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Tent spaces and solutions of Weinstein type
equations with CMO(R_, dm)) boundary values

JORGE J. BETANCOR, QINGDONG GUO* and DONGYONG YANG'

Abstract. Let {Ptm }t>0 be the Poisson semigroup associated with the Bessel operator Ay on

R4 := (0,00), where A > 0 and
- d g d
Ay = —x dwx I
In this paper, the authors show that a function u(y,t) on Ry x Ry, has the form u(y,t) = Pt[)‘]f(y)
with f € CMO(R,,dm,), where dmy(z) := 22 dz, if and only if u satisfies the Weinstein type
equation
0u(z,t)
ot?

a Carleson type condition and certain limiting conditions. For this purpose, the authors first

Lyu(z,t) := — Aju(z,t) =0, (z,t) € Ry xRy,

introduce the tent spaces T3 with p € [1,00] and T3¢ in the Bessel setting and then show that

CMO(R4,dmy) has a connection with 757, via {Pt[)‘]}t>0. In addition, the authors obtain some
boundedness results on the operator m) from tent spaces to some “ordinary” function spaces.

Teltta-avaruudet ja Weinsteinin-tyyppisten
CMO(R,, dmy)-reuna-arvoyhtéldiden ratkaisut

Tiivistelm&. Olkoon {Ptp‘]}t>0 puolisuoran R := (0, c0) Besselin operaattoriin

d d
Ay = —x ”‘axw‘%
liittyva Poissonin puoliryhma, missd A > 0. Téssd tyossé osoitetaan, ettd alueessa Ry x Ry méa-
ritelty funktio u(y,t) voidaan esittdd muodossa u(y,t) = Ptmf(y)7 misséd f € CMO(R4,dm,) ja
dmy(z) := x** dx, jos ja vain jos u toteuttaa Weinsteinin-tyyppisen yht#lon
O%u(x,t)
ot?
sekd Carlesonin-tyyppisen ehdon ja tietyt raja-arvo-ominaisuudet. T&ta varten esitellaén aluksi Bes-

Lyu(z,t) := — Au(z,t) =0, (z,t) € Ry xRy,

selin asetelmaan sovitetut teltta-avaruudet T3¢ ja TP, missé p € [1, 00], seki osoitetaan avaruuksien
CMO(R4,dmy) ja T3¢ vélinen yhteys puoliryhmén {Pt[)‘]}t>0 kautta. Lisdksi saadaan tuloksia, jot-

ka koskevat operaattorin ) rajallisuutta teltta-avaruuksista eraisiin “tavallisiin” funktioavaruuksiin.

1. Introduction

The problem of harmonic extension of a function in the space BMO(R™) was
first studied by Fabes, Johnson and Neri in [16], based on the work of Fefferman and
Stein [17]. Fabes, Johnson and Neri [16] showed that a function u on R?*! can be
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represented as u(x,t) := Pi(f)(x), (z,t) € R, for some f € BMO(R™) if and only
if u is the solution to the following equation

O*u(x,t) "
g tou(e, ) =0, (xt) R}
where A := 2?21 %22_ is the Laplacian on R", and satisfies the Carleson condition
(1.1) / / t}Vu (x,t ’ dx dt < oo.
:BE]R" r>0 rr B(z,r)
Here V := (-2 5 8‘9 ey aa B 93y and {P;}s¢ is the classical Poisson semigroup. In
I 12

2014, Duong et al. [14] characterized harmonic functions whose traces belong to
BMO,(R™) in terms of a Carleson type condition associated with the Schrédinger
operator £ := —A + V| where the non-negative potential V' belongs to the reverse
Holder class RH,(R™) for some ¢ > n, which was further extended by Jiang and Li
[22] to general metric measure spaces with improved index. Recently, Song and Wu
[27] studied the Dirichlet problem for the Schrédinger equation with boundary value
in CMO,(R™), which is defined as the closure in the BMO,(R") norm of C2°(R"),
the space of smooth functions with compact support, by using the theory of classical
tent spaces. For further research on this topic and applications of tent spaces, see,
for example, [7, 6, 15, 20, 2, 28, 25, 21, 11, 22, 24, 23| and the references therein.
In this paper, we consider the following Weinstein type equation

*u(z,t
(1.2)  Lyu(z,t) = % — Ayu(z,t) =0, (z,t) € (0,00) x (0,00),
where u € C%((0,00) x (0,00)), and
2
Ay = —:L”Q’\i:v”‘i = d— — 2)\ d A >0,

dr dx dx? r de’

is the Bessel operator on Ry := (0,00). The operator A, has been studied by many
mathematicians; see for example, [30, 31, 26, 4, 3, 2, 33, 12, 1] and the references
therein.

In a previous paper, the authors [18] established a characterization of solutions
of Weinstein type equations (1.2) with boundary value in BMO(R,,dm,) studied
in [33]; that is, for A > 1/2, a solution u belongs to HMO, (R, x R, ), if and only
if, there exists f € BMO(R,,dm,) such that u can be represented as u(zx,t) =
PY(f) (@), (x,t) € Ry x R,; see Lemma 3.1 below. In this paper, we will further
study solutions of (1.2) with boundary value in CMO(R,, dm,) introduced in [12],
which is a subspace of BMO(R ., dm,).

In the following, we recall some necessary notation and notions. We say that a
function f € Ll (R, dm,)) belongs to the space BMO(R,, dm,), if

Il = sup s / () = fraly® dy < oo,

where the supremum is taken over all intervals I C R, , and

1 2
W/lf(?/)?/ AGl?/-

The space CMO(R ., dm,) is defined by the BMO(R,., dm,)-closure of C2°(R.), the
set of O (R, ) functions on R, with compact support.
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For a function f € LP(R,,dm,) with p € [1, 0o], the Poisson semigroup {Pt[’\]}bo
associated with the operator A, is defined by

PP f() = / P ) £ () d

where
2Mt [T (sin )21
P / o, t,z,ye€Ry;
( y) T 0 (I’Q +y2 +t2 . 2[L‘yCOS@))‘+1 ) LY +
see [3, 26].
We define V,; = (£,2) and denote by HMO,(R; x Ry) the class of all

C>®(Ry x R,) functions u(z,t) which are the solutions of (1.2) and satisfy the fol-
lowing Carleson type condition

11|
”U”%Mm = SCURP NG / /t}vytu y,t } dmi(y) dt < oo,
+

where and in the sequel, I under the supremum always represents an interval on R .
In order to state our result in this paper, we give the following definition.

Definition 1.1. A function u belongs to HCMO, (R x R, ) if u € HMO, (R4 x
R, ), and satisfies the following limiting conditions:

1

1 i 2 i
1.3 li — t|\v t)| d at) =0;
S 3 <mu/ J AT st o amyie) <o

1]
(1.4) hﬁm S(l}p <mA / /t’Vytu y,t ’ dm(y d) =0;
a OOmA >a

and

1
1 ] 5 2
1.5 lim su / /t V,u(y, t)|” dm dat] =0.
(1.5) R—o0 IC[RI?)O (m)\(f) 0 I } ! v >} )
We endow HCMO, (R x Ry ) with the norm of HMO, (R, x R).

We state our main result as follows.

Theorem 1.2. Let A > % and u be a function on Ry x R,. Then the following
statements are equivalent:
(¢;) There exists some f € CMO(R,, dmy) such that u(z,t) = Pt[’\}(f)(:c), (x,t) €
R+ X R+7
(Cii> u € HCMO)\<R+ X R+)

Moreover, the quantities || f||. and ||u|nmo, are equivalent.

Remark 1.3. We mention that the assumption A > % was made in the proof of
[18, Theorem 1.2], which is useful in the proof of Theorem 1.2. It is unknown if the
conclusion of Theorem 1.2 holds for A € (0, 1); see also Remark 4.6 in [18].

In order to show the implication (¢;;) = (¢;) of Theorem 1.2, we establish a char-
acterization of the space CMO(R,,dm,) in terms of tent spaces in Section 2. More
precisely, in Section 2, we introduce the tent spaces T3 with p € [1, 00] in the Bessel
setting, and provide a characterization of the space T3¢ via the limiting conditions,
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where T3¢ is a subspace of T5°; see Proposition 2.1 in Subsection 2.1. In Subsec-
tion 2.2, we apply Proposition 2.1 to establish a connection between CMO(R, dm,)
and Tye via {P }t>0, see Theorem 2.5. Section 3 is devoted to the proof of Theo-
rem 1.2. In Section 4, we introduce the operator m, and show the connection between
tent spaces and some classical function spaces on R, via the operator 7.

We now make some preliminaries. In what follows, for every x,r € R, define

I(z,r) = (v —r,x+7r)NR;.
Observe that for x,r € (0,00), z < r,
T+ IE+T>

[(a:,r):(O,:c—i-'r’):I( 5 g

Thus, in the sequel, for a given interval I(z,r), without any specific condition, we
may always assume that x > r. For £ € R, and any interval [ := I(x,r) for some
x,r € Ry, kI := I(x,kr). It is easy to see that for every interval I(z,r), x,r € Ry,

2, x>

(1.6) mx(I(z,7)) ~ {T2>\+’1

z<r.
Moreover, it is known that for every I C R,
(1.7) min{2, 222 my (1) < my(21) < 222 my(1);
see [12, Proposition 2.1].
Throughout the paper, we use the notation f < g and f ~ g which mean that

there exists C' > 0 such that f < Cg and f/C < g < Cf, respectively. The letter C
denotes a positive constant that can change from one line to the next.

2. A connection of CMO(R,dm,) and tent spaces

In this section, we introduce tent spaces to study the space CMO(R,, dm,). In
Subsection 2.1, we introduce the spaces T3 (1 < p < 00), 135 and T3¢, and provide
a characterization of Ty¢. By using the theory of tent spaces, we further obtain a
Carleson type characterization of CMO(R,, dm,) in Subsection 2.2.

2.1. Preliminaries for tent spaces. To begin with, we denote by '\ (z) the
cone whose vertex is ¢ € R, i.e.,

z) = {(y,t) e Ry x Ry: |z —y| < t}.

For any closed set £ C R, R(F) means the union of the cones with vertices in E,
ie, R(E) :=U,cp'+(x). Let O be the open set in R which is the complement of

E, O := E°. Then the tent over O, denoted by O, is given as O := (R(E))¢. Hence,
for any open interval I C R, we see that

I={(y,t) e Ry x Ry: I(y,t) C I}.
For a given measurable function f on Ry x R, we define W(f) and ®(f) as

follows: for any = € R,
( [ 1ttt dt)%
T4 (x) <[<y7t)> t 7

7 [ e )dt)

and

=

B(f)(x) = sup (

I>x
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By the fact that T C I x (0, |I]) C 3] for any interval I C R, and (1.7), it is obvious
that for any x € R,

1 m/\

In the following, we introduce the space Ty, 1 < p < oo. Let L°(Ry x R,) be
the set of all measurable functions on Ry x R,. For 1 < p < oo, we define

TV = {f € L°(Ry x Ry): U(f) € LP(Ry,dmy)}

and endow 73 with the norm || f||zz == [[W(f)||Lr(r, dmy)- For p = oo, we define
Ty = {f € L°(Ry x Ry): O(f) € L®(Ry,dmy)}

with the norm ||f||T2oo = |R(f)| oo (e dmy)-
Let T, 1 < p < oo, be the subset of all f € T3 with compact support in Ry xR
and T3 be the subset of all f € T5° such that

d dt
(2.2) lim sup ( /|f t)|P——F— m,\ v ) = 0.
a—=0% 1) (N<a m(1

And we endow T3g with the norm of 73°. Then we have the inclusion

2 o0,
15, C15;

see, for example, [25, p. 226] in the setting of spaces of homogeneous type. Based on
this fact, we further denote by T5¢,, the closure of the set T3, in 75§ and endow T5%,
with the norm of 75°. Then we have an equivalent characterization of T5e; see [25
Lemma 3.3] for the proof.

Proposition 2.1. Let f € T3°. Then f € T3¢ if and only if f satisfies (2.2),

' 1 odmy(y) dt %_
(2.3) C}ggomf(g%a (TA([)//;V("‘J’”‘ — ) =0,

and

(2.4) lim sup ( /|f |2dm,\ )dt) = 0.
R—00 1c[R,0) my (1

Remark 2.2. We remark that T3¢ is a proper subspace of T3;. In fact, let

Flat) = {1’ (o.8) € Ui, B

0, otherwise,

where Ej = [5- 25737 2873] x [1,2]. Tt is easy to see that {F}}3°, are pairwise
disjoint and for every k € N,

// f(y |2dmA()t (TP - 52)\+1)1n22(l¢—3)(2)\+1).
Ey

220 +1

By this fact, it can be seen that the function f € T3 does not satisfy (2.3) and (2.4)
of Proposition 2.1.
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2.2. Carleson type characterizations of CMO(R,,dm,). We start with
the Carleson characterization of BMO(R,, dm,) established in [18]. Recall that a
positive measure p on Ry x R, is an my-Carleson measure, if there exists C' > 0
such that for every interval I C R,

(1> (0, [1])) < Cmi(T).

In [18, Theorem 1.1], the authors established the following characterization of the
space BMO(R,, dm,) via the my-Carleson measure that a function f € BMO(R,, dm,))
if and only if (1 + 22**?)~1f € LY(R,,dm,), and

0

(2.5) tapﬁ](f) €Ty, teR,.

Moreover, || f]||« ,\NHt P)‘] HT;O

We now gather some known pointwise estimates of derivatives of th (x,y) as
follows; for the proof see, for example, [32, Proposition 2.1 (iii)] or [26, p. 86 (b)].

Lemma 2.3. There exists a positive constant C' such that for any x,y,t € (0, 00),

9 ‘ , 1 1
2.6 —PF, <C
2O ) = Oy e e G (e

0 ‘ . t t
2.7 — P (z, < C'min T, )
27) )61’ v ) (ly— a2+ 22 (o)t (ly — 2 + 1)
and

0 0 ’ 1 1
2.8 —P7 (x < C'min =, .
@8 gt @Y {(|y_x|z+t2)x+a <yx>k<|y—a:|3+t3>}

Let p € [1,00) and

1/p
My, (f, 1) ( /|f — fralPy* dy) :

The following characterization of CMO(R+, dm) is an extension of [12, Theorem 3.1]
where the case p = 1 was considered. The proof for p € (1, 00) follows immediately
from the John—Nirenberg inequality for functions in BMO(R., dm,) and [12, Theo-
rem 3.1, and is omitted.

Lemma 2.4. Letp € [1,00) and f € BMO(R,,dm,). Then f € CMO(R,, dm,)
if and only if f satisfies

lim sup My,(f,I)= lim sup M,,(f,I)= lim sup M,,(f,I)=0

a—=0% m, (I)<a a0 iy (I)>a R=00 1 [R,00)
We state the main result in this subsection as follows.

Theorem 2.5. Let A > 0. Then the following statements are equivalent:

(b)) f € CMO(R,, dmy);
(bi) (1 +2P2)"1f € LY(R,,dm,) and

J ix -
t= PO €T3, teR,.
Moreover, the quantities || f||.,x and ||t2 P, )‘]

(2.9)

H e are equivalent.
2
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Proof. (b;) = (by): Assume that f € CMO(R,,dm,). Then by [18, Theo-
rem 1.1], we obtain that (1 + 22**2)71f € LY(R,, dm,), (2.5) and

e, S 17l

Let I := I(xg,70), o, 70 € Ry. Write

[ =(f = farx)xer + (f = farn)Xrv2r + fory = f1 + fo+ fora
By
(210 | PP dm) =1, neery,

0

see [3, p. 208|, we deduce t%Pt[’\](fgm)(x) =0, z,t € R,. Hence, we have

1
(2.11) (m(l)

(fl) +K f2

1

fow'@@%ﬁﬂ)

)\] dm(y) dt :
] )

r | 00

For K(f1), by the boundedness of the Littlewood-Paley g-function on L?(R,,
dm) (see [18, Lemma 3.1] or [29, 5]), we get

2 1 )\] 2@
(K (1)) Snuug//]’ o % am
S mAzQI / |f(y f21,>\|2dm)\(y) - (MM(f, 21))2'

Then by Lemma 2.4 with p = 2, we have

(2.12) lim sup K(f;)=lim sup K(f;)= lim sup K(f))=

*0ma()<a 47O my(1)za o0 1c(R00)
As for K(fs), (2.6) together with (1.6) implies that for any z,y,t € R,

0
ot

1 1

(2.13) i@y — 2] 1)y —a + 1

~ PN (z, y)'

Moreover, for x € I and y € R, \2I, we have

ly —wol ~ |y —x| and  mA(I(x, |y —2|)) ~mr(I(zo, ly — 20l)).
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Hence, by (2.13), we see that x € [ and t € R,

5 /
t <
Ry \27

tﬁp[ (@, 9) foly )’dmx(y)

o P () (@) o

2

1 t

N

By the above estimate, we have

KPS o [ e | At
Smfomﬁmﬂ' s

Hence, we have for Ny € N,

1 1
< _ _
<2 @) /M\f@) foraldmi(y)

(Z Z) ok ma 2k+1[) /2k+11 |f(y) = faral dma(y)

= IIl + I.[Q
For I1,, using the fact that for any k € N,
|f2k+1I,A - f21| 5 k”f”*,)n

AN

we have
— k [RAIFs
IS Yy Sl S Sxs
k=N

Note that if Ny large enough, then we have that Il is sufficiently small.
Regarding 11y, it is obvious that for every k € {1,2,... Ny},

22)\—1—1
| fortirn — forral < m /2k+1[ |f(y) = farripal dma(y).

Then

1
A (25T /2 " |f(y) = faraldma(y)

o [ ) = el dms()

= ma (281

22)\+1

k
+ Z ma(2+1]) /2J'+11 |f(y) = fairira]| dma(y)

Jj=
k
]Z m>\ 2]-1—1] /2j+11 |f(y) - f2j+1[7)\| dm)\(y)

t
17| 2= 2% my(2FT) — farald _.t
I| ; 2k m)\(glq) /2k+11\2k1 |f(y) — faral dma(y) 7

1 t
S ) — foral dma(y
;;/2“11\2'@1% (I (zo, [y — z0])) Iy—:vo|+t| (v) = foraldma(y)

H.
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From this fact, we see

No
No—k+2 1
eu) ISy S [ 1) = nraldsty)
k=0

No
1
< N, s B 1 |
~ Y0 % m)\<2k+1[) /Qkﬂj \f(y) f2k+ IJ\‘ dmA(@J)

On the other hand, for every k € {0,1,2,... Ny}, we have

1
sup / F(9) = Fororr ] drma(y)
2k+1r1

my(I)<a m)\(zk—’—lj)

1
< su — Ty — dm
B m>\(2k+11)§2](;’)€+1)(2>\+1)a mA<2k+1[) /2k+1] |f<y) f2k+l[7>\| )\<y)
1
< su _— — dm ,
S Se T [ 1) = frernal sty

and

1
R I
mxs(%)z«z m (261 /Qkﬂj [f(y) = farerrnl dma(y)

1
< su —_— — dm(y).
N mA(2k+Il)I)2a mA(ZkJrlI) /2k+1[ |f(y) f2k+1l’)\| )\(y)

Then by Lemma 2.4 and (2.14), we see
(2.15) lim sup [, =lim sup I =0.

a~>0 (I)<a a—00 m)\([)za

Moreover, we claim that for every k € {0,1,2,... Ny},

1
’ o _ dma(y) = 0.
Ao Ics[llipoo) mx(2F1) /2k+11 179) = faeraral dmalu)

In fact, fix € > 0. From Lemma 2.4, there exists b > 0 such that

/|f fI,A|y2A dy < e.

Again, by Lemma 2.4, we choose M > 0 such that m,((M, 2M)) > b and

2.16 sup
(2.16) il

sup /‘f J"]r,,\‘yZA dy < e.
IC[M,00) m,\

This together with (2.16) implies that

1 22
sup ———— — dy < e.
IC[2J\£00) m (2K T) /2k+11 ) = faenaly™ dy

Thus, the claim holds. Hence, by (2.14), we see

lim sup Il =0,
R%OOIC[ROO)

which along with (2.15) and 1, further implies that
(2.17) lim sup K(fz) = lim sup K(f:)= lim sup K(f:)=

a_>0m/\(1)<a a—00 (I)>a _)OOIC[ROO)

37
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Since f € BMO(R,,dm,), we have (2.5). Hence, from (2.17), (2.11), (2.12) and
Proposition 2.1, we conclude that for any ¢ > 0, tatP[ () e T35

(bi;) = (b;): By the condition (b;) and (2.5), it is easy to deduce that f €
BMO(R,, dm,). For any interval I := I(zg,70), Zo,70 € R, by a duality argument,
we have

219) I~ fralogany = s |[ (f<y>—ff,k)g<y>dmk<y>]

lgll Lo (1,damy) <1

= sup /I (9(y) —gr2) f(v) dmx(y)'

lgll Lo (1,dmy) <1

- s [T ) - st dmk<y>\ |

”gHLOO(I,dm)\)Sl
Assume that g € L>®(I,dm,) with I C Ry such that ||g|/ze(r,dm,) < 1. Let
90 := (9 — gr2)x1- Then suppgo C I,

(2.19) / go(y) dma(y) =0 and  [[goll oo (r,dmy) < 2.
0

From the definition of gy and [18, Proposition 3.4|, we have

o < 0 )\] 0 A dm)\(y) dt
(2.20) / y) dma(y) = / / t—pl t=p| N
f gO )\ ) 0 0 8t t ( ) at <g0)<y) t

0 0
Fly.1) =t P (Ny) and Gly.1) =15 P w)(), v.t € R
Write

(2.21) Fy, t)G(y,t)

= Ay +2Ak.
k=1

Consider Ag. By ||gol|zoc(7,dmy) < 2 and by the boundedness of the Littlewood-
Paley g-function on L?(R,,dm,), we have

dmy(y) dt
L1606 0PTEEE < lgnlis, S sl
2

By using Holder’s inequality, we see

(2.22) (// Fly |zdmx< dt) (// Gl |2dmA< )dt)
<m (mA o // I |2dm,\( )dt)

For Ag, k € N, using Holder’s 1nequa11ty again,

A <// ‘QdmA dt) <// ‘Qdm)\( )dt)
= 2k+11\2k1 2’“+1I\2k1 t

dmy(y) dt’

IN
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Ek _ <// ‘Qdm)\( )dt)
2’“+1I\2k1 t

By (2.19), (2.8) and the mean value theorem, we have that for y € 2*11\2*] and
€ (0, 00),

We now estimate

S )| -

z)

/000 [;P[A](y, ) — gp[ }(%xo)] go() dmy ()
- lgo(x)| dmy(z)

& 0 0
</ & — o) 0y,
|z — x|

——P,
Ox Ot
/ |go
mA (o, \y —x0])) (ly — o] +1)?
1 1

S 2”C m)\(QkI)rio’

dm(z)

where 7 := (1 — s)xo + sz for some s € (0,1). Hence, we see

I) e 1/2
t—mor| @ dt
(/0 /2k+11 ’ my(2F1) 2Frg ma(y) )

L 1/2
_ my(I) 1\ 1 /2’“+ A 2 ) 1\
~ 2k \my(2FD) 22k [, 2k \my(2+1) ’

which further leads to

A I) )|?
F N Qk )\( (m,\ 2k+1I //2k+11 | t )

This together with (2.21) and (2.22) implies that

/OOO /0“’ F(y’t)G(y,t)M'

1 dmy(y) dt
< — )P—2
m)\ Z 2k <m)\ 2k+11 //2k+11 | t )

k=0

2k+1r0

Combining (2.18) and (2.20), we conclude
2)
— d
m}\([) ; f],)\|y )
— 1 1 9
< e — t—
~ kZ:O 9k (m)\<2k+1[) //Qm

which implies that || f[l«x < ||t2 P[/\ HT°°'
2
to the proof of (b;) = (b;;), and Proposition 2.1, we see that for given f such that

) 1/2
) M) ,

Moreover, by using an argument similar
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(1+ 242)1f ¢ LY(R,, dm,) and tQPW(f) € T5%,

lim sup

i / |f(y) — fraly* dy
a—=0% 1y (N<a m,\

/|f fI,A|y2A dy

= lim sup
=00 mx(I)>a m)\

= lim sup
R—00 1c[R,0) TH,\

/If — fraly*? dy = 0.

This via Lemma 2.4 implies that f € CMO(R,,dm,). Therefore, we complete the
proof of Theorem 2.5. U

Remark 2.6. (1) Let {Wt[)\]}t>0 be the heat semigroup associated with A, de-
fined by setting for all f € U, < . [P(Ry,dm,) and = € Ry,

W (z) = / T W) (y) dmay),

0

where
2(1-23)/2 v [T 2% + y? — 2zy cos
W[)‘](x,y) = 72 [ exp <— ) (sin )1 d6.
t tove 2t
We remark the conclusion of Theorem 2.5 holds if (2.9) is replaced by
0
P WA, €

(2) Let A > 0 and VMO(R,, dm,) be the subspace of functions f € BMO(R,,
dm,) satisfying
lim sup M,,(f,I)=0.

a—0% (I)<a
Then for f € BMO(R,, dm,), the following statements are equivalent:
(Wi) | € VMO(R,., dm,);
(W) (1 + 22271 f € LYR,, dm,y) and
0

t= FOf) € T5s, € Ry
(Wiii) (1+222)71f € L'(Ry, dm,) and
8 [ee]
t?%WSW(j")]S:t2 €Ty, teR,.
Moreover, the quantities | f||.x and ||t-2 P[’\ HT2°°’ 22 W (f)‘s:t2 HT2°° are equiv-

alent.

3. The proof of Theorem 1.2

In this section, we provide the proof of Theorem 1.2. Before that, we first recall
a characterization of BMO(R,, dm,) via HMO, (R, x R) obtained in [18].

Lemma 3.1. Let A > % and u be a function on R, x Ry. Then the following

statements are equivalent:
(a;) There exists some f € BMO(R,, dm,) such that u(z,t) = Ptm(f)(:c), (x,t) €
R+ X R+,
(aii) u e HMO)\(R+ X R+)
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Moreover, the quantities || f||.x and ||u|nmo, are equivalent.

Proof of Theorem 1.2.  (¢;) = (¢;). If w € HCMO,(Ry x R;), then u €
HMO, (R, x R;). By Lemma 3.1, there exists a function f € BMO(R,, dm,) such
that u(z,t) = Pt[’\}(f)(:c), (z,t) e Ry x R, and

[l S lullavo, -

It follows from u(z,t) = PY(f)(z) € HOMO, (R, x R,) that
9 0
taptm(f) €Tye, teR,.

By Theorem 2.5, we have f € CMO(R,, dm,).
(¢i) = (cii). If f € CMO(R,,dm,), then f € BMO(R,, dm,). From Lemma 3.1,
we have that u(x,t) = Pt[/\}(f)(:p) € HMO,(Ry x Ry) and

ullmvoy S NIl

From Theorem 2.5, we have

0 iy -
t= P €T, teR,.

Hence, in order to prove u € HCMO, (R, x R, ), it suffices to show that

1
2

1 1] d 2
lim su —_— t|—P dm dt] =0;
Jm, sup (mA(I) /0 /I A A(Y)

~—

1 2

11| o 2
“mmw%aamﬂ)é [‘ayt<ﬁ@> ) )

1
2

1 1] o 2
lim su / /t ’—P[ ] dm dt] =0.
R—oo Ic[RPOO) (m,\([) o Jr |0y 2 () () A(y)

By (2.7) and an argument similar to the proof of (b;) = (b;) in Theorem 2.5, we get

0
to-P(f)(@) € Tp, tE€Ry.

Thus, we complete the proof of Theorem 1.2. O

and

4. Boundedness of the operator 7y

In this section, we study the close connection between T2(1 < p < oo) and
some classical function spaces by considering the operator my, A > 0 defined on
T£C(1 <p< o) by

o Ooa
@)= [ [ G e dnm . 2 e Ry,

Such operator was first introduced by Coifman, Meyer and Stein [8] in the study of
tent spaces on R"™; see also [13, 10, 28].
We first claim that for any f € T3, with compact support K C Ry x Ry,

(4.1) (//K [/ (y, 1) dma(y) dt) " < Ol Y@y dma),
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where and in the sequel, the constant C'x only depends on K. In fact, there exists

R > 0 such that for any (y,t) € K, we have y +t < R. Then by Minkowski’s
inequality,

(/K | f(y, )] dmx () dt) 12
ch<

X{z€eRy:|z—y|<t} (:L’)f(y, t) dm)\(x)

? dmy(y) dt i
)t

ma(I(y, t)
/ (/ [Xtwem,poyi<ny (@) (9, 1) dn(l;éy,)git) dmi(z)
SCK/ (// i dﬂz;éy?gt)t) dmy(x) < Cr V() Lr@samy)-

Thus, the integral ) f is well defined. From (4.1), we further deduce that m,f €
L*(Ry,dm,). In fact, by (2.6), we see

[mf(2)| < Ck (//K £ (y, 1) dma(y) dt)m, r e Ry

On the other hand, by (4.1) and the fact that for z,y,t € R,

0 By T (sin 9)”‘71
—P, db
ot (z.9)| 3 /0 (22 + y? + 2 — 2xy cos H)M1

we have

Il sy < // ( / PPz y)

<[] soie ([ r2r ] ) 150,01t

< Oy / 1.0l dm(w)

2

1/2
dm(ﬂf)) |f(y,t)] dmx(y) dt

1/2
< Oy ( J[ st 0P am) dt) < ol V() o gty

The proof of the following lemma is similar to [18, Proposition 3.3] and we omit
the details.

Lemma 4.1. Let F,G be measurable functions on R, x R,. Then there exists
a constant C' > 0 independent of F' and G such that

| [ IFwoct.oldmmT

< cuin{ [T @UE) @) dnsto). [ HENDWG ) dma(o) |

To state our result, we now recall the Hardy space H'(Ry,dm,) in |3, 33|. The
space HY(R,,dm,) is defined by

HY(R,,dm,) = {f € L'(Ry,dm,): sup }P[’\ G Ll(R+,dm,\)}
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with norm

£l @y dmy) = 1l @y dmy) +

sup |PY(f)]

L' (Ry,dmy)

Now we are in a position to state our main result in this section. From the
theorem below, the operator 7y can be seen as the reverse direction mapping of T’
defined by T'(f) = t%Ptm( f), t > 0, where f is a suitable function on R, from
LP(Ry,dmy)(1 < p < oo), HY(R,,dm,), BMO(R, , dm,) and CMO(R, dm,) to T%,
Ty, Ts® and T5y, respectively.

Theorem 4.2. Let A\ > 0 and 1 < p < oo. Then the operator 7y initially defined
T3 . extends to a bounded linear operator:

(i) from T3 to LP(Ry,dm,), 1 < p < oo;
(i) from T1 to HY (R, , dmy);
(iii) from T5° to BMO(R,, dm);
(iv) from T3y to CMO(R ., dmy);
(v) from TQOB to VMO(R ., dm,).

Proof. (i): Suppose that g € LY(R,, dm,) where 1—1)+$ = 1. By using Lemma 4.1,

we have
/ow“f ()g() dma(e) :/ / / 9 PP, y) . t) dms(w)g ) dt dms ()
[ G 0w dmm

<| [T (t%a%)) V) drns(s)

S I ze s ams)

LQ(R-Hdm)\)
S ||f||T§’||9||Lq(R+,dmA),

where the last inequality follows from the LP(R,,dm,)-boundednesss of the Little-
wood-Paley S-function; see [19, Proposition 2.17|. This implies that

a1l oy dmy) S I fllze-

We now prove (ii). Let f € T} and g € C*(R,). It follows from the Fubini
theorem and Lemma 4.1 that

/0 "/ (@)g(x) dma(x)

atPt ()W) fy.t)

/°° > 9 dm,\(y)dt‘
o Jo t

<

~Y

[o (5P @) e )

S YNz @yama)

LOO(R-Hdm)\)
By (2.1) and Theorem 2.5, we have
0 b
Ol t=F;
(157 )

S Mgl
L (R ,dmy)
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Hence, we see

/0 o (@)g(x) dma(@)| S 1 F 1z gl

According to |9, Theorem (4.1)], H' (R, dm,) is dual space of CMO(R,, dm,). Then
we have that ||y f[| g, damy) S [ fllzz- Thus (i) holds.

Moreover, from an argument analogous to the proof of (ii) and the boundedness
of the Littlewood—Paley S-function from HY(R,,dm,) to L*(R,dm,) in [19, The-
orem 2.21|, and the fact that BMO(R, , dm,) is dual space of H'(R,dm,); see |9,
Theorem B, we see that (iii) holds

We continue to prove (iv). Let f € T3g. To prove that mf € CMO(Ry, dm,),
by Theorem 2.5, it suffices to prove

B
(4.2) (1422 'ny(f) € LYR,, dm,y) and taﬂm(mf) eTss, teR,.

From (iii), we have that m\f € BMO(R,, dm,), which in turn implies that (1 +
o)1 (f) € LY(R ., dm,y) and

to FOmf) € T5°, tER,.

Suppose I := I(xg,ro), xo,70 € Ry. Let
Jo:=[xs and fi:= fXQH/TI\z/k\[’ k=1,2....

Then f =", fi- We write

(4.3) <

t—P[A (maf) ()

AU

For Hy, we use the boundedness of Littlewood-Paley g-function on L*(R,dm,)
(see [29, 5] or [18]) together with (i) to obtain

1/2
> dma(y) dt)
t

t

1/2 0o
Uty )' dmaly) df dt) — S H,
k=0

Ho S [[mafollr2®yamy) S |l follzz

S ot i o)
(
t

S(mx([)yﬂ( : /ﬁ}f@,mﬁw)”{
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Regarding Hy, k € N, by (iii) and the property of Poisson semigroup, for any
yel,
0

a z)my fr(z) dm ()

P (i) ly '

dmy(z) ds

// /0 _P[A (v, @ )aasps[/\}(xvZ)fk(Z,S)dmA(x)
Py, 2)PM(z, 2) dmy(z)
- )

// | fi(z, 8) 'aa—aﬂ )| dmi(2) ds.

By a computation, for y € I and z € 2¥11\2¥] we have

92 PRy, 1 o
5005 | S o =) (g2 + 11 9)°

Here the implicit constant is independent of k. Using this estimate, we obtain for

yel,
2 [)\ < 1 |f(Zv S)| d d
8tP (mafr)(y) ' S D) //zfﬁz\z/k\z (-7 +t+s)2 my(z) ds.

iz, s)| dma(2) ds

By Minkowski’s inequality and Holder’s inequality, we have

1
Hy < YR //At ///\ - |z 5)] 5 dm)(z) ds
m(241) i NI (ly — 2|+t + )
1/2
(2,91 /
—— 2 dmy(y) dt dmy(z) ds
A2FD) J) g 7 (Jy— 2| +t+s)
i . P2 1/2
// / / |z 5)] 7 dmy(y) dt dmy(z) ds
my(281) ORHIT\2K T (Jly — 2|+t + s)
1/2
(m)\(]
< d
~ (2 22k|1| //wl\w @ 8)] dma(z) ds

S (T(nrilz\;’fl 72 22k|1| (//QW (2,5) |2dmk( o )

< etm)” (i [ 1 >|M)/

Combining all the estimates of Hy, k € NU {0} and applying (4.3), we have

(m 2 dm(y) dt)m

1/2

dm(y) dt

2

P[A (maf)( )‘ ;

< Z ‘Qdmk( )ds 2
2k m)\ 2k[ 2k+1[ S )

With an argument sumlar to the proof of (b;) = (b;;) of Theorem 2.5, we see that
(4.2) holds, from which we further get 7, f € CMO(R,,dm,). Thus (iv) holds.
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Since the argument of (v) is analogous to that of (iv), hence we omit the details.
Therefore, we complete the proof of Theorem 4.2. O

Remark 4.3. If we substitute the operator 7, with the operator

[, 0 dm dt
WAf('r) = /0 /0 t2£WS[A]<.§L”y) f(y7t)#7 S RJm

s=t2

where f € T§ o 1 < p < o0, the conclusions of Theorem 4.2 also hold.
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