T € T, such that x € T} 2 A~'6°.
Then,
50(E)A—t < 5"7_’577A—(n—1)—a+a’

which implies that t < n — 1+ o — a (if § is small enough and ¢ is very small
depending on n,t,0). This contradicts the assumption t > max{n — 1+ ¢ —a,0} in
Proposition 19.

Proof. We will modify T, a little bit. Since we will consider the interplay among
{T,},cr, we want to make the comparable tubes to be exactly the same. Note that
F is contained in a ball B 1909 of radius 1/1000. We choose a set of §/100-separated
directions in S"1, denoted by © = {#}. For each direction 0 € ©, we choose Ty to
be a set of 100d-tubes that point to the direction 6 and form a finitely overlapping
covering of By igo0. Denote T = UyTy. If {Ty}oco are chosen properly, then for any
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d-tubes T', there exists 7" in some Ty such that 7'M By/1000 C 17. We modify every
T, in this way. Let us call the original T, to be Tgld. We redefine

T, :={T" € T: TN Bijipo0 C T" for some T € ']I'(yﬂd}.

Now T, C T. Also, the new T, inherits the properties of the old T,: T, is a
(A, 0)-set with #T, < §"A™7; for any x € F, #{y € E: 3T € T, such that =z €
T} Z A7'¢. After the modification, T, is still a truncated bush centered at y.

Fixay € E. For any T' € T, choose a bump function ¢ such that ¢y > 1 on

T, vy decays rapidly outside of T', and supp ¥t is contained in the dual rectangle of
T which is a A™! x --- x A7l x 1-slab. Define

fy: ZwT and f:ny-

TeT, yek

Then, for x € Na(F), f(z) 2 #{y € E: 3T € T, such that x € T} 2 A~ by
assumption. Therefore,

(31) 50(E)A—2t—a+n 5 525A—2t(#F)An S / |f|2
Na(F)
We will use the high-low method. Let now(§) be a smooth bump function on
B™(0, (KA)™!) and nuigh = 1 —iow. We will choose K ~ 879 Define fipw = ook f
and fhigh = Nhyign * [
For x € Na(F'), we have

AT S f(@) < Lfiow(@)| + | fuign(@)]-
We claim that

[ fiow(@)| S K7 V#E < CTHAT,
if K ~ 6796 is properly chosen. To show the claim, we write

[ fiow (@) <D It * Sy (2) <30 D il | ().

yeE yeE T€T,

Note that |n?.|(z) < (KA)™™x(x), where x(x) is a positive function = 1 on B"(0,
KA) and decays rapidly outside B™(0, KA). Therefore,

M| * Ur(z) S K™ Dy per(a),

where xgr(x) = 1 on KT and decays rapidly outside KT'. Since T, is a (A, o)-set,
we have for x € F,

#{T €T,: 2 € 100KT} < K°.

Therefore, 3 pep, I | * Ur(z) < K=Y Summing over y € E, we prove the
claim.
Therefore, we have |f(x)| < | fuign(2)| on Na(F'). We have

/ P / el
Na(F)

Here is where things become a little more different than the high-low argument
in the proof of Proposition 17. A tube may belong to many different T,. For each
T € T, define

np=#{ye E|T eT,}
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np can be 0, which means 7' ¢ T, for any y € E. We have

/|fhigh|2:/

Here, Y7 high = n}\{igh xp. If T € Ty, let Sy be the slab centered at the origin, of
dimensions A™! x - -+ x A7l x 1, which is the dual of 7. We also see that S is the
dual of any 7" € Ty. Now we have

2

Z nr- ?/JT,high

TeT

SUpp(rign) C So \ B"(0, (KA)™).

Applying Lemma 18 at the special case that m = n — 1 we see that {Sp \
B0, (KA)™H}peo are < KOW A~ dm(Gn=2n-1)_gyerlapping. We thus have
2
Z nr- wT,high Z Z nr- wT,high

[t = | -/
TeT 0cO TeTy

5 5—O(€)A—(n—2) Z/ Z nT'QZ)T,high

00 TET,

5 570(€)A*(n72) Zn%/ |1/}T,high‘2

TeT

S500A DY [ funf? S500A S .

TeT TeT

2

2

In the second to last equation above, we use the fact that tubes in Ty are parallel and
finitely overlapping, and hence the essential supports of {¢r nigh }rer,, { KT }rer,, are
at most K9W-overlapping. In the last row above, we use Plancherel: [ |771\1/igh*¢T|2 =

S mign¥r® < [ [r)* < [ o]

We are going to find an upper bound to ) ;¢ n%. The intuition is that ny = 1
for T € UyegTy, and = 0 for other T € T. Therefore Y roxnf = > peqpnr =
> yen #Ty S #E#T, S AT"A7. We verify this intuition.

Sk = S € BIT T, 0T - XS AT T T,
TET TET yeE y'ek

Given that each T, is a (A, 0)-set, the above expression is bounded by

SZ Z min{|y_y,|_av#Ty}+Z#Ty-

yeE y'e E\{y} yeE

The second term is bounded by

> #T, S AT

yekE
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For the first term, we have

logy A™1
SO0 D> min{ly -y 77,0747
yeE k=0 |y—y/|<27F
log, A™1
<S> Y #{y € ENB(y.27%)} min{2", 5747}
yeE k=0
log, A™1
SAT Y (A7) min{2b, 67A 7}
k=0
log, A1
=AY AT min{2X00 g7AT2 k)

k=0

When 20 = §1A=727% or equivalently 257 = §"A~7, the value of “min” domi-

nates. (Actually, we used the condition A < 877 here in order to find k > 0 so that

2k ~ §MA~?.) The expression above is therefore bounded by §% AT,
Combining all the estimates, we have

N nk S (T amAT

TeT

Plugging into (31), we have
JOAt < §% A~ (n—1)—c+ta_

By choosing € small enough such that 6°©) > 6% 7, then we get
At < Af(nfl)foJra.

Since A < §"7_ if § is small enough we obtaint <n—1+ 0 — a. O
We now prove Theorem 16.

Proof of Theorem 16. We will show that the result holds for ¢ < g¢(n, 0, a,t),
6 < 0o(n,0,a,t), where eo(n, 0,a,t),d(n,o,a,t) depend on Propositions 17 and 19.
The key idea is to project the sets to a lower dimensional subspace. Similar ideas
has appeared in [1].

Since k+o0—a < k, we may assume t < k41 so that we can apply Proposition 17
with (a,m) = (t,k + 1). We will apply Proposition 19 with n = k + 1. For our
purpose, we determine the parameters of Proposition 19 in advance. For fixed n, we
first choose small number &' so that Proposition 19 holds for ¢ = ¢’. Then let the
parameter 7 in Proposition 17 be ¢’. We choose ¢ so that Proposition 17 holds for
this e.

Recall the condition in Theorem 16 that each of F and F' lies in a ball of radius
1/1000 and dist(E, F') > 3/4. By the separation of £ and F, we can find G C
G(n, k + 1) which has measure > 10710, such that any V € G satisfies

dist(my (F), 7y (F)) > %
We choose G to be a maximal d-separated subset of G. Then G is a (0, dg41.0)-s€t
with #G > §dk+1n,
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By Proposition 17, there exists a subset Gy C G with #G; > §~ %+ so that
for any V' € (G; we have

(32) H§ oo (v (F')) > 6%, for any F' C F with #F' > 6°#F.
Similarly, there exists V' € G, so that
(33) He L (n (B)) > 6

We just fix this V' for which (32) and (33) hold.

We are about to apply Proposition 19 (with ¢ = ¢’). By (33), there exists a
(6,t)-set By C my(FE) with #E > 6t We also check that 7y (F) satisfies the
requirement in Proposition 19: H§ (7y(F)) 2 5, #my(F) < #F <6

We find a point § € Ey such that: for all F C my(F) with ’Hgoo(ﬁ) > 6 we
have
(34) HG o (m5(F)) > o".

We use this property to finish the proof. We choose y € E so that my(y) = y.
We show that this y satisfies the requirement in Theorem 16. For any F’ C F' with

#F' > 6°4F, by (32) we have H§ (my(F')) > 5. Plug in F' = 7 (F') into (34):
He . (r (ny () > 7.
Note that
Hg,oo (ﬂ'y(F,)) > Hg,oo (7T§ (WV(F/))) )

as any covering of m,(F’) naturally gives rise to a covering of 5 (my (F’)) by the
separation of F/, I'. Therefore, we have

HE . (my(F')) > 7. O

3. Liu’s conjecture on radial projections

In this section, we prove Liu’s conjecture (Theorem 2). The idea is the same
as in [12], but we still provide full details to clarify the numerology since we are in
higher dimensions.

We repeat Theorem 2 here.

Theorem 21. Given a Borel set E C R", with dim E' € (k — 1,k] for some
ke{l,...,n— 1}, then
dim{z € R"\ E | dim(7,(F)) < dim E} < k.
It suffices to prove

Proposition 22. Given a Borel set Ey C R", with dim Ey € (k — 1, k] for some
ke{l,...,n—1}, and 7y > 0, then we have

dim{z € R" \ Ej | dim(7,(Ep)) < dim Ey — 1075} < k.

Since the proof of this proposition is technical, we start with a heuristic proof.
One of the key tools utilized is Theorem 15.

A heuristic proof of Proposition 22. We just need to prove this for dim Fy < k.
We set s = dim Ej. Let

Fy = {ZL‘ € R"” \ Ey | dlm(ﬂ'x(EQ)) < dim Ey — ]_07'0}.
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By contradiction, we assume ¢t = dim Fy > k. Also, by passing to a subset of Fj, we
may assume t € (k,k 4+ 1). Now we let this Fj be the set A in Theorem 15. Since
s < k, we have that the s-exceptional set

Ey(F)={y e R"\ Fy: dim(m,(Fp)) < s}

has dimension < k+s—t < s = dim Ej. Subtracting this small exceptional part from
Ey, we may pass to a subset of Ey (still denoted by Ey) with the same dimension s
and satisfying
dim(m, (Fp)) > s,

for any y € FEj.

By d-discretization, we may assume Fj is a t-dimensional set of points and F
is an s-dimensional set of points. (Here, when we say Fj is a t-dimensional set, it
means that Fy is a (0, t)-set and #F, = 6 *.) For each z € Fy and y € Ey, we connect

them by a d-tube. Let T be the set of §-tubes produced in this way. We also identify
comparable tubes. Roughly speaking, we define

T :={T: T connects some x € F, y € E}.

We also define T, := {T' € T: z € T} for v € Fy, and TY := {T' € T: y € T} for
y € Ey. By definition, we have dim(m,(Ep)) < s — 79 for « € Fy. This condition
morally says that T, is an (s — 7p)-dimensional set. Since the tubes in T, are finitely
overlapping at the portion away from x, we have

0 S HE S ) #HT N E).

TeT,

Since #T, < § ™ we may morally assume # (7T, N Ey) = 67/ for any T, € T,.
Morally, we may further assume for any 7' € T, we have #(T' N Ey) > 6~ ™/2. The
condition dim(m,(Fp)) > s morally says that T? is at least an s-dimensional set.

We consider the incidences between Ey and T. We will derive a contradiction
by comparing the upper and lower bounds of I(Fy, T) := {(y,T) € Ey x T: y € T}.
First, we have

I(Ey, T) = > #(T N Eg) 2 #T5 ™/,

TeT

For the upper bound of the incidence, we have

1/2
I(Ep,T) =) #(T'NEp) < (#T)"/* (Z #(I'N E0)2>

TeT TeT

1/2
= (#T)Y/2 ( Z #HTeT:y,y € T})

Y,y €EEo
1/2
= (#T)"? (Z Y #{TeT:ye T}) .
yEEy y'€E

By the s-dimensional condition for TY, for y # ' we have

#{TeT:yeT} < ( g )S#Ty.
ly =yl



652 Paige Bright and Shengwen Gan

Therefore, we have
1/2

I(Eo,T) = #T)' | > Y #HT Ty eTh+ > #TV

yeEo y'€Eo\{y} y€Ey

oS X (5 ) e

ol
yeEo y' €Eo\{y} |y y|

1/2

Using that Ej is an s-dimensional set, we have

5\ -
2 <\y—y’|) ~ b

y'€Eo\{y}

so we have

1(Eo, T) § (#T)" (#Eo - max(#T") + I (o, T))"2.
Let us first ignore #Ej - max, (#TY) (we will carefully analyze this term later), and
pretend

1(Bo,T) S (#T)"2(1(Bo, T)) "
This means I(Ey, T) $ #T, which contradicts the lower bound of I(Ey, T). O
We start the rigorous proof. The proof is by contradiction to assume the set

(35) Fy = {z € R"\ B, | dim(m,(Ep)) < dim Ey — 107}

satisfies t = dim Fy > k. We will derive a contradiction through the following propo-
sition and a standard reduction. It has the same idea in the proof that Theorem 16
implies Theorem 15.

Proposition 23. Let k€ {1,--- ,n—1}. Let 0 < s <k, t >k and 79 > 0. For
e, 0 small enough depending on s,t, Ty, the following holds. Let E,F C B™(0,1) be
(0, s)-set and (0,t)-set, with #E = 65t #F > §~"*¢. We also assume that each
one of E, F is contained in a ball of radius 1/1000, and dist(F, F') > 1/2. Then there
exists x € F' such that

(36) T (E")|s > 6™, forall E' C E with #E' > 6°#E.

Proof that Proposition 23 implies Proposition 22. We will do a same reduc-
tion as in the proof that Theorem 16 implies Theorem 15. Suppose Ej is given in
Proposition 22, and Fj is given by (35). Fix dim Ey — 79 < s; < dim Ey. We can
find s;-dense points yq,ys of Fy. Since our problem is scaling-invariant, we can as-
sume |y; — yo| = 99/100. We let £y = Ey N Bijiooo(v1), 2 = Eo N Bijiooo(Y2),
and then dim(E;), dim(£;) > s1. We only need to show for any ball Bj/1900 of ra-
dius 1/1000, Fy N By/1000 has dimension < k. Since dist(Ey, Ep) > 98/100, either
diSt(Bl/10007 El) > 3/4 or diSt(Bl/10007 Eg) > 3/4 We may assuime diSt<Bl/10007 El) >
3/4. We will show that the set

F/ = {LE c 81/10002 dlm(’ﬂ'x<E1)) < dim El — 97'0}(3 FO N Bl/lOOO)

has dimension < k. From the reduction, these sets satisfy certain separation proper-
ties:

(37) each one of E; and F” lies in some ball of radius 1/1000,
(38) By, F' c B"(0,1), dist(E),F')>1/2.
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We choose t < dim(F"), s = dim(E;) — 79 < dim(E7). Then H:_(F') > 0, and by
Frostman’s lemma there exists a probability measure v, supported on E; satisfying
ve, (B,) S r® for any B, being a ball of radius . We can rewrite F’ as

(39) F, = {ZL‘ € Bl/lOOO: dlm(ﬂ'$(E1)) < S — 870}

We only need to prove ¢t < k, since then we can send ¢ — dim(F”). For the sake
of contradiction, assume that ¢ > k. Now we fix ¢, so we may assume H._ (F”) ~ 1 is
a constant.

Fix an x € F’. Using Lemma 9 to 7,(FE}), we obtain a set of dyadic caps C, =
|_|j C,; in S"~1 that cover 7,(E;). Here each C,j is a set of 27J-caps that satisfy the
(s — 87p)-dimensional condition (see Lemma 9 (3)) because of dim(m,(F1)) < s — 8.
Also, the radius of these caps is less than e,, which is any given small number.

By the (s — 87p)-dimensional condition of C, ;, we have

(40) #C, ; < 20578m0),

Figure 4. T, ; in the radial projection.

For each cap C' € C,, consider ;' (C)N{z € R": 1 — = < |z — y| < 1} which

is a tube. We obtain a collection of finitely overlapping tubes
T, =| | Ta,
J

that cover F; (see Figure 4). Here, each tube has its coreline passing through x and
at distance ~ 1 from . The tubes in T, ; have dimensions 277 x - -- x 277 x 1. Also,
T, ; inherits the property (40) from C, ;:

(41) #T,; < 2/(=8m0),
For a fixed € F’, there exists a j(x) > |log, | such that

1 1
42 EinN T| > ——= Ey) = .
. |\ B0 U T2 et () = o

TE€T, ()

We have a partition F” = | |, F} where F] = {z € F": j(z) = j}. We choose j such

that H. (Fj) 2 ]% We let § = 277, Note that § < &, by assumption. By Lemma, 7,

there exists a subset I C F] which is a (4, t)-set and #F"” 2 [logd|7>0~". We use p
to denote the counting measure on F”.

Next, we consider the set S = {(y,z) € Eyx F": y € UTeTw- T}. We also denote

the z-section and y-section of S by S* and S,. (In Figure 4, F’ is drawn above Ej,
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so we use the convention that x appears as the superscript in S*.) By (42), we have
vg, (S%) > —1— so we have

- 10]'(1.)27
(43) (ve, x p)(S) = 10j2M(F ")
This implies
1 : 1 :
) e ({0 € 55 u5) 2 gouE ) 2 S
Therefore, we have
1 1 ]' —

By Lemma 8, we can find a subset E of {y € Ey: pu(S,) > QOEQu(F’)}, so that E' is
a (0,s)-set and #F > |log§|~267*.

Hence,
[log 0| *#E#F" S# 4 (y,2) EExF'iye | J T
TET, 4
(46) )
:Z# ye E:ye U T .
zEF" TET,,;

By pigeonholing, there exists a subset F' C F” with #F > |log §| 2#F" > 6/267,
so that for any z € F'

#yeE:ye | Tp20#E.

TETZJ'

We set E, :={y€E:y¢c UTGTM T}.

Now we use Proposition 23 to derive a contradiction. We just plug in the E, F
and check they satisfy the conditions of Proposition 23. Then it yields the existence
of an x € F such that |m.(F’')|s > 6§ t™, for any F' C E with #E' > §°#FE. We
just put B/ = E,, and see that § 1™ < |1,(E,)|s S #T,; < 6580 by (41). This
gives a contradiction if § is small enough depending on 7. U

Remark 24. (36) roughly says there exists « € F such that dim(7,(E)) >
dim E — 79, contradicts the definition of Fp in (35). Throughout the proof of Propo-
sition 23, we will use x to denote points in F' and y to denote points in FE.

It remains to prove Proposition 23.

3.1. Proof of Proposition 23. We provide the full details for the proof of
Proposition 23. We remark that the proof has the same idea as in [12]. We include
here just for completeness.

In [12], Orponen and Shmerkin derive their Corollary 4.5 from Proposition 4.2.
By the same argument, we can derive the following corollary from Theorem 16.

Corollary 25. Let 0 < o0 < s < k, t € (k,k+1], 0 < n < 1/100, and s >
max{k+o—t,0}. Then, for sufficiently small €, depending on s, o,t,n, the following
holds.
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Let E, F C B"(0,1) be (8, s)-set and (9, t)-set, with #E = 6~ °¢ and #F = 6=,
Fach of E and F lies in a ball of radius 1/1000 and dist(E, F') > 1/2. Then, there
exists a subset E' C F with #E' > (1 — §°)#E, and for every point y € E’, there
exist disjoint families of §-tubes TY = T4 U --UTY (where L = 3log(1/0), and some
']I'? may be empty), with the following properties:

(i) The tubes in TY form a bush centered at y.
(ii) Each TY, if non-empty, can be writen as T§ = | |, T
(0, 0)-set with cardinality 2 6~7*".
(iti) #(T'NF) ~ 27, for T € TY.
(iv) TY is either empty, or #(F N UTGT? T) > §%4F in which case #TY >
627 H#F; we also trivially have #T% < 2774 F by (iii).

(V) #(FNUpers T) > (1 — 6°)#F.

Proof of Corollary 25. We will apply Theorem 16. Since there are many param-
eters, to make less confusion, we denote the parameters appeared in Theorem 16 by
o(Thm), #(Thm), a(Thm), £(Thm), F(Thm). We write the parameters appearing in
Corollary 25 in the usual way as o, s,t, E, F.

We first talk about the idea. To apply Theorem 16, we let o(Thm) = o, ¢(Thm) =
s, a(Thm) = ¢, and E(Thm) = E, F(Thm) = F. We can check that the conditions
in Theorem 16 are satisfied. As a result, there exists y € F such that for all F/ C F
with #F” > §%#F (it is harmless to use 2¢ instead of €), we have

(47) ey (F')) > 6712

We will iteratively use Theorem 16 to obtain a lot of y that satisfies (47). We
will let £’ to be the set of these y’s and our TY will be constructed using (47).

We talk about the details. Suppose we have obtained {yi,...,yn} such that
(47) is true for each of these y;. If N < (1 — 0°)#E, then we let E(Thm) = E\
{yi,...,yn}. We see that #E(Thm) > 6%, If we let ¢(Thm) = 2¢, then we
can apply Theorem 16 and obtain yy; that satisfies (47). By iteration, we obtain
E' C E with #E" > (1 — 6°)#E such that for each y € E’, we have: if F/ C F with
HEF' > §%#F, then

(48) HE oo () (F')) > 672,

Our next step is to construct TV = | |,_,, T} for each y € E'. We fixay € £
in the rest of proof. The idea is to iteratively use (48).

We first choose a set of d-caps C = {C'} C S"~! that forms a partition of S"~*.
For each cap C, let T' be a d-tube that passes through y and points to direction C.
In this way, C naturally corresponds to T which is a full bush centered at y. The
reader can check #T ~ §~ =D Our TY will be constructed as a subset of T.

We first let F” = F, and then of course #F’ > §*#F, so we have (48). Let
T’ C T be the tubes that intersect F”, then (48) implies that T’ satisfies that

HS o (my (Urer T\ Bijroooo())) 2 52,
For 1 <j < L =3log(1/d), define
T, ={T € T: #(TNF)~2}.

Y

y .
s where each T, is a

We obtain a partition T" = | | ; T’;. By pigeonholing, there exists j such that

H oo (7 (Urer, T\ Bujiono(v)) ) 2 8"



656 Paige Bright and Shengwen Gan

By Lemma 12, we obtain a subset T%, C T}, so that T, is a (6, o)-set with cardinality

2 077" Next, we let F' = F\ UTGT?’I T and then check whether #F’ > §%#F. If
not, we stop. If yes, we repeat the argument above and obtain T?,J or T?,Q.

Suppose that we have obtained T (j = 1,..., L), where each T} = I_llgigi(j) T ;.
Also, each TY, satisfies (i), and each T € TY satisfies (iii). We let

If #£F" > §%4£F, then we repeat the argument and obtain some ']T;{Z.(j) +1- We redefine
T7 to be the disjoint union T%, )., U T, and redefine i(j) to be i(j) + 1. If #F” <
0% #F, then we stop.

Suppose we stop. For the purpose of (iv), define the significant set of j to be

J=Sj: #(F0 | T)=0"#F

y
Te'IFj

We throw away those T} for j ¢ J, and let TY = | |, ; T}. Finally, we check (v). We
note that

#(FﬂUT)z#F—# FN T —Z#(FmUTeTJy_T).

TeTY TerT? j¢J
This is bounded from below by #F — 6%#F — 31og(1/6)0*#F > (1 — 6°)#F, when
0 is small enough. O

Let us return to the proof of Proposition 23. Since
s > max{k +s—t,0},

we can apply Corollary 25 with o := s. We obtain a set £/ C E with #F >
(1 — §%)#E, and for all y € E' the tubes TY = TY U --- U TY (L = 3log(1/J))
satisfying the properties in Corollary 25. TY is a bush of tubes centered at y. Next,
we will estimate the number of pairs (y,x) € E’ x F that satisfy certain properties.
To make the expression easier, for any set of tubes T, we write [JT' := Upep T-

We can also do the same reduction as in the beginning of the proof of Lemma 20.
We first choose a maximal set of of §/100-separated tubes T = UyTy as in the proof
of Lemma 20. All the tubes appear in this proof can be thought of as an element in
T, since we can replace a tube by another comparable tube which does not affect the
proof.

By (v), we have

(49) #{(y,x) €EExF:ze Uﬂry} -3 % (FﬂUTy) > (1 — §%)#E#F.

Now, we make a counter assumption: (36) fails for all x € F'. Thus for every x € F,
there exists a subset E!, C F such that #E, > §°#FE, and

(50) |7 (EL)|s < 0751,

Since #FE’ > (1 — §*)#E, we have #(E, N E') 2 §°#FE. We may assume E! C F'
by replacing E! with E! N E’. For each x € F, we choose a bush 7, centered at =z,
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consisting of d-tubes, so that 7, covers E. and
(51) #T, = |m(E)|s < 6.
We immediately have

(52) #{(y,x) €EE xF:ye UT} =Y % (EmUT) > FHEHF.

zeF

The inequalities (49) and (52) together imply

(53)  # {(y,x) €eExFiae|JT, ye UT} > (65 — ) #E'#F.
By pigeonholing, there exists a j such that

(54) #{(y,x)eE'xF;erTg,yeUE}zék#E’#F.
Next, we introduce the high-density tubes:
(55) T = {T e TV: #{y € E: T €TV} > 6.

Also define the low-density tubes T?;»’l =T\ T?j’»’h. We want to show that

(56) 4 {(y,x) €ExF:ae| T ye UT} > % UEUF
To show this, it suffices to show

#{(y,x) EE' X F:x € UT?’I, y € UTf}

=Y # {y eE:zc| T, ye U7;} < GCUEHF

zeF

(57)

For fixed z € F, we note that if y € {y € E': z € UT?’I, y € UT.}, then there

exists T' € T?’l such that € T, and T; € 7T, such that y € T}. This means that T is
comparable to T7. Therefore, we can bound (57) by

1
<M N #yeE:TeT}
TEF 7T,

Here, 7, is the set of tubes from T (recall T from the paragraph above (49)) that are

comparable to some tube in 7,. We have #7, ~ #7,.
By the definition of Tg’l, we see that if T' € T?’l for some y, then #{y' € E': T €

']I'? } < 677/2, Therefore, we bound the inequality above by
S WS S HESR S FEREHE,
zeF

if £ is small enough depending on 75. This proves (57) and hence (56).
Next, we show that there exists E” C E’ with #E" > §%*#FE’, such that for
ye B
HTU" > 5% 4T,
Note that

SEHEHF < #{(y,x) €eExF:ze|JTV" ye Un}

:Z#{xeF:xEUTg’h,yEUTm}-

yer’
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By pigeonholing, we can choose E” C E' with #E"” > 6%*#FE' so that for y € E”,
#{x el:xe UT?’h, y € Uﬂ;} > §%4F.
Since ']I'?’h C TY and each T' € TY satisfies #(F NT) ~ 2/, we have
u {x eF:zel T ye UT} < 4 (Fm Uqrgvh) ~ QTHTV

which implies for y € E”,
(58) HTU" > G222 THF > 54T,

Define ']I‘? = Uye o T» . Potentially, there could be a large intersection between

T?’h for different y. However, we claim the following estimate:

(59) #HT) 2 6009 Y~ yh,

yeE"

We prove the claim. Recall that T} = |_|Z(y) T%, where each T}, is a (9, s)-set with

2 Y2

cardinality 2 051" (see (ii)). Here i(y) is the number that 1nd1(:ates the cardinality
of TY:
J

(60) i(y)o" T S TY Siy)o—*.

Note that E” is a (6, s)-set with #E” > §°©)~5 by Lemma 13, we can choose
a (61706 s)-set B* C E" with #E* > §9Et=5 where C is some large number
to be determined later. Actually, we will choose C' = 100s~!. We also remark that
the notation O(e + n) is actually Og(e 4+ n), but we just leave out s since s is a fixed
number at the beginning.

By (58), #T?’h (y € E") are comparable up to 6% factor, so we have

(61) D HTY SO N " Tyt

yeE" yeE*

We are ready to estimate the lower bound of #’]I';‘ . We have

o ee(u)es (U U

yer yer veB\(y)
C . h "h
(63) (by the disjointness) = Z # [ T\ U T
yeEr” y'eE*\{y}

(o4 >y #(mn U

yer” y' eE*\{y}
(65) > (#Ti’h - > # (T?' ﬂT?) )
yeL* y'eE*\{y}

We show that

(66) #Th - S #(TVNTY) > %#’]I‘?’h.

v €E*\{y}
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For fixed y,1y’, we want to find an upper bound for
#(TynTY).
This is less than
#{T eT):y €T}
Since TY = | [\ T¥; where each TY, is a (6, s)-set, we have

i(y)
T ey eTy<Y #HT T,y €T Si(y)ly— v/
i=1
So, we have

o #TNT) Sily) >, ly—yI
y'eE\{y} y'eE\{y}
=ily) > 2. dv
§1-Cletn)<d<1 y'€E* |ly—y'|~d
Here the summation over d is over dyadic numbers. Since E* is a (6'7CE+7 s)-set,

we have #(E* N By(y)) < ((ﬂ_gﬁ)i the expression above is bounded by

(67) Si) Y SO A S i)5 0 logd).

~Y

§1-0(s+m<d<1

On the other hand, by (58) and (60), we get #T%" > §2#TY > i(y)s2+1~*. There-
fore, if we choose C' = 10057}, then the right hand side of (67) is < %#T?’h when 0
is small. So, we finish the proof of (66). If we look back to (62), we obtain

1
h 7h
#T]’ > B E #T? .
yeE*

Combining with (61), we proved the claim (59).
Estimating the right hand side of (59) using (58) and (iv), we obtain

h O(n+e) s—so—j
(68) #T > 50052 T4,
Finally, we estimate I(E',T?) := {(y,T) € E' x T}: T € T%}. Recalling T} =
Uyern ']I'?’h and the definition of ']I'?’h in (55), we have the lower bound
(69) I(E'\T!) =Y #{ycE:TeTi}>#Tls ™"
TeT)

We have the upper bound
1/2

I(E'\T)) < (#T)'V? | Y #{yec BT Ty

h
TeT]

1/2
= (#TH)'/? ( Y #TeT:TeTin T?’})

RVASI o4

1/2
= (#TH)'/? ( Y #HTeT):TeTin TV} + I(E, T?))

y#y' B’
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Note that #{T" € T): T € TY N T?l} < #{T € Tj:y € T}. We claim that it
further has the bound < §=°M(§/|y — y'[)°#T%. We use the fact that the tubes in
{T'e T%: y' € T} are contained in a (J/|y — y'|)-tube, and the Frostman’s condition
(ii) (with o = s). Therefore,

#{T € T}: y’GT}ZZ#{TET?,i: y’ET}SZ(I/w—y’I)S

S Ay =y )70 HTY, = 575/ |y — y' ) HTY.

We see that
/ _ )
> HTeT:TeT/nTV <o > (|y y|> #TY.
y#y €E’ y#y €E’

Noting that from (iv) that #TY < 277#F and

s B / o
2 (|y y|) 2 2 (|y y|) Slogd B S50,

y#y' er’ yeL' y'e E'\{y}

we obtain
1 /2

I(E',Th) < (#T0)V? (5702 T4 F + I(E', TV))
This implies

I(E'T) < 600t ((#Tg)l/z(a—sz—f#zr)w + #T?) .

Comparing with the lower bound (69), when we choose 7, ¢ sufficiently small com-
pared with 7y, we obtain

#T? 5 5—0(7]—}—6)-{—70/25—52—]’#17’

which contradicts (68), since 7, e can be chosen much smaller than 7.
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