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Logarithmic vanishing theorems on
weakly 1-complete Kahler manifolds

SHILONG LU

Abstract. This paper aims to investigate the vanishing theorems of cohomology groups on
weakly 1-complete Kéhler manifolds. Firstly, we extend a logarithmic vanishing theorem originally
proposed by Huang, Liu, Wan and Yang, which says that when N @ Ox ([A]) is a k-positive R-line
bundle, the ¢-th cohomology group of sheaf QP (log D) ® L® N vanishes for any p+q > n+k+1 over
a compact Kéhler manifold X. The proof employs an approximation theorem. In the local case,
the result follows directly as a corollary of the original theorem. In the global case, we construct
a solution for any positive real number ¢, ensuring that the error term with respect to the exact
solution converges to zero in the sense of norm. Finally, as applications of our results, we obtain

logarithmic generalizations of several classical vanishing theorems and the corresponding corollaries.

Heikosti 1-tdydellisten Kihlerin monistojen logaritmiset hévidmislauseet

Tiivistelm&. Tyon tavoitteena on tutkia heikosti 1-tdydellisten Kahlerin monistojen kohomo-
logiaryhmien hévidmislauseita. Ensinndkin yleistetdén Huangin, Liun, Wanin ja Yangin alunperin
esittimii logaritmista hiiviimislausetta, jonka sisélt6 on seuraava: jos N®@Ox ([A]) on k-positiivinen
R-viivakimppu, niin lyhteen QP (log D) ® L ® N kertaluvun ¢ kohomologiaryhmé hévids kompak-
tilla Kéhlerin monistolla X aina, kun p + ¢ > n + k + 1. Todistus kédyttda likiarvoistuslausetta.
Paikallisessa tapauksessa tulos seuraa suoraan alkuperiisesté lauseesta. Koko moniston tapauksessa
rakennetaan jokaista reaalilukua c kohti ratkaisu ja varmistetaan, ettd tarkkaan ratkaisuun ver-
rattu virhe suppenee normin mielessi nollaan. Tulosten sovelluksena saadaan lopuksi logaritmisia
yleistyksia useille klassisille hdvidmislauseille ja niiden seurauksille.

1. Introduction

The concept of vanishing theorems plays a central role in the realm of algebraic
geometry and complex analysis. These theorems, which assert the non-existence of
certain cohomology groups under specific conditions, have been instrumental in the
advancement of both theoretical understanding and practical applications.

Now we will focus on logarithmic vanishing theorems on weakly 1-complete Kéah-
ler manifolds, which is a generalization of logarithmic vanishing theorems on non-
compact analytic spaces. Let X be a connected complex manifold of (complex)
dimension n. X is called weakly 1-complete if there exists an exhaustion function
® which is C* and plurisubharmonic on X. For every real number ¢, we define
X, :={z € X: ®(z) < ¢}, which will be called the sublevel set of X. Since Shi-
geo Nakano [11, 12| established a vanishing theorem for positive bundles, there has
been considerable research (|4, 9, 13, 15, 16, 17, 19, 20]) concerning the analytic
cohomology groups of weakly 1-complete manifolds. The purpose of these works is
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to treat the cohomology groups from differential geometric viewpoint based on the
curvature conditions on vector bundles rather than the strong pseudoconvexity of
the base manifold X. So they are regarded as natural generalizations of the results
obtained for compact manifolds.

The basic properties of the sheaf of logarithmic differential forms and of the
sheaves with logarithmic integrable connections on smooth projective manifolds were
developed by Deligne [2|. Esnault and Viehweg [5] investigated the relations between
logarithmic de Rham complexes and vanishing theorems on complex algebraic man-
ifolds, and showed that many vanishing theorems follow from the degeneration of
certain Hodge to de Rham type spectral sequences.

Later on, Nakano [12, 13|, Kazama [9], Takegoshi [20], and Ohsawa—Takegoshi
[21] continued to develop the relevant theory. In 1978, Norimatsu [14] obtained a
logarithmic vanishing theorem on compact Kéhler manifolds. Recently, Huang-Liu—
Wan-Yang [8] obtained the corresponding results on compact Kéhler manifold by
the standard analytic technique like the L?-method. In 2022, Zou [23] established a
logarithmic type Akizuki-Nakano vanishing theorem for weakly pseudoconvex (i.e.,
weakly 1-complete) K&hler manifolds. It is worth noting that Zou’s results can be
regarded as corollaries of our Theorem 4.7. Specifically, his Theorem 1.1 follows as a
special case of our Corollary 5.3 when E is a positive line bundle F' (i.e., r = 1), and
his Theorem 1.2 corresponds to our Corollary 5.2 when p = n.

In this paper, we first follow the analytic method provided in Huang—-Liu-Wan-
Yang to prove the local vanishing theorems for the sheaves of logarithmic differential
forms over a fixed sublevel set X., which is a relatively compact Kéhler manifold of
X. Let us consider X, and Y, = X, — D where D = Ele D; is a simple normal
crossing divisor in X. Suppose that E is an Hermitian vector bundle over X..

Next, we derive a uniform estimate to facilitate the proof of the approximation
theorem. By applying the L?-Dolbeault isomorphism theorem, we establish the ap-
proximation theorem for logarithmic forms in cohomology, which plays a crucial role
in the proof of the global vanishing theorem.

The main difficulties arise from two aspects. The first is the construction of a
complete Kéhler metric wy,. The second challenge lies in applying the approximation
theorem to transition from a fixed sublevel set X. to the entire weakly 1-complete
Kéhler manifold X.

It is well-known that various vanishing theorems are very important in com-
plex analytic geometry and algebraic geometry. For instance, the Akizuki-Kodaira—

Nakano vanishing theorem asserts that if L is a positive line bundle over a compact
Kéhler manifold M, then

HY(M, Q" @L)=0 VYp+q>dimM + 1.

The main objective of this paper is to establish logarithmic Akizuki-Kodaira—
Nakano vanishing theorems for the local pair (X., D) and the global pair (X, D).

We first generalize the result of Huang—Liu—Wan—Yang to a fixed sublevel set
X. of a weakly 1-complete Kéhler manifold X of dimension n. More precisely, we
establish the following result.

Theorem 1.1. (Local vanishing) Let L be any nef holomorphic Hermitian line
bundle on a sublevel set X, of an n dimensional weakly 1-complete Kéahler manifold
X. Let D = "7 | D; be a simple normal crossing divisor in X.. Let N be a line
bundle and A = %", a;D; be an R-divisor with a; € [0,1] such that N @ Ox,([A])

is a k-positive R-line bundle. Then for each real number ¢ and on the corresponding
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sublevel set X, we have the vanishing of cohomology groups,
HY(X.,P(logD)® L& N)=0 forany p+q>n+k+1

Next, we prove the approximation theorem (see 4.6) and apply it to extend the
local result to the global case, which forms the central theorem of this paper.

Theorem 1.2. (Global vanishing) Let X be a weakly 1-complete Kéhler mani-
fold of dimension n and D =Y _;_, D; be a simple normal crossing divisor in X . Let
L be any nef holomorphic Hermitian line bundle on X and N be a line bundle such
that N ® Ox([A]) is a k-positive R-line bundle, where A =% a;D; (a; € [0, 1]) is
an R-divisor. Then, we have the vanishing of cohomology groups

HY(X,QP(logD)® L& N)=0 forany p+q>n+k+1.

The structure of this paper. In Section 2, we introduce key concepts in this
paper and construct a complete Kéahler metric of Poincaré type for each sublevel
set of a weakly 1-complete Kéhler manifold, solving the first problem. And then,
in Section 3, we apply the method from [8] to derive the local case of our main
theorem. In Section 4, we establish the global version of the logarithmic vanishing
theorem by taking the limit of a sequence of differential forms. Finally, in Section 5,
we obtain logarithmic generalizations of several classical vanishing theorems and the
corresponding corollaries.

2. Preliminaries

This section establishes foundational concepts in complex geometry, with par-
ticular focus on positivity properties of line bundles and vector bundles on complex
manifolds. The key notions to be discussed include: nef line bundles, k-positivity in
the sense of Nakano and Griffiths, ampleness characterization via curvature condi-
tions, and analytic structures characterized by plurisubharmonic functions and pseu-
doconvexity. Special attention will be given to R-divisors, as these play a crucial role
in modern vanishing theorem formulations. These concepts provide the theoretical
framework for our subsequent proofs in Sections 3 and 4.

2.1. Fundamental concepts.

Definition 2.1. (Nef line bundle [3, (6.11)]) A line bundle L over a compact
complex manifold (X, w) is said to be numerically effective, “nef” for short, if for every
0>0, there is a smooth Hermitian metric hs on L such that /—10(L, hs) > —dw.

For holomorphic vector bundles, positivity is studied through curvature condi-
tions of Hermitian metrics. Nakano positivity and Griffiths positivity [7] provide two
widely used criteria.

Definition 2.2. (Positive (or ample) vector bundle) A holomorphic vector bun-
dle (E, h) is said to be

(1) positive in the sense of Nakano (resp. Nakano semipositive) if for every nonzero
tensor ¢ € T'X ® FE, we have

Opn(®,¢) >0 (resp. =0),

(2) positive in the sense of Griffiths (resp. Griffiths semipositive) if for every
nonzero decomposable tensor ¢ ® e € T X ® E, we have

Oprl®@e,{®e) >0 (resp. >0).
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It is clear that Nakano positivity implies Griffiths positivity and that both con-
cepts coincide if = 1. In the case of line bundle, FE is merely said to be positive
(resp. semipositive).

Indeed, in our proof, the concept of k-positivity is frequently used.

Definition 2.3. (k-Positive [18, Definition 6.31]) Let M be a compact complex
manifold and L — M be a holomorphic line bundle over M.

(1) Lis called k-positive (0 < k < n—1) if there exists a smooth Hermitian metric
h% on L such that the curvature form /—1© (L, hL) = —/—100log h" is
semipositive everywhere and has at least n — k positive eigenvalues at every
point of M.

(2) L is called k-ample (0 < k < mn—1), if L is semi-ample and suppose that
L™ is globally generated for some m > 0, and the maximum dimension of the
fiber of the evaluation map X — P (H° (M, L™)") is < k.

Plurisubharmonic (psh) functions, which are defined on complex manifolds, gen-
eralize the notion of subharmonic functions to higher dimensions. These functions
are characterized by their property that their complex Hessian is semi-positive in
the sense of distributions, making them a natural extension of subharmonicity in the
context of complex geometry. They play a central role in defining weakly pseudo-
convex and strongly pseudoconvex manifolds, depending on whether the exhaustion
function is plurisubharmonic or strictly plurisubharmonic.

Definition 2.4. (Plurisubharmonic function) A function u: Q — [—00,00) de-
fined on an open subset {2 C C" is called plurisubharmonic (psh, for short) if

(1) w is upper semi-continuous;
(2) for every complex line L C C", ul,, is subharmonic on QN L.

We now turn to some basic definitions of pseudoconvex manifolds.

Definition 2.5. (Weakly pseudoconvex = Weakly 1-complete manifolds) A func-
tion ¢: X — [—00,400) on a manifold X is said to be exhaustive if all sublevel sets

X.={zeX:¢(x)<c} (c<supg),

are relatively compact. A complex manifold X is called weakly pseudoconvex if there
exists a smooth plurisubharmonic exhaustion function ¢ : X — R with sup ¢ = +o0.
Similarly, a complex manifold X is said strongly pseudoconvex if the exhaustion
function is smooth strictly plurisubharmonic.

From an algebraic perspective, we define R-divisors and R-line bundles as gener-
alizations of classical divisors and line bundles, where real coefficients are permitted.
Particularly, this generalization provides a natural setting for extending the notion
of k-positivity to R-line bundles, formulated through curvature conditions on the
associated metrics.

Definition 2.6. (R-Divisor) 7' is called an R-divisor, if it is an element of
Divg(X) := Div(X) ®z R, where Div(X) is the set of divisors in X. Two divi-
sors T1, Ty in Divg(X) are said to be linearly equivalent, denoted by 177 ~g T, if
their difference T} — T5 can be written as a finite sum of principal divisors with real
coefficients, that is,

k
"h-1= Zm (fi),

=1
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where r; € R and (f;) is the principal divisor associated with a meromorphic function

fi (see [6, §5.2.3]).
Definition 2.7. (R-Line bundle) An R-line bundle L = )".a,;L; is a finite sum

with some real numbers aq,--- ,a; and certain line bundles Lq,---, L. Note that
we also use “®” for operations on line bundles. An R-line bundle L =, ¢;L; is said
to be k-positive if there exist smooth metrics hy,--- ,hy on Ly, -, L such that the

curvature of the induced metric on L, which is explicitly given by

k

V=10(L,h) =Y " e;V/=10 (L, hy)

i=1
is k-positive.
Fine sheaf also plays a significant role in this paper.

Definition 2.8. (Fine sheaf) The sheaf F is called a fine sheaf if for any locally
finite open covering {U;}, there is a family of homomorphisms { f;}, fi: F — F, such
that

(1) Supp fi C U,

(2) >, fi=1,1e, >, fi(s) = s for any section s.

2.2. Notations and basic formulae. Let (X, ®) be a weakly 1-complete Kéh-
ler manifold with a fixed Kéhler metric w, where ® is a plurisubharmonic exhaustion
function. Let D = "7 | D, be a simple normal crossing divisor, i.c. every irreducible
component D; is smooth, and all intersections are transverse.

Without loss of generality, we may assume @ is positive. For any positive real
number ¢, the sublevel set X, = {z € X: ®(x) < ¢} is relatively compact in X and
plurisubharmonic exhaustion with respect to plurisubharmonic exhaustion function
D, = C_%. Recall that there is a continuous plurisubharmonic exhaustion function
in a weakly 1-complete domain. Set w, := w|x., then (X, w., ®.) is again a weakly
1-complete Kéhler manifold, and thus we have a weakly 1-complete sublevel set
(Xe, we, Do)

For a fixed positive real number ¢, we have a sublevel set (X, w., ®.). We will
focus on the sublevel set X., which is a relatively compact Kdhler manifold. Similar
to Proposition 2.11, we set

1 _
Wep = kcwc - 5 Z@@loglogQ ”0-1”3

for large positive integer k. which depends on X,.. In a special local coordinate
neighborhood U, D; is defined by the equation z; = 0 and o; is given by ||0;]|? = |2;|%e*
for some smooth function u defined on U. Then

1 - 2 9 1 dZi dZZ = 1 =
28aloglog |oill; = (log |5 + u)? ( - —i—@u) /\( . —|—8u) TS +u88u.
It is clear that w,., is positive on X. and of Poincaré type along D when k. is
sufficiently large. But w,, is not complete along the boundary of X..

In general setting, let 7: . — X be a holomorphic line bundle over a complex
manifold X and let {b;;} be a system of transition functions with respect to a coor-
dinate cover {U; };c; with holomorphic coordinates (z}, ..., 2"). We fix an Hermitian

metric {a;};cr along the fibers of .Z with respect to {U;};c; and assume that X is
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equipped with a Kéhler metric w, denoted by

n
w = Z Gia:p dzi N déiﬁ,

a,B=1

where g, ,5 represents the components of the Kéhler metric tensor in the local coor-
dinate system z; = (2},...,20).

Let CP1(X,.Z) be the space of £-valued smooth differential (p, ¢)-forms on X
and let CY(X,.Z) be the space of the forms in CP?(X, %) with compact supports.
We express ¢ = {@;}ier € CP(X,.ZL) as

8 =B
v pq' Z Pi,ar, op;Bi,- dzial/\"'/\dz@'ap/\dzil/\"‘/\dziq.
g,
B, Bq
With respect to {a;}:cr and w, we set

Ap,B
(2.1) (p,¥) = a; Z PiApB,0: "
APqu
where A, = {a1, - ,0p} and B, = {fy,---,5B,} with 1 < a; < --- < a, <n and

1<B<--<B <.
For real valued smooth function ® on X, we put

) (o, ¥)e = (p, e ?,

22) i) (p)e = [ oo AV, for g € LY. 2).

In particular, we let

(0, 1) = ()0, NIl = (e.0), el = (0, 9)e.

We now define the space of smooth L? integrable .#-valued (p,q)-forms with re-
spect to || |le denoted by LPY(X,.Z, h¥). We denote by 9: LPY(X, L hi) —
LPatY (X # hi) the maximal closed extension of the original 9. Since 0 is a closed
densely deﬁned operator, the adjoint operator 9}, (resp. 9*) with respect to (©,1)s

(resp. (p,1)) can be defined. We denote the domain the range, and the nullity of 0

by D%, Im OP4 ker OP9, respectively. Similarly, Dgf, Im 95", ker 957 are defined.

However, in the definition of the inner product on LP4(Y3, .2, hf ), it differs from
the above general setting.

Definition 2.9. (Inner product in L”4(Ys, 2, hf)) For any non-negative integer
p and any @, € LP9(Yy, L, hf), the inner product is defined as

N / (), 1AV = [ (0 eV,

The following theorem is required for the proof.

Theorem 2.10. (Sard’s theorem) Let f: R® — R™ be a C* function, where
k > max{n —m+ 1,1}. The set of critical values of f has measure zero in R™.

Here, a point € R™ is called a critical point of f if the Jacobian matrix D f(x) is
not of full rank. The image of a critical point under f is called a critical value. Sard’s
theorem states that almost all values in the target space R™ are regular values, i.e.,
they are not critical values.
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2.3. The construction of a complete Kihler metric on the complement.
As shown in [5], for a compact Kéhler manifold (M, wy) with a simple normal crossing
divisor D', there exists a natural inclusion map 7: U = M \ D’ — M. According
to [24, P429,83], we can choose a special local coordinate chart (W;zy, -+« , z,) of M
such that the locus of D' is given by 21 -+ -2z =0 and UNW = W* = (A?)! x (A,)"!
where A, (resp. A¥) is the (resp. punctured) open disk of radius r in the complex
plane. Then we shall define a metric on the product (A*) x (A,)"~! by

'Lodz A dE d
(23) wp :’L <Z J J + Z de A dZJ> s

j=1 |22 - log” |25 j=l+1

which possesses the singularity of the Poincaré metric near the punctures (and away
from the outer boundaries). Thus, it is obvious that wp is not complete along the
boundary of U.

Now we construct the complete Kéhler metric from wy on U, which is of Poincaré

type.
Proposition 2.11. There exists a Kdhler metric on U which in special local

coordinate chart is equivalent to the metric (2.3), in the sense that the two norms
are mutually uniformly bounded.

Proof. Let [D!] be the line bundle on M associated to D}, o; a holomorphic
section of [D}] which vanishes to first order on D}, and || - ||; the norm from a C'*
Hermitian metric AP on [D!] normalized so that [o;||, < 1 on M. The desired

metric is
. N
= 2
n= (m ~ 2 00loglog” ||oz~||i>

for k sufficiently large. In special local coordinate chart (U; 2y, - - -, z,) of M in which
D) is defined by z; = 0,

o1} = |zif%e"
for some function u € C*°(U). Then
1. - 1 dz; dz; =
—~ddloglog? ||oy |7 = 5 (—Z + 8u) A (—Z + 8u)
2 (log |zi|? +w)” \ % 2
(2.4) .
- 90u.
log |zi|* +u

It is now clear that 7 is positive near D', with singularities like (2.3); the term kwq
is added to make 7 positive on all of U. It is also evident that the two metrics are
equivalent if £ is taken sufficiently large. OJ

Remark 2.12. Two nonnegative functions or Hermitian metrics f and g defined
on (AH! x (A,)" ! are said to be equivalent along D' if for any relatively compact
subdomain V' of U, there is a positive constant C' such that (1/C)g < f < Cg on
V'\ D'. In this case we shall use the notation f ~ g.

Then by |24, Proposition 3.4], U = M \ D', endowed with the metric 7, is a
complete manifold of finite volume.

3. The local vanishing

3.1. Lz—methog on complete Kihler manifold. Let us review the classical
L?-methods for the d-equation.
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Theorem 3.1. (0-equation on complete Kihler manifolds) [3, Theorem 5.1] Let
(X,w) be a complete Kéihler manifold. Let (E,h*) be an Hermitian vector bundle
of rank r over X, and assume that the curvature operator B := [i©(E, h¥), A,)] is
positive definite everywhere on \" T% ® E, for some ¢ > 1. Then for any (p, q)-form
g € L*(X, \""T% ® E) satisfying dg = 0 and [, (B7'g, g)dV,, < 400, there exists a
(p,q — 1)-form f € L*(X, \"" ' T% ® E) such that Of = g and

/IfIQde§/<Blg,g> dv,.
X X

Now we will follow the approach in [8] to acquire the L? resolution. Let (X, w,)
be the fixed sublevel set, we denote the metric of the restriction of line bundle L on
Y. := X.\ D by hi:. The sheaf Oy (Xe, Ly wep, hi: ) over X, is defined as follows. On
any open subset U of X, the section space I'(U, Q’(’S(Xc, L,wep, hi.)) over U consists
of L-valued (p,q)-forms u with measurable coefficients such that the L? norms of

both u and du are integrable on any compact subset K of U. Here the integrability
means that both |u|ic’p®h§c and |8u|ic’p®hi are integrable on K \ D.
If the metric w,, is of Poincaré type as in Section 2, then it is complete along

the divisor D and is of finite volume (cf. [24, Proposition 3.4]). As a consequence,
the sheaf Qfg(Xc, L,wep, hi.) is a fine sheaf.

3.2. L2-Dolbeault isomorphism. Firstly, we will recall the definition of the
sheaf of logarithmic differential forms.

Definition 3.2. (Sheaf of logarithmic p-forms) The sheaf of germs of differential
p-forms on X with at most logarithmic poles along D denoted by Q¥ (log D) is a
subsheaf of Q% (xD). Its space of sections on any open subset V' of X are

T(V, % (log D)) := {a € T(V, % @ Ox(D)) and da € T(V, %" @ O4,(D))},

i.e., @ and da have poles along D at worst of the first order. Please see |2, §3] |1,
Definition 2.1] to learn more.

This is essential for proving the following theorem.

Theorem 3.3. (An L?-type Dolbeault isomorphism) |8, Theorem 3.1] Let (X, w)
be a weakly pseudoconvex Kéhler manifold of dimension n and D = Y7 | D; be a
simple normal crossing divisor in X . For a fixed real number c, let X, be the sublevel
set. Let w., be a smooth Kéhler metric on Y, which is of Poincaré type along D
as in Section 2. For a line bundle L, there exists a smooth Hermitian metric him
on Lly, such that the sheaf Q(log D) @ O(L) over X, enjoys a fine resolution given
by the L* Dolbeault complex (Qf;;(Xc, L,wep, . o), 0), here o is a large positive
constant depends on X,.. This is to say, we have an exact sequence of sheaves over
Xe

(3.1) 0 — QP(log D) @ O(L) — Q3 (Xe, Ly wegp, by, 4,)

such that Q’()S(Xc, L,Wep, hy, ) is a fine sheaf for each 0 < p,q < n. In particular,
by Dolbeault isomorphism
(3.2) HY(X,, % (log D) @ O(L)) = H{3!(Ye, L, weyp, by, .-

Even though w,, is not complete, but Y. admits a complete Kahler metric. In-
deed, let & = @ + w, p, here w is complete along the boundary of X, like in Section 2.
We know that @ is complete on Y. Hence, we can still solve the certain 0-equation on
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Y, thanks to Theorem 3.1. Now we slightly modify Huang-Liu-Wan—Yang’s approach
in [8] to get the local vanishing.

Theorem 3.4. (Local vanishing theorem) Let L be any nef holomorphic Hermit-
ian line bundle on a sublevel set X. of an n dimensional weakly 1-complete Kéhler
manifold X. Let N be a line bundle and A = Y. a;D; be an R-divisor with

€ [0,1] such that N @ Ox,(]A]) is a k-positive R-line bundle. Then for each
real number ¢ and on the corresponding sublevel set X., we have the vanishing of

cohomology groups,
HY(X.,P(logD)® L& N)=0 forany p+q>n+k+1

Proof. Let w,. be a fixed Kéhler metric on X. and F' = N®Ox, ([A]),.# = L&N.
Set {A, (h) };:1 be the increasing sequence of eigenvalues of v/—10 (F, h'") with
respect to w.. Since F' is k-positive R-line bundle, there exists a positive constant cg
such that for any 7 > k + 1, we have

Ao (W) = X5 (BF) = min (ASF (RT) (2)) = o

:BEXC

everywhere over X.. We construct a new metric on .#|. as following,

W, = b Hnm 27 (1og? (¢ 1))

Here the constant o > 0 is chosen to be large enough to meet the condition in
Theorem 3.3 and the constants 7;, ¢ € (0, 1] are to be determined later and they are
all depend on X,.. On Y,, a straightforward computation gives rise to

V=10 (Z,h7..) = V=16 (F,h") + /=10 (L, ht) +Z i — ai)ey (D)

(3.3) by el rzaalogncnn £ dlog ol

= og (e o) (1og (e 7))
Set § = 3%, we can choose 7; and € small enough such that
(3.4) w<Z a;)c )<5w Z ac ( <5
. - % i Wy 1 = SWe —HFWe > S We)
2 log (e ||0z|| ;) 2

hold on Y,. Note that the constants 7; and ¢ are thus fixed. We set
= V=10 (Z,h7. ) +2(4n + 1)dw..

It follows from formula (3.3) that wy, is of Poincaré type Kéahler form on Y.. And it
is apparent from formula (3.4) that we have

(3.5) V=10 (Z, 17, ) > V-1 (F,h") — 26w,
on Y,. Since /—10 (F, hF) is a semipositive (1, 1)-form, we know on Y,
= V=10 (F,h] ) +2(4n + 1)dw, > 8ndw..

This implies that

1
v—10 (,/,hjm) = wy, — 2(4n + 1)dw,. > Y
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On a local chart of Y., we may assume that w, = /=1, n; A7; and

V=10 (#,hl, ) = V- Z)\’ Cer) T AT

= \/—12 X (hfﬂ) n AT,
) h{”) +24n+1)0 " "

where

77@—77@\/>\ hi..) +2(4n+1)s
Note that wy, = /=131 n A7}, and so the eigenvalues of v/—10 (.Z, hfe T)
with respect to wy, are

L )\Z (hoze’r) <1
V= (W)+ (dn+ 1)

On the other hand, due to formula (3.5) one has
N (hZ ) = N, (hF) - 25.

«,€E,T

Hence, for any 7 > k + 1, we have

X, (070) 2 mip (47 () () =28 = =25 = (1= s >0

@ reXc
It implies for j > k + 1,
N (haer 1
”YJ — i wc< sy ) Z 1 -
A (haer) +2(4n +1)0 4n

For any section u € I' (Y, A" T*Y. @ F#), we get

<[\/__1@ (‘?7 h’ie,fr) 7AWYJ u7u> > (Z Yi — Z 7]) ‘U‘Q
1

j=p+1

(3.6) N

qg—k k :
a+p-n—k) =Lt L)

> = ul®.

The last inequality holds because of p + ¢ > n + r. We know wy, is of Poincaré
type metric along D on X, and « is large enough, by Thorem 3.3 we have

H (X, (log D) @ F) ~ Hiyl (Yo, F,wy,, b7, ) -

( o,€e,T

The inequality (3.6) and Theorem 3.1 show that the vanishing of H; (Yc, F, wy.,,

hg . T) Hence we get the desired local vanishing theorem. O]

4. The global vanishing

Now let us check the corresponding higher direct images. Let f: X — S be a
proper surjective morphism from a Kéahler manifold X to a reduced and irreducible
complex space S. Let W C S be any Stein open subset, we put V = f~1(W). Then
V' is a holomorphically convex Kéhler manifold. Let F be a coherent sheaf on V.
Then f*: HY(V, F) — H° (W, R1f,F) is an isomorphism of topological vector space
for every ¢ > 0. As a direct corollary of Theorem 3.4, we obtain
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Corollary 4.1. Let f: X — S be a proper holomorphic morphism from a Kéhler
manifold X of dimension n onto the reduced and irreducible complex space S. Let
D be a simple normal crossing divisor for which f|, is proper. And let N be a line
bundle such that N @ Ox ([A]) is a k-positive line bundle, where A = "7 a;D; (a; €
[0,1]) is a R-divisor., then

Rif, (% (logD)®@ L& N)=0 forany p+q>n+k+1

As demonstrated previously, the local version of [8, Theorem4.1] on weakly 1-
complete manifolds has been established. The remaining question pertains to its
validity in the global case.

4.1. Approximation theorem. Let us choose a smooth convex increasing
function p(t) such that

i) p(t): (=00, +00) = (=00, +-00),

i)
0 if ¢t <
p(t) = { ’ ! ca—c1’

> 0, 1ft>c2

—c1?

+oo
/ pip(t) dt = +o0, for any p >

(4.1) b) for every { < ¢; and any non- negatlve integer v,
lim su — =0,
p—>—+00 te(—oo p }p }

where p,(f) (resp. p')) denotes the v-th derivative of p, (resp. p).

We set .
w=p<@_¢),

which is a plurisubharmonic exhaustion function on X5 and ¢ = 0 on Xj.
The following lemma is very important in our proof. From now on, we will
consistently work with the pairs (X7, X5) and (Y7, Ys).

Lemma 4.2. (Uniform estimate) Let # :== L& N = L® F ® Ox,(—[A]), where
F = N® Oy, ([A]) is a k-positive line bundle. And let L be any nef line bundle over
Xs. There exists a positive constant C' which is independent to p such that for any
iw>1and p+q>n+ k+ 1, we have the estimate

3 2
lell5, < Cloel, +10;,¢17,)

provided ¢ € DY* ﬂqu C LPU(Yy, F hf) Here D% is the definition of domain
of d in LPU(Yy, F h‘” ), and D%? is similar.

W

Proof. Note that h7__ := h” Since F' is a k-positive R-line bundle, there

a,e,T paar
exist smooth metrics A"V and k! on N and [D;] respectively, such that the curvature
form of the induced metric A* on F

(4.2) V—=16(F,h") = V=16(N,h") + V-1 Z a;0([D;], hP1)

is semipositive and has at least n — k positive eigenvalues at each point of Xj.
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Let {\, (h7)}}_; be the eigenvalues of /—1O(F, h") with respect to w,, such
that )\ZUCQ(hF) < )\JJ;l(hF) for all j. Thus, for any 7 > k + 1 we have
N, (0F) = AFH () = min (XEF2(RT)(@)) =t o > 0.

Without loss of generality, we assume 6 € (0,1). Since L is nef, there exists a
smooth metric AY on L such that

(4.3) V—10(L, ht) = —/—100log ht > —bw.,.
Let o; be the defining section of D;. Fix smooth metrics hp, := || - ||, on line

bundles [D;], such that ||oy||p, < 3. Write the curvature form of [D;] as ¢;(D;) =

V—=16([Dy], hp,). We define h® :=T];_, h7; , then the curvature form of (A, h?) is

4.4 —V/—19d1log h® = —/—190log | | n% ,
D;
i=1

where h = ||o;] 2Tl(log (elloil|%,))*/2. Then let the induced metric of .F be
higer = ht- bt H lo: ]| 5; log? (el ,))*"2.

Here the constant o > 0 is chosen to be large enough and the constants 7;, e € (0, 1]
are to be determined later. Note that the smooth metric A" - (h2)" L on N = F ®
Ox,(—[A]) is the same as hYY up to a globally defined function over X,. Then the
corresponding curvature form is

V=1O(Z b, ) = V=1O(F, h") + V=1O6(L, h§) + > (1 — a;)er (D)
i=1
+\/TliaalogHUiH%iAélogHm-Hﬁ_

(4.5) Z o (log(ellol3,)?

Since a; € [0, 1], for a fixed large «, we can choose 71, ,7s € (0,1] and & such
that 7, — a;, € are small enough and

1) : 1) ac 5
(4.6) _§w02 <+-1 Z(TZ —a;)c1(D;) < =wey, — (,UCQ < Z Iog 1’0 Wey -
i=1 l

’UZHD

2 2

Note that the constants 7; and € are thus fixed, and the ch01ce of e depends on .
By (4.2), (4.3), (4.5) and (4.6), one has on Y3

(4.7) V=10 (Z,h7..) > V—10(F,h") — 26uw,,.
By the construction of v, we can define a complete Kdhler metric of Y,
(4.8) Wy, = V—10(ZF, hiw) + Kdwe,

and a new curvature form

(4.9) V=10, = V-10(ZF, hZ. ) + V—-100u,

where £ > 2 will be determined later.
Since wy, is a complete Kéhler metric on Y5, the classical Bochner-Kodaira—
Nakano identity shows
A=A+ [i@lﬂ AgYZ].
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Let ¢ € C°(Yo, APIT*Y ® %) be the set of smooth F-valued (p,q)-forms with
compact support over Y;. We have

(410) 1Bl + 1l > | (0 ha e 0);,, e AV
Since v/—10(F, hf") is a semipositive (1,1) form, by (4.7) we see that on Y;
(4.11) Wy, = V—10(Z, hiw) + Kdwe, = (K — 2)0w,
and then
1
412 8w, < o
( ) Wey o ZWY
This implies that
— ~ -2 _
(4'13) @(Jahags 7-) = Wy, — ’%5‘*)02 2 —QWYQ'
/{/ —

We can diagonalize simultaneously the Hermitian forms w,,, Wy, and /—10(F#
v—10,. Without loose of generality, we can choose a suitable chart such that

= \/—12?7]/\?7] & ZEYQ = \/—1277;/\77;7

CVET)

\ @<J7hi€T \ Z)\J h’o{eﬂ- 771/\77] \ Z)\ aeT TIJ/\WJa

V=10, = V-1 ng AT,
j=1

where

77 —77] \/)\ch aeT _'_K‘(S
Then (4.13) will become

-2 - _
V=10(Z,hl. ) > PREDTRE :Zmn}/\n}
J
. )
Thus we have X, (h7..) > :
“Ya K—2

By (4.7) one has
j 7 i F
)\ZJC (ha € 7') = )\ZUCQ (h ) — 20.

Hence, for any 7 > k + 1, we have
X, (h7 )zmm(ﬁﬂaﬁx))—Qéz%—aa>u

oLE,T zEX Weq
Thus, we have
¥j
Y; = <1
’ )\ZJCQ (hgs 7') + "{5
It also implies that for j > k 4 1,
vy et &Awg+m/%—%+m_ o+ (k—2)8)"
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Co

L = —
et o 2(k —2)n?

—2
. Since v; € {—2, 1), by (4.9) and [3, P334, Prop VI-8.3],
/i —

we have

<[\/__1@,u7 A§y2]907 90>ay2

WV

q n
<Z%— > w) ol
i=1 j=p+1

V

(q—k)~<1—#5_2>5)+k~5_—_22—(n—17)} o]

[ 2k (¢ — k) K 2
- _(p“-’_”_k)_n—f(m—z)'(zrﬂﬂ)] el

So we can arrange « sufficiently large such that the operator <[‘/_1@w AgYZ]QO, g0>~
Wy,

with respect to wy, are all positive on the whole Y5.
Hence, there exists a positive constant C on Y3, being independent on p, so that

<[i@u7 AUJYJ(P, ¢>@Y2 > C10|<)0|2
Substituting this into formula (4.10) above, we obtain the desired uniform estimate:
lelli < Cloell + 1;11%)
for any ¢ € C§°(Ye, AP9TY ®.F). Since the metric wy, is complete, the above estimate
still holds when provided ¢ € DY DF! C LP4(Ys, 7, hi;ae L) O
H b

Based on the preceding lemma, we now establish the important approximation
theorem, whose variant 4.6 will be served as a key role in the proof of the global
vanishing theorem.

Proposition 4.3. (Approximation theorem) If p+q > n + k + 1, then for any
fe iy, #, hf) with 0f = 0, then for any € > 0, there exists an integer p, and
f € Lra(Yy, F,h7 ) with Of = 0 such that
(4.14) | 7155 - 1

In order to prove this proposition, we first give a useful lemma.

2
< €.
p

Lemma 4.4. (Riesz representation theorem) For a continuous linear functional
¢ on a Hilbert space V', there exists a unique v € V such that p(v) = (v, w) for all
weV. And

[oll =l ll-

Consider the family of functions {p, },>1 satisfying (4.1) along with the following
additional condition: there exists a constant C' such that for every p and for every
p € LPU(Y,y, F, hi), we have

(4.15) H<p]71

The existence of such functions has been proved (for any p, q) in [16], where B was
assumed to be positive unnecessarily. We can easily obtain {Pu}ﬂa with required
properties without any significant modifications.

< Ol
P

Pu*

Proof of proposition 4.3. First we have the equivalent proposition:
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Proposition 4.5. If g € LP(Y1,. %, h)) and (g, ﬂ?l)p = 0 for any
felrrive, 7,1))
pn=1

with f = 0, then (9, f), =0 for any f € LP(Y,, F, hf) with 0f = 0.

Now we take the functions {p,},>1 satisfying the notions on the beginning of
Subsection 4.1.
According to (4.15), for any v € LP9(Y;, 7, hi) and for every pu > 1, we have

(4.16) [ls7ll, < Cllvll,,
which introduces that when v = (g, -|y7),, then

(4.17) 1, uls)ollo < Cli(g: wpullon < Cllgllo - lullp,

for any u € LP9(Ys, F, hf’;).
It implies that (g,-|37), is a continuous linear functional on LP4(Y3, .7, h;i ), by

Riesz representation theorem there exists a g, € L4 (Yg, F, h;‘z ) such that

(90 0),,, = (9 ulsy), for every we 1 (Y, 7,0 )

Pu
and [|g,[l,, = Cllgll,- Here
(9, "ﬁ)p(u) = (g,u|71)p = (guvu)pw
and by (4.17)
(4.18) 190l = 11(g: “[57)0ll, < Cligll,-

Since for every ¢ € C§ (Y2 \ Y1, .%), we have (g,,, @)pu = (g, @\ﬁ)p =0 (¢ly;=0),
which implies that

Supp (gu, ), Y1 <= Supp(g,) C Vi
and

(4.19) lguls:ll, < € llgul,, < Clgll,-
According to (4.1) and Supp (g,,) C Y3, > 1, we have
(gﬂ|71,v)p — (g,v),, p— +oo for every v € C* (71, 9’)

Therefore, { gﬂ\ﬁ} converges weakly to g in LP4(Y, .7, hf ).
On the other hand, since g, L N5 in LP4(Ys, 7, hi), then by

(4.20) LP(Yy, 7, I = Ry @ Np

we have g, € RY? , which implies that there exists a w,, € AP(Ys, 7, h;i ) such that
oy

9 = 8;uw“
and from uniform estimate lemma, we shall know that

(421) hwal2, <2 (9w}, + 19w}, ) = 0+ 2lgul}, -
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With (4.16), (4.18) and (4.21), then we have

(4.16) (4.21) (4.18)
lwulsr]l, < Cllw,l,, < C-V2lgul,, < C-CV2lgll, = V2C?|lgll,-

Thus, subsequence {wuk‘ﬁ}pl of {w“‘ﬁ}uﬂ converges weakly to some w €
Pt (5, 7, 17).
For any v € C§'? (Y3,.7), we have

: o .. - am . 5y () -
(9,v), = lim (gu,v), = lim (w,0v) = lim (w%,av)p =" (w, Ov),.

k—+oo Puj k—+oo Puy, k——+o00

Note that
(I) As g, = é;ﬂwuk, then we have (5;quk, V) py = (Wig, Op0) .

(IT) By (4.1), we have limy_,o0 pp, = lim, 00 pp = ps

(IIT) im0 wy,, = w.
Since Wy, is a complete metric on Y; C Ya, CF (Y, #) is dense in Dy C Py, 7,
h) with respect to the graph norm (llell? + |l5g0Hz)l/2 (see [22, Theorem 1.1]). Thus,
(g,v), = (w,0v), fg any v € D%, whence djw = g in LP4 (Va, Z, hf). Therefore,
for every f € LP1 (Yl, F, hf) with

Of =0 and (9,f)p = (E;w,f) = (w,éf)p =0. 0
Using the Dolbeault isomorphism from Theorem 3.3, we have

HY(X,, ¥ (log D) ® F) = Hyl (Yo, F wep, by ) = LMY, F, ),

which leads to the following approximation theorem:

Theorem 4.6. (Approximation theorem for logarithmic forms in cohomology)
Let X, C X, be a pair of sublevel sets. For any holomorphic section ¢ € H(X,
Q(log D) ® F), there exists a holomorphic section ¢ € H1(X,, P (log D) ® .%) such
that for any € > 0,

1P = ¢llx, <e

Theorem 4.7. (Global vanishing theorem) Let X be a weakly 1-complete Kahler
manifold of dimension n and D = Y. | D; be a simple normal crossing divisor in
X. Let L be any nef holomorphic Hermitian line bundle on X and N be a line
bundle such that N ® Ox([A]) is a k-positive R-line bundle, where A = "7 a;D;
(a; € [0,1]) is an R-divisor. Then, we have the vanishing of cohomology groups,

HY (X, Q(logD)® L& N)=0 forany p+q>n+k+1.

Proof. By Sard’s theorem 2.10, we can choose a sequence {c¢,}
numbers such that

v=0,1,.. of real

1) ¢yy1 > ¢, > 0 and ¢, — +00 as v — +00,
2) the boundary 0X,., of {z € X;®(z) < ¢,} is smooth for any v > 0.

For any pair (c,12,¢,) (v = 0) and p¥, we can choose a sequence of C'*®-strictly

convex increasing functions {p;i” 51 O (—00, ¢yy0) satisfying the properties (4.1)

and (4.15). The Approximation theorem holds for any pair (¢,12,¢,) (v = 0). We de-
note by LPI(X,.7) (resp. LY (X,,.%)) the set of the locally square integrable (p, q)

loc loc
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forms on X (resp. X,) with values in .%. For p > 1, there is a natural isomorphism
(4.22)  HY(X,0(logD) ® F) =
{f e Ll (X, Q(logD)® F);0f =0}

loc

{feLl.(X QlogD)® F); f=0dg for some g € LL (X, '(log D) @ F)}

loc loc

Therefore, in order to prove HY(X,QP(logD) ® %) = 0 for p+q > n + k,
it suffices to show that for any p € L{ (X,QP(log D) ® F) with dp = 0, there
exists a ¢ € L (X, (log D) ® F) such that ¢ = 9¢. We set ¢, = ¢|x,
for any v > 0. Then from Theorem 3.4 (local theorem) and (4.22), there exists a
Y, € LENX,, Q(log D) @ .F) with @, = 0/, for every v > 2.

For any v > 1, let LY(X,, Q(log D)®.%) be the completion of C{(X,, 2 (log D)®
Z) by the norm || ||x, with respect to the original Kéhler metric w,. Inductively, we
choose a sequence {1, },>1 so that

i) iy € L (X, P (log D) @ F)),
(4.23) i) Mpy = pu,
i) [[1p41 — ?/)uH%(v,l < 2%
First we set ¥, = 1}|x,. Since @a = 9 in L (X, QP(log D) @ F),

Yol x, € DE* C LI(X, QP '(log D) ® .7)

and so 0vY; = ¢; on X;. Suppose ¥y, ..., 1,_; are well chosen. Then
(?/);H - wv—1)|Xu71 € Lq(XU—la Qp_l(log D) ® f, pv—l(q}))

and (¢} — to-1)|x,., =0
By Approximation theorem 4.6, for any € > 0, there exists a g € L%( X1,

QP~l(log D) @ F, puT1(®)) such that

1o

||g|Xu71 - (¢;+1 - ¢v—1)|Xv,1||?,v—1 <e€

and dg = 0. Since || ||,-1x, , and | |lx, , are equivalent norms on L?(X, o,
QP~(log D) @ .F), we may assume
/ 2 1
Hg‘XU—2 - (qutl - wU*1>|XU—2”XU_2 < 21)—1.

We set 1, = (¥}, 1, — 9)|x,. Then we have
i) 1, € DEM C LY(X,, " '(log D) ® F),
11) Pov = 51/1117
1
i) [y — ootllx, , > o1

Thus {%y},>1 has been chosen. From (4.23), for any v, {¢;},>,4+1 converges
with respect to the norm || - ||x, and clearly the limit is the same as the restriction of
lim,,>, ¢, for any n > v+2. Thus, we can define an element ¢ € L] (X, QP !(log D)®

F) by 1 = lim,_, o0 1. Since J is a closed operator in L(X,, %*~!(log D) ® .#) for
every v > 1, we have

0, =0 in LYX, PlogD)®.F) (v=1).
Hence we have ¢ = 0 in L (X, QP(log D) ® .%). O

loc
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5. Logarithmic generalizations of several classical vanishing theorems

In this section, we will present several straightforward applications of Theorem 4.7
over weakly 1-complete Kahler manifolds, which are also closely related to a number
of classical vanishing theorems in algebraic geometry. The first application is the
following Log-type Girbau’s vanishing theorem.

Theorem 5.1. (Log-type Girbau’s vanishing theorem) Let X be a weakly 1-
complete Kéhler manifold of dimension n and D be a simple normal crossing divisor
in X. If L is a nef line bundle and N is a k-positive line bundle over X, then

HI(X, Q% (logD)®@ L& N) =0 forany p+q>n+k+1.

In particular, we have the following simple version.

Corollary 5.2. Let X be a weakly 1-complete Kdhler manifold of dimension n
and D be a simple normal crossing divisor. Suppose that L. — X is an ample line
bundle. Then

HY(X,0%(logD)® L) =0 forany p+q>n-+1.

The similar well-known result on compact Kahler manifolds is proved by Nori-
matsu [14] using analytic methods (see also Deligne-Tllusie’s proof [2]| by the char-
acteristic p methods). As an analogue to Corollary 5.2, we obtain the following
Log-type Le Potier vanishing theorem for ample vector bundles.

Theorem 5.3. (Log-type Le Potier vanishing theorem) Let X be a weakly 1-
complete Kéhler manifold of dimension n and D be a simple normal crossing divisor.
Suppose that E — X is an ample vector bundle of rank r. Then,

HI (X, Q% (logD)® E) =0 forany p+q>n+r.

Proof. Let m: P(E*) — X be the projective bundle of E and Og(1) be the
tautological line bundle. One can check that 7*D is also a simple normal crossing
divisor, and for p > 0, one has

. <Q§(E*) (log 7*D) ® OP(E*)(1)> — 0% (log D) ® Ox (E)

and
Rir, (QI]I)"(E*) (logm* D) ® OP(E*)(m)> =0, ¢>0, m>1

From [18, Lemma 5.28], we have

H? (X, % (log D) @ E) = H* (]P’ (E*), Q8 vy (log7* D) OE(1)> .
Hence, Corollary 5.3 follows from Corollary 5.2. OJ

Then by using the same strategy as in the proof of Theorem 4.7, we also obtain
directly several Log-type Nakano vanishing theorems for vector bundles on weakly
1-complete Kéhler manifold. For instance, we have the following proposition.

Proposition 5.4. Let E be a vector bundle of rankr and L be a line bundle on
weakly 1-complete Kéhler manifold X .

(1) If E is Nakano positive (resp. Nakano semi-positive) and L is nef (resp. ample),
then for any q > 1

H? (X, 9% (log D) ® E® L) = 0.
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(2) If E is dual-Nakano positive (resp. dual-Nakano semi-positive) and L is nef
(resp. ample), then for any p > 1,

H" (X, 0% (log D) ® E® L) = 0.
(3) If E is globally generated and L is ample, then for any p > 1,
H" (X, Q% (logD)® E® L) = 0.

Indeed, the vector bundle £ ® L in Proposition 5.4 is either Nakano positive or
dual Nakano positive (e.g., [10]). Hence, the proof is very similar to (but simpler
than) that in Theorem 4.7.

As it is well known that the Kawamata—Viehweg-type vanishing theorems have
played fundamental roles in algebraic geometry and complex analytic geometry. An-
other corollary of Theorem 4.7 is a Log-type vanishing theorem for k-positive line
bundles over weakly 1-complete Kéhler manifolds, which generalizes a version of the
Kawamata—Viehweg vanishing theorem over projective manifolds.

Theorem 5.5. (Generalized Log-type Kawamata—Viehweg vanishing theorem)
Let X be a weakly 1-complete Kéhler manifold of dimension n and D = Y | D,

be a simple normal crossing divisor. Suppose F' is a line bundle over X and m is a

positive real number such that mF = L + D', where D' = "7 v;D; is an effective

normal crossing R-divisor and L is a k-positive R-line bundle. Then,

(5.1) He (X, P(logD)® F® O (— Z (1 + [%]) DZ)) —0

1=

forp+q>n-+k+1.
Proof. Let

and

We have that
(5.2) N®Ox([A]) = —L,
which is a k-positive R-line bundle. Hence, we can apply Theorem 4.7 to complete
the proof. 0

There are several corollaries of this theorem.

Corollary 5.6. Let X be a weakly 1-complete Kédhler manifold D = Zj.:l D;
be a simple normal crossing divisor of X. Let [D'] be a k-positive R-line bundle over
X, where D' = %7 _, ¢;D; with ¢; >0 and ¢; € R. Then,

HY(X,Q(logD) @ Ox (—[D'])) =0 forany p+q<n—Ek.
In particular, when [D’] is ample,
HY(X,Q%(log D) @ Ox (—[D'])) =0 for p+q<n.
Proof. Let
N=0x(-D)®[D'] and A= Z (14 ¢; — [ai]) D;.
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It is easy to see that
(5.3) N ® Ox([A]) = [DT,
which is a k-positive R-line bundle. By using Theorem 4.7, one has
(5.4) HY(X,Q(log D) ® Ox(—D)® [D']) =0
for any p+ q > n + k + 1. By Serre duality and the isomorphism
(5.5) (9% (1og D))" = Q4 ?(log D) & Ox (—Kx — D),
we see that (5.4) is equivalent to

HY (X, 97(log D) & O (—[D'])) = 0

forany p+qg <n—k. U

Corollary 5.7. Let X be a weakly 1-complete Kahler manifold and D = Z;=1 D;
be a simple normal crossing divisor of X. Let [D'] be a k-positive R-line bundle over
X, where D' = %7, a;D; with a; > 0 and a; € R. If there exists a line bundle L
over X and a real number b with 0 < a; < b for all j and bL = [D'] as R-line bundles.
Then,

HY (X, Q(log D)@ L") =0

forp+q>n+kandp+q<n-—k.

Proof. Let I/ be a real number such that max; a; <0’ < b, and set

D’ Sy

A=y

J=1

N=L"

Let Dby
F=1L" D)=L1'+2 =—
® Ox([D]) + o
It is easy to see that F'is a k-positive R-line bundle and the coefficients of A are
in [0, 1]. By Theorem 4.7, we obtain

H1 (X,Qp(logD) ®L_1) =0 for p+qg>n+k.

On the other hand, we can set

D'

D/

N = L®Ox(-D), A:Z( _;‘_2)0]. and F =N®Ox([D) = 5.
j=1

It is easy to see that I is a k-positive R-line bundle and the coefficients of A are
in [0,1]. By Theorem 4.7 again, we get

H?T(X,Q(logD)® L® Ox(—D))=0, for p+qg>n+k
By Serre duality and the isomorphism (5.5), we have
HY (X, Q(log D)@ L") =0
forany p+qg<n—k. U
Corollary 5.8. Let X be a weakly 1-complete Kéhler manifold of dimension n
and D = Y. | D; be a simple normal crossing divisor in X. Suppose there exist

some real constants a; > 0 such that Zle a;D; is a k-positive R-divisor, then for
any nef line bundle L, we have

HI (X, (logD)® L) =0 forany p+q>n+k+ 1.
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Proof. We can set N = Ox and A = HX}% Y oiyaiD;. Then N@ O([A]) =

O([A]) is a k-positive R-line bundle. O
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