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Algebraic curves and meromorphic
functions sharing pairs of values

NORBERT STEINMETZ

Abstract. The 4IM+1CM-problem is to determine all pairs (f, g) of meromorphic functions in
the complex plane that are not M&bius transformations of each other and share five pairs of values,
one of them CM (counting multiplicities). In the present paper it is shown that each such pair
parameterises some algebraic curve K(z,y) = 0 of genus zero and low degree. Thus the search may
be restricted to the pairs of meromorphic functions (Q(e?), @ (%)), where @ and @ are non-constant
rational functions of low degree. This leads to the paradoxical situation that the 4IM+1CM-problem
could be solved by a computer algebra virtuoso rather than a complex analyst.

Arvopareja keskenédén jakavat meromorfiset kuvaukset ja algebralliset kiyrat

Tiivistelm&. Ns. 4IM+1CM-ongelma on méérittdad kaikki kompleksitason meromorfiset ku-
vausparit (f,g), jotka eiviit ole toistensa Mobiuksen muunnoksia, ja jotka jakavat kesken&én viisi
arvoparia, yhden niistd kertalukuineen. Té&ssd tyGssa osoitetaan, ettd kukin tédllainen kuvauspari
parametrisoi jonkin kahvattoman, matala-asteisen algebrallisen kiyran K (x,y) = 0. Titen etsintd
voidaan rajoittaa meromorfisiin kuvauspareihin (Q(e*), @ (%)), missd @ and @ ovat ei-vakioarvoisia
matala-asteisia rationaalikuvauksia. Tdmé& johtaa siihen yllattédvaéan tilanteeseen, ettda 4IM+1CM-
ongelman saattaisi kompleksianalyytikon sijaan ratkaista tietokonealgebravirtuoosi.

1. Introduction

Transcendental meromorphic functions f and g are said to share the pair (a, b) of
complex numbers if f(z) = a implies g(z) = b, and vice versa. Sharing CM (counting
multiplicities) means that f —a (1/f if a = 00) and g — b (1/g if b = c0) even have
the same divisor, while IM (ignoring multiplicities) means that nothing is assumed
concerning multiplicities (the term ‘shared IM’ is established in the literature but
just means ‘shared’). If a = b we will just say that f and g share the value a. The
first result on functions sharing pairs of values is due Czubiak and Gundersen, who
proved

Theorem A. [2| Meromorphic functions f and g sharing more than five pairs
are Mobius transformations of each other.

In what follows, functions that are Mobius transformations of each other are
explicitly excluded from consideration. At the centre of the 4IM+1CM-problem is
the question of whether or not the functions

S~ e+l oy (e 1)
(1) f(Z)—m and 9(2)—m

are essentially the only ones that share four pairs of values IM and one pair CM.
They were constructed by Gundersen [3] as an example of functions that share four
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values, namely 0,00,1,—1/8, none of them CM. Actually, the values 0 and 1 are
assumed simply by f and doubly by ¢, while for —1/8 and oo the reverse is true.

Moreover, f and g share the pair (—1/2,1/4) CM. This was noticed by Reinders [9],
who characterised the functions (1) in several ways.

Theorem B. |7, 9] Suppose meromorphic functions f and g share four values a,,
(1 <v<4). Then

(2) f=Mofoh and g=Mogoh

holds for some Mébius transformation M and some non-constant entire function h,
provided one of the following conditions is fulfilled:

(i) f and g share some extra pair (a,b);
(i) for every v € {1,2,3,4}, either f — a, or g — a, has only multiple zeros;
(iii) for every v € {1,2,3,4}, (f — a,)(g — a,) has only triple zeros.

The functions (1) also prove that the number five in Theorem A is best possible.
In the context of functions sharing pairs of values, condition (2) has to be modified

as follows to express the fact that ]?and g are essentially unique:
(3) f=Mofoh and g= Myogoh.

The next step after Theorem A was made by Gundersen, Toghe, and the author.
They showed that at most one of five pairs of values can be shared CM.

Theorem C. [5| Meromorphic functions f and g that are not Mdébius transfor-
mations of each other cannot share five pairs of values, two of them CM.

Interestingly, the next Theorem was proved before Theorem C. On one hand it
is stronger than Theorem C since only one CM-pair is involved, and weaker on the
other by the additional hypothesis (4) imposed on the proximity functions of the
CM-pair.

Theorem D. [12] Suppose that meromorphic functions f and g share five pairs
of values. Under the additional hypothesis that one of these pairs, (a,b), say, is
shared CM and satisfies

(4) m(r, 1/(f —a)) +m(r,1/(g = b)) = S(r),
either f and g are Mobius transformations of each other or else are given by (3).

The following best approximation to the corresponding 3IM+1CM-theorem for
functions sharing four values is cited because it is closely related to Theorem 2 in
section 3.

Theorem E. [4] Suppose that transcendental meromorphic functions f and g
share three values IM and one fourth value CM with counting function N(r). Then
either N(r) < £T(r) + S(r) holds or else f and g share all four values CM.

Condition (4) was used in [12] to derive a quadratic relation between f and g, that
is, f and g parameterise some quadratic algebraic curve (necessarily of genus zero).
In this paper it will be shown that also in the contrary case (when (4) is violated)
f and g parameterise some algebraic curve of genus zero of low degree (at most 9)
and depending on few (at most 5) parameters. In this way the 4IM+1CM-problem
becomes a computer algebra problem.

Our main tool will be the theory of meromorphic functions and its interaction
with uniformisation and parameterisation of algebraic curves. We will frequently
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make use of the Nevanlinna functions m(r, f), N(r, f), N(r, f), T(r, f) and the First
and Second Main Theorem of Nevanlinna Theory. By S(r, f) we denote any function
satisfying S(r, f) = o(T'(r, f)) as r — o0, possibly outside some exceptional set of
finite measure. For details the reader is referred to Hayman’s book [6]. In the next
section the most important properties of algebraic curves and some examples that
are related to pair-sharing meromorphic functions will be discussed.

2. Algebraic curves

Besides the functions e* and e™*, essentially three pairs of meromorphic functions

f and g are known to share either four values or five pairs (Example 2 below due to
Gundersen [3|, Example 3 due to Reinders [8|, and Example 4 due to the author [10])).
In any case, f and g are algebraically dependent, that is, they satisfy some non-trivial
polynomial equation K(f(z),g(z)) = 0. The polynomial K(x,y) of two complex
variables may assumed irreducible. Then the set

K={(z,y) e CxC: K(z,y) =0}

is called an algebraic curve. If it is necessary or desirable to add points like (a, 00) or
(00, b) or even (00, 00), one has to consider in addition equations K(a+z,1/y)y™ =0
or K(1/x,b+y)a™ =0 or K(1/z,1/y)z"y™ = 0 at (z,y) = (0,0); m and n denote
the degree of K w.r.t. y and z, respectively. The functions f and g are said to
parameterise IC.

The following facts are taken from [1]. If K is parameterised by meromorphic
functions in the plane, the curve has genus zero or one. In case of genus one, any
parameterisation has the form

(5) f=Qoh and g=Qoh,
where () and @ are elliptic functions and A is non-constant entire. Much more impor-
tant for us is the case of genus zero. By Theorem 1 and 4 in [1], any parameterisation
again has the form (5), where now @) and () are rational functions and h is any non-
constant meromorphic function on the plane. Moreover,

K={(f(2),9(2)): z€CtUE

holds; the exceptional set € is finite and consists of asymptotic values (a,b) of (f,g),
that is, (f(2),g(2)) tends to (a,b) as z — oo on some plane curve. The rational

functions @ and @@ may be chosen such that the map & = (@, @) is injective on

@\E, where F is a finite set (not to be confused with £). With this choice, (5) holds
for every parametrisation with suitably chosen meromorphic function h.

Example 1. The algebraic curve C defined by x* + 4% =1 (z,y € C) has genus
zero and the well-known rational and entire parameterisation

1—t =~ 2t
Qt) = T3¢ Qt) = T2

f(z) =cosz=Q(tan3), g¢(z) =sinz = Q(tan3),
respectively. On the other hand, C = C U {(c0,00)} is parameterised over C by
Jacobi’s elliptic functions sinus and cosinus amplitudinis. This, however, does not

mean that this curve has genus one but just says that the functions cn and sn may
be written as

(t #+i) and

1—h2 d 2h
n [—
1+ h2 4 1+ h?’
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respectively, where h is some elliptic function (with different lattice) with simple
zeros and poles at the zeros of sn.

Remark 1. In case of genus one it is obvious that it suffices to consider elliptic

functions f = Q, g = Q in place of f =Qoh, g = Q o h. In case of genus zero we
will often take the opportunity to switch from (5) to functions

(6) f=QoMoexp and g=QoMoexp

with some Mobius transformation M. This is possible by the following reason: if
f and ¢ are given by (5) and share five pairs of values, then @) and @ also share
these pairs on C \ {Picard values of h}. In any case, if h has either two Picard
values (a = M(oo) and b = M(0)) or just one (a = M(o0)) or none (M = id), also
Q o M oexpo¢ and @ o M o exp o¢ for any non-constant entire function ¢ share the
very same pairs IM/CM on C. The only thing that matters is the determination of

@ and Q.
Example 2. The algebraic curve defined by the polynomial

(7) 42 4 2cxy +y* — 8z

is strongly related to the 4IM+1CM-problem. Like every irreducible quadratic curve
it has genus zero. For y = tx we obtain z((4 + 2ct + t*)z — 8) = 0, hence the curve
has the rational parameterisation

8 ~ 8t
(®) r=Q) it2ct+e2 Y Q) 4+ 2ct + 2
Obviously, ) and @ have poles at t = —c + v/c? — 4; they are simple if ¢ # £2,
which together with ¢ # 0 will henceforth be assumed. Hence the functions f and
g given by (5) share the value co CM for every non-constant meromorphic function
h. Suppose f and g also share the finite pairs (a,,b,) (1 < v < 4) IM and not CM.

Then a, resp. b, is a critical value of @) resp. ) and the following holds:

critical values non-critical values
Q(o0) =0 2 Qo0) = 0 = Q(0)
Q) =8/=c) | §(—c) = —8¢/(4— &) = Q(~4/0)
Q(2) =4/(2+0¢) Q2)=2/(2+¢) = Q(—2 —2¢)
Q(-2)=—-4/2-¢) | Q(-2)=2/(2—c)=Q(2—20)

If ¢ #0,£2, @ and @ share the value oo CM and the pairs

8 —8¢ 2 4 2 A
(9) (O7O>7 (4_6274_62)’<2+C’2+C) and (2—072_C)

IM on @\{O, —4/c¢, —2—2¢,2—2¢}. Thus there is no non-constant meromorphic func-
tion A in the plane such that the functions (5) share the value co and the pairs (9)—
except when ¢ = £1. Then the points —4/c and F2—2c¢ and also 0 and £2—2¢ coincide
and the sphere is twice punctured at —4, 0 and 4, 0, respectively. For any non-constant
meromorphic function h with Picard values —4 and 0 resp. 4 and 0, the functions
(5) share the value oo CM and the pairs (0,0), (8/3, —8/3),(2/3,4/3), (2, —4) resp.
(0,0),(8/3,8/3),(2,4),(2/3,—4/3). We note that then also (3) holds.
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Example 3. [8] The algebraic curve defined by
(y — )" = 16ay(a* — 1)(y* — 1) = 0

has genus one. For each parameterisation (f,g), the functions f and g share the
values 0, 1, —1 and oo, with alternating multiplicities (1:3) and (3:1). For example,
this means that f has simple and triple zeros where ¢ has triple and simple zeros,
respectively. In the most simple case, f and g are elliptic functions of elliptic order
four.

Example 4. [10, 13] The algebraic curve H defined by
(10) H(u,y) =y* —3((@a— 1u® — 2u)y* — 3(2u* — (a — Vu)y —u® =0
with a = —% + %\/5 has genus zero and the rational parameterisation

o= t(1+1)? 2(1+1)
u—R(t)—3(a—1)m, i3

It is also parameterised by elliptic functions U and f, where U is a modified -
function satisfying U"? = U(U + 1)(U — a). The functions U and f share the values
0 and oo and the pairs (a, 1) and (—1, —a), each with alternating multiplicities (2:4)
and (2:1). On its primitive lattice wZ + w'Z, U has elliptic order two, while on
their common lattice (2w — w')Z + (w + w’)Z both functions have elliptic order six.
We note that at (u,y) = (0,0), say, the equation H(u,y) = 0 has the solutions
y ~ u? (this meaning y(u) = Cou? + Csu® + -+, Cy # 0) and u ~ y?, whose graphs
parameterise H in a neighbourhood of (0,0). Actually there are three functions
fi=Ff, f2(2) = f(z 4+ w), and f3(z) = f(z + w’) of this kind. They share the values
0,00, 1, —a, each with alternating multiplicities (4:1:1), (1:4:1), and (1:1:4). Up
to transformations f, — M o f, o h (M any Mé&bius transformation and h any non-
constant entire function) this triple is unambiguously determined by the requirement
that three mutually distinct meromorphic functions share four values IM. Any two of
these functions parameterise some algebraic curve K : K(z,y) = 0 of genus one. The
polynomial K is an appropriate factor of the resultant of the polynomials K (u,y)
and K (u,x) with respect to the variable u; K is parameterised by elliptic functions
fi=Rohjand f = Rohy (1 < j <k < 3) of elliptic order six; h; and hy are
elliptic functions of elliptic order two w.r.t. the lattice (2w — w')Z + (w + w')Z such
that R o h; = Rohy = U holds. Note that K(0,y) = 35, K(1,y) = (y — 1), and
K(—a,y) = (y+a)b At (z,y) = (0,0), say, the equation K(z,y) = 0 has solutions
y=—x+0(2?), y = ca* + O(2°), and = = cy* + O(y®) with ¢ = i1/3/243.

= R(t) =3(a—1)

3. Results

From now on it is assumed that the following hypothesis holds:
(H) f and g are transcendental meromorphic functions that are not Mobius trans-
formations of each other and share four finite pairs (a,,b,) IM and the value
oo CM, with counting functions N(r;a,,b,) and N(r), respectively.
We note that the definitions of sharing IM and CM may be relaxed insofar as
e zeros of f — a, that are not zeros of g — b,, and vice versa,

e poles of f that are not poles of g, and wvice versa, and
e poles of both functions with different multiplicities

are admitted, provided these points form sequences with counting function S(r).
These ‘generalisations’ are so self-evident that any further words are superfluous.
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Theorem 1. Under hypothesis (H), f and g parameterise some algebraic curve
K(z,y) = 0 of genus zero.

The rather long and technical proof will be given in sections 4 and 5. The polyno-
mial K is found in semi-explicit form as divisor of a rather complicated polynomial
of degree 9 w.r.t. x and y, and of degree 13 w.r.t. (z,y). It turns out that this
polynomial has to fulfill so many extra conditions that it is hard to believe that the
4IM+1CM-problem has solutions other that (3). In any case the following addendum
to Theorem 1 is valid and will certainly prove useful in future considerations.

Addendum to Theorem 1. For1l < v <4,

L. there exist integers p, > 1 and q, > 1 (1 < v < 4) with the following property:
up to a sequence with counting function S(r), every solution of the equation
(f(2),9(2)) = (ay, b,) has multiplicity (p,:1) or (1:¢q,) or (1:1);

II. the polynomials K (x,b,) and K(a,,y) vanish at x = a, and y = b, respec-
tively, and nowhere else in the plane.

The proof will be given in section 6.
Our next result is similar to a combination of Theorem B (iii) and Theorem E.
It only formally contains Theorem D since this theorem is part of the proof.

Theorem 2. Suppose that in addition to hypothesis (H) the zeros of the product
(f —a,)(g —b,) (1 <v <4) have multiplicities at least three. Then either

(11) N(r) < 27(r) + S(r)

7
holds or else the conclusion of Theorem D remains valid.

The multiplicities (p,:1) and (1:¢,) may alternate, that is, the equation
(f(2),9(2)) = (v, b))

may have (p, :1)-fold and also (1: g, )-fold solutions, not to mention solutions with
multiplicity (1 : 1). If, however, for each pair (a,,b,) the multiplicity is always
(py:1) or always (1:¢,), then the desired 4IM+1CM-theorem can be deduced from
Theorem D. This is the contents of the following theorem, which may be viewed
as the analogue to Theorem B (ii) for functions sharing pairs of values rather than
values.

Theorem 3. Suppose (H) holds and that for each v either f — a, or else g — b,
has only multiple zeros. Then the conclusion of Theorem D is valid.

Both theorems will be proved in section 7.

Remark 2. We note that alternating multiplicities and also common simple
zeros of f — a, and g — b, cannot be excluded a prior: if only an algebraic curve
serves as definition of the functions in question. This is shown by Examples 3 and 4
in section 2. We also note that local investigations of algebraic equations cannot
utilise any information about the genus of the curve in question.

4. Proof of Theorem 1: Preliminary results

From various sources [2, 4, 5, 12| one can deduce that up to the remainder term
S(r) of Nevanlinna theory, meromorphic functions f and g that share four pairs IM
and the value oo CM have the same characteristic T'(r), proximity function of infinity
m(r), and counting function of poles N(r) = N(r) + S(r); the latter relation says
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that up to a sequence with counting function S(r), the poles of f and g are simple.
Choose (cy, ¢a, ..., c5) € C° non-trivially such that

P(z,y) = c12% + comy + c32 + c4y + c5
vanishes at (z,y) = (ay,b,), 1 <v < 4. Then
(12) F(2) = P(f(2), 9(2))
does not vanish identically, since otherwise

_aftafte
cf ta

would be a Mébius transformation of f (which is excluded) if ¢; = 0 or else would
satisfy T'(r, g) = 2T'(r, f)+O(1) in contrast to T'(r, f) ~ T'(r, g). Then the inequalities

m(r, F) < 2m(r, f) +m(r,g) + S(r) = 3m(r) + S(r),
(13) N(r,F) <2N(r)+ S(r),

T(r,F)<2T(r)+m(r)+ S(r)
hold, and from

(14) ZN(T;&V,I)V) < N(r,1/F)=T(r,F) —m(r,1/F) — Ny(r,1/F) + O(1)

and the Second Main Theorem it follows that
3T(r) < N(r)+ Zizlﬁ(r; a,,b,) + S(r)

<N@)+T(r,F)—m(r,1/F) — Ny(r,1/F) + S(r)

<3T(r) = m(r, 1/F) - Ny(r,1/F) + S(r)

< 3T(r)+ S(r).
Thus not only in this chain of inequalities the equality sign must hold everywhere
but also in (13) and (14). In particular, this means that the poles and zeros of F
essentially arise from the poles and the finite shared pairs of values of (f, g) and up

to sequences with counting function S(r) the zeros and poles of F' have multiplicity
one and two, respectively. We have thus reached our first milestone.

Lemma 1. Under hypothesis (H) the following holds:
(i) m(r,1/F)+ Ni(r,1/F) = 5(r),

(ii) m(r, F) = 3m(r) + S(r),
(15) (iii) N(r,F) = 2N(r) + S(r)
B = 2N(r, F) + S(r),
(iv) > ooy N(ran,b,) = 2T(r) + m(r) + S(r)
= N(r,1/F)+ S(r).

The same holds if F is replaced by F(z) = P(f(2), g(z)), where
P(z,y) = &y + Gwy + Gz + Cay + G

non-trivially satisfies P(a,,b,) =0 (1 < v < 4).
For ¢; = 0 the better estimate T'(r, F') < 2T(r) 4 S(r) is obtained, which implies
m(r) = S(r) and immediately gives (3) by Theorem D. The same is true if ¢; = 0.
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For this reason we henceforth assume ¢; = ¢; = 1, hence

(16) P(z,y) = 2* + coxy + c3x + cqy + 5 and
ﬁ(ﬂfa y) =y + Coxy + Ca + Cay + C.

Remark 3. Various polynomials of smallest possible degree vanishing at the

shared pairs of values were successfully used in |2, 4, 5, 12]. The quadratic polyno-

mials in (x,y) that vanish at the points (a,, b,) form a linear space. The polynomials

(16) form a basis except when some nontrivial polynomial

Po(r,y) = cory + 3z +Cay + Cs
also vanishes at each (a,,b,). Then
égl‘ + 65

bl,:— :M(au)

égl‘ + 64

holds, the functions f and M~! o g share four values a, and the pair (co, M~!(0)),
and Theorem B applies. This is the case for the pairs (0,0), (8/3,—-8/3), (2,—4),
(2/3,4/3); Py(x,y) = 3y + 4o — 4y and Py(z,y) = 1222 + 3y2 — 32z + 8y form a
basis, and the polynomials (16) are not available, that is, ¢; = ¢ = 0 and P and P
are constant multiples of Py(z,y) = 3zy + 4z — 4y.

The proof of Theorem 1 requires a sequence of rather technical results which are
based on Lemma 1 and the hypothesis

(17) m(r) # S(r).

Note that by Theorem D we are done if m(r) = S(r). From now on this will be
assumed in addition to hypothesis (H). Since the author believes that (17) is fictional,
various auxiliary results will be called Claim rather than Lemma. First of all we will
show that |f| and |g| are ‘large’ on disjoint sets. To be more precise, set

E, ={0 € (—m,a]: |f(re”)| > [g(re”)[} and
By ={0 € (~ma]: |f(re”)] = K(1+ |g(re”)[*)} C Ex;

K > 1 will be fixed later. The sets E, and E;f are defined in the same way with f
and g interchanged.

1 1
Claim 1. m(r) = —/ log® | f|dO+ S(r) = —/ log™ |g| df + S(r).
Proof. The inequalities (for F'(z) = P(f(2),9(2)))
log" |F| <2log"|f|+O(1) on E,
(following from |g| < |f]) and
log™ |F| < log™ |f| +log* |g| + O(1) on E,
(use [f2] < [f]g]) imply

2 1 1
Fy< = [ log"|f|d0+ — + 2 +
m(r, )_QW/T og" |fld0+ - [ log"|f]d0+ o~ [ log"|g|df+O(1)

E, Ey

1 1
§3m(r)—%/ﬁ log+|f\d9—%/E log™ |g| df + O(1).
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Since, however, m(r, F') = 3m(r) + S(r) holds by Lemma 1 (ii), this implies

mirf) = 5= [ tog*111d0+ S(r)

1
m(r,g):%[ log™ lg| d0 + S(r), and

1 1
—/ log+|f|d9+—/ log* |g| d6 = S(r).
27 J&, 2 /g,

The assertion then follows from

1 1
— log+|f|d9§logK+—/ log(1 + |g|?*) df = S(r). O
21 Jp,\Ex 21 Jg,
'F?/F ~ 'F?/F
Claim 2. The functions ¢ = S'F) and ¢ = g/ have Nevan-

Hi:l(f — ay) Hi:l (9 —"b)
linna characteristic S(r).

Proof. Up to a sequence of points with counting function S(r), poles of ¢ may
only occur at multiple zeros of F' and at simple poles of F'. Since, however, again up
to sequences with counting function S(r), the zeros of F' are simple by (15)(i) (for
F in place of F') and the poles of F' and F' have order two, again by (15)(iii) (for F'
and F') we have N(r,¢) < N(r, F//F)+ N(r,F/F) = S(r). To prove m(r,¢) = S(r)
we set

4
f f
L=——"—— = A, ——
Hi:l(f —ay) ; f-a
and note that m(r, 1/F) = S(r) holds by (15)(i) (for F in place of F), and m(r, L) =
S(r) by the Lemma on the logarithmic derivative. To estimate m(r, ¢) we consider
the contributions of the mutually disjoint sets E*, Ef, and E, = (—m, 7]\ (EfUEY),
noting that

1 1
(18) — - log™ |g| df + — o log® |f|df = S(r)

27 ErUE; 27 E*UE,
follows from Claim 1. On E* (where |g| > K(1 + |f[?) is ‘large’) we have |F|? =
O((1+ |f*)?|g|*) and |F| > 1|g|* if K is chosen sufficiently large, hence |F|?*/|F| =
O((1+ |f]?)?) and the contribution of E* to m(r, ¢) is at most
1
mirn L)+ 5= [ log (L+ 177 40+ O() = S(r)

Er

On E, we have |F| = O(]f|> + |g]* + 1), hence by (18) the contribution of E, is at
most

1 ~

5;AbgHﬂW+mﬁM+mmm+mMUﬂ+Om:SM.
Er

On E; write

f'(f*+cafg+csf + cag+ c5)? « (f —a)

-~ 9

(f =) T (f — aw) F

(19) ¢ =
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where a # a, (1 < v < 4) is any complex number. Since |f| > |g| holds on E* we
may write

PP refgtal+ag+o=af’+af +o,
where ¢ = 1+ co(g/f) and ¢§ = ¢34+ ca(g/ f) are considered as coefficients satisfying
|c3] < 14 |co| and || < |es| + |ca|. Thus the first factor in (19) is

<|f|ila|+zlf—ay|>

(partial fraction decomposition) and has proximity function S(r). The First Main
Theorem yields

m<r,f1;“) :m<r,fF_va>+N<r,fF_va> —N(r,f;a)jLO(l).

To estimate the first term to the right we note that on E we have

F
f—a

while |[F| = O(|g|?) and |F| = O(1 + |f[2 + |g/?) holds on E* and E,, respectively.
Again by (18) this yields the estimate

F 1 1 2
< - — 1 1 df + — log™ |g| 46
m(?“’f_a>—m(“f_a)+2w/¢ o8 (Lt lo) a0+ 5~ [ 108 o

1
+ o= | log (1+[f> +1g*) df + O(1)
2 /B,

—m (r, ﬁ) +2m(r) + S(r).

= O(1+|g]),

Combining this with

f—a
N(T, = ) > N(r, 1/F)+S( ) =2T(r) 4+ m(r)+ S(r).

o) o

(note that up to a sequence with counting function S(r), F'/(f — a) has simple poles
at the poles of f, and no others) yields

m(r’f%a) SQm(r)—i—m(r,fia) +N <T’fia) + N(r)
—27(r) +m(r)) + S(r) = S(r)
and eventually T'(r, ¢) = S(r). O

and

Claim 3. m(r, F/F) = m(r) + S(r).
Proof. Set W = F/F. To estimate m(r) = m(r, f) + S(r) write
ffF (P + a9+ afg+ oS

U F  fPhcefgtcesftcgtos
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On E¥, where |f| > K(1 + |g|?) is ‘large’ and thus

1
|f?+ cof g+ caf + cag + 5] > §|f|2 and
[f9* +Cf?g +af’ +afg+efl=O(fP(1+]g])
holds we have |f| = O((1 + |g|)|¥|), hence
1
m(r) = —/ log™ | f| df + S(r)
s Er

1 1
<— [ log"|w — [ log(1
<o | log"[¥]df+ — | log(l+|g])dd+S(r)

Er Er

< m(r,¥) +5(r)
holds by (18). Besides L we will also consider

/

I=—r9
IT-i(g—by)
Since m(r, L) + m(r, L) = S(r) and
Ly
I 3

even has characteristic S(r) by Claim 2, we obtain

3m(r, ¥) < m(r,1/L) +m(r,L) + T(r,¢/¢) + S(r)
= N(r,L) — N(r,1/L) + S(r)
< Zizl N(r;a,,b,) —2N(r) + S(r)
= 2T(r) +m(r) — 2N(r) + S(r)
=3m(r) + S(r).

Altogether this is nothing but m(r) = m(r, ¥) + S(r) = m(r, F/F) + S(r) and

1 1
m(r):%/E long|\If|d6’+S(7“):%/~ logt |1/9|dd + S(r). O

By

Lemma 1 (i) and (iv) (also applied to F) says that up to a sequence with counting

function S(r), the functions F" and F' have common simple zeros and double poles,
hence N(r,V'/¥) = N(r,V'/¥) = S(r). In combination with the Lemma on the
logarithmic derivative we thus obtain

Claim 4. ¢ = V' /¥ = F'/F — F'/F has Nevanlinna characteristic S(r).

We note that 1 does not vanish identically since otherwise ¥ = F'/ F would be a
constant in contrast to Claim 3, which says that m(r, V) = m(r) + S(r) # S(r).

5. Proof of Theorem 1: Construction of an algebraic curve

In

(20) v = (P,/P— B,/P)f + (P,/P— P,/ P)g,
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wherein P, ﬁ, P,, P, ﬁw, ﬁy have to be evaluated at (f(2), g(z)), the derivatives f’
and ¢’ may be replaced by
P -pad
I _ I _
= ¢P2 1_[1(f a,) and g¢' = ¢ﬁ21_[1(g by),
respectively, thus (x,y) = (f(2), g(2)) satisfies some algebraic equation
H(z,z,y) =0

over the field generated by the functions v, ¢, and gg Actually, H is given by

4 4
(21) PP —¢(PP, — PP,)P*[[(f — a,) + &(PP, — PB)P*[[ (9 — by).
v=1 v=1

Our next task is to prove

Claim 5. H is non-trivial.

Proof. Suppose H is trivial. Since ¥(z) # 0, the product P(z,y)P(x,y) vanishes
at every point (a,,b,). We may assume P(a,,b,) = 0 for g = 1,2, say, and two
values of v depending on u (not necessarily the same in both cases). Then

P(a,,b,) = ai + csay, + ¢5 + (c2a, + c4)b, =0

holds for two different values of v, and this implies ai +cza, +c5 = coa, +cq = 0 for
pw=1,2, hence ¢y = ¢4 = 0 since a; # ay. Of course, P(x,y) = 22 + c3x + ¢5 cannot
vanish at (a,,b,) for 1 < v <4, this showing that H is non-trivial. O

To get rid of the functions v, ¢, 5 we now have to attack the most involved part
of the proof:

Claim 6. The ratios ¢/v and ;5/@/) are constant.

Proof. The polynomial H has degree at most nine with respect to the single
variables x and y, thus

9
Hz ) = 3 hy(ey)e?
=0
holds. The assertion is trivially true if hg(z, z) vanishes identically: for a; = b, =0,
say, hg is given (thanks to maple) by

ho(z,y) = 53(1/1(2) — C30(2)) + E}y{?@%dz(z) - 453 (2) + 525354;5(2))

+ (362830(2) — 682850(2) — (babs + bsba + baba)(2) )y

T (@B(z) — ABTHE) + (b + by + BB — (E6(2) + 3}
Assuming hg(z,y) = 0, either
(22) ¥ =1c3¢ (and ¢z #0)

holds or else ¢3 = 0. In this case, gg(z) # 0 implies ¢, = 0 and ﬁ(w,y) = y? + cyy,
which, of course, is impossible and proves (22).

We will now show that exactly the same is true if ho(z,y) # 0. From H(z,x,y) =
0 and |z| > 1 it follows that

[ho(z,y)ll2] < Y Iy ()| = Omax{|v(z)], [$(2)], |6(=)[}(L + |y])"),

J=0
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hence (set z = f(2), y = g(z) and again use (18))
1 i0
m(r) = Dy /E log | f(re™)| dO + S(r)
<m(r, 1/ho(2,9(2))) + m(r, ) + m(r, 6) +m(r,6) + O(1)
+ o [ Tow(L+ lg(re")) 8-+ S(r) = . 1/hu(z9(2) + S0

To proceed we need the following
Lemma 2. For at least one index j, hg(z,b;) vanishes identically.

Proof. Suppose to the contrary that hg(z,b;) # 0 for 1 < j < 4. Then also
h(z,b;) # 0 holds for every prime factor h(z,y) of hg(z,y) and

G(Z,y) = h<z7y> H(y - bl/)

is a square-free polynomial over the algebraic closure of the field of meromorphic

functions with Nevanlinna characteristic O(T'(r, ¢) +1'(r, ¢) +T'(r,¢)) = S(r). Then
from Corollary 4 in Yamanoi’s paper [14] it immediately follows that

(deg, G —1)T'(r) < N(r)+N(r,1/G(z,9(2))) + €T (r) ||

holds for every € > 0; the symbol || means outside some exceptional set that depends
on € and has finite measure with respect to dloglogr. Since, however, already

N(r)+> N(r,1/(g = b)) = 3T(r) + S(r)

holds (without ||), this yields
N(r,1/h(z,g(2)) > (deg, h — e)T(r) + S(r) |

Taking into account all prime factors according to their multiplicities we eventually
obtain

N(r,1/ho(2,9(2)) > (deg, hg — 4€)T(r) + S(r) |,
hence
m(r) <m(r,1/ho(z,9(2))) + S(r) < 4€T'(r) + S(r) |
by the first main theorem for hg(z, g(z)). Although this is weaker than the condition

m(r) = S(r), the proof in [12] goes through in the very same way, that is, Theorem D
again holds. This eventually proves hg(z,b;) = 0 for some j. O

To simplify notation we may assume j = 1 and a; = b; = 0, hence ¢5 = 0 and

ho(2,0) = 53(1/1(2) —c30(2))

vanishes identically. In case of ¢3 = 0 (and 1) — ¢3¢ # 0) we obtain

P(x,y) = y(y + cor + ¢4),

hence b, = —¢sa,, — ¢4 = M(a,) holds for 2 < v < 4 and also v = 5 with a5 = b5 = oco.
In other words, the functions f and M~!o g share four values a, (2 < v < 5) and the
pair (0, M~1(0)). By Theorem B we are done: the goal, the representation (3) has
been arrived head of time. This eventually proves (22). The corresponding assertion

V= 035 is proved in exactly the same manner. O
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From (21) and Claim 6 it then follows that H(z, z,y) = ¥(2)Ho(x,y), hence also
Ho(f(2),9(2)) = 0 holds. Of course, Hy does not have to be irreducible, nevertheless
we have

Claim 7. (f, g) parameterises an algebraic curve K : K(x,y) = 0 of genus zero.

To prove Claim 7, which marks the end of proof of Theorem 1, we assume to the
contrary that IC has genus one and ) and @ in (5) are elliptic functions. Then also
@ and @ share the pairs (a,, b,) IM (and not CM) and the value co CM. Since

m(r,Q) +m(r,Q) = O(1),

Theorem D applies. It yields Q = M o fo k and @ = Mo g o k with Mobius
transformations M and M and some non-constant entire function k. It is, however,
obvious that fo k and gok are not elliptic functions. Thus the genus of our algebraic
curve is zero as was stated in Theorem 1, and (5) holds with rational functions @

and @ and some meromorphic function h. 0]

Remark 4. The proof of Theorem 1 is much easier for Yosida functions f and
g, that is, for functions with bounded spherical derivative

/]

f_
F=1r

In this case the functions ¢, gg, 1 are constants and there is no need for Claim 6 and
its sophisticated and elaborate proof. The first idea therefore was to apply the re-
scaling technique due to Zalcman [15] simultaneously (as in [11]) to obtain Yosida
functions f(z) = lim,, o0 f(2n + pnz) and g(2) = lim, o g(2, + pnz) for suitably
chosen sequences z, — oo and p, — 0. By Hurwitz” Theorem, these functions share
the same values and pairs of values as do f and g. However, it cannot be excluded
that f and g are Mobius transformations of each other although f and g are not. The
same problem arises if the re-scaling technique is simultaneously applied to functions
f and g that share four values: while it is true that f and g share the same values
as f and g, f = ¢ cannot be excluded although f # g.

6. Proof of the Addendum to Theorem 1

I. For the sake of simplicity let us consider the case v = 1 and a; = b = 0.
Assuming (f(20),9(20)) = (0,0) with multiplicity (1:¢) and ¢ > 1 yields F"(z) =
csf'(z0) and F'(z9) = ¢3f'(20), hence

2 /7N £/ - /
(Csics)f (20) and  @(z) = q(c3/cs)f (Zo)
[T (=) ITms(~0s

Since, however, gZ/ ¢ is constant by Claim 6, we see that ¢ is independent of zj.

P(20) =

II. Since only properties of the polynomial K (x,y) are affected we may assume
that our algebraic curve K : K(z,y) = 0 is parameterised by the functions

(23) f(z) = Q") and g(z) = Q("),
which share the value co CM and the pairs (a,,b,) IM (and not CM). Note that the

rational functions @ and @Q share oo CM and the pairs (a,,b,) IM (and not CM)
certainly on C\ {0}. Also, since m(r, f) ~ m(r,g) ~ m(r) # o(r) and f and g are



Algebraic curves and meromorphic functions sharing pairs of values 93

‘large’ on disjoint sets, ) and @ have a pole of the same order at ¢t = oo and t = 0,
respectively, or vice versa. The exceptional set £ in

K =1{(f(2),9(2)): 2 €CIUE

consists of the asymptotic values

Jim (Q(e9), Qe)) = (Q(00), Q(00)) = (00, bx)  and
(24) ' ~ -

i (Q(e9), Q(e)) = (Q(0), G0)) = (ar, )
for some 1 < kA < 4. Thus 2 = Q(ty) = a, for some ty € C\ {0} implies
y = Q(to) = b, that is, K(a,,y) = 0 implies y = b, (with multiplicity 1 or ¢,). O

7. Proof of Theorems 2 and 3

To prove Theorem 2 we need the estimate
(25) Ni(r;1/(f = @) < mf(r) + S(r)
and, of course, also N(r;1/(g —b,)) < m(r) + S(r). To simplify notation we may
assume v = 1 and a; = b; = 0, choose
R(z,y) = Az* + By* + Cay + Dx
non-trivially such that R(a,,b,) = 0 holds for 2 < v < 4 and set
h(z) = R(f(2), 9(2)).
Then h vanishes at the (a,,b,)-points of (f,g), at least twice at the multiple zeros
of f (with counting function Ny(r,1/f)). If h does not vanish identically the Second
Main Theorem again yields
2T(r) +m(r) < Z;‘jzlﬁ(r; a,,b,) + S(r)

< N(r,1/h) = Ni(r, 1/ f) + S(r)

< T(r,h) = Ni(r,1/f) + S(r)

< 2N(r) +4m(r) = Ni(r,1/f) + S(r)

= 20(r) + 2m(r) = Nu(r,1/f) + S(r),
hence (25) for a, = 0. If, however, h(z) = 0, the functions f and g parameterise the
algebraic curve R : Az? + By? + Caxy + Dz = 0. By Remark 3 we have AB # 0
and also D # 0 since the algebraic curve Az? + By? + Czy = 0 is reducible. By the
elementary change of variables (z,y) — (yax,vBy), the equation R(z,y) = 0 may
be transformed into

v [42® 4 2cay + y* — 8x] =0
with Aa? =4, B? =1, Cafl = 2¢, and Da/y = —8. By Example 2 it is necessary
that ¢ = £1 and f and g are given by (3). Thus if Theorem D does not hold and
f —a, and g — b, have no common simple zeros,
N(riay,b,) < Ni(r,1/(f = ay)) + Na(r,1/(g = b)) + S(r) < 2m(r) + S(r)

holds for 1 < v < 4, and so

4
2T ZNT ay, by) < 8m(r) + 5(r)

by (15)(iv). This implies (11). O
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Proof of Theorem 3. For v fixed, the hypothesis on the multiplicities implies
— 1
N<T; Ay bl/) S §T<T> + O<1)

in any case, hence Y2+ N(r;a,,b,) < 2T(r) + O(1). Then (15)(iv) yields m(r) =
S(r) and Theorem D applies. O

8. Why the 4IM+1CM-conjecture is probably true

The polynomial in Theorem 1 has the form

(26) K(r.y) = (@ — a))'y™ + Aly — b)'a" + 3 cpalyt
7.k

and satisfies K(a,,y) =0< y =1b, and K(z,b,) =0 < z =a, (1 < v <4), hence
K(a,,b, +y) and K(a, + x,b,) are monomials. This requires

IK 'K
(27) w(al/, by) = W(aw by) =0

for all but one j and ¢, respectively; m < 9 and n < 9 are the degrees of K w.r.t. y
and x, respectively, K has degree at most 13 w.r.t. (z,y), and 1 < s,¢ < 4 holds. On
the other hand, since two of the pairs (a,,b,) may be prescribed (a; = b; = 0 and
ay = by = 1, say) and ¢/ and 5/@/) may be expressed in terms of the coeflicients ¢;, ¢,
there are only five free parameters as, b3, ayq, by, A at hand to satisfy the 4(n+m —1)
constraints (27), not to mention the fact that K has to be irreducible of genus zero.
Of course, counting algebraic equations and variables does not disprove the existence
of K since for special pairs (a,,b,) some of the equations might be algebraically
dependent. Nevertheless it might well be that the 4IM+1CM-problem will be solved
by a virtuoso in computer algebra systems rather than a complex analyst.

9. Concluding remark

It is not implausible to believe that all pairs (f,g) of meromorphic functions
sharing four values or five pairs are already known in essence and are presented in
Examples 2—4. A proof of this very general assertion, however, seems to be beyond
the present knowledge and possibilities, and far beyond the capabilities of the author.
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