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Partition function for the 2d
Coulomb gas on a Jordan curve

KLARA COURTEAUT AND KURT JOHANSSON

Abstract. We prove an asymptotic formula for the partition function of a 2d Coulomb gas at
inverse temperature 8 > 0, confined to lie on a Jordan curve. The partition function can include a
linear statistic. The asymptotic formula involves a Fredholm determinant related to the Loewner
energy of the curve, and also an expression involving the sampling function, the exterior conformal
map for the curve and the Grunsky operator. The asymptotic formula also gives a central limit
theorem for linear statistics of the particles in the gas.

Partitionsfunktionen av en 2d Coulombgas pa en Jordankurva

Sammanfattning. Vi visar en asymptotisk formel f6r partitionsfunktionen av en 2d Coulomb-
gas pa en Jordankurva med invers temperatur 5 > 0. Partitionsfunktionen kan ocksa innehalla en
linjér statistika. I den asymptotiska formeln ingar en Fredholmdeterminant relaterad till kurvans
Loewnerenergi, och dven ett uttryck beroende av samplingsfunktionen, den yttre konforma avbild-
ningen samt Grunskyoperatorn. Den asymptotiska formeln ger en central gréansvirdessats for linjéra
statistikor av partiklarna i gasen.

1. Introduction

Consider a planar Coulomb gas restricted to lie on a Jordan curve 7 in the
complex plane. More precisely, let z1,--- , 2z, denote the positions of n particles on
~ with joint density given by

1 n
(L1) ZACHERES RS i | B | LA

n1<pu<v<n u=1

Here Z7 is a normalization constant, the partition function, and 8 > 0 can be thought
of as the inverse temperature of the particle system. In the case where 7 is the unit
circle T we recover the well-studied Circular S-Ensemble. In this case z1,-- -, z, are
the eigenvalues of a random matrix, and in particular we get classical random matrix
ensembles COE (8 = 1), CUE (8 = 2), and CSE (8 = 4), see e.g. [2]. The case § = 2
for general curves v is also special as it gives rise to a determinantal point process
on 7. Let g be a function defined on . By Andreief’s identity,

n

1 T :
- _ 9(zu)|1q :dt(/ izke9(2) | ) ]
[ taal H o] = det ([ FerOlazl)

T 1<u<v<n
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The right-hand side is a generalized Toeplitz determinant, which for real g is related to
polynomials on the curve v which are orthogonal w.r.t. the weight €9, see Section 16.2
in [18].

In this paper we obtain an asymptotic formula for

(1.2) DP[ef] = ] / —z|° Heg(z“)|dzu|,
yr pn=1

1<M<V<n

as the number of particles n goes to infinity. In particular, we obtain the asymptotics
of the partition function Z, 5(y) = DZ[1]. The case 8 = 2 was studied in [5] and [6],
and the latter gave an asymptotic formula for the partition function. An asymptotic
formula for (1.2) was conjectured in [6], and in this paper we prove this conjecture
under rather strong regularity assumptions on the curve v and the function g. We
first generalize to any 8 > 0 the asymptotic formula for D?[e9]/D2[1] proved in [5]
in the case 8 = 2, and then use this result to obtain the asymptotics of D?[e9]. The
asymptotic formula for D?[e9] was predicted also in [21] via a non-rigorous argument.

The function z — D?[e*9]/DP[1] is the Laplace transform of the linear statistic
>, 9(2,). Its limit therefore provides the limiting distribution (and moments) of
EZ=1 g(z,). It is typical that for eigenvalues of random matrices and one-dimensional
Coulomb gases, such linear statistics do not need to be normalized by /n in order
to converge, unlike in the classical central limit theorem. We will see that this is the
case here as well, and that the limit is normal with a mean and variance depending
on g and the exterior conformal mapping related to ~.

In order to state our main results we introduce the following notation. Denote
by €2, the unbounded component of the complement of v, and by {2_ the bounded
component. Let D denote the open unit disc, and D* = {z]||z| > 1} the exterior
of the unit circle. Let ¢ be the unique conformal map from D* onto €2, such that
lim, ,oo ¢(2) = oo and lim, ,o ¢(2)/z > 0. Then lim, . ¢(2)/2z = cap(y), the
capacity of the curve. By Carathéodory’s theorem, ¢ has a continuous one-to-one
extension to D¢, so ¢(e'?), t € [0,27), is a parameterization of .

Because ¢ is conformal we can write

(1.3) log (M> log(cap(y Z az Fw™

zZ—Ww
kJ0>1

if |z] > 1, Jw| > 1, see [14]. The coefficients {ay,} are called the Grunsky coefficients.
Note that ay; = a;. Taking the limit w — 2 gives

(1.4) log ¢' (2 Z(Zaﬂk ]> e > 1

k>2 =

The Grunsky operator is the operator on ¢5(C) given by
= (\/HCLM)

We let BY and B® denote its real and imaginary parts and define the operator K
on l5(R) @ 45(R) by

BM  BE®

kI>1
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() = (GEomio=),

Write

Then, by (1.3),

— log ’aS(e;g - fiieiw) + log(cap(v))
(1.6) = Z Re(ak) cos(kO + lw) + Im(ag) sin(kf + lw)

ki>1

()G

so K appears when we take the real part in (1.3). The operator K is also related to
the Neumann—Poincaré operator, see Proposition 2.7.

Given a complex-valued function g on 7 we can move it to the unit circle using
the map ¢ and expand it in a Fourier series

go¢(e) = % + Z(ak cos(k@) + by sin(k0)),
k>1

where a,, and b,, can be complex-valued. Write

o g= 3 ((Vhmer),

which is an element in f5(C) @ ¢5(C) if and only if g o ¢ belongs to the Sobolev space
H'Y2(T). Then we can write the Fourier series as

t
1. 0 =— 42 :
(18) goole’) =3 +2(3) &
We also set

(VES " Z I Reajri)is1
(1.9) d= ((\/_Z Imaj,kj)km)’

so that by (1.4)

t
(1.10) log |¢/(e)] = —2 (XG) d.
Yo
Furthermore, we let
B
(1.11) gs =g+ (= —1)d.

2
Finally, in the case when ~ is the unit circle T the partition function can be computed
explicitely,
(2m)" T'(1 + Bn/2)
n! T(1+p5/2)"
This follows from Selberg’s integral, see [12, Theorem 12.1.1.]. We prove the following.
Theorem 1.1. Assume that v is a C'?T® Jordan curve and g € C**<(y), for
some o > 0, € > 0. Then, as n — 00,
Zn,ﬁ(’E)cap(v)ﬁ”Q/?*(l*ﬁ/Q)
det(! + K)

(1.12) Z,5(T) =

(1.13) DP[e9] = ex p( Qo % gs(I+K)~ g5+0(1)).
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Note that when § = 2 and 7 = T the left side of (1.13) is an ordinary Toeplitz
determinant and the statement of the theorem is the strong Szegd limit theorem.
The strong assumptions on the curve v and the function g come from the techniques
used in the proof. In view of the results in [6], it is natural to conjecture that it
should be enough to assume that K is a trace class operator. The eigenvalues of
K are plus/minus the singular values of B, so that det(I + K) = det(I — BB*),
which means that K is trace-class is equivalent to the Grunsky operator being a
Hilbert-Schmidt operator. Curves for which B is a Hilbert—Schmidt operator are
called Weil-Petersson quasicircles and form an interesting class of curves, see [1] and
[19]. The Fredholm determinant is directly related to the Loewner energy I(vy) of
the curve, in fact I*(y) = —12logdet(l — BB*), and the Loewner energy is finite if
and only if v is a Weil-Petersson quasicircle, see [19] for more on this. Concerning
the regularity condition on g it can be somewhat relaxed, see Remark 3.7. The
optimal condition on ¢ is not clear. That the function ¢ has a finite H/?-norm is
not sufficient for (1.13) to hold even in the case when + is the unit circle, see [11]
for a counterexample when § = 4. The fact that I + K in (1.13) is invertible is
a consequence of the strengthened Grunsky inequality, see the discussion following
Lemma 2.1. For the relation between the formula in (1.13) and the corresponding
formula in [21] see Remark 2.8.

Let 1 = ¢! be the conformal map from €, to the exterior of the unit circle.
If v is a C**-curve, 0 < a < 1, then by Kellogg’s theorem ¢ extends to a bijective
C*+efunction on T. Hence, if k > 1, ¢’ is well-defined on T. Define g5 on 7 by,

mooe) =2(3) &

We see that

) B
95(2) = 9(2) = D+ (5~ Dlogl¥(2)], =€,
by (1.8), (1.10), (1.11), and the fact that ¢ is the inverse function of ¢. In the case
when g is real-valued, an alternative expression for the quantity in the exponent in

(1.13) can be given in terms of Dirichlet energies from the following proposition.

Proposition 1.2. Assume that ¢ is a real-valued C'*® function on the C**®
Jordan curve «y. Let g+ be the (bounded) harmonic extension of g to Q. Then,

_ 1
(1.14) g' (I +K) 1g:8— </ |Vg+|2dxdy+/ |Vg_|2dxdy).
T \Ja, Q_

The conditions in the theorem are such that the computations in the proof work
casily, but they can be weakened. If we apply this to the function gz we get the
formula

2 4 -1 1 2 2
—gs(I+ K) 'gg= </ Vs, dxdy+/ Vgs_|"dzdy |,

where gg + is the (bounded) harmonic extension of gz to Q..
Denote by Efn expectation with respect to the probability measure (1.1) on

=7y X --- Xy so that
ﬁey(%)] — D’é[eg].

The proof of Theorem 1.1 is based on the following relative Szegd type theorem.

B
E’.
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Theorem 1.3. Assume that v is a C°T® Jordan curve and g a complex-valued

C**¢ function on v, for some o > 0, € > 0. Then, as n — oo,
_ a 2, 1 2\ 4 1
= exp n§+—g(I+K) g+ 2 I_B d'(I+K) 'g+o(1)].

]i[ eg(zu 6

By replacing g with zg, z € C, in (1.15) and recognizing the Laplace transform
of 3°,9(2,) on the left-hand side of (1.15), we obtain

(1.15) EZ.

Corollary 1.4. Assume that v is a C**® Jordan curve, g € C*T¢(«y), for some
a > 0,e>0. Then, as n — o0,

S o) =0 [ o654 N2

where

2 ~ 4 _
pg =2(1— B)dt(f +K)'g, o= Bgt(l + K) 'g.

% _ /0 - g(¢(ei9))g = [y 9(2) dveq(2),

is the expectation of g with respect to the equilibrium measure v, on the curve .

We recall that the case v = T gives the Circular S-Ensemble, which can be
realized as the eigenvalues of a random matrix constructed in [9]. Results related
to Theorem 1.3 for the CSE include [4], which gives a CLT for polynomials that
follows from estimates on the moments, and [20], which generalizes this result and
gives a rate of convergence. In [11] the analogue of (1.15) for v = T in the mesoscopic
regime was obtained, and in [3], the high temperature regime was considered, still
with v =T.

The paper is organized as follows: in Section 2 we give some preliminary results
that will be used in the proofs of the main theorems, and we also prove Propo-
sition 1.2. The proof of the relative Szegs type theorem, Theorem 1.3, is given in
Section 3. The last section deals with the asymptotics of the partition function which
combined with Theorem 1.3 will prove Theorem 1.1.

Acknowledgement. We thank Yacin Ameur and Fredrik Viklund for helpful com-
ments on the paper.

Note that

2. Preliminaries and an integral equation

In this section we will first discuss some preliminary results that we will need.
We will also discuss a certain integral equation that will be important in the proof
of the relative Szeg6 theorem, and we will give the proof of Proposition 1.2.

2.1. Preliminaries. From now on, we assume without loss of generality that
cap(y) = 1. We can reduce the general case to this one by dividing both sides of (1.2)
by cap(y)P"*/2+0=8/2n and replacing g o ¢ by g o (¢/cap(y)). We also assume that
the mean ag/2 = 0, and that v is C™** for some a > 0, m > 1. Consequently, by
Kellogg’s theorem, ¢ extends to be C™*® on D*. Note that the Grunsky coefficients
are Fourier coefficients of a function on T? and hence we can use an integration by
parts argument to see that there exists a constant A, that only depends on ~, such
that the Grunsky coefficients satisfy

(2.16) lag| < Ak™P70272 0 p g =m —1,
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k,l > 1. For Theorem 1.1 we will take m = 12, and for Theorem 1.3 we will take
m = 9. The Grunsky coefficients also satisfies the following inequality

53 V] < 3l
k>1 1>1 k>1
for any complex sequence (wg)g>1 € 2(C). This is known as the Grunsky inequality,

see e.g. [14]. We will need the following stronger version.

Lemma 2.1. (The strengthened Grunsky inequality) There is a constant k < 1
such that

(217) Z‘Z\/Haklwl‘z S /{22|wk|2
k>1 1>1 k>1
for any complex sequence (wg)r>1 € l2(C) if and only if ¢(D*) is bounded by a

quasicircle.

A proof can be found in Chapter 9.4 of [14]. Since we assume that « is a C9T
curve it is clearly quasiconformal and hence (2.17) holds. This implies that the
Grunsky operator satisfies || B|| < k < 1, and thus, for any real x, y € (*(N),

I (3) 12 = N — )2 < wlix = vl = 2] () I

ie. ||K| <k <1 aswell. In particular I + K is invertible.
Thanks to the following lemma, we can assume that ¢ is real-valued when we
prove Theorem 1.3.

Lemma 2.2. If (1.15) holds for any real-valued function g € C*¢(v), then
(1.15) holds for any complex-valued g € C**¢(v), € > 0. The limit is the same but
the Fourier coefficients a,, and b,,, given by the usual formulas, are now complex
numbers.

Proof. Assume that g € C*T¢(y) is complex-valued. Define the analytic functions

fa(¢) =EL.

H exp(Reg(z,) + Q“Img(z“))] 5

o
n > 1, which are bounded by

()] < Ef | [ [ exp(Reg(z.) + Re(¢) Tmg(z,))

L u

< Efn H exp(Reg(z,) +2Img(z,))

L &

B
+EZ

H exp(Reg(z,) —2Im g(zu))]

m
if |¢| < 2. Let
1 ((\/E(Re ar £ 2Im ak))k>1)
Vi = < - .
Since we assume that the theorem is true if g is real, we see that if n is large enough

B
E,

H exp(Reg(z,) £2 Img(zu))]

I

< 2exp (%Vi([ +K) v +2(1- %)(dt([+ K)*lvi)> :
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We have that || K| < 1 by the strengthened Grunsky’s inequality, ||d||2 is bounded
because of (2.16), and

Ivell3 =4 k(lawl + buf?) < oo,

k>1

by our assumption on the regularity of g. Thus,
Ol <237 exp (Ivalla1 = K1) (21vallz + 21 = 3l )
*==

uniformly on || < 2, for all n large enough. By Montel’s theorem, the family
{fn}n>1 is normal on || < 2 so there is a subsequence converging uniformly on
compact subsets. But the sequence itself converges pointwise on the real line, whence
uniformly on |¢| < 1. In particular, it converges at z =i to the desired limit. O

2.2. The integral equation. From now on we will assume that the function g
on 7 is real-valued. The starting point for the analysis of the asymptotics of D?[e9]
is to make the change of variables z, = $(e) in the integral in the right side of
(1.2) so that we get a particle system on the circle instead. We write

DY togla(e ) —o(c") [+ Y log /()] = £ B (0)+ (1 - §) S log /()]
2 @

1<p#v<n
where
p(e) — () i 0,
(2.18) F.(0)= ) log‘ | T > logle — e,

1<p,v<n 1<p#v<n

Note that when p = v, the term in the first sum on the right side of (2.18) equals
>, log o (e)]. Let E? denote expectation with respect to the measure on H, =
{0<6, <y <+ <0, <2r} with density

1 .
7. o <§Fn<9) + (1 - g) ;bg |¢’<619“>|> :

With this notation,

Dile?] i
BT E, |exp (%:9 o ¢(e 9“))
! b i9 1(,i0 n
= m/mexp <§Fn(9) +;go¢(e “) 4+ (1= 5)log ¢/ (e u)‘) 46
U Dﬁ[lum /m,zﬂf"p (an<9> +§39 0 ¢(e) + (1= 5)log /(™) ) 4.

To analyze the asymptotics of this expression we will make a change of variables in
(2.19): we replace 0, by 6, — Lh o ¢(e®) where h is a function on 7 that has to be
chosen appropriately. In the case when ~ is the unit circle and g = 2 it was seen in
[5] that the right choice is to let h be the conjugate function of g on the unit circle.
The conjugate function f of a function f(e) = f(0) = Y pe (g cos kO + [ sin kO is
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defined as

2 00
(2.20) f(e¥) = f(w) = p.v./ cot <WT_9> f(0) gi Z — B cos kw + ay, sin kw,
0

where p.v. denotes the principal value. In the case of a general Jordan curve we need
a generalization of the conjugate function.

It turns out, as will be seen in the proof of Theorem 1.3 in the next section,
see Remark 3.8, that h should be chosen as the real-valued solution to the integral
equation

(2.21) g(z) = Re%p.v./v?(%dg

for 2 € . In (2.21) we can introduce the parametrization z = ¢(e'?), 0 < 6 < 27, of
v, which gives the following integral equation on T,

0 11 16 ) de
(2.22) g0 d(e¥) = Repv. 2 / S ho T

Note that if v = T and 3 = 2, then (2.22) gives g = —h, i.e. h = §.
To simplify the notation we set G(0) = go ¢(e'?) and H(0) = ho ¢(e!’). We have
the Fourier expansions

= Z a cos kl + by sinkf, H(0) = Z i, cos kO + dj, sin k6,

k>1 k>1

(recall that % = fo% G(#)df = 0) and in analogy with (1.7), we write

02 h%(%ii’;i)’

t
-2(5) e 02
Yo
The equation (2.22) becomes
i0 / 10
(2.24) Gw) —QE / ) gy an.

619 eiw)

(0 I J_ (Korj)kj=1  (0)rjz1
I 0) (0rj>1 (kOkj)r 1

as operators on f2(R) @ ¢5(R). Note that we have the formulas

(2.25) /% Xo) (X td_g:J*1
. 0 Yo Yo v ’

and

t t
(2.26) H'(6) = —2 <X9) JLh, H(§) =2 <X9) Lh.
Yo Yo
Our assumption that ¢ and hence G is C**® will be quantified via the norm

GO0 ~CD )| |
|Gllsa = sup 7 ‘ +ZHG oo

0<01 p<2n €1 —

so that

Also, we define
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Note that if g € C*T*(7) then G(6) = go ¢(el’) is C**, since ¢ is C¥T, 50 ||G||s0 <
oo. The solution to the integral equation is now provided by the following lemma.

Lemma 2.3. Assume that g is C***, o > 0, on the C**® Jordan curve v, and
let

2
(2.27) h = BL(I + K) 'g.
Then the function
¢
H(0) =2 (XG) h,
Yo

satisfies
(2.28) [H |10 < C(A(L = [K[)" + 1) [|Gll4a;

where A is the constant in (2.16). Furthermore, G and H satisfy the integral equation
(2.24).

Proof. We can write (2.27) as

_2,. .2 -1
h = BLg ﬁLK(IJrK) g,
SO
(2.29) H() = gé(e) _4 (X“’)tLK(I + K)!
' ~ B 5 \ys &

It follows from Privalov’s theorem that ||G||sq < C||G|lsa. Also, if we write

<E§Z§Z;) = LK(I + K)'g,

then using (2.16), and the inequalities (I + K)™');x < (1 — ||K|))~" and |a/], |b] <
C||Glaal™*"%, we see that

€l + [m] < CAQL = [|K]) G laak 6.
Hence, the || - H4,a—norm of the function
é (XG)tLK(I+K)_1
B \Ye &

is bounded by CA(1 — || K||)"|G|l4.a, and we have proved the estimate (2.28). We
see that (2.24) can be written

6) = S Rep. [ Siog (6(6) — o) HO) L
_ gRep.V. /O " % (log ¢(6;2 = fiffw) +log(el” — ei“’)) H(@)%
- gRep.V. /0 N ewie_weiwﬂ(e)¥ - g /0 " log ' ¢(62 = Ziew) H'(G)%
_ _gp.v_ /0 " ot Y - O 0y a0 — g /0 T log ¢(6;2 = z’iffiw) H’(B)%.




118 Klara Courteaut and Kurt Johansson

If we use (1.6), (2.25) and (2.26), we obtain

=2 [ ) 0 (5) () o
= —SHw) -8 (yw)tKLh.

We see that (2.30) can be written as

(2.30)

B

(2.31) —8=3

(I + K)Lh.

in Fourier form. If h is defined by (2.27) then (2.31) holds. Working backwards in
the argument above, we see that G and H satisfy (2.24). O

Remark 2.4. Since we are only working with very regular functions and curves
in this paper we will not discuss the integral equation (2.21) under weaker regularity
conditions. Note that the equation (2.31) on the Fourier side is meaningful if G' and
H are H'? functions on T. See Section 2 in [7].

Remark 2.5. If we look at (2.29), we see that H is the conjugate function of
%(G — V), where

t
V() =2 (XG) K(I+K) g
Yo
If we write
_ Z(T)keike + vke_ike), G(@) _ Z gkeikG
k=1 k=—0oc0

in complex Fourier form, a computation shows that (2.31) is equivalent to the system
of equations

> kapv, +ve =Y _ karogs,
h—1

which was used in [5]. This type of system of equations goes back to [13] and the
study of the location of the Fekete points on ~.

In the proof of Theorem 1.3 we will need the formula in the next lemma.

Lemma 2.6. The following identity holds

= [ e - gL [ogloenim e a
(2.32) = %gt([ +K) 'g+2 ( ) d'(I+K)~

Proof. 1t follows from (2.26) and (2.27) that

/ _ o [Xe t _é X0 t -1
H'(0) = 2<y9) JLh_ﬁ(y@) JUI+K) g,
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since L? = —I. Thus, using (1.10) and (2.25), we obtain

/ G(0 Hl<9)d9+2( )%/ ﬂlog‘(b( 1€)|H/<¢9)d9

L DG G

2
5 g'(l+K)~ g+2( —B) (I+K)™! O
Recall (1.11) and let

2
Define hg on «y by

. X t
(2.34) hg o ¢(e?) =2 <y9) hgs.

9

It follows from Lemma 2.3 that gs and hg satisty

h
(2.35) gs(z) = Re%p.v./yc%(i)/dc,

for z € 7. The integral equations (2.21) and (2.35) can be solved without moving
the problem to the unit circle and using the Grunsky operator. Let v = v(z), z € 7,
denote the exterior normal to 7. For w € C\ v = Q, UQ_, the single-layer potential
with real-valued density f on « is defined by

S()w) = 5= [ Toglc —w| £ |dcl.

This is a harmonic function in Q, U Q_. The single-layer potential is continuous
across v but its normal derivatives have a jump. Let 8Si(f )( ), z € 7, denote the

derivatives in the direction +v. Then,

oS 0
(2.36) o) = 5 [ atz el = 7O 101 50

see e.g. [10]. Let denote the tangential derivative along the curve v. If ¢ = ((¢),
a <t < b, is some parametrlzatlon of v, then

e [ B o [ o

Dy, / a1og\<<t>—zm<<<t>>dt= 3 [ tolcn) — = ghtco) at
- 45 [ roelc == GO Ncl = 85 (55 ) o).

where we used gh( C(t)) = |C"(t)] 1 -h(C(t)). Since the single-layer potential is con-
tinuous across 7, we see that if g and h satisfy (2.21), then

gatw) = 55 (51 ) (), we o
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are harmonic extensions of g to 1. It follows from (2.36) that
oh dg. dg_

2.37 - .

(2.37) e =3 (2 - P

Let g+ be the conjugate harmonic function to g+ in .. Then, by the Cauchy—

Riemann equations
oh oy g
95 = 5(03 (=)= as())
and integrating this gives
1

Mz) = =5(9+() = 5-(2)).

This gives another solution formula for the integral equation (2.21).
We are now in position to prove Proposition 1.2.

Proof of Proposition 1.2.  We see from (2.33), (2.26), (2.25), (2.34) and (2.37)
that

t
g(I+K)'g=— s tLh_—ﬁ g (Xe) (};9> JLhg df
(%

2 2T Yo
-2 Oﬂgw(e”))%hw( =2 [ 4020 1l
(238) ~ &[40 (0 - 20

Since g4+ are harmonic in €4 it follows from the first Green’s theorem that this
equals the right side of (1.14). It can be checked that if G is C*™® and v is C*T
then Lemma 2.3 and its proof still holds and gives an H that is C1*e, O

The Neumann—Poincaré operator Kyp on a C?T* curve v is defined by

0
Karla)(2) = 2. [ a(Q) g osl= = dllacl, =€

where ¢ is a real-valued function on . It is also called the double-layer potential
operator. The eigenvalues of Kyp acting on the Sobolev space H'? are called the
Fredholm eigenvalues of v and have been much studied, see e.g. [8], [16] and references
therein. By taking the real and imaginary parts of the top-right equation in (70) in
[16], we see that the eigenvalues of the operator K in (1.5) are exactly the Fredholm
cigenvalues (note that in [16], the author defines the Fredholm eigenvalues to be
their reciprocals). Hence det(I + K) = det(I + Knp). Moreover, the eigenvalues of
K correspond to the singular values of the Grunsky operator B and their negatives
(see Lemma 2.1 in [6]), so det(I — BB*) = det(I — |B]) det({ + |B|) = det(I + K) =
det(I+np). The next proposition gives a more direct relation between K and Kyp.

Proposition 2.7. Assume that v is C**. Let g be a real-valued C'*® function
on vy with mean zero with respect to the equilibrium measure on v and Fourier

expansion
t
i X
gop(e) :2( 9) g
Yo

Then,

K)o o) =2 (39) K
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Proof. Let s(¢) be the unit tangent vector at ¢ € v as a complex number. Then

iy el I =Re (%O) ’

1
ICNP (—PV / |d§\)
i ¢ — z
We see that

Kselg) o 0(c4) = Re (L pv / g 1O )

1 10 T .
- ( 0 <<Z5 6‘9¢ p(ew) ei(’li eiw) 9(6(e)) d9)

i0
e 1
R . . = _
e<€1€_€1w) 2’

and g(¢(€l’)) has mean zero on the unit circle. It follows by differentiation of (1.3)
that

and consequently

1<;5’
19
/

since

SVIONT 7 510
i:b ) W) 1916 w Z ikagee
H) — o) e~ 2

Recall that K is defined by (1.5) where B = BY +iB® and that g o ¢ is given in
(1.8). Thus,

Knp(g) o p(e*) = Z kRe [are(ay, — ibg)(cos fw — isin fw)]

E>1
1 1 cos fw sin fw
=2 Z Re |:(b§:z) + lblﬁ)) (—\/Eak — i—\/Ebk) ( —1 ):|
) 2 2 Vi Vi
t
ble
=2("Y) Kg. O
(yw) 5

The regularity conditions on v and g are such that the above computation works
without difficulties. They can be weakened but we will not enter into this here.

Remark 2.8. The operator
g+ Og—
No(e) = L) - 2,
where 2z € v, is called the Neumann jump operator. From (2.38) we see that

9
6g5(1+K) 5/gﬁNgﬁd8

where we integrate with respect to the arclength measure. This formula agrees with
formula (4.23) in [21], (note that their 8 is our 3/2). If we also use formula (D16) in
[21], and asymptotics of the partition function Z, 4(T) for the unit circle, (1.12), we
see that the asymptotic formula in [21] agrees with that in Theorem 1.1.
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3. A relative Szeg6 theorem

In the rest of the paper C' will denote a constant that is independent of the
curve v and the function g defined on the curve. It can depend on § but is always
independent of n. If the constant depends on say ~ this will be indicated by C(v),
and if it also depends on some norm ||G|| of G = g o ¢ we will denote the constant
by C(,||G]]). The precise value of these constants can change between formulas.

3.1. Deforming the curve ~. In the proof of the asymptotic formula for the
partition function Z, s(7y), Theorem 1.1, we will use a deformation ~, of the curve ~.
Let ¢5(z) = sp(z/s), where ¢ is the exterior mapping function, and define 5, = ¢(T)
for s € [0,1] Then ¢o(z) = z, cap(ys) = cap(y) = 1, and by (1.3)

(3.39) 1og;fE£fZ;Zj?£§EQ_::10g $(z/s) — dp(w/s) _ 3 g,

z—w z/s—w/s o

Set CLkl< ) = Sl+ Al bkl( ) \/_akl( ), and write B( ) (bkl(5>>k,l21 = B(1)<8) +
1B () (s) for the Grunsky operator for v,. Note that |ax(s)| < |aw| for s € [0,1]. As
in (1.5) and (1.9), we define

_ (BW(s) B¢ )(8) 1 ((VES* S Reaj )it
K(s) = <B(2)(s) ( )) d(s) = 5 ((\/Esk Z];ll Imaj,zj)l;21> i

The strengthened Grunsky inequality gives

2 2
Z |bkl(s)wl|2 = Z SQk Z bklslwl S 82 Z Z bklslwl

k>1 k>1 1>1 k>1 | 1>1
< §%K? E s%lwy|* < K25t E lwg|?,
k>1 k>1

for any complex sequence (wy)p>; in £2(N), where x < 1. Thus, ||B(s)|| < ks? and
hence || K (s)|| < ks? < &, for all s € [0, 1].
Write

(3.40) F;0)= > log

1<p,r<n

Ps(e) — pa(e™)

e 0, _ 616”

+ ) logle — e,

1<p#v<n

and let Eﬁvs denote expectation with respect to the measure on H, = {0 < 6; < 0y <
-+ < 0, <27} with density proportional to

o (Jr0 + (1- ) Seren).

so that Ef =ES! and F,(0) = F1(6). Also, we let
Dfev]

(3.41) 1
= —' exXp
n! [07271,}71

)| dne,

ng( (1__) Zlog\¢ (%) \+ZG

where G4(0) = g, 0 ¢5(?) and g, is a given real-valued function on 7. Let g(s) be
the vector associated with g, as in (1.7).

Theorem 1.3 follows from the following stronger version, which we will need in
the proof of the asymptotics of Z, 5(7).
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Theorem 3.1. Assume that v is a C*T® Jordan curve, g, € C**%(v,), for some
a > 0, and f% gs dvg, = 0, where vg, is the equilibrium measure on vs. There is a
constant C(v, ||Gs|4,) such that

(3.42) Ep* [exn O] < C(y, || Gallaa),
forn>1, s € [0,1]. Also, for each fixed s € [0, 1],

lim B [¢5o1:00)

n—oo

—oxp (5600 + K0 (o) +2 (15 ) A9+ K () elo))

3.2. A smaller domain of integration. The first step of the proof of The-
orem 3.1 is to show that we can restrict the domain of integration in (3.41) to a
domain where F is close to its maximum, without changing the asymptotics. The

maximum of
E log ‘zﬂ — 2

1<p<v<n

(3.43)

) ZHG’Y,

is attained, by definition, at the Fekete points. These are close to the images under
¢ of the Fekete points of the unit circle, which are any rotation of the nth roots of
unity, see [13]. Given 0 € H,,, we define t,, = ¢,(6) by

2T
(3.44) 0, = T" + 0 (0) + 1,(60),
where 0,,(¢) is chosen so that >, #,(6) = 0. Set a, = 2wpu/n + o,. Then the
maximum of F,(#) should be close to

(b 10‘# _ (b( 1041,
1 —
‘ elau s Z og|2sinm(u —v)/n|
1<u v<n nH#Y
- —ReZaklZ Zka“z ﬂla”+Zlog|28m7T (uw—v)/n|
k,l>1 HH#Y

Now observe that EZ=1 e ko = () unless k is a multiple of n and

H ‘2 Sin7r(,u — I/)/')’I,‘ = H ‘eQFiM/n . 27r11//n|2 H |1 27riu/n|n —n"

pAv 1<p<v<n

since

- mn_z"—l
H e2min/ _2_1’

which approaches n as z — 1. Recall that the assumption that 7 is a C°T% curve
means that the estimate (2.16) holds with m = 9, and we will use it several times
below. This estimate now yields the lower bound

Fi(a) > —n? Z |ank, | +nlogn > —CA+nlogn.
kd>1

We can now define the smaller domain of integration and estimate the probability of
its complement.
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Lemma 3.2. Assume that X,, is a bounded function on [0, 2x]". Given a con-
stant K, we define

(3.45) E,,={0€ H, | F;(¢) >nlogn — Kn}.
Then, there is a constant C(v) such that
(3.46) EPs[eXrlge | < e@=FIntliXnllec

Proof. We want to estimate D?*[1] from below. Since log |¢.(¢!?)] < log || &l
on [0, 2], there is a constant C'(vy) such that

0578[1]:/ exp <§F Zlog|¢ (e)] )
> e~ Cln /n exp (gF,f(@)) d"e.

DPs[1] > 6_0(7)"/ exp (éFS(H)) d"e.
sup,, [t (0)|<1/n 2

Consider the first sum in (3.40). By (3.39),

> 1[I0

619“ _ elGV
1<p,v<n
for 0 < s < 1. If £ is not divisible by n,

Now,

2 o

k,i>1

E —ikf,

Y

n
E efiwy
v=1

n

§ : e—ikeu

v=1

n

Z(e—ikeu . e—ilmﬂ)

p=1

<k |t <k
pn=1

if sup,, [t,| < 1/n. If k > 1 is a multiple of n then the sum is simply bounded by
n < k. Thus,

(3.47)

> log

1<p,r<n

Z kl|akl\ < C

k,l>1

Bs(e) — sl ‘

619“ _ 619"

because of the fast decay of the Grunsky coefficients, (2.16). Now consider the
second sum in (3.40). Set 8, = a, + 7t,, and f(7) = >_ _, log [P+ — €|, Then
f(0) =nlogn and

:Zcot<o‘“;o‘”) z:l t(rk/n) ;t ~0.

pFV =1
Thus,
! (t, —t)
3.48 0)—f(1)=- 1-— "(1)d :/ (1— dr.
B48) 10— f) == [ (1=nr)ar 724% sy
If max,, |t,| <1/nfor 1 < p <nand p # v, then, then
sin Bu— Oy _gin 2 §7| t|<—<l O — O
2 2 2 2 2
since
sin >sin— > —
2 Yh T
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4 sin® 6“ By > sin? O — W .
2 2
This yields

_ . t
nlogn—Zlog\ele“—eleﬂgz‘ (1 = < Zsm (rk/n) = (n 1/n).

oy por sin? (7 (p —

Therefore,

Dy zecon [

sup,, [tu|<1/n

and thus

exp (gFrf(H)) drg > e~ COInpB/2=1n

Combining this with the definition of E,, ; and the bound on log |¢/,(¢'?)|, we obtain
the estimate

1 .
Egs [eanE%’J — 7D578[1] / exp <§F5(9) + (1 — g) Zlog |¢’8(616u)| + Xn(9)> dme
n Er o 1

< ec(“’)”n(ﬁﬂl)”/ exp (g(nlogn — Kn) + ||Xn||oo) d"6
< €= n CT)" Xl < (OO~ Fnt Xl
< . <
since F; () <nlogn — Kn if 0 € Ey .. The lemma is proved. O
Let 6 € E, , and set z, = ¢s(e'%), 1 < u < n. Since,

Fy@)= ) log|oy(e”) = o,(¢™)| + ) log|el (™)
"

1<p#v<n

)

we see that if 0 € E,, s and 2, = qﬁs(ew“) are the corresponding points on 7, then
(3.49) Z log |z, — 2,| 7" < —nlogn + Kn + C(y)n.
1<p#v<n

The previous lemma will be helpful because if an n-tuple ¢ belongs to E,, ;, it will
be rather close to o = (Q—Z’i + 0n);—1- We first prove a weak result in this direction.

Lemma 3.3. Fix a K in (3.45) independent of s. Set

(3.50) €, = sup sup max [t,(6)].
0<s<10€Ey , 1SHEn

Then €, — 0 as n — o0.
Proof. Let 7,(0) = t,(8) + 0,(0), and let

0, = sup sup max |T
" 0<SI<)196E£)31<!L<"| “< )‘

We will show that d,, — 0 as n — oo. By definition, we have
1
_ t n — Un 9 )
- ZH:M Z )+ 0,(0) = 0,(6)

S0 0, — 0 implies that

sup sup o0,(0) — 0
0<5<1 0€En,s

as n — o0o. Thus, 9,, — 0 leads to ¢, — 0 as n — oo.
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First consider the probability measure

We will show that wy converges to the uniform measure df/(27) on T. Let

:n(k)
2B =g (d97), 1< <y,

and

which is a probability measure on 7,,. The set |y, 7s is contained in a compact
set, and hence by picking a further subsequence, we can assume that s, — s € 0, 1]
and pup — u, as k — oo, where p is a probability measure on v,. The logarithmic
energy of a probability measure p on a curve 7, is defined by

1= [ [ 1ol —wl dutz) duw)
Vs s
If vy is the equilibrium measure on ~,, then I[u] > I[vs] = log(cap(ys)) = 0, and we

have equality if and only if ¢ = v,, by uniqueness of the equilibrium measure, see
[15]. Now,

/ min(log |z — w|~", M) dus() dpug(w)
Vs

kY Vsk
1 k) () RS
(3.51) < 2 Z log |Zj1 - zj, |1+ ") Z M
k1<jija<ng, koj=1
o —logn; + Cly)+M
< o

by (3.49) since ) € E,, .. If we let k — oo in (3.51), we get
/ min(log |z — w| ™, M) du(z) du(w) < 0.
Vs Y Vs

Since the integrand is bounded from below, we can let M — oo and get [[u] <
0 = I[v,] by the monotone convergence theorem. Thus, u = vs. Since ¢ maps the
equilibrium measure on T to the equilibrium measure on 7, we see that if we take
the same subsequence in wy, we have that w; converges to the uniform measure on
T.

Next, assume that limsup,,_,.. 0, = 0 > 0. We will see that this leads to a
contradiction. There is a subsequence nj — oo such that limy_,., d,, = 6. Thus we
can find a sequence s;, € [0,1] and %) € E,, ,, so that

max |7,(0®)| > §/2

1<p<n
for all sufficiently large k. There is a p; such that
7, (0*)] = max |7,(6®)].

1<p<ng,
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After perhaps picking a further subsequence we can assume that TM(@(’“)) > 0 for
all k, or Tﬂk(ﬁ(k)) < 0 for all k. Assume the former, the other case being analogous.
Then, 7, (0%)) > §/2, and thus

2 2w 4]
(k) — “THE (k) Mk 0
(3.52) 0, = - + 7, (0%) > - + 5
Since %) € H,,, ie. the Hl(k)’s are ordered,
2 4}
(3.53) o {z: o < ZTHE —} < .
N 2
By possibly picking a further subsequence we can assume that
Fe s ae 0, 1],
N

as k — oo. Since 9,8? < 2, (3.52) implies @ < 1 — 2. If k is sufficiently large then
2ra+ % < % + 2, and (3.53) gives
Ny,

(3.54) #{ <2m+i}_“‘“

By weak convergence of the probability measure wy, the left side converges to a+ 8% <
1 as k — oo. Hence, letting k — oo in (3.54) gives

a—+ i <a
8T
which gives the desired contradiction. Consequently, 6,, and thus €, converge to zero
as n — oo. 0

Remark. The proof also shows that the empirical measure of {z,}}_; con-
verges weakly in probability to the equilibrium measure on -y, since by Lemma 3.2,
lim, oo P[E, ] = 1 if we take X, =0 and K = C(y) + 1

The lemma can be used to obtain the following more precise bound on the size

of the deviations ¢,,.

Lemma 3.4. There is a constant C(y, K), where K is the constant in Lemma 3.2,
such that Y."_ t? < C(v, K) for all 0 € E,, .

p=1"pn —
Proof. We proceed as in the proof of Lemma 7.6 in [5]; but the structure of the
proof ultimately goes back to [13]. Set 5, = a, + 7t,, with a,, = 27p/n + o, and
>, tu =0 as above. Let

iBu
ba(r) = F(8) = 30 1g\‘f’s ~dde)

elﬁu — 6151/
1<p,r<n

+ Z log|eiﬁﬂ—eiﬁ”|.

1<p#v<n

Then, by (3.39),

/ T) _ Zcot(ﬁu ; 5y) tu ; t, —9Tm Z lskﬂakl(s) (%: eik6#> (zy: tyeilﬁl,>.

uFAV k,>1

The first sum evaluated at 7 = 0 equals

n—1 n

Zcot (mk/n) Zt“ =0,

k=1 p=1
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and the second sum evaluated at 7 = 0 equals

2 Im Z lsnk-l—l ,l e—inkan <Z tye—ilozl,>

ki>1
because > 7 e haw = () unless k is a multiple of n. It follows from (2.16), that
[4,(0)] < C(Y)n Y Unk) U7 < C(y).
ki>1

Differentiating again gives

t,)?
245111 —5,)/2) A+ By

ey
where
Ar=2Re) 3 K" ay(s)the e,
wv kiI>1
B, =2 Rez Z k’lSkJrlakl(s)tutye*ikﬁuefilﬁu'
wv kiI>1
Thus,
1 2
(ty = tv)
. 1—7)dr
/0 ;4SID2((6M—6V)/2)< )
1 1
= —/ (1= 7)n(r )d7+/ (A, + B,)(1 —7)dr
0 0
1
(3.55) = Fila) = F0) + v0)+ [ (A + B(1=7)dr
0

< Kn+C(y) + / (A + [B,)(1 - ) dr.

since 0 € E,, ;. To bound |A;|, we note that by (3.50),

< Z(efilﬁy _ efilay>

14

(3.56) <Y |t| +ni(nl) < n(le, + 1(nl)),

—ilB, (1 — I[(n|l)) + n]l(n\l)

where n|l indicates that n divides [. Thus, by (2.16) and the fact that |ag(s)| < |awl,

A <2 <;ti> <;§1 k2| (s) Z —um)
<2 <;ti> [Z Fllaglne, + 1S Rlagnl | < Cly (Zt2>

k,>1 k,l>1

where

(3.57) € =€, +1/n
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To bound |B,| we divide it into two parts,

Bi = 2Re Z Z klakltutye_ikﬁ“e_im”,

1<k,I<q pv

Bz = 2Re Z Z k:lakltutl,e_ikﬁ“e_iw”

k>10>1 pv
max(k,l)>q

where ¢ € N will be fixed later. By the strengthened Grunsky inequality, Lemma 2.1,
there exists a k < 1 such that

q
IBH <2k) k|> e,
k=1 o

Set p = k"9 Then k < p?*, for 1 < k < ¢, so

Z e‘ikﬁ“tu

I

2

-3

M7V

Bl <2) kp*

k>1

k>1

by writing 2t,t, =t +t; — (t, — t,)*.
If we use (3.56), we get

|BL <2 (Z t2> (Z ko™ > ) + Z(tu —t,)?

t —t)
t2 " k?2 2k k? 2nk
(Z (ne E>1 o Z P +Za+451n ﬁu By)

k>1

) nen n?p*" ) 1 (t, —t,)?
(Zt> BCEYDE +a+4§sﬂ%(ﬁu—ﬁu)'

where a = (1/p — p)?. Next, (2.16) followed by the Cauchy—Schwarz inequality gives

B2 < C() ( )(Zl Zt ﬁ)
(2

p2ei(6#76V)
(1 — p2ei(Bu—pr))2

1kﬁy

—1kﬂu

k>
<O (3 LiSen]) <SSl

k>1 k>1
(2 + 2 — (t, —t,)?), and using (3.56) gives

Again, writing ¢,t, =

202 S S - )

¢ 2 ik 2
R e

C(’V) / 2 PR
< i _nen (;tu> +;(tu t,) ] :



130 Klara Courteaut and Kurt Johansson

Inserting these estimates into (3. 55) we find

L Z ; (1-nyar— 05, g,y
a+4 sin’ ﬁu) q

24

< Kn+C(7) +Cyne;; Zti :

where
€n np2n

G=pp W=

> (= ty) —2nZt2—2Ztt —QnZtQ

HFV

since Y, 1, = 0. Using that % = (;Zi) , we obtain the mequahty

(1(55) - S2) (S) a0 22 cone (S3).

Since, p = k%1 < 1, we see that
L(1=p*\" C(y) _1 g2y C()
2 <1+P2) - pEe: Zz(l—e q n) — e ZCO(%K) > 0,

if we pick ¢ large enough. Since €/ — 0 as n — oo we see that if we pick n large
enough depending on v and K then C(7)e! < %C’O(% K). This proves the lemma. [

"o
en_€n+

Observe that

Remark. This result can be used to obtain a rate of convergence of the empirical
measure A, = % > " dg, to the uniform distribution on the unit circle in the L,
Wasserstein metric. We take X,, =0, s =1, and K = C(y)+1 in Lemma 3.2. Then,
with v, = %Z“ Oa s

3
,_.
3
|

—_

1 1 C(v)
Wa(An, vn)? < o (‘9u — ) = o ti < T
n=0 pn=0
it 0 € £, 1, by Lemma 3.4. Thus,
PWa(An, va) > SZ] < P[ES ] < e
by Lemma 3.2, so the Borel-Cantelli lemma gives that Wy(\,,v,) < L for n

sufficiently large, almost surely. Moreover, Wa(vy,, $2) < 2W; (v, 92)1/2

by using the dual representation of W;. We obtain

o\ _ cw
WQ()\na %) S W a.s.

3.3. The change of variables. Let g, be a function on 7,. Recall that we
define G4(0) = gs o ¢s(€"), and g(s) as in (1.7) but with g, o ¢, instead of go¢. Also,
as in Lemma 2.3, we let

h(s) = %LU +K(s)) g(s).

and

o,(0) = (X(’)th(s).
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Since |ag(s)| < |ag|, the constant A in (2.16) is independent of s, and we also have
that ||K(s)|| <k < 1. Hence, by (2.28),

(3.58) [Hsll1.0 < CONGs]laa-

<
<

Let hi(s) be the k:th complex Fourier coefficient of Hj.
Consider now the expectation

exp (Z GS(GH)>]
:Dﬁ’%[l]n'/[oz ]nexp< +ZG () + §)10g|¢;(eim)|> dme.

In this integral we make the change of variables z, = 6, — L H,(6,). The domain of
integration, [0, 27]™, is unchanged by periodicity. It follows from (3.39) and (3.40)
that

/373

2 sm

Z log

HFV

—Re ) au(s) (Z e—i’w> (Z e—im) .

kl>1 P v
Write

Ly(z) = log ¢/ ()],
and let x, = z,(r) = 6, — ZH,(0,), so that /(1) = —+H,(6,) and /(1) = 0.

Define
fu(T)
6 Z <log 9 gin AT TAT) ZulT ) — Re Z ap (s (Z lkmu(7)> (Z o il ( )))
;Héu k,i>1 o v

+ Z GS(xu(T)) + (1 - g) Z LS(xu(T))

We have the Taylor expansions

R = 50+ £0) + 37200 +5 [ 0= ar
log (1 - W) = Hl(x) Z/Ola —n) (1= ZH6,) BB ar
Let M
R:(0) = —BRe l;likakl(s)hk(s) (g:l eiw"> - % ;co’c (9“ ; 9”) (H,(0,)

0,)) + Y Gi(0,)
T:(0) = B Re Z ikag(s) (hk(s) _ % Z eikG#Hs(gu)> Z =

kJl>1 pu=1
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Ui(6) = —%é(a;(emu DL HB,) - Z B SO
- —ZH’ )+= ReZklakl < Zeﬂ’f%H )( Ze’lw”H )
(3.59)  + §Re > Kag(s) < Zeﬂke*‘HQ )( Ze‘w”>.
and -
55(9):%/01(1—7) i d7+ﬁZG”
+(1-8)5s AL,
(3.60) - ; /0 - (1= ZHi0.) " L0 ar

The change of variables gives, after some computation,

(3.61) E2* |exp <Z G ) Bis lexp (RS + T2 + US4+ 52)(6))] .
Also,
FO0) =~ 0 S (1,(0) - 1(6,)°
HFEV 2
- 2 Re 3 ()R (Z e‘”“%stu)g) (Z )
— % Re ) (—i)klax(s) <Z e—i’st(eu)2> <Z e_il”C”HS(HV))
(362 S OP@)HO) ~ (1-2) 5 S L) H6,)"

where z, = 0, — TH(0,).
It follows from (1.4) and (2.16) that there is a constant C(7y) such that

dT‘
3.63 —Ls|| < C(v),
(3.69 | <cw
for 0 <r <3. Using (2.16), (3.58) and (3.63), we obtain the estimate
C(, 1Gsl4.0)
2] <~ (CHH 1% + CAIH + 1GP || %) < - =

From this and (3.60) we see that
€0 Clie)

3.64 5%l <
(3.64) 183 < =2



Partition function for the 2d Coulomb gas on a Jordan curve 133

Also from (3.59), we obtain the estimates

(3.65) [Unlloo < C(7, |Gsll4,0),
and
(3.66) IRy + Tlle < C(7, |Gsla,a)n.

Combining (3.64), (3.65) and (3.66), we see that there is a constant C(7, ||Gs||4.a)
such that

(3.67) 175, + T3+ Us 4 Syllee < C1(7, [|Gillaa)n.

In Lemma 3.2 we now choose K = C(v) + Ci(7, ||Gsl4,a) + 1, where C(7) is the
constant in the lemma. Below E, ; will denote the set obtained from Lemma 3.2
with this choice of K. This gives us the estimate

(0] -

It follows from Lemma 3.4 that there is a constant C'(, ||Gs||4,o) such that if 6 € E,,
then

(3.69) o= Zt ? <O lGsllaa)-

B

(3.68) D5 lexp (RS +T: + Us + S2)(0) 1g,. ]| <e ™

Hence, if 0 € E, s and [ does not divide n, then

ey, | _ Z(eile,, _ €ila”)

14

1/2
<1y |t] <lvn (Zti) < C(, |Gsllaa) V.

Note that if [ > 1 divides n, then | > n and the sum is always < n, so we always
have an estimate

(370) < C(’}/, ||Gs||4,oz)l\/ﬁ'

E : eilﬁu

v

A simple Riemann sum estimate gives

%Z e = o [ e <

It follows from this estimate and (3.58) that

(3.71) ”f;l’oo

k[ Hlloo + ([l
n

k
S C S C(’% ||Gs||4,a)g

1 .
h - _1ka“HS
)= S )
Lemma 3.5. There is a constant C (7, ||Gs||1,a) such that |T7(8)] < C(v, ||Gsl1.q)
foralln>1and 0 € E, ;.

(3.72)
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Proof. We have the estimate

L3 (e H(G,) - e Hay)

n
I

k
< CHHSH&aE Z |tu|
w

1/2
k 2
< 0||HS||4,a% (Ztu>
I

k
. < —
(3.73) <C(v, HGSH4,Q)\/E7

where we used (3.58). This estimate, together with (2.16), (3.70), and (3.72), gives

T30 < C( 1Gallia) D Kllan(s)] < O 1Gs]la.a),

ki>1

and we are done. O

Lemma 3.6. There is a constant C(, ||Gs||1.a) such that |R:(0)] < C(v, ||Gsll4.a)
foralln>1andf € E, ;.

Remark 3.7. This proposition is the origin of the assumption g € C**<. It is
possible to only assume g € C'*¢, by following the techniques of proof of [5], and
prove the analogues of Lemma 1.2, 2.1, and 2.2 in [5]. We chose to present a shorter
proof here for the sake of brevity and simplicity.

Proof. 1t follows from (1.3) by differentiation that

Re

ieing/(ei@) 1 ) ) )
. — = s(w—10))+ Re ikay e H0i,
¢(e?) —p(ew) 22 k,%:l

and hence we can write the integral equation (2.22) as

(3.74)  Gs(w) = —ép.v./O ' cot (3(w —0)) HS(Q)% + BRe Z ikaghy(s)e ™

2
k,>1

It follows that

(3.75)

We recognize the integral above as the Hilbert transform giving the conjugate func-
tion on T, so

(3.76) /0 ' cot (3(6, — 9))H3(9)% = Z —isgn(k)hg(s)e*x,

2T
keZ



Partition function for the 2d Coulomb gas on a Jordan curve 135

Note that for k£ > 1,

k-1
COt(%(l‘ _ y))(eilm _ eiky) _ i(eix + eiy) Z ezt (k=1=j)y
=0
k-1
. <eum S ei(jx+(k—j)y'>
j=1
Changing the sign of k, z and y, we see that if |k| > 1, then
Ik|—1
COt(%(ZL‘ . y))(ellm . 6ilcy) _ ISgIl(k’) eikx + 6ilcy +2 Z eisgn(k)(jx+(\k|—j)y)
j=1
If we use this and (3.76), we obtain
5 K] L
s _ : i iko - isgn(k)(j0u+(k|—5)0.)
R;(0) = 2%15gn(k)hk(s) " %:e “—i—n;;e "

We can now use (3.70) to see that if § € E, ; then

s k:2 3
RO < CO.1Ga) T (L 4 1)
keZ
Here we can use (3.58) and a standard bound of Fourier coefficients to obtain the
estimate

1
<O, [1Gsllae)

h < C||Hsl|lga———— < —_—
e (3)] < Ol Hlsa e e

From the last two estimates we can now conclude that |R:(0)| < C(7,||Gsllaa). O

Remark 3.8. Equations (3.74) and (3.75) are the reason for picking h to be the
solution of the integral equation (2.22). Thanks to this choice we see that the first
two terms of R? in (3.59) almost cancel the third one.

Combining the estimates (3.64), (3.65), (3.68), Lemma 3.5, and Lemma 3.6, we
see that we have proved the bound (3.42) in Theorem 3.1. It remains to prove the
limit (3.43) for each fixed s.

3.4. Computing the limit. We will use the following simple lemma.

Lemma 3.9. [17] Let E,, s be the set in Lemma 3.2 with the choice of K above.
Assume that there is a constant Cy = C(v, G) such that sup,, || X, 1g, |« < Co, and
that lim, o E2*[| X,,|15, ] = 0. Then

lim E2%[e*r1p, ] = 1.

n—o0

Proof. By Lemma 3.2, lim,,_,o P2*[ES ] = 0, so
lim [E}*[e1p, ] - 1] < lim [EX*[(e™ - 1)1p, ]| + P2°[E; ]|

n—o0 n—oo

= lim |ED*[(eX — 1)1p, ]| .

n—oo

But
[ESs[(eX — 1)1p, ]| < EZ°[|X,|e ¥ 1g, ] < ePES*|X,|15,],

which goes to zero as n — oo by assumption. U




136 Klara Courteaut and Kurt Johansson

Let
H,(0) — H, 2
wlb.) = ~GUOHL(0) — (1~ D) — 11(0) — - AD 2T
2
(377) + g Re Z k?la,kl(s)efikefiles(e)Hs ((U)
ki>1
+ B Re Z k2ay(s)e - [T (9)?,
k1>1
and let

1
dMpo(t) = — ot—=0,),
o0 =5 3 d(=6)
be the empirical measure. Note that

U:(0) = / ) us(x1, x2) Ay g(x1) ANy o(22),
[0,27]

and write

(3.78) AGy) = # ] ug(ry, T2) dry ds.
[0,27]

It follows from Lemma 3.3 and the bound (3.65) that

(3.79) E;*[[UR(60) - Ad[G.][15,..] — 0

as n — 00.

The next lemma gives the analogous result for R; and 7.
Lemma 3.10. We have the limit
lim B [(|7;] + R 1E,.] =0
n—oo

Proof. We can choose gs; on 7, so that G4(0) = cosm#. It follows from (3.42)
that there is a constant C'(y, m) so that

exp <Z cos m@u>

I

E?5:s

n

<C(y,m)

for all n > 1. Jensen’s inequality now gives the bound

exp (Egs Z cos(mb,) ]) < EP* |exp (Z cos m@u>]
p o
+ E2* |exp (— Z Ccos m9u>
I

and the same bound holds for EZ#]| >, sin(mf,)|]. Hence there exists a strictly
increasing function f on R such that

E eimGH

I

< 2C(y,m),

P8

n

] < f(m)

for m > 1. From (3.70), we also have the estimate

§ eimGH

I

P < O, |Golla) v/,

lg,,
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n

E : e—ilﬁu

v=1

where (G4 is now the function in Theorem 3.1. These two bounds combined with
(2.16), (3.72) and (3.73) give
(s == 3 M (8, 1 ]
n s\Y En,s
pn=1
ﬂEn,s]
Lf =t (/%))

%HG”Mzkﬂ > laulf O+ YD lawl

B [|T,(0)|1p,] < ) klaw(s)|EL*

k,l>1

C(7, |Gs4.a 2
< RSN P ag (B
Vi k>1

n

§ e—ileu

v=1

k>1 =1 I>[f~1(nl/4)]
C(y, HG 4,0 nl/4 1

>w Z ARCRPYSS

= L)

016 (537 + Ty )

But since f is strictly increasing so is f~!, which is unbounded, which shows that
EP»s [|T5(9)|1En,s} = o(1) as n — oo. The proof of E5* [|RZ(9)|1En,S] = o(1) is
similar. 0J

We now see that by (3.64), (3.65), Lemma 3.5, Lemma 3.6 and Lemma 3.9

lim Eg,s [e(R;+T;+U,§+S,§)(0)ILE ] — AslGs]

n—o0

If we combine this with (3.68), we have proved

exp (Z Gs( )] = sl
m

It remains to show that this agrees with the formula for the limit in (3.43). From
(3.77) and (3.78), we find

(3.80) lim E2*

n—oo

G, / CLOHL6) a0 — (1 5)o /% L(0)H,(6) do
A / / m — Z<w))2 df dw + g Re Z Klag (s)hi(s)hi(s).

ki>1

An integration by parts gives

- / / Y ff“’))Z df dw
(3.81) —167T2/ / H.(0 H(w))cote

:_?pv/ / H.(0 88 log |e’ — €| df dw

df dw
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since p.v. fo% cot 5% dw = 0. Also, by (1.3)

gRe Z klagi(s)hi(s)u(s)
k,J>1
(3.82) 87r2/ / HO)H () og | Zg—fiieiw) e

df dw.

, 0 ¢(e”) — o)
- 87?2/ / Hi( %lg‘ el _ piw

Added together, (3.81) and (3.82) give

) iei%’(ew) B 1 2T )
_@Re/ / HYO)H. () i dedw_—E/O GL(0)H'(6) 0

o ! B 1 o /(10 /
A6l =1 [ com 20— [ oglo(@) o).

Combining this formula with Lemma 2.6 and (3.80), we see that (3.43) follows and
we have proved Theorem 3.1, and hence also Theorem 1.3.

4. The partition function

In this section we obtain the asymptotics of the partition function,

I 1z —=/721a.

T ptv

The case 7 = T is a well-known Selberg integral and the partition function is given
n (1.12). We will now prove the following proposition which gives the asymptotics
of the partition function for sufficiently regular curves.

Proposition 4.1. Let v be a C'**® Jordan curve, for some o > 0. Then
Zu () exp ( (1— £2d4I + K)~ 1d)

lim — =
nvoc Zn g(T)cap(y)on*/2+ (=072 det(I + K)

where d and K are given by (1.5) and (1.9).

This proposition together with Theorem 1.3 proves Theorem 1.1. In this section
we will use (2.16) with m = 12, i.e.

(4.83) lag| < AP ptg =11,

for all k£,1 > 1.
Introduce the vectors

= (% Zcos(k:@u)> , Y = (% Zsin(k@ﬁ) :
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Now, by the change of variables 2z, = ¢4(€'%),

Znpg(Vs) = / . H |0 — 1% |B/2 exp <5 Z log

pH# Y 1<u<v<n

+3 log |¢;<ei%>|> ao
w
1 0, _ i6,18/2 B —ik6,, —il6,
= | H\e — e |P/exp —§Rezakz(8)%:e ;e

k,>1

+ Z 3) log |¢(e 19“)|>d”9

by (3.39). Just as in [6] we can use (1.6) and (1.10) and rewrite this as

1 0, i B X\ X
Znp(Vs) = E/[ . H e O _ 69y|6/2 exp (— ) (Y) K(s) <Y)

HFV
6 t X n
—2(1—5 d(s) v d"6.
Differentiation gives the formula

T [—% (3) we (¥) 20 pay (?)]
T % - 02 exp (— :(3) w0 ()

pFV

¢s (eieﬂ> _ ¢s (eiGV )

cify _ cify

and thus,

(4.84) log% _ /0 g [—g @)t}('(s) G(() —2(1- £)d/(s)" @)] ds.

The rest of this section is devoted to computing the limit of this expression as
n — 0o. The estimates obtained in the last section provide uniform bounds on the
moments of the empirical spectral measure, and its limits, as follows.

Lemma 4.2. Fix e € (0,1). There is a constant C(v) such that

2 2
wup sup (z COji?f”) <00), s spEp (z S”;iif”)) < o)

>1 >1
s€[0,1] 7> r s€[0,1] 57> 1

for all n > 1.
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Proof. We prove the first inequality, the second one is treated similarly.
First note that since |3, cos(j6,)| < n,

2
- cos(70,) \ | _
Jim B (Z e )| =0
m

so for any fixed s € [0, 1] there exists a j(n) € N (which may depend on s) such that

i>1
7= n n

Set G,(#) = U™ and define the analytic function

j(n)tte
exp (z Z Gn(ﬁu)>] ,

falz) =E7°

n

which is uniformly bounded by

€xXp (Z Gn(‘%))

in the closed unit disc. We see that G,(f‘)(e) = %, and

c j(n)(01—62)
G (6,) — G (6,))] | sin G2
<92 sup 01=02)

©0<61,62<2r ‘j(n) sin 52

Eg,s + Eg,s

exp (— >, GM%))]

I

sup
0<61,02<2m

€

|6191 — eif2 |e

< 2sup LLE <C,
T ‘] (n) S1n m ‘
where C' is independent of j(n) and hence of s. Hence |G, |4 < 00, and it follows
from Theorem 3.1 that there is a constant C(y) such that

exp <j: Z Gn(ﬁu)>

I

sup E <C)

s€[0,1]

for all n > 1. This implies that f5(z) is uniformly bounded by 2C(y) in the unit
disc, for all s € [0, 1], so by Cauchy’s estimates, |(f2)*)(0)| < 2k!C(7). In particular,

2
s cos(j6
sup Ef) (Z #) = £1(0) < 4C(7).
Jjz1 L J

The upper bound holds for all s € [0, 1] so this proves the lemma. O

Lemma 4.3. Set P, to be the projection onto the first m components of {5(R).
For any m > 1, s € [0, 1],

iz (0 2)(3)] —a-2 (T f) we e,
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(7 ) Q)Y (5 )= (8 2) Gureseor
F= 220 k) e k) ) (R,

Proof. Let z = {z}, € D", w = {w}?, € D". For any fixed s, define the
analytic function in 2m variables,

exp (Z (zk Z cos(kB,,) + wy Z sin(k@ﬁ) )] .

fn<zv w) = Eg’s

We have that

|fulz,w)] < E7°

exp ( (Re 2, Z cos(k6,) + Re wy, Z sin(k@,)) )]
k=1 M M
< Z EP* |exp <Z (pk Z cos(kB,) + Dtk Z sin(k;@u)> )]

pe{—1,1}2m k=1 w

since |z;] <1 and |w,| <1 forall 1 <k <m.
By Theorem 1.3, there exist a N € N such that for all p € {—1,1}*™ if n > N,

o (st e i)

< 2exp(2 V(I + K (s)) v + 2(1 - 2)d(s)’ (I—l—K(s))’lv)

HMS

7S

where

1 t
(B 00, ) Vi 00, )

is a vector in l5(R) @ f5(R). This implies that for n > N,
< Y e (VI + K@) IV +201 - 2laE)))
pe{_171}2m

We know that sup,cp ) [|d(s)[| < oo by (4.83) and ||v]| = (m(mTH)l/2 for all p.
Moreover we know that sup,cp ) [|K(s)]] < & < 1so (I 4+ K(s))7'| < (1 —5)""
Hence there is a constant C' which does not depend on s such that

sup ‘fn(z, w)‘ <C
neN

uniformly in ﬁQm, which makes the analytic functions f,(z, w) a normal family in D*™.
By Theorem 1.3 the sequence converges pointwise, whence uniformly on compact
subsets, to

F(z,w) = exp (3u'(1+ K(s)"u+2(1 = 3)d(s)'(1 + K(s)"u)
where

1 ¢
u=g ((zl,ﬁzg,...,ﬁzm,o,o,...) (wl,\/iwz,...,\/ﬁwm,(),o,» .
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As a consequence its derivatives converge to those of f(z,w). In particular,

lim RS

n—oo

Zcos(jeﬂ)] = %ﬂz’w)‘ = \/ (I + K(s))~'d(s));.

z=w=0
m

The second derivatives give the limiting variances and covariances. For example,

nh~>I£lo [R5 ;cos(jﬁu) ;sin(kﬂu)] gﬁi’wkﬂz w) -
Vil i . -
=3 (I + K () e + (I + K(s))7'd(s)); (1 + K (5)) 7 d(8)) s,
and this proves the lemma. O

We are now ready for the proof of the proposition on the asymptotics of the
partition function.

Proof of Proposition 4.1. Proposition 4.2 allows us to use the dominated con-
vergence theorem to compute the limit (4.84). Indeed, by the definition of K (s) and

w3

(k + )5+ (Ibﬁ)(S)lEﬁ’s

E?5:s

sup |E;,

s€[0,1]

Z cos(k6,) Z cos(16,)

I v

< sup

1
s€[0,1] k,lZZl \/H

+ 2005 (s)[ES > cos(k6,) > sin(16,) |+ [bg (s)[E* D " sin(k6,) > sin(i6,) )
<C(y) D (k+Dlal (k1)

k,>1

where we used the Cauchy-Schwarz inequality and Lemma 4.2. By (4.83) this is
bounded for e sufficiently small. Similarly,

()]

< sup Z\/EZ\CLM jl (EBS

s€[0,1] k>1

sup
s€[0,1]

+E)°

Z sin(k6,,)

I

Z cos(kb,)

)<

by Lemma 4.2 and (4.83). Thus,

o [0 () e (3) -2 (- 5) e (3)
[ e 5 () e (3) =2 (1 5w () o
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Moreover, for all n large enough,

| (3) w0 ()] -2 [8) (5 2w (b 2) ()

< Z T(l{:—i—l) shr= 1<|bkl |k Zcos (k6,,) Zcos (16,)

143

— [EBs

n

max

+ 200 [ES | cos(kf,) > sin(l6,)| + |byy [E5 Zsm(keu)Zsm(my)>
<o) Y =0
E>1,1>m

The bound is uniform in n, hence

) w (3)]
B) (b a)wa(t 8)3)]

The limit can now be computed with Lemma 4.3:

lim RS

n—o0

= lim lim E°*

mM—00 N—00

= %Tr K'(s)(I+ K(s))™ + (1= 3)%d(s)"(I + K(s)) " K'(s)(I + K(s))"'d(s).
Similarly,

B,s / t B,s / t m
nhm E, {d (s) <Y)} = lim nhm E, [d (s) < 0 P ) (Y)}

= (1= 5)d'(s)'(I + K(s))""d(s).

Combined, these limits give

s[4 w0 8) (- 2o 3]
= 21— 2P () (1 + K(3)d(s) — 5T K'()(I + K (s))
-

3%d(s) (1 + K (s) " K/ (s)(I + K(s))'d(s)

— (—5 log det(I + K (s)) + 2(1 — 2)%d(s)!(I + K(s))—ld(s)) .
Integrating from 0 to 1, and using that K(0) = d(0) = 0 and K(1) = K, d(1)
finishes the proof.

= d ,
O
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