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On the volumes of simplices
determined by a subset of R¢

PABLO SHMERKIN and ALEXIA YAVICOLI

Abstract. We prove that for 1 < k < d, if E is a Borel subset of R? of Hausdorff dimension
strictly larger than k, the set of (k + 1)-volumes determined by k + 2 points in E has positive
one-dimensional Lebesgue measure. In the case kK = d — 1, we obtain an essentially sharp lower
bound on the dimension of the set of tuples in E generating a given volume. We also establish a
finer version of the classical slicing theorem of Marstrand—Mattila in terms of dimension functions,
and use it to extend our results to sets of “dimension logarithmically larger than &”.

Avaruuden R? osajoukon méairittimien peruskoppien tilavuudesta

Tiivistelmi. Olkoon 1 < k < d ja E avaruuden R? Borelin osajoukko, jonka Hausdorffin ulot-
tuvuus on aidosti suurempi kuin k. Téssé tyOssa osoitetaan, ettd joukon E kaikkien k + 2 pistetté
kiisittdvien osajoukkojen méadradmien (k + 1)-ulotteisten tilavuuksien joukolla on positiivinen yksi-
ulotteinen Lebesguen mitta. Kun k = d — 1, saadaan oleellisesti tarkka ulottuvuusalaraja sellaisten
joukon E pisteyhdistelmien joukolle, jotka tuottavat annetun tilavuuden. Lisdksi saadaan tarken-
nettu muotoilu klassisesta Marstrandin—-Mattilan viipalointilauseesta ulottuvuuskuvausten avulla ja
sen sovelluksena em. tulosten yleistys "ulottuvuuksiin, jotka ovat logaritmisesti suurempia kuin &”.

1. Introduction and main results

A fruitful and highly active area of analysis is concerned with the richness of
patterns inside fractal sets. A classical example, which motivated much of the de-
velopment of the area, is Falconer’s distance set problem: Given a set E C R?, what
can be said about the Hausdorff dimension, Lebesgue measure or interior of the set
of distances between points in E, in terms of the Hausdorff dimension of E?

A huge number of generalizations of Falconer’s problem have been proposed, gen-
erally by looking at configurations spanned by k > 3 points instead of two points
(some of these are briefly discussed at the end of this section). If we interpret the
distance between two points as the length (1-volume) of the one-simplex they gen-
erate, then a natural generalization is to consider the set of k-volumes of simplices
generated by k + 1 points in a set £ C R%:

Vol (E) = {Volg(z1,- -+ ,x541): z; € E} C Ry

This problem was considered by Grafakos, Greenleaf, losevich and Palsson: in |5,
Theorem 3.7|, they show that if £ C R? is a Borel set with dimg(E) > d — 1 + 55
if d is even, and dimg(F) > d — 1+ 2(d—1—1) if d is odd, then £(Voly(E)) > 0, where
L denotes one-dimensional Lebesgue measure. Since a d — 1 plane determines a
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single volume of a d-simplex, namely 0, it seems reasonable to conjecture that this
is the sharp threshold. In [5, Theorem 3.8|, the authors show that if this is the right
threshold for d = 2, then it is also the correct threshold in arbitrary dimensions.

In this paper, we directly establish a strong pinned form of this conjecture, which
also holds for k-volumes of simplices in R¢ for any k > 1:

Theorem 1.1. Fixd € Nsy and k € {1,...,d — 1}. Let E C R? be a Borel set
with dimy(FE) > k > 1. Then there exist x1,...,Tx+1 € E such that the set

Volgﬁi""x’““)(E) = {Volpi1(x1, ..., Tpa2): Thao € B}

has positive Lebesgue measure. Moreover, when k > 2, there exist xy,..., Ty € E
such that Vol,(fji“"x’““)(E) has nonempty interior.

The proof of Theorem 1.1 is a very short application of the classical Marstrand—
Mattila projection and slicing theorems in geometric measure theory. Nevertheless,
to our knowledge this argument had not been noticed before (although we point out
that a similar idea was used to study the set of angles determined by a set in [8]).

When k£ =d — 1, we are able to obtain a much finer result. Theorem 1.1 can be
recast in the following form: suppose that dimy(E) > d — 1 for E C R? Then for
each v in a set V C [0, 00) of positive measure, there is a non-empty set X, C B!
such that each tuple in X, spans a simplex of volume v. It is natural to ask whether
one can also provide a lower bound on the Hausdorff dimension of X,; we show
that this is indeed the case, and in fact prove an essentially sharp lower bound on
dlmH (XU)I

Theorem 1.2. Let E C R? be a Borel set with dimy(FE) > d — 1. Then for
every t < (d+ 1) dimyg(F) — 1 the set

(1) {veR": dimy{z € E": Voly(z) = v} >t}
has positive Lebesgue measure.

At least when E has equal Hausdorff and packing dimension, the range of ¢
provided by this theorem is sharp, up to the endpoint: by Proposition 2.4 below,
(1) implies that dimy(E4T!) > t + 1; in fact, for this it would be enough if the
set in (1) has full Hausdorff dimension 1. On the other hand, when F has equal
Hausdorff and packing dimensions one has dimy(E4™!) = (d + 1) dimy(E), see e.g.
|9, Theorem 8.10]. Combining these bounds, ¢t < (d+ 1) dimyg(F) — 1, which matches
the threshold in Theorem 1.2.

We are not aware of other instances of Falconer-type problems where sharp results
are known for this refined “level-set” formulation (we note that for random sets, this
numerology is known to hold for a large variety of configurations—see [13]).

The proof of Theorem 1.2 also uses the Marstrand—Mattila slicing theorem as a
key tool, but the argument is more involved.

While Theorem 1.1 is sharp as far as the Hausdorff dimension of E' is concerned,
it is natural to ask whether one can provide a finer classification among sets of
Hausdorff dimension k. For example, we do not know whether Vol,,1(E) > 0 for
all Borel sets £ C R? of non-o-finite k-dimensional Hausdorff measure. In Section 4
we present some partial results: we show that Volg ;(E) > 0 still holds if F is a
k-dimensional set which is “large enough” in terms of a suitable gauge function, see
Corollary 4.1. This is a consequence of a refined dimension function version of the
Marstrand—Mattila slicing theorem, which may be of independent interest, and is
presented in Section 3.
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To conclude the introduction, we note that several related Falconer-type problems
have been intensively studied in the literature. The articles [5, 2, 6, 7, 4| explore the
measure of the set of volumes determined by d points in a set £ C R? together
with the origin. Many works, including [2, 5, 12|, investigate the size of the set of
non-congruent point configurations determined by E. All these works use harmonic-
analytic techniques, and it seems like our more direct approach here does not extend
to those situations.

2. Sharp dimension thresholds: proofs of Theorems 1.1 and 1.2

2.1. Preliminaries. We begin by recalling some key definitions and facts from
geometric measure theory. Fix 1 < k < d. Let G(d,k) be the Grassmannian of
k-dimensional subspaces of RY, and let 7,4 be the unique Borel probability measure
on G(d, k) which is invariant under the action of the orthogonal group Q. See |9,
§3.9] for more details.

We denote the Grassmannian of affine k-planes in R? by A(d, k). Given a k-
dimensional subspace W of R? and a € R?, we let W, := W +a € A(d, k). Sometimes
we abuse notation and identify W, with the pair (W,a). The natural measure on
A(d, k) is given by

)\d,k(A) = /G(d o Hdik{a cWwt: W, € .A} d’)/d7k(W).

See [9, §3.16] for more details.

We denote the closed d-neighbourhood of a set £ C RY by E(§) := {r €
R¢: dist(z, E) < §}. Given a Radon measure g on R and V € G(d, k), we de-
fine the sliced measures py 1 , supported on the affine plane VL e A(d, k) by

6—0

s o) = lim(20)° / L fin TG

These measures are well-defined for H*-almost all a € V and depend on (V,a) in a
Borel manner, see |9, §10.1].

We denote the unit sphere in R? by S9!, endowed with surface measure o
(which is a multiple of (d — 1)-dimensional Hausdorff measure H%!|s). For every
0 € S41 we let Ly be the line through the origin and 6, and Py: R* — Ly be the
orthogonal projection onto Ly. If it is a Radon measure on R%, then Py denotes the
push-down of p under Py, that is,

/fdPg,u:/foPQd,u, fECO(Rd).

Note that G(d, 1) is the quotient of S?~! by identifying antipodal points, and ~(d, 1)
is the push-forward of ¢%~! under this identification.
Given 0 < s < d, the s-energy of a finite Borel measure p on R? is defined as

o= ] o ) duto)

We are now able to state the measure-theoretic versions of the Marstrand-Mattila
projection and slicing theorems (see [10, Theorems 5.4 and 5.5] and |9, Theorem 10.7],
respectively, for the proofs).

d—1

Theorem 2.1. Let u be a finite Borel measure on R? such that I (1) < oo.
Then:
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(a) If s > 1, then Pyu is absolutely continuous with an L? density for 0%~ 1-almost
every ) € S

(b) If s > 2, then Pyu is absolutely continuous with a continuous density for
o%1-almost every § € St

Theorem 2.2. Fix1 < k < s < d. Let u be a finite Borel measure on R?. Then,
for 74 p-almost every W € G(d,d — k),

2) p= [ mvadit(a)

(3) / - [ Eemslha) 44@) (W) < Cal ),

Here C; > 0 is a constant depending only on d.

We state a corollary of Theorems 2.1 and 2.2 for sets. It is obtained by considering
a Frostman measure on the set F |9, Theorem 8.8].
Theorem 2.3. Let E C R? be a Borel set.

(a) If dimy(F) > 1, then L(Py(E)) > 0 for H¢ 1-almost all § € S

(b) If dimg(E) > 2, then Py(E) has non-empty interior for H4 1-almost all 0 €
St

(c) If 1 < s < dimy(F) < d, then for H* '~ almost all § € S there is an affine
hyperplane H with normal 6 such that

(In fact, there is a positive measure family of such hyperplanes.)

To finish this section, we recall two inequalities relating the dimension of a set
and that of its projections and slices under a Lipschitz map.

Proposition 2.4. Let £ C R? and let g: E — R* be a locally Lipschitz map.
Suppose

dimg (g ' (z)) >t forallz € g(E).
Then
dimg(E) >t 4+ dimg(g(F)).
Special cases of this statement appear in [1, Corollary 3.3.2] and [9, Theorem 7.7];

the general case is similar and can be consulted in [3, §2.10.25]. By considering charts,
the statement extends easily to locally Lipschitz maps between manifolds.

2.2. Proof of Theorem 1.1.
Proof of Theorem 1.1. To begin, we recall that

1 .
Vol (x1, -+, Tps1) = e dist(xgy1, W) Volg_q1(zq, - -+, xp),

where W is the affine (k — 1)-plane spanned by {z1,-- -, xx}.

Since claims (a) and (c) in Theorem 2.3 hold simultaneously for almost all 6,
we can fix # and a hyperplane H normal to 6 so that dimg(E N H) > k — 1 and
L(Py(E)) > 0.

Since dimy(F N H) > k — 1, there exist 41, ,yr+1 € E N H which are affinely
independent (otherwise, £ N H would be contained in a (k — 1)-plane, implying
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that dimg(E N H) <k —1). Let v denote the k-volume of the simplex spanned by
Y1, Ypa1. Since L(Py(E)) > 0, we get

v .
LAVOle1 (Y1, Ybat, Thia) t iy € B} 2 o7 - L1dist(Thsn, H): 2py2 € B}
v
~ - L(Py(E .
e LA > 0
The claim of non-empty interior when k& > 2 (so that dimg(F) > 2) follows in
the same way, using claim (b) of Theorem 2.3 instead of (a). O

2.3. Proof of Theorem 1.2.

Proof of Theorem 1.2. Fix d —1 < s < dimg(£). By Frostman’s Lemma
|9, Theorem 8.8], there is a Borel probability measure p supported on E such that
I (1) < +oo.

By Theorem 2.2 with & = 1, for 744_1-almost every H € G(d,d — 1) there
is a family of sliced measures {pp,: a € H*} supported on H, and depending
measurably on (H, a), such that (2) and (3) hold.

Next, we define a measure p on E¢ as

o= [t daatt) = [ [ O d @) v (),

where /,Lﬁfla denotes the d-fold Cartesian power of fip .

We claim that Vol;_1(z1,...,24) > 0 for p-almost all (z1,...,24). Indeed, let
H € G*(d,d — 1) and a € G}, so that upg, is a finite Borel measure on H, with
I, 1(pma) < 0o. Since s —1 > d — 2, the measure juy, cannot give positive mass
to any (d — 2)-plane. Hence, for any fixed affinely independent z,...,z; € H, with
Jj < d—1, we have that z,..., 2, x;;; are affinely independent for ji ,-almost all
zj11. The claim now follows from Fubini and induction in j.

By the claim, the map = — W(x), where W (x) is the affine hyperplane deter-
mined by x = (21,...,74) € E?, is well-defined p-almost everywhere. If A4 1(V) =
0, then p(W 1Y) = 0, since the integrand in the definition of p(W~1V) vanishes out-
side the null set V. This shows that the push-forward Wp of p under W is absolutely
continuous with respect to A\gq_;.

For any H € G(d,d — 1), let

(4) t={a€H": |uma| >0 and I;_i(pup,) < o0} .

It follows from Theorem 2.2 that H'(G%) > 0 for H in a subset G¥*(d,d — 1) C
G(d,d — 1) of full 4 4_1-measure. In particular, since Wp < Ag4-1, we have

p(W='G) >0, where G={H,: He G*(d,d—1), acgl}.
Given x = (xy,...,x4) with W(z) = H,, let

(5) \%14@:{%1(@4@_@:1)6%}.

By the definition of Gf;, we have
L(%ld(x)) >0 forzeW (G = p{a: L(%ld(x)) >0} > 0.

Moreover, %ld(:p) for v = (z1,...,714) € E% is a subset of the set of volumes of
simplices generated by x1,...,x4 and a final point x4, € E. By Fubini’s theorem,

(px LY{(z,v):ve {/gld(x)} >0
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and hence, by Fubini’s theorem again, there is a set V' C [0, 00) with £(V') > 0 such
that for all v € V' we have

(6) p(F,) >0, where F,={ze€E%ve %ld(x)}.
We claim that for any set F' with p(F) > 0 we have
(7) dimy(F) > ds.

The goal is to apply Proposition 2.4 to the set ' and the map W.
We define a natural metric on A(d,d — 1) as follows (see |9, §3.16]). Let W; + a;,
i = 1,2 be two affine hyperplanes, with W; € G(d,d — 1) and a; € W;*. Then

d(Wh + a1, Wy + a2) = || Pw, — Pw,|| + |a1 — as|,

where P. denotes the orthogonal projection onto the corresponding hyperplane, and
|| - || is the operator norm. With this metric, the map W is locally Lipschitz on its
domain. Indeed, write » = (T, z4) with T € (R%)?~!. The direction H(%)* orthogonal
to 1, ...,241 depends smoothly on T in its domain (this follows for example from
the Gramm—Schmidt process), and the translation is the orthogonal projection of x4
onto H(Z)*, and therefore also depends smoothly on .

Since Wp < Y4,4-1, the image W (F) has positive v, 4_1-measure, and in particu-
lar full Hausdorff dimension d. It remains to bound the dimension of the pre-images
W-1(H,) for H, € W(F). By Theorem 2.2, I;_i(pr.) < 00 for 744-1-almost all
(H,a). Using Wp < ~v44-1 once again, we may assume without loss of generality
that I;_1(pme) < oo for all (H,a) € W(F). It follows that, for any H, € W(F),

Ligs—1) (15l ) < Lags—1) (1) < 00,
and hence
dimp{z € F: W(z) = H,} > dimy (F N H;) > d(s —1).

Proposition 2.4 applied to ' and W now yields the claimed bound (7).
Fix v € V for the rest of the proof. Pick x € F, and let W(z) = H,. By the
definitions (5) and (6), there exists b = b(x) € G4 such that

B Voly(x)
T

A routine verification, using the Borel dependence of the conditional measures on the
parameters, shows that b can be chosen to depend Borel measurably on x. By the
definition (4), we have I;_;(H}) < oco. In particular, £ N Hy, has Hausdorff dimension
>s—1.

We have shown that Voly(z1,...,2441) = v for all (zq,...,z441) in the set

- |b—al.

(8) {(:L‘l, . ..,l‘d_;,_l)i (:L‘l,...,ZL‘d) e F,,xq11 € Eme(:vl _____ md)}.

Applying Proposition 2.4 to the projection of this set to the last coordinate, the claim
(7) yields that the set defined in (8) has Hausdorff dimension at least

dimg(F,)+(s—1)>ds+s—1=(d+1)s— 1.

Since s is arbitrarily close to dimg(FE), this completes the proof. 0



On the volumes of simplices determined by a subset of R? 103

3. A finer slicing theorem

In this section we obtain a finer version of the Marstrand—Mattila slicing theorem
|9, Theorem 10.10], in terms of gauge functions. We begin by recalling the defini-
tion of gauge functions and generalized Hausdorff measures, and then we state the
theorem.

Definition 3.1. (Gauge functions) We say that ¢: R>o — Rx¢ is a gauge func-
tion (or dimension function) if it right-continuous, increasing, ¢(0) = 0, and p(t) > 0

if t > 0. We denote the set of all gauge functions by G. We endow G with the partial
order

oy < o1 if Tim P& _
z—0t ()02(1‘)

Definition 3.2. (Generalized Hausdorff measures) Let ¢ € G. We define the
generalized Hausdorff measure associated to ¢ as

HP(E) = lim H(F) € [0, +00],

where H{ (E) :=inf { 3=, o(|U;]): {U;}; is a -covering of E}.

It is well known and easy to see that if po < ¢ and H¥?(E) > 0 for some set E,
then F has non-o-finite H¥'-measure.

Definition 3.3. (Generalized energies) Let ¢ be a gauge function, and let u be
a Radon measure on R?. We define the p-energy of p as

1
I, (1) -://mdﬂ(ﬂf) du(y).

Recall that if ¢: R — R is a right-continuous function, its pseudo-inverse is

defined as
¢ Hy) :=inf{zx € R: g(x) > y}.
Because of right-continuity of ¢, we have (@~ (y)) = y for all y.

Theorem 3.4. Fix integers 1 < m < d. Let ¢, be gauge functions such that

(9) /O (g o [¢™P] 7Y () dr < oo

Let E C R? be a Borel set with HZ,(E) > 0. Then, for v44_m-almost every W €
G(d,d —m),

HY(ENW,) >0 for a set of a € W of positive H™-measure.

A class of functions satisfying the theorem is given by ¢(z) = [z - log™*(1/x)]*
and z™p(x) = [z -log*(1/2)]¥, forany k > 0,a>1and 0 <b<a — 1.

For the proof of this theorem, we follow the proof of the classical case as presented
in 9], with suitable adaptations. We begin by recalling the following lemma, which
is a variant of Frostman’s lemma for gauge functions. See [1, Lemma 3.1.1] for its
proof.

Lemma 3.5. (Generalized Frostman’s Lemma) For every d there is a constant
Cy; > 0 such that the following holds. Let ¢ be a gauge function, and let E C R be
a Borel set with H% (E) > 0. Then, there exists a Radon measure p supported on E
such that

&
(10) H(B(r 7)) < g

o(r) for all r > 0.
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Lemma 3.6. Let p be a probability measure supported on E satisfying (10) for
some ¢ € G. Let ¢ be a right-continuous function such that

/100 o(@ H1/u)) du < oo.

Then, 15(p1) < oo.
Proof. By Fubini,

| w e /ooo“{: |r:c—yu>>“}d“

| B )

0

/0 Ldut - )/1m<p(cﬁ1(1/u))du<oo. 0

Theorem 3.7. Let m < d, and let ¢ be a continuous gauge function such that
Y(x) == @(x)x™™ is also a gauge function. Let u a Radon measure on RY. Then,

// Ly(pw,a) dH™ (@) dyga—m(W) < Cg Ip(1).

Proof. Using |9, Equation (10.5)] applied to the lower semicontinuous function
T ) and Fatou’s Lemma, we get

1
Y(z—y
1
SR |
Totina) < i int(20) " [ o T =y ) o)

Using this, Fubini, and [9, Inequality (10.6)] with
B(z):={aeW"':z € Wa(‘s)},
so that P} (B(x)) = {y: |[Pw(z — y)| < 6}, we have

(W) = / Iy () dH™ ()

<tipipto) " [ [ s i) @) dnte)

< lifnf(20)™ //{ s STy ) dnte)

Using Fubini again, [9, Lemma 3.11] and, finally, the definition of ¢, we conclude
that

IN

/ I(W) dygam(WV)
G(d,d—m)

1
< lim inf(25) ///{ e oy T ) ) V)
— lim inf(26) // g e OV 1B = )] < ) di(y) )

6—0

L - |z — ?/||m -
< liminf (29 m/ A I O |l — ™d du(x

= 27mCd[¢(,u) O
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Lemma 3.8. Let v be a positive finite measure on R? with E = spt(v), and let
Y be a gauge function such that I,(v) < co. Then, there exists F' C E of positive v
measure and a constant C' so that

v|p(B(z,r)) < Cy(r) forallz € R > 0.
Proof. Take C' > 0 large enough so that

Pt [ =)

has positive v-measure. Then, using that a gauge function is non-decreasing,
Yz —yll)

(Bl = [

FrB@n) Ylz =yl

We can now conclude the proof of Theorem 3.4.

Proof of Theorem 3.4. Since by hypothesis HZ (E) > 0, by Lemma 3.5, there
exists a measure p supported on E so that

p(B(z,r)) <

dv(y) < C(r). O

L (r)
HE(B)”
We may assume that p is a probability measure.
By the assumption (9) and a change of variables,

/100<po (™3] 1 (1/u) du < oo.

Thus, we get from Lemma 3.6 that I,m, (1) < oco. Hence, we can apply Theorem 3.7
to get

for all » > 0.

// (i) dH" (@) g (V) < oo

w

This implies that

(11) Iy(w.a) < 00 for v44—m-almost all W and H™-almost all a € W,

On the other hand, since ¢ € G, we have 2 > 2™ (z) if x is sufficiently small.
Since Imy(p) < oo, it follows that also Im(u) < oco. Therefore, we get from |9,
Theorem 9.7] that Py (u) < H™ for v4.m,-almost every V' € G(d, m). Hence, by |9,
Equation (10.6) and next line|, we get

[ ) an (@) = w(@h >
WL

for ¥4 4—m-almost all W (note that v,4,, is the push-forward of v44_,,, under W
W), Therefore,
|/~LW,a‘ >0
for v44—m-almost all W and a in a subset of W+ of positive H™-measure. Fix such
a pair (W, a) for the rest of the proof.
By Lemma 3.8 applied to pw,, there is a set F' C spt puw, C E N W, with
pw.a(F) > 0 such that

pw.alp(B(x,r)) < C1(r) forall x,r.

Then, for every covering by balls {B(z;,7;)}; of ENW, (and in particular of F') we
have

0 < pw,a(F) < ZMWAF(B(%WD) < CZ@/)(H)-
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This shows that HY(E N W,) > 0, completing the proof. O

4. Partial results in the critical dimension

4.1. A sufficient condition in terms of gauge functions. As a consequence
of Theorem 3.4, we have a finer version of Theorem 1.1 for dimension functions.

Corollary 4.1. Fix 1 < k < d. Let ¢ be a gauge function such that there exists
another gauge function 1 such that x*~' <1, and

/0 (g0 [ ) (r) dr < 0o

In particular, this holds for p(x) = [z - log”*(1/z)]* for any a > 1.
Let E C R (d > 2) be a Borel set with H?(E) > 0. Then,

E(V01k+1(E)) > 0.

Proof. As corollary of Theorem 3.4, we have that, for almost every 6 € S,

(a) Py(F) has positive Lebesgue measure,

(b) there is an affine hyperplane H with normal vector # so that HY(ENH) > 0.
Fix 6 satisfying both conclusions and a hyperplane H as in (b). Since HY(ENH) > 0
with 28~1 < 9, the set ENH has non-o-finite (k— 1)-dimensional Hausdorff measure,
and hence there exist y1,...,yrr1 € EN H which are affinely independent.

Since Py(F) has positive Lebesgue measure, we conclude that

L(Volpy1(E)) > L{Volpy1(y1, -+, Yrt1, Thi2): Thy2 € B}

> V01k<y17 T
- k+1

In the case k = d — 1, we have the following extension of Theorem 1.2.

’ykﬂ)ﬁ{dist(ng, H): x40 € E} > 0. O

Theorem 4.2. Fix 1 < k < d. Let ¢ be a gauge function such that there exists
another gauge function 1) satisfying that x%=2 < 1, and

/0 r2(p o [zy] N (r)dr < oo

In particular, this holds for p(x) = [z -log~*(1/z)]*"! for any a > 1.
Let E C R? be a Borel set with H?(E) > 0. Then there exists a set V C [0, 00)
with L(V') > 0 such that for all v € V' we have

dimy {(21, ..., 2a41) € B Volg(z, ..., 2401) =0} > (d+1)(d— 1) — 1.

This follows exactly as in the proof of Theorem 1.2, using Theorem 3.7 with
m = 1 in place of Theorem 2.2. We remark that (2) still holds in this case, since the
assumption on ¢ in Theorem 3.7 implies that x < ¢, which in turn implies that Pyu
is absolutely continuous for H? !-almost every 6 (see |9, Theorem 9.7]), and in turn
this yields (2) by [9, p. 141]. The details are left to the interested reader.

4.2. Dimension of the set of areas. If F C R? with dimg(FE) = 1, then the
set of areas spanned by E might be a singleton (if £ is contained in a line). But
what if F is not contained in a line? As a corollary of recent radial projection results
[11], we have the following result.

Lemma 4.3. Let E C R? be a Borel set with dimy(E) < 1 which is not contained
in a line. Then
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Proof. By |11, Theorem 1.1], the set D(E) C S* of directions spanned by pairs
of distinct points in £ has Hausdorff dimension > dimy(F). By Kaufman’s pro-
jection theorem (see [10, Theorem 5.1]), for any ¢ > 0 there is § € D(FE) such
that dimg(P;-(E)) > dimg(E) — . The usual base times height argument, using
points 1,y € E spanning the direction # € D(FE) as the base, and the orthogonal
projections onto 6+ as the height, now gives the claim. 0

When dimg(F) > 1, we know from Theorem 1.1 that the set of areas spanned
by E has positive Lebesgue measure, and in particular full dimension. This lemma
shows that the “phase transition” in the dimension of the set of areas (jumping from 0
to 1 at the threshold dimy(E) = 1) goes away if one assumes that F is not contained
in a line.
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