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Area operators on large Bergman spaces

HicHAM ARROUSSI, JARI TASKINEN, CEZHONG TONG* and ZIXING YUAN

Abstract. We completely characterize those positive Borel measures p on the open unit disk
D for which the area operator A4,: A, — L%(T) is bounded. Here, the indices 0 < p,q < oo are
arbitrary and ¢ belongs to a certain class W, of exponentially decreasing weights. Accordingly, the
proofs require techniques adapted to such weights, like tent spaces, Carleson measures for A? -spaces,
Kahane—Khintchine inequalities, and decompositions of the unit disc by (p, r)-lattices, which differ
from the conventional decompositions into subsets with essentially constant hyperbolic radii.

Pinta-alaoperaattorit suurissa Bergman-avaruuksissa

Tiivistelm&. Karakterisoimme ne avoimen yksikkokiekon D positiiviset Borel-mitat pu, joille
pinta-alaoperaattori A, : A? — L4(T) on rajoitettu. Indeksit 0 < p, g < oo voivat tissé olla mielival-
taiset, ja funktio ¢ kuuluu tiettyyn eksponentiaalisesti laskevien painojen luokkaan Wy. Todistuk-
sissa tarvitaan téllaisiin painoihin soveltuvia tekniikoita, kuten teltta-avaruuksia, Ag—avaruuksien
Carleson-mittoja, Kahane-Khintchine-epdyhtiloita sekd yksikkokiekon hajotelmia (p,r)-hiloihin,
jotka poikkeavat tavanomaisista, hyperboliselta halkaisijaltaan vakiomittaisista joukoista koostu-
vista hajotelmista.

1. Introduction
Given a positive Borel measure p on the open unit disk D of the complex plane
C, an area operator A, is the sublinear operator defined by

(1.1) AN© - [ . (o) 12

1— 2]’

where f is a holomorphic function on D, ( € T = {z € C: |z| = 1} and I'({) is the
Stolz angle (see below for definition). The importance of area operators stems from
their apparent connections to nontangential maximal functions, Littlewood—Paley
operators, multipliers, Poisson integrals, tent spaces and so on. The purpose of this
paper is to characterize those measures y for which A, is a well-defined and bounded
operator A? — L9(T), where 0 < p,q < oo and AP is a weighted Bergman space on
D with ¢ belonging to a weight class W.

We recall that in the setting of Hardy spaces, the boundedness of A, from H?
to L(T) was studied by Cohn [6] in the case 0 < p = ¢ < oo and by Gong, Lou and
Wu [9] in the cases 0 < p < g < oo and 1 < ¢ < p < co. As for Bergman spaces,
Wu [17] discussed the boundedness of A, from AP to LY(T) for 0 < p < ¢ < o0
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and 1 < g < p < co. Here, A2, a > —1, denotes the weighted Bergman space
with standard radial power weight. The first named author [1] extended this topic to
the Bergman spaces with exponential weights w introduced by Borichev, Dhuez and
Kellay in [5]. He provided a sufficient condition for the boundedness of A,: A? —
L9Y(T), where 0 <p<g<ooorl<gqg<p< oo, and left the necessity open. By for
example [10], the class of the exponential weights in [5] is a subset of he class W,
which, as mentioned, is the weight class to be treated in this paper. Finally, it is
worth mentioning that the second named author together with Pau and Wang [15]
characterized the bounded area operators on the Bergman spaces in the unit ball of
CN, N > 1.

Let us next introduce the necessary notation and definitions. First, we write
H(D) for the space of all analytic functions in D. Given p with 0 < p < oo and
a positive Borel measure p on D, we denote by L = LP(D,dp) the space of p-
integrable functions with respect to the measure p on D. In the case p equals the
normalized Lebesgue area measure on D, i.e., du = 7' dx dy = dA, the spaces are
denoted simply by LP. Also, L* stands for the Banach space of bounded, measurable
functions on D, endowed with the standard unweighted sup-norm. Recall that for
0 <p <1, L% is only a quasi-Banach space, i.e., a vector space with a quasi-norm
defining a complete metrizable topology. (A quasi-norm || - || in a vector space X
satisfies the norm axioms except that instead of the triangle inequality there only

holds
lz+yll < C(|z|| + |lyll) for a constant C' > 1, for all x,y € X.)

Given 0 < p < oo, the Banach or quasi-Banach space of p-summable sequences of
complex numbers is denoted in a standard way by ¢P, and ¢*° denotes the Banach
space of bounded sequences. Also, H? with 0 < p < oo stands for the standard Hardy
spaces on D or T. Given any (quasi-)Banach space X, its (quasi-)norm is denoted by
|| ||x. Given a quasi-Banach space X, a mapping F': X — X is a sublinear operator,
if | F(z +y)llx < |F@)lx + |1F@)lx and [FO@)llx = M|F(z)|x for all 2,y € X
and all scalars A\. Such an operator is bounded, if there exists a constant C' > 0 such
that ||F(x)||x < Cljz||x for all z € X.

Let Cy be the space of all continuous real valued functions on D that vanish at
the boundary of D. We denote

c:{peco: lole = sup M@o},

z,wED, z#w |Z - w|

and the class £ is defined to consist of those p € £ with the property that for each
e > 0, there exists a compact subset £ C D such that |p(z) — p(w)| < €|z — w|,
whenever z,w € D\ E. We also write

1
Wo = € C?: Ap >0, and 3p € L, such that = },
0 {@ ¥ P 0 NNz P

where A denotes the standard Laplace operator. Here and later, given some functions
F and G with positive values, the notation F' < G indicates that there exists some
positive constant C', in particular independent of the variables of F' and G, such that
C~1F < G < CF. Similarly, we write F' < G if there exists a constant C' > 0 such
that F' < CG.
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Given p with 0 < p < oo and a subharmonic function ¢ on D, the exponential
type weighted Bergman space A? consists of functions f € H(ID) such that

||f||Ag:(/}f e=e O dA(z ) < .

We will focus on Bergman spaces A?, induced by the weights w = ™7 with ¢ € W},
These spaces were introduced by Hu, the second named author and Schuster in [10]. It
follows from Lemma 3.3 in [10] that there exists a reproducing kernel K,(-) = K (-, 2)

in A?a having the property
= / f(w)K (z,w)e ™) dA(w)
D

for all f € A2 and z € D. We denote by r,. = K./ || K. || 4z, the normalized Bergman
kernel of A7,

Let D(z,7) C C be the Euclidean disc with center at z and radius r > 0. For
simplicity, we write D" (z) for the disc D(z,rp(z)). Given a positive Borel measure u
on D and ¢,r > 0, the general Berezin transform p; of p is defined by

fiy(2) = / |kp. ()] e ) dp(w), 2z €D,
D
and the general averaging function L., by

Jor o) €7 dp(w)
Nrp( )= (2)? )

z € D.

In particular, the classical averaging function is 7i.(z) = u(D"(2))/p(2)?, 2z € D.
If ( € T and v > 2 are given, the Stolz angle T'(¢) with aperture /2 is defined
by

Q) ={zeb: -2 < (1= 2D}

In this paper we denote I'(() := I'4((), but Stolz angles with other apertures will also
be used. Now, recall that if ;1 is a positive Borel measure on ID, the area operator A,
acting on H (D) is the sublinear operator defined by the formula (1.1).

For every z € D, let us denote

I(z)={Ce€dD: z€T(()}.

It is clear that I(z) is an open arc on D with center z/|z| whenever z # 0. Moreover,
|1(z)| < 1 —|z|. It is also easy to see that for any open arc I C JD, there exists a
z € D such that I(z) = I. Also, for every open arc I C D the set

S([):{zeﬂ):ée[, 1—|I\<\z|}

is called the Carleson square based on I. Finally, for a positive function g defined
on the unit circle T, we write

Tyg(

=N/ AN|dA|l, =z € D.
By Theorem 2.4 in [17], there holds Tg( ) < CPyg(z) for all z € D, where Pg is the
Poisson integral of g.

With these preparations we are ready to formulate our main result, which con-
tains characterizations of the boundedness of the area operators acting in Bergman
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spaces with exponential weights. The proof will be given in Section 3 after some
preliminary considerations in Section 2.

Main Theorem. Let the functions ¢ and p on D be such that ¢ € W, and

\/%so = p € Ly and let p be a finite positive Borel measure on D.

(i) If1 < p < q < oo, then A,: A? — LI(T) is bounded if and only if
fis1(2)P dA(z) is a p'/q-Carleson measure for some (or any) small enough

5 € (0,al.
(ii) If p < min{1, g}, then the area operator A,: AY — L%(T) is bounded if and
only if
1—|wl) @
sp W) T 5y < oo

2ib plw)E 2
for every sufficiently small r > 0.
(iii) If 1 < g <p < oo, then A,: AL — L(T) is bounded if and only if

a(p—1)

_ [ B (-1
G(0) ._/F(O LA € L

(T)
for some (or any) sufficiently small § € (0, «].
(iv) If 0 < ¢ < p < 1, then A,: AV — L(T) is bounded if and only if for every

small enough r > 0 there exists a Stolz angle f(C) with vertex at ¢ and
aperture bigger than the aperture of I'(¢) such that the function

1-p
(I—Jw]) » -
Gl g(Q) = sup i1 (w)
P:q wef(C) p(w)(2*2p)/p

belongs to L7~ (T).
(v) If0<qg<1<p, then A,: AY — LI(T) is bounded if and only if

1-p
A—jwph>
M*¥ (w ::/ ———— 1 (w) dA(w
p,q< ) Q) p(w)?/p 1(w) dA(w)
belongs to L~ (T) for every sufficiently small r > 0.

2. Preliminaries

In this section, we present a number of preliminary results which will be used in
the arguments in Section 3. The proofs of these statements can mostly be found in
the existing literature.

2.1. Kahane—Khinchine inequalities. Let us start by the classical Khin-
chine’s inequality; see Appendix A in [8] for more details. For all k € N={1,2,...}
we denote by ry: [0,1] — {0, £1}, 74(t) = sign sin(2*7t), the kth Rademacher func-
tion.

Khinchine’s inequality: Let 0 < p < oco. Then,

p/2 1
(2.1) <Z|ck|2> x/o > crri(t)

k
where {¢;},-, is an arbitrary sequence of complex scalars.

p

dt,

Next, we recall Kahane’s inequality. The details can be found in [12] and [13].
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Kahane’s inequality: Let X be a quasi-Banach space and let 0 < p,q¢ < co. There

holds
q 1/q 1 P 1/p
)" <([ S o)
X 0 X

(2.2) < /0 > r(t)an

where {z)},-, is an arbitrary sequence in X. Moreover, the implicit constants in
(2.2) depend only on p and ¢ and not on the quasi-Banach space X.

Z T‘k(t)l‘k

k

2.2. Separated sequences and (p, r)-lattices. We denote by f: D x D —
Ry = [0,00) the Bergman metric on D; see [18], Section 4.2. for the definition. Let
D(a,r) = {z € D: p(a,z) < r} be the hyperbolic disk of radius r > 0 centered at
a € D. A sequence of points Z = {z,},-, C D is said to be separated if there exists
0 > 0 such that §(z,2;) > 6 for all k,j € N with k£ # j. This implies that there
exists r > 0 such that the hyperbolic disks D (zx,7), k € N, are mutually disjoint.

Decompositions of the unit disc into subsets with approximately constant hyper-
bolic radii are standard tools in the Bergman space theory, see for example Section
4.2. of [18]. Such decompositions are however quite useless in the case of Bergman
spaces with exponentially decreasing weights, but they can be replaced by decompo-
sitions with varying hyperbolic radii. The related results will be needed later, and
they are contained in the following Lemmas 2.1-2.5, the proofs of which can be found
in [2, 3, 10].

Lemma 2.1. Let p € L be a positive function. Then, there exists a constant
a1 > 0 such that the following holds.

(a) There exist constants Cy,Cy > 0 such that

Cip(w) < p(z) < Cop(w),
for all z € D and w € D*'(z).
(b) There exists a constant B > 0 such that for all z € D,
(2.3) D"(z) ¢ DP"(w), D"(w)cC DP"(z),
for allw € D"(z) and 0 < r < .
If a7 and B are as in Lemma 2.1, it follows that there exists an s > 0 such that

for 0 < r < oy there exists a sequence {z;},-, C D with the following properties
(recall the notation D"(z) = D(z,rp(2)) ):

(a) D= U, D" (),

(b) D*" () N D*" (z;) =0 for all k # j,

(c) there exists a positive integer N depending only on B, r such that

1< ZXDBr(zk)(Z) <N
k=1

for all z € D, where xg is the characteristic function of a set F.

A sequence {z;}> with properties (a)—(c) is called a (p, r)-lattice. Obviously, every
(p,r)-lattice is a separated sequence.
Let us next consider the following subharmonicity property.

Lemma 2.2. Assume ¢ € W, with \/%w = p € Lyand 0 < p < oco. Then, there
exist constants as > 0 and C' > 0 such that

A <0 [ e )
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forr € (0,as] and f € H(D).
We now fix, for the rest of this paper, the constant o to be the smallest of the
numbers a; and s in the previous lemmas.
The following kernel estimates can be found in [10].
Lemma 2.3. Assume that 0 < p < oo and ¢ € W, with \/%w = p € Ly. Then,
for all w € D and r € (0, a], there holds
1
kp(2)e ¥ < —— 2 e D"(w),
5u(2) i (w)
and, for any fixed positive constant N,
. N
e g L (et
p(z) |z —wl

Lemma 2.4. Let ¢ € W, with ﬁ =pé€Lyand 0 <p < co. We have

z €D,

|l < D p(2)32, zeD
and 2
Il = p()37, z€D.
Finally, we will need the test functions provided by the next lemma.

Lemma 2.5. Let {z;},-, be a (p,r)-lattice, and let 0 < r < a and 0 < p < 0.
Given a sequence \ = {\,},o, € (P, set

f(z) = Z Ak, (2)p (zk)k% , z€D.
k=1

Then f € AV and || f|lp.p < C[[A]er-

2.3. Tent spaces. Tent spaces were first introduced by Coifman, Meyer and
Stein [7] in order to study certain problems in harmonic analysis, and they form
a general framework for questions regarding classical spaces of analytic functions,
including Hardy, Bergman and BMOA spaces among others.

Let 0 < p,g < oo and let Z = {z;},—, be a separated sequence. The tent
sequence space TP (Z) consists of complex sequences A = {A\¢} = { A}, satisfying

Wi = [ W) e <oc
T\ feszeero}
Also, A ={\;} € T2 (2), if

p
Iz = | (supdIauls 2 € T} 1dc] < .
Finally, A = {\¢} € T7°(2), if

1/q

1 2
iz = e | b G 2 WF-laD) | <oo
¢eT \ wel(© {kizpel(w)}

It is well known that A € T.°(Z) if and only if pun = Y5 [Me] (1 — |zk|2) J., Is a
Carleson measure, where 9, denotes the Dirac point mass at the point a.
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2.4. Carleson measures. Let p be a finite positive Borel measure on D and let
0 < p,q < oo. We recall that y is a g-Carleson measure for A? if the identity operator
Id: AY — LZ(p) is bounded, where L% () consists of all y-measurable functions f

on D for which
1/q
1 Flsn = ( / () e du(Z)) < .

Correspondingly, u is a vanishing g-Carleson measure for AP if the identity operator
Id: AP — LZ(u) is compact, i.e.

lim If( )|" e ¥ dp(z) = 0

]HOO

whenever { f]} is a bounded sequence in A? that converges to 0 uniformly on any
compact subset of D as 7 — oo.
The next Lemmas 2.6 and 2.7 can be found in [1].

Lemma 2.6. Let 0 < p < ¢ < oo. Then the embedding 1d: HP — LI(u) is
bounded if and only if ju is an q/p-Carleson measure.

Lemma 2.7. Let 0 < ¢ < p < oo. The following conditions are equivalent.

(a) Id: H? — L9(p) is bounded

(b) The function A,1(¢ fF(C

(¢) The sweep fi of I, deﬁned by

7 (T).

“ e,
"o pc—

belongs to L7 (T).

Lemmas 2.8 and 2.9 are given by Theorems 2.6 and 2.8 in [14].

Lemma 2.8. Let 0 < p < ¢ < 0o, € W, with ﬁ = p € Loy and p be a finite
positive Borel measure on D. Then, the following statements are equivalent:

(a) p is a g-Carleson measure for A;

(b) 2 € 1

(c) msp?~2/P € L™ for some (or any) small enough § € (0, a];

(d) we have

{Ar () p ()" 2P} €4
for some (or any) (p, r)-lattice {z} with a small enough r € (0, «]. Moreover,
there holds

2—2q/p 2—2q/p

11l ag, = (™| e = [[7250” 27

= H {ﬁr (z) p (Zk)272q/p }zozl

Lemma 2.9. Let 0 < g < p < oo and ¢ € W, with ﬁ = p € Ly, and assume
is a finite positive Borel measure on D. Then the following statements are equivalent:

YA

(a) p is a vanishing g-Carleson measure for AP ;
(b) pis a T Carleson measure for AD;

(c) iy € Lv-a;

(d) fis € L1 for some (or any) & € (0, small enough;
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(e) we have
(B () p () 32 € 0%
for some (or any) (p,r)-lattice {2y}, with r € (0, . Moreover, there holds

Vg ar = Wl e = (7] e,

< |[{E G ),

2.5. Additional results. We will need the following duality results for tent
sequence spaces. See [4], [11] and [13] for the details of the proofs. Given 1 < p < oo
we denote the dual index by p’ = p/(p — 1) in the sequel.

=

Lemma 2.10. Let 1 < p < oo and Z = {z,} be a separated sequence. If
1 < ¢ < oo, then the dual of T} (Z) is isomorphic to T;’//(Z) under the pairing

(A 12(z) = Z)\kuk 1 — |z ) where A € T (Z), MGT(J;//(Z).

If0 < q < 1, then the dual of T?(Z) is isomorphic to TZ(Z) under the same pairing.
The following factorization of tent sequence spaces was proved by Miihkinen,
Pau, Peréld and Wang in [16].
Lemma 2.11. Assume that 0 < p,q < oo and that Z = {z} is an r-lattice. Let
p < p1, P2 < 00, ¢ < q1, qa < 00 satisfy

1 1 1 1 1 1

P pop2 4 @ @
Then, we have

TP(Z) = TP (Z) - TP (Z);

in other words, if y = {y} € TP'(Z) and 8 = {fp} € TE2(Z), theny-B = { i}, €
T9(2) with |- Bz < Il iz 1Bz

Conversely, if X € TP(Z), then there are sequences v € TP'(Z) and 3 € TP (Z)
such that A = - 3 and ”’V”Tg’ll(Z) : Hﬁ”T(f;(Z) S Mz 2

The following result can be found in [16, Lemma 3].

Lemma 2.12. Let 0 < p < oo and > 0. There exists ry € (0,1) so that, if
0 <r<ryand Z = {2} is an r-lattice, then

B B
[ s 5GP (=)l S [ s 1F Gl (L laf) gl
T zeI'(€) T z €l ()
whenever f € H(D) is such that the left-hand side is finite.
We finally make the following observation.

Lemma 2.13. Let {z},-, be an (p,r)-lattice with a small enough r, and let
0 < p < 0. The following statments are equivalent:

() A= (W2, € TR(2);
(b) { (1= =7 M}, € .

Proof. Assume that A = {\.} € TP(Z). By the results of [16], there are sequences
v = A{w} € T%(Z) and B = {B} € T;°(Z) such that there holds A = v - # with
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V02 ) 1812y S Xz We get
ARlP(E =26l = D 118" (1 = [2k]) S V17w (2 - 181702y S [ MIz2(2)
%(2) 5°(2)
k

k

where the second line is proved in [7].

Conversely, assume that the sequence {(1 — |zk|)%>\k}zo:1 belongs to ¢P. Since
|I(z)] < 1—|z| for z € D, we have

/ S |Ak|p|d<|<Z|Ak|p/( 141 £ € ST ).
a k

{k:ael(O)}
Thus, A = {\} € TP(Z), which completes the proof. O

3. Proof of the Main Theorem

In this section, we formulate and prove Theorems 3.1-3.6, from which the Main
Theorem follows. The theorems concern three cases of the indices p and ¢, namely
those with either ¢ = 1, p < q or ¢ < p. The case ¢ = 1 is partially known and
the rest of it is a straightforward consequence of the Fubini theorem, whereas the
proofs of other cases are more involved and are based on the results presented in the
previous section.

Note that the choice of the parameter o > 0 was fixed in Section 2.

3.1. The case q = 1. In the case ¢ = 1 we state the following result, where
item (ii) in particular implies part of item (iii) of the Main Theorem; see the proof
of Theorem 3.4.

Theorem 3.1. Let ¢ be a function belonging to the class W, with \/— = p € Ly,
and let p be a finite positive Borel measure on D.

(i) Let 0 < p < 1. Then, the following statements are equivalent:

(a) Ay: AL — LY(T) is bounded;

(b) I/p2 2/ € L>™;

(c) Usp?~ %P € L™ for some (or any) small enough § € (0, a];

(d) { (z) p () 2/p} € (> for some (or any) (p,r)-lattice {z} with a
k

small enough r € (0, a].
(ii) Let 1 < p < co. Then, the following statements are equivalent:
(a) Ay: AL — Ll(']T) is bounded;
(b) vy € Lp L,
(c) 7
(d)

s € L1 for some (or any) small enough § € (0, a;
D (20) p (20)" 2/10}/LC € (71 for some (or any) (p,r)-lattice {z,} with
r e (0,al.

f—’H

Proof. We only need to prove (a) <= (b) of (i) and (ii), since the remaining
implications in this theorem have been verified in [2, 3, 14]. By Fubini’s theorem, we

have
1ALl 1y = //r<< |>‘2|§| /‘{(T)‘\Q |d¢| dp(z)

/|f e /|f )e 99| e9) du(z).
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Let dv(z) := e#*) dp(z). Thus, the operator A, AP — LY(T) is bounded if and only
if v is a 1-Carleson measure for A?. Hence, the result follows from Lemmas 2.8 and
2.9. O

3.2. The case p < q. In this case we formulate two theorems, namely The-
orems 3.2 and 3.3, which coincide with items (i) and (ii) of the Main Theorem,
respectively.

Theorem 3.2. Let 1 < p < g < oo and assume that ¢ € W, with ﬁ =pe€ Ly
and that p is a finite positive Borel measure on D. Then, the operator A,: A} —
L9(T) is bounded if and only if Jis(2)* dA(z) is a p'/q-Carleson measure for some
(or any) small enough ¢ € (0, a].

Proof. If 1 < ¢ < oo, then, by duality, the area operator A,: A? — LY(T) is
bounded if and only if there is a positive constant C' such that

(3.1) /TAM(f)(C)g(C)IdCI < Cllgll o myllf1] a2,

for every positive function g € L7 (T), where ¢’ is the conjugate exponent of ¢. An
application of Fubini’s theorem yields

L= [ [ s o
- [ (= [ w0 ) e ante

= [ 1021 duce)

Let dv(z) := Tg(z)e?® du(z). In view of (3.1), we see that A,: AL — LI(T) is
bounded if and only if Id: A?, — L;(v) is bounded, which is equivalent to saying
v is a 1-Carleson measure. Using the characterization of 1-Carleson measures in
Lemma 2.9, we conclude that A,: AP — L(T) is bounded, if and only if v; € Lv1
and there holds

(3.2) /D

for all positive g € L4 (T).

Let us now assume that fis(2)” dA(z) is a p//q'-Carleson measure for some (or
any) ¢ € (0, a] small enough. We use the facts that T'g(w) < CPg(w) and |Pg(w)|
< |Pg(2)] for w € D°(z) (see Theorem 2.4 and the proof of Theorem 3 in [17]) and
Lemma 2.6 to obtain (3.2):

J

<C [ 1P s dAC) < Clallsry

This completes the proof of the “if”-statement. To prove the converse implication,
we consider an arc I C T and take g = 7 in (3.2) and obtain

p/ /
/ (/ |Txf<w>|p<w>—2e¢<w>du<w>) dA(=) < C|I|¥.
S(I) D3 (z)

pl
dA(2) < Cllgll7,

/ Tg(w)p(w)2e#® dpu(w)
Dé(z) L4 (T)

" dA(z)

/D ., Tolwp) e duw)
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Then, the proof is completed by observing that Tx;(w) > 1 for w € D%(z) and
z e S(I). O

The second assertion of this section reads as follows.

Theorem 3.3. Assume p < min{1,q} and ¢ € W, with ﬁ = p € Ly, and let

p be a finite positive Borel measure on . Then, the area operator A,: A? — L(T)
is bounded if and only if for all sufficiently small r > 0 there holds

(L—Jwl) 7

(3.3) sup L1 (w) < o00.

weD p(w)(Q—Qp)/p
Proof. Assume first that A,: A? — L(T) is bounded. We fix w € D and

consider the normalized kernel k,, (see Section 1) as a test function. By Lemma 2.4,
we get

(3.4) ”AHHWHLQ(T) <C ”"waAg < Cp(w)*77,

for some positive constant C'. On the other hand, there is an r > 0 (independent of
w and ¢ ) with D"(w) C T'(¢) for ¢ € 21(w). Here we use the notation sI with s > 0
to denote the arc with the same center as the arc I and length s||. Therefore, using

the fact that |k, (2)| < ﬁe“’(z) for z € D"(w) (see Lemma 2.3) one obtains

4 el = [ (Ara(O) i

I(w)

- /%I(w) </F(o | (2)] 1df(|z)|2)q d¢| > /%I(w) </Dr(w) I (2)] 1dit(|zz)|2)q |d¢|
2w (], T E)

> O(1 — |w|)' 1 (/DW p(l )ewz) dﬂ(z))q.

Combining this with (3.4) yields

N

(L—Jwl) «

sup L1 (w) < o00.

weD p(w)(Q—Qp)/p

Conversely, assume that (3.3) holds. Let r € (0,a], and let {2z}, be a (p,7)-

lattice on D. We adopt the notation D"(zx) = U,cpr(,,) D" (2). Taking into account
Lemma 2.2 we obtain

AFO) < / (%ﬁd (g)‘pew(ﬁ)dA(g))l/p 1d;i(|zz)‘

eso(z) - Vr g4 (2)
p,—pp(§) H
<y / (] e wg) 2

keN(¢) Y P (zx)

1 —1
P (1 |z))

< Pe—P(E) JA ) k 2(2) du(z),
<y ( /| P ©) S / et

keN(C)
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where we denoted N(¢) = {k € N: D"(z,)NI'(¢) # 0} and also used that p(z) =< p (zx)
for z € D"(z) in the last inequality. This, together with the assumption (3.3) yields

<% (!

1/p
FOPTOaA©) (1=l .
kEN(C) (Zk)

Since 0 < p < 1 and there holds 1 — |z < 1 — |¢] for € € D"(z;), we get

ﬂf P <C Z / —1€)) —P/q ,—pp(§) dA(€)

keN(¢

<c / FEPL - )7 79©) dA(g),
')

where f({ ) is a Stolz angle with vertex at ( with a bigger aperture than I'((). Thus,
by Hélder’s inequality and Fubini’s theorem, we have

1A f2, = / (AL f(C)P)7 ldc]

<o [(] P ) e dA(&))q/p (|

<c [([ iepere dA(g))(qp)/p ([ arero 28 g
<Clfl% // Jrepee (|£)|| «
~clfiig [ Irpere ( [w©lact) 25

< Clf e

where the last inequality is due to the fact that [ Xy (©)]dC| =< 1—[¢]. This finishes
the proof. O

3.3. The case q < p. In this final section we present Theorems 3.4, 3.5 and
3.6, which correspond to items (iii), (iv) and (v) of the Main Theorem, respectively,
and thus complete its proof.

Theorem 3.4. Let 1 < ¢ < p < oo and ¢ € W, with \/%so = p € Ly and let p
be a finite positive Borel measure on D. Then A,: AP — L(T) is bounded if and
only if for some (or any) sufficiently small § € (0, «| there holds

a(p—1)

(3.5) G(¢) = /F o s ()" dA(z) € L"v=a (T).

1= |2]
Proof. Observe that, by Fubini’s theorem, the condition G € L*(T) is equivalent
to the relation U5(z) = fis1(2) € LP/P~Y(D). Thus, the case ¢ = 1 is exactly (ii)(c)
of Theorem 3.1, and it suffices to consider the case 1 < ¢ < co. In the same way as
in the proof of Theorem 3.2, we see that A,: A? — L?(T) is bounded if and only if

Vs € L7 and there holds

(3.6) /D

p/
/D ) )Tg(w)p(w)Qe“’(w) dp(w)| dA(2) < Cllgll,s
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for all positive g € L4 (T).
Let us assume (3.5) holds. Recalling that |Tg(w)| < |Pg(w)| and |Pg(w)| <
|Pg(2)| for w € D°(2) yields

(3.7) /D

<c / Pg(2)l" fisa (=) dA(2).

p/

/D ., Towp() e duw)| - dA:)

Denoting dm := Jis,(2)” dA(z), we observe that the assumption (3.5) is equivalent

with
dm(z q
a10= [ {5 er#m,
since qqu’ﬂ = % with p < ¢’. Hence, Lemma 2.7 gives that Id: H? — L” (m) is

bounded. We obtain
[ 1P a2 4AG) = 1Pl < Clall

and combining this with (3.7) shows that (3.6) holds. Therefore, the a area operator
Ay AL — LY(T) is bounded.
For the converse implication, we denote by u*(¢) = sup,ep() |u(z)| the non-

tangential maximal function of u. We integrate both sides of the obvious inequality
Ph(z) < (Ph)*(w) for w € I(z) with respect to w on I(z) to obtain

Ph / (Ph)*(w) dw = T((Ph)*)(2).
Z| (z 1 - Z| I(z)
Hence, applying (3.6) with g = (Ph)* yields
p/
L1 1pnwlotw) e dutw)| - da(e)
D |/ Dé(z)
p/
S [ o) e du(w)| daie) < Clal,
D |J Dé(2)

Noting that |Ph(w)| < |Ph(z)| for w € D’(2), we get

/D |Ph(2)|P fts1(2)P dA(2) < C’||h||’£q,(T).

q(p—1)

Thus, Id: HY — L” (m) is bounded and by Lemma 2.7 we get G(¢) € L = (T),
which completes the proof. 0

Theorem 3.5. Let 0 <g<p<landp €W, With\/%saxpeﬁoandu be a

finite positive Borel measure on D. Then A,,: AP, — L4(T) is bounded if and only if
for any sufficiently small r > 0, the function

1-p
(I—Jw)) 7 .
Gy (Q) == sup ——p—~r—T1(w), (€T,
P:q wEF(C) p(w)@*?p)/p

belongs to Lﬁ(']l‘), where f((’) is some Stolz angle with vertex at ( with a bigger
aperture than that of I'(().
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Proof. We first prove the sufficiency. Let r € (0, ] and let {2z}, be a (p,r)-

lattice on . We consider first
i1—p

(1 Jul) 7 Jp1(w), weD.

M IS N
B ( ) p(w)(2 2p)/p 7

By Lemma 2.2, we have

401 [ 1

e

By Fubini’s theorem, (a) of Lemma 2.1, (2.3) and the fact that (1 — |z|) < (1 — |€]),
for £ € D"(z), we get

B35 1401 [ 1o (e[ e () ) 449

— —1/p
:/ £(€)]e+® (%B&(@) dA(E)
o 0(6)
< sw By ] U
< s BLO) [ 17 e e

£er(Q)
(=[P
e

— G () / NG

By Holder’s inequality, we obtain

(p—q)/p q/p
(3.9) / AL |d<|<(/T G;;,q<<>m/<p—q>|d§|) (/T (H)”|d¢|) ,

where

_ -1/p
I1(¢) = /F o |f(§)|6‘“’(5)% dA(€)

On the other hand, Lemma 2.2 and (a) of Lemma 2.1 yield

1_|§| Up( 1 p—pso(z)dA )l/pdA
Z/M e o P AG)) A

keN(¢
1_|§| Vp( )P dA )1/pdA
S 3 [ 0 U PO 0401 an
/ 1/p
< <1—|z|>-1p( ()P dA(: >) .
k%{) ’ /DBT(@

where N(¢) = {k € N: D"(z) NT'(¢) # 0}. Since p < 1, we obtain

ers ¥ a-lah ([

kEN(C) ")
< / |f<z)|p€fpw(Z)%.
r() 1— 2|

1/p
F(2)Pe P dA( >)
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Then, applying Fubini’s theorem, we have

et JAC)
I1(¢)P|d¢| < )[Pe PP d
freriacs [ iseper o
p,—pe(z) dA(Z)
< [eper o= [

where I(z) = {( € 0D: z € I'(¢)}. Since |I(z)| < (1 — |z]), we get

/glf(c)phiC|:5|Ling

By inserting this into (3.9), we obtain

/m OS] S I sy 1%

Thus,
[Au(N)lzaery S N1GygllLoaro-ary 1f ]| az

so that A, is bounded.

Next, we prove the necessity. The proof follows the idea in [15]. Let {zx},, be
a (p,r)-lattice with a small enough r € (0, a]. The test function F; under concern is
defined for z € D as

Fi(2) =Y (1= zl)? Aru(t) s (2)p(22) 77,

k

where A = {\.} € T?(Z), and ry: [0,1] — {0,%1} are the Rademacher functions.
For t € [0,1], Lemmas 2.5 and 2.13 show that F; € A? and

1El 4z < CliMz22)

On the other hand, it follows from the boundedness of A,,: A? — L9(T) that

/11‘ (/r(o 1dﬁ (|ZZ)\2 ) q el

— [IAFAOI G S 1A ey [y

Z (1- ‘Zk‘) Aeri(t )/izk(z)p(zk)l’%

Integrating with respect to ¢ in [0, 1] and using the notation

wmzﬁmmmﬁﬂﬁ

1z

for f € H (D), we get

q

S (1= [ekl)? Mrs(Bp(e0)' P, (O] dCat S 1AW gy Mg

—La(T)

¢
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By (2.2) and (2.1), we obtain
q

1/2
Y E DRl ()2 o(s )2 dp(2)
/T/F(O<Z<1 26))? AP lAz, ()P0 () ) el

k
1
0

S ||AM||;]1£aL‘1(’]T) ' H)‘HqT;?(Z)'

q

S (= [z M (®)p(z) ' F s, (| dt | d¢

k

¢

On the other hand, there exists a 7 > 1 such that D"(z) C T'(¢) for z € T',(¢). Thus,
Lemma 2.3 yields

1/2
20y 12 2 2-4 dp(2)
/F(O (Z(l — 12D ? PP lsy ()2 ) ) .

k

§ : 1/2
’ 2 2 94 du(z)
- /r«mmzn (Z(l = lakl)? IAallr2, (2) () ) -

z
{7:2€T- (O} k
1 12 du(z)
> Y (L=IzD)r Al |k (2)p(20) 7 ==
. D" (z;) 1—|z|
{J:2;€T-()} I

(1-]zD) 7 :

z > |%|W e? du(z).

{j:%€T-(0)} 7 Dr(z)
Therefore, we have

1—p q
(1—|z) ™ :
s0) [ X i [ e |
T \Gzer-} 7 bz

S ||Au||?45an(1r) ' H)‘HqT;?(Z)'

To prove Gk € Lo~ (T), by Lemma 2.12, it is sufficient to show that

q(1—-p) Pg

1— P—q p—q
(3.11) K*, ;:/ sup (1 — [z </ e d,u(z)) 1d¢] < oo.
T Dr(zk)

N e

We write, for all k& € N,

q(1—p)

1- P !
Uy = ( |Zk|)2q (/ e du@)) '
p(zr) ™ D" (zx)

Then, (3.11) holds if and only if the sequence v = {1} belongs to the tent sequence
space To%%‘](Z). For t > 1, this is equivalent to the statement v'/! := {y,i/t} €
To’?q(Z). Choose t > 1 such that pt > 1 and write
t—q q 1
Tt ot o
where 0 < o < 1dueto0 < ¢q<p<1. By Lemma 2.10 and Lemma 2.11, we have

I

pt

iz - (7 @) - (18 @ i) .

t—q q
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Take any n = {nx} € TQ(H) (Z), and factor it as 7, = Tk)\z/t, with 7 = {n,} €
T', (Z) and A = {\;} € T?(Z). Using Fubini’s theorem, Hélder’s inequality twice,

(3.10) and Lemma 2.11 and denoting N(¢) = {k € N: z, € I'(¢)}, we obtain

12 @ lah= [ | X ) i

kEN(C) T \ren()
5 i
4 1
<[ XA > " | g
T\ ken(eo) keN(¢)
q 1/t
1
Shrle, | [ (3 2wt Jac
= 7T \ken(o
t t t
S, WA pary M2y S 10 oy 1A oy
= Tg P—q
_pt_
By duality, we get v/t € T2 *(Z) . The proof is complete. O

Our last theorem reads as follows.

Theorem 3.6. Let 0 < ¢ <1 <pand ¢ € W, with \/%w = p € Ly, and let u be

a finite positive Borel measure on D. Then, A,: AY — L(T) is bounded if and only
if for all sufficiently small r > 0, the function
1-p
(1= fw) >
= [ ) daw), ce
P fe)  plw)p

belongs to L1 (T).

Proof. We first discuss the “if” part. Using (2.3) and denoting N(¢) = {k €
N: D"(zx) NT(C) # 0}, we get

(1—|uw]) 7

M0 Y [ Vo [ e du) daw)
P k%@) prizy) PW)EEP J )

1-p
(1= fz]) 7

<Y U [ edue)
p(z) 20 DB (3)

keN(()

1-p
1_ 1-p
— ( |Zk|23pp / e?(2) du(z).
keN(¢) P (Zk;) DB7(z)

Write, for all k € N,

q(1—p)
1—|z » 1
L e
p(zr)» DB (z)

_p_
It is clear that we only need prove v = {v,} € T (Z). For t > 1, this is equivalent

q

_pt_
to the statement v/t := {I/;/t} € T777(Z). By Lemma 2.10 and Lemma 2.11, we
q



748 Hicham Arroussi, Jari Taskinen, Cezhong Tong and Zixing Yuan

have § .
1752~ (157 @) - (@) 1i) |
since . !
q
4 == .
o pt (L)

pt ) ,
Take any n = {n} € T(g")?) (Z), and factor it as n = Tk)\z/t, with 7 = {n.} € T}, (Z)
q

and A = {\} € TP(Z). We obtain v/t € T?9(Z) similarly to (3.12) in the proof of

Theorem 3.5.
We finally prove the “only if” part, by arguing in the same way as in the sufficiency
proof of Theorem 3.5 and denoting N(¢) = {k € N: D"(z,) N T'(¢) # 0}:

1-p

1 — P
YL QPR
D7 (zy)

2
weni) P (%) 4
(L—]2) "
—|Rk) P 2 2

= 3 e () [ etdue)

keN(¢) P \Pk Dr(zk)
< Z / %/ @) du(2) dA(w) < M* (w)

(2+2p)/p B ~ “Dp9q :
ken(e) Y P (=) DB (w)
This gives the desnred results and completes the proof. O

Remark 3.7. From our main result one can deduce the following two statements:
e For 1 <g<p=o0, A,: AY — L%T) is bounded if and only if

i ts(2) s g
G(C) = /F(C) P AA() € LA(T)

for some (or any) sufficiently small § € (0, «].
e For ¢ <1 < p= oo, the operator A,: AY — LI(T) is bounded if and only if

,_ Fis,1(2)

belongs to L(T) for every sufficiently small r > 0.
We thus observe that the sufficient and necessary conditions are almost the same in
both cases 1 <g<p=ocorg<1<p=o0.

Acknowledgment. Tong thanks Professor Xiaofen Lv for discussions and sugges-
tions.
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