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Unique extremality of affine maps on plane domains

QILIANG LUO AND VLADIMIR MARKOVIC

Abstract. We prove that affine maps are uniquely extremal quasiconformal maps on the com-
plement of a well distributed set in the complex plane answering a conjecture from Markovié (2002).
We construct the required Reich sequence using Bergman projections, and meromorphic partitions
of unity.

Tasoalueiden affiinien kuvausten yksikisitteinen dariominaisuus

Tiivistelm&. Vastauksena Markovié¢in (2002) esittdméén konjektuuriin todistetaan, etté affii-
nit kuvaukset ovat kvasikonformisen homotopialuokkansa yksikésitteisiad Beltramin kertoimen mi-
nimoijia. Tarvittava Reichin jono rakennetaan Bergmanin projektioiden ja meromorfisten yksikon
ositusten avulla.

1. Introduction

Let f: X — Y be a quasiconformal map between Riemann surfaces X and

Y. By Belt(f) = g—; we denote the Beltrami coefficient of f. Then Belt(f) is a
(—=1,1) complex form on X, while |Belt(f)| is a measurable function on X such that
|IBelt(f)]|oo < 1. We say that f is extremal if f has the smallest Beltrami coefficient
in its homotopy class, that is, if ||Belt(f)|l. < [|Belt(g)]|s for every quasiconformal
map g homotopic to f. We say that f is uniquely extremal if it is the only extremal
map in its homotopy class.

Every quasiconformal map is homotopic to an extremal quasiconformal map (see
[1]). The classical extremal problem, first studied by Grotzsch and Teichmiiller, is
to describe extremal quasiconformal maps, and to decide when they are uniquely

extremal. Recall that a quasiconformal map f: X — Y is of Teichmiiller type if
Belt(f) = k:%, where ¢ is an integrable holomorphic quadratic differential on X.
When X and Y are finite type Riemann surfaces then every extremal map is of
Teichmiiller type, and it is uniquely extremal.

In general, extremal quasiconformal maps may not be of Teichmiiller type, nor
they are necessarily uniquely extremal. In [9] Reich and Strebel proposed the follow-
ing special case of the extremal problem.

Definition 1. Let A: C — C denote an affine map, and let £ C C be a discrete
set. We say that A is extremal, or uniquely extremal, on C\ E, if A: X — Y is
extremal, or uniquely extremal, as a quasiconformal map where X = C\ E, and

Y =C\ A(E).

Problem 1. Characterise discrete subsets ' C C such that affine maps are
extremal, or uniquely extremal, as quasiconformal maps.
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Remark 1. It follows from [4], [8], and [2], that if y is the Beltrami coefficient
of an extremal (uniquely extremal) quasiconformal map, then cu is also the Beltrami
coefficient of an extremal (uniquely extremal) quasiconformal map for any constant
¢ € C such that ||cpl|o < 1. Let Ay, Ao: C — C be two affine maps neither of which
is the identity map. Then Belt(A;) and Belt(Ay) are non-zero constant functions.
Therefore, A; is extremal (uniquely extremal) on C\ E if and only A, is extremal
(uniquely extremal) on C\ E. Thus, the above problem is well posed.

The methods used to study this problem are partly geometric, and partly ana-
lytic, and it is this interplay which makes them interesting. However, even in this
generality the problem is very hard. In [9] Reich and Strebel provided a somewhat
complicated characterisation of discrete sets E such that affine maps are extremal on
C\ E. On the other hand, they were not aware of a single example such that affine
maps are uniquely extremal on C\ E. The first such example was provided in [5]
where it was shown that affine maps are uniquely extremal on C\ (Z + iZ) (here
Z + iZ denotes the integer lattice in the complex plane). This answered a conjecture

by Kra—Reich—Strebel.

Definition 2. Let ¢ > 0. A discrete set £ C C is called c-well distributed if E
intersects any disc of Euclidean radius c in the complex plane. We say that E is well
distributed if it is c-well distributed for some ¢ > 0.

The following conjecture was posed in [5].

Conjecture 1. If £ is a well distributed set then affine maps are uniquely ex-
tremal on C\ E.

Well distributed sets represent a geometric generalization of the integer lattice
Z+1i7., and it is to be expected that the proof that affine maps are uniquely extremal
on C\ (Z+iZ) should be utilised to prove Conjecture 1. However, the method of proof
in [5] strongly exploits the fact that C\ (Z + iZ) is an amenable cover of the square
once punctured torus (compare with McMullen’s proof of the Kra conjecture [6]),
and it can not be extended to the case of well distributed sets. The purpose of this
paper is to develop a new approach and prove Conjecture 1. In particular, we provide
a new and much more conceptual proof of the the main result from [5] that affine
maps are uniquely extremal on the complement of the integer lattice (the old proof
relies heavily on the translation invariance of the integer lattice).

Theorem 1. If F is a well distributed set then affine maps are uniquely extremal
on C\E.

Remark 2. Every c-well distributed set can be mapped to a %-Well distributed
set by a linear isomorphism of C. Since linear maps conjugate affine maps onto affine

maps, it suffices to prove Theorem 1 for é—well distributed sets.

1.1. Reich sequences. The following theorem due to Reich (see Theorem B
in [7]) gives a sufficient condition for an affine map on a plane domain M C C to be
uniquely extremal. Let QD'(M) be the Banach space of all integrable holomorphic
quadratic differentials with respect to the L'-norm.

Theorem 2. Let M be a plane domain. An affine map on M is uniquely extremal
if there exists a sequence ®, = ¢,dz*> € QD*(M) satisfying the following three
conditions:

e lim ¢,(2) =1, Vze M.

n—o0
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e limsup [, (|¢n| — Re(n))|dz|* < +oc.
o If S,k ={z€ M:|pn(2)| > K}, then

—00

liminf/ |pn(2)||dz|> = 0,
K SK,n

uniformly in n € N.

Such a sequence ®,, C QD'(M) is called a Reich sequence (we also refer to the
corresponding sequence of functions ¢, as the Reich sequence). It is known to be
hard to construct such sequences because it is difficult to estimate the L'-norms of
meromorphic functions in terms of their coefficients. We construct Reich sequences
on the complements of well distributed sets.

Remark 3. It follows from [2| that the existence of a Reich sequence is equivalent
to the statement that affine maps are uniquely extremal on M.

1.2. Quasilattices. By Ly we denote the integer lattice in the complex plane
C. Points in Ly are enumerated by zj; = k + l¢ where k,[ € Z.

Definition 3. A countable subset L in C is called a quasilattice if its points can
be enumerated by wy;, where k,l € Z, and wy; satisfies

1
2kl — wk,l’ < 3

It’s easy to observe that a quasilattice is a well distributed set. On the other
hand, it will be proved in the following lemma that any é—well distributed set F
will contains a quasilattice L as subset. Then a Reich sequence for C \ L is also
a Reich sequence for C \ FE, since QD'(C\ L) C QD'(C\ E). Thus, it suffices to
construct a Reich sequence ¢,, for every plane domain C\ L which is a complement
of a quasilattice.

Lemma 1. Every é-we]] distributed set E contains a quasilattice L C E.

Proof. By D 1 (z) we denote the Euclidean disk of radius %, centered at z. Each

disk D 1 (z) contains at least one point from E. Therefore, we can choose points

W, € ]D)%(zk,l) NE.
Points wy,; are mutually different since they live in disjoint disks. Moreover, by
construction |wy; — x| < %. Therefore L = {wy,: k,l € Z} is a quasilattice. O

1.3. Meromorphic partition of unity. We let

(1) Q:{ze(C:d(z,Lo)>i}.

Note that if L is a quasilattice then Q C C\ L.

Definition 4. Let L be a quasilattice. Let {P,,}, p,q € Z, be a double sequence
of meromorphic functions such that each P,,dz* € QD'(C\ L). We say that P,
is a meromorphic partition of unity if there exists a constant C such that for any
z € ), and any p, q € Z, we have

C
e o) € ——
exp (—C”’q )
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and if

(3) Y Pu(z)=1, zeC\L
k,l

Remark 4. It follows from the the estimate (2) that the sequence in (3) abso-
lutely converges for each z € C\ L.

Constructing such a meromorphic partition of unity is a key idea behind con-
structing a Reich sequence as illustrated by the following theorem.

Theorem 3. Assume L is a quasilattice equipped with a meromorphic partition
of unity P, ,, p,q € Z. Set

(bn('z) = Z Pk,l(z)

Nzeal L 1\4
e (151+1)
for z € C\ L. Then ¢, is a Reich sequence for C\ L.

1.4. Organization. In the next two section we construct a meromorphic par-
tition of unity P,, on C\ L. In Section 2 we recall the notion of the Bergman
projection. The main result of this section is the estimate in Lemma 2. In Section 3
we define the double sequence P, , using the Bergman projections of characteristic
functions of squares centred at the lattice points z,,. Theorem 3 is proved in Section
4 by elementary computations.

2. The Bergman kernel

We recall the definition of the Bergman kernel for any hyperbolic Riemann surface
and state some of its well known properties (see Section 12 in [3] for example). The
Bergman kernel function on the unit disc DD is given by

1
(1—zw)*
The Bergman kernel By is the differential form given by

Bp(z,w) = K(z,w) dz* dw*.

K(z,w) =

By direct computation one finds that the Bergman kernel By, is Mobius transforma-
tion invariant, that is, for A € Aut(D) we have

—_—2

(4) K(Az, Aw)A'(2)*A'(w)” = K(z,w).

Another key property of this kernel is the following integral identity (also proved by
elementary computation). Namely, let W C D, and let w be the point such that
A(w) = 0. Then

(5) A (w) / 1= /W K (2, w)|d=]?,

where

1
po(w) = ———
0= [wP)
is the density of the hyperbolic metric on .

2.1. The Bergman projection. A word on notation first. Suppose w is a
volume form on X x X obtained as a product of two volume forms on X. Let (z,w)
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denote local coordinates in X x X. If Y C X, then the integral

J.»

is a volume form on X (with local coordinate w), that is the notation Y, means that
we are integrating with respect to the z variable (and likewise for Y,,). Also, if we
fix a point p € X then w(p,w) is a volume form with respect to w € X (this is the
evaluation of w at (p,w)) (and likewise for w(z,p)).

To each measurable quadratic differential f on D, we associate the holomorphic
quadratic differential f x Bp on D given by

3
(6 FrBo =2 [ flw)dvyw)Bs(z )
Dy
where the tensor alV]D)_1 is given by
dViyt(w) = B
. pi(w)|dw]*

This convolution formula is well defined (see Section 11.1 in [3]) when f has a finite
L' norm in which case f* Bp € QD'(D), or if f has a finite Bers norm in which case
[ * Bp € QD>*(D), where ® = ¢ dw? € QD>(D) if

sup p~*(w)|p(w)] < oco.

If f e @QDYD), or f € QD>(D), then f* By = f (this requirement explains the
normalisation factor 2 in (6)).

Let S be a hyperbolic Riemann surface given as the quotient S = D/T", where I'
is a Fuchsian group. We use z and w to denote the local coordinates on both D and
S. The differential form Bg, called the Bergman kernel on the surface S, is defined
as follows. Denote by Bg the lift of Bg to the unit disc. Then BS is defined by the

Poincare series
Bg(z,w) = Z K(Az,w)A'(2)? dz* dw*.
Aer
The Poincare series is absolutely convergent since for a fixed w € D the integral of
|K| over z € D is bounded. For any measurable quadratic differential f on S we
define the holomorphic quadratic differential called the Bergman projection by

(7 ForBs =2 [ pw)avstw) s,

with the tensor
1

dVS<U}) ’

where dVs(w) = p%(w)|dw|? is the volume form of the hyperbolic metric on S (here
ps is the density of the hyperbolic metric on S). This convolution formula is well
defined when f has a finite L' norm in which case f * Bg € QD'(S), or if f has a
finite Bers norm in which case f * Bg € QD> (S). If f € QD(S), or f € QD>(S),
then f x Bg = f. The following lemma is our main estimate about the Bergman
kernel.

dVS_l(w) =
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Lemma 2. Let S denote a hyperbolic Riemann surface. Given any subset U C S,
and p € S, we have

47
v |Bs(z,p)| < deS(P)a

where dg(U, p) denotes the hyperbolic distance between U and p.

Remark 5. The left hand side in the above inequality is a volume form on S (in
the coordinate p). Thus, the inequality represents a pointwise comparison between
two volume forms on S.

Proof. Let V' C D be a fundamental domain for U C S. Let w, € D denote a lift
> K(Azw,)A(2)?

of p. Then
[ 185t = ( /
Uz V1 ger

(8) < (Z / LC) \dz\?) |duwl?

Ael

_ ( / |K<z,wp>||dz|2) duw?
(V)

Let T' € Aut(D) be a Mébius transformation which maps w, to 0. By replacing
W =T(V) in the invariance formula (5), we obtain

(9) / K (2, wp)||d=]? = 43 () / d|?.
(V) T(N(V))

Now, we have ds(U,p) = dp(I'(V),w) = dp(T(T(V)),0). Thus, T(I'(V)) is

contained in the set
{f € D: |£] > tanh <w> } :

Idz|2> |dw|?

We find
dr dr
o < [ gl = < .
/T(F(V)) j¢[>tanh ((2s2)) cosh? (M) exp (ds(U, p))
Combining this with the equations (8) and (9) completes the proof. O

3. The Bergman projection and the meromorphic partition of unity

In this section we construct an explicit meromorphic partition of unity for any
quasilattice L. By B, we denote the Bergman kernel for the Riemann surface C\ L.
To each measurable quadratic differential f on C\ L, we associate the Bergman
projection defined by

FeBy =3 / F(w) dV (w) By (2, w).
(C\L)w

™

In the next subsection we prove:

Lemma 3. There exists a constant C' with the following properties. Set W =

[—1,3) x[—2,1), and consider the measurable quadratic differential f(z) = x(z) dz?,
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where x is the characteristic function of W. Then for any quasilattice L, and any
20 € Y ={z € C: d(z,Ly) > 1}, we have

(f*Br) 5 ¢
‘ @ | = o ()

Remark 6. Note that |(f * By)| is a volume form on C\ L since f x By is a
quadratic differential. The right hand side in the above inequality is a function on
C\ L. Thus, the lemma gives a pointwise comparison between two functions on C\ L.

The construction of a meromorphic partition of unity is as follows. Let W, =
2k + W where z,; = [ 4@l for k,1 € Z. The complex plane C is a disjoint union
of the sets Wj;. By xx.(z) we denote the characteristic function of Wy, and fi; =
Xk dz%. For any quasilattice L, we can project the integrable quadratic differentials
fx. to the integrable holomorphic quadratic differentials fy.;* B, € QD'(C\ L). Set
Py dz? = fr1 * Br. Note that each Py; is a meromorphic function on C with at
most first order poles at the points wy;. We claim that the double sequence P is a
meromorphic partition of unity.

Since

ZXk,l = 17
k,l

by the reproducing property of the Bergman projection (see Section 11.1 in [3]) we

have
Z Pk,l =1.
k.l

Thus Py satisfies the second condition from Definition 4. It follows from Lemma 3
that Py; satisfies the first condition. To complete the construction of the mero-
morphic partition of unity, it remains to prove Lemma 3. This is done in the next
section.

3.1. Proof of Lemma 3. In the remainder of the proof we let

f*By
h = .
dz?
Then h is a holomorphic function on C\ L. To prove the lemma we need to show
C
exp (')

for every zg € €.

By the construction of €2, there exists a constant ¢, > 0 such that the injectivity
radius (with respect to the hyperbolic metric on C\ L) is greater than t, at all points
in Q. Let € € ©, and choose a uniformizing map 7: D — C\ L such that 7(0) = &.
Then the restriction of 7 to the disc D, (0) is univalent where r is a function of ¢,.

Applying the Koebe 1/4 Theorem to the restriction of 7 to D, (0) implies that
the disc Dy, (§) € C\ L, where

,
n =" 0).

By construction we know that r; < 2. This yields the estimate

8
0] < —
wO)] <
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which in turn implies

dSL
Sp < @(f),

for every ¢ € (2, where s = 2. By ds; we denote the hyperbolic length element on
C\ L, and by dj, the hyperbolic distance on C\ L. This yields the distance estimate:

Proposition 1. Let z,w € C\ L. Then
(11) dp(z,w) > %\z—w\ — 250.
Proof. Let o« C C\ L be a smooth arc connecting z and w, and set § = a N .
Then the Euclidean length of g is greater than (1/2)|z — w| — 2. This implies
dp(z,w) 250(%|z—w|—2) > %|z—w|—250. O

The proof of Lemma 3 is based on Proposition 1, and Lemma 2. Let zy € €2, and
let D denote the disc of radius § centred at z. Then D C C\ L. From the Mean
Value Theorem we derive

32
o) = = [ hie)deP
™ JD
Then
32 1
|h(z0)] < — | f(w) dV;H (w) Br(z,w)|
™ Jp
(12) 32 z w
_ 32 (|dw|2de1(w)/ \BL(z,w)|).
T JWy D.
On the other hand, applying Lemma 2 yields
47
13 Br(z,w)| < dVi(w).
(13) VB0 < iy )

Replacing this in (12) we get

el < e L
<

128 128

~ exp(dr(D,W)) ~ exp (2|z0| — 250 —2)’

where in the last inequality we used (11). Letting
2
C' = max {128 exp(2sg + 2), —}
So
proves (10) and the lemma.

4. The Reich sequence ¢,,

Let a(n) = {a,4(n)} be the double sequence of complex numbers given by
1

o
()

Consider a quasilattice L equipped with a fixed meromorphic partition of unity P, ,,
p,q € Z. Set

apq(n) =

Pn = Z ag1(n) P
kil
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It follows from the first condition in Definition 4 that the L!'-norms of the quadratic
differentials P;; are uniformly bounded (uniform in &,1). Since ), ; ay (n) < oo for

every n, it is clear that ¢, (2) C QD'(C\ L). In this section, we prove the Theorem 3
which states that ¢,, is a Reich sequence.

4.1. Properties of ¢,,. In this subsection we prove two preliminary lemmas
providing preliminary information about ¢,,. For any p,q, k, [, n, we have

|2p.q] ! ‘kl| !
—4+1) - +1 )
n n

max{|zk7l|, |Zp7q|}
n

|apq(n) — agi(n)| = apq(n)ag(n)

We apply the Lagrange Theorem to obtain
4
<|Zp,q| N 1) 3 <| 2l 1)
n n

b (max{\zk,l|,|zp,q\}+n)3

@+1 \zk,l|—|—n

3 3
<|zk‘,l| + ‘zp,q| + 1) _ (2 i |Zp,q| - |zk,l‘ - 1)
‘Zk,l‘—i-l ‘zk,l|+1

<2+ |zk‘,l - zp,q‘)ga

4|Zp,q - Zk,l| ’

<

+1
n

Since

ot [Pl ol

IN

we derive the estimate

day, 4(n)
n

(14) lotp,q(n) — agy(n)] < (2+ |21y — Zp7q|)4-

Lemma 4. There exists a constant C' such that for any n,p,q, and any z €
W,q N, we have

60(2) — apa()] < 02227

Proof. Let C be the constant from the first property in Definition 4. Using the
second property in Definition 4, we have

|Pn(2) — apq(n)| = Zakl )Pri(2) — apq(n ZPM
(15) §Z|Oék,l(n)—%7q(”)| |Pk,l(2)|

|akl )—%q(”)|
< 012 exp([z — 24l /C1)

for every n,p,q, and z € W, , N Q. Since z € W), ,, we have

V2
|2 = 2ral > |2p.g — 20| — <5

SO

1 2 1
<ex
exp(|z — zal/C1) = OF (201> exp (|1t — Zpal /C1)
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Combining this with the equations (14) and (15), we obtain

12+ 20 = 20 ep (32) 0, ()
|60 (2) — apgm)] < | C1Y° - - | 2
|2k,l 2P,q| n
7 e ()

This proves the lemma by letting

42+ |z — 20a]) exp (32)
C=C -
! Z B
k.l eXp\—©¢e;

(note that C' does not depend on p and q). O

Lemma 5. For every z € W, , N, the inequality
2

C
[6n(2)] = Re(dn(2)) < —5 apg(n),
holds for n large enough, where C' is the constant from Lemma 4.

Proof. Note that if a complex number \ satisfies |\ — 1] <€ < % then

Im())? 2
16 A —Re(N) = —————<e¢
(16) A = Re(d) = s <
On the other hand, from Lemma 4 we derive the inequality
apg(n) n
Set A = Oz”T((ZT)L), and € = % Then for n large enough we have € < % The lemma now
follows from (16). O

4.2. Proof of the Theorem 3. In this subsection we prove that ¢, is a Reich
sequence. We show that ¢, has the three properties from Theorem 2.

The complex plane C is decomposed into the domain €2, and the radius i disks
centred at the points 2;;. Lemma 4 and Lemma 5 hold for points in {2 which enables
us to prove the above three properties when ¢, is restricted to 2. That this is
sufficient follows from the following lemma proved in Proposition 3.1 and Lemma 4.1
in [5]. By D1 we denote the disk of radius 5 centred at 0.

Lemma 6. There exist a constant C' with the following properties. Suppose f
is a meromorphic function on Dy, which is holomorphic on ]D)%\{O}, and has a first
order pole at 0. Assume that for every z € 8]])%, we have

F) -1 <e<
Then
(17) / (If] = Re(/))]d=]? < C.

2

Let Sk ={z € Dy: |f(2)| = K}. Then for any K > 100 we have

Ce?
2
< —.
(18) [ irlae <
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Now, consider z € 2. Then Lemma 4 enables us to compute the limit
lim ¢,(z) = 1.
n—oo

From (17) in Lemma 6, and the Mean Value Theorem for holomorphic functions, one
easily concludes that the same holds for every z € C\ L. Thus, we have verified the
first property of the sequence ¢,,. It remains to do the same with the second and the
third property.

Let C'1 be the constant from Lemma 4, and C5 the constant from Lemma 6. We
apply Lemma 4 to the function

Gn(2 + Wiy)
n z) = - N
Snra(2) ()
and conclude that for any n, k, [, and any z € JD 1, we have

&
-1 < —
fraa2) =11 < =

Thus, f, k, satisfies assumption from Lemma 6 for sufficiently large n. This implies

CyC?
(19) L (o = Relg)d® < SEtenatn)
and
CyC?
(20) | iullast < SELat o

where S, 1k = {2 € ]D)%(wk,l): lon(2)| > K}.
Now we prove the second property of ¢,,. Combining the pointwise estimate on
W, N from Lemma 5, with (19), we obtain

/W (1601 = Re(o)ld=P < [ (6]~ Re(6) d=P

WkJﬂQ

(21) n / o (on] = Reou)) =P

2
_aroe

2 k,l (n)7

and therefore applying (21) on each W, we get

mn—)oo/ (Ipn] — Re(on))|dz]* = mn—mz (|¢n] — Re(en))|dz|?
C k.l

Wi
< (14 Co)CTTim, oo Y ! !
< 2)C7 My, o0 ST 4
R (ES R

1
=(1+ 02)02/ ———|dz|* < 00
e (Je + 1)
confirming that ¢, has the second property. Here we used the following lemma.
Lemma 7. Let r > 3. Then
1 1 1
lim —ﬁ:/7d22<+oo.
B2 ey et

n
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Proof. Note that for some constant C' = C(r), the following holds

n

1 1 _/ 1 |dz|? c 1
n? (|2 + 1) Jw, (R0 w2 | 7 d (15 1)
This yields

: 1 1 1 |dz|?
lHl T 12 ~Tr = U.
oo kZJn2(\%\+1)T /c(lﬁ\ﬂ)r .

Combining this with
1 dz|? 1
c(z[+1)r n c (lz[+ 1)

proves the lemma. O

Finally we prove that ¢,, satisfies the third condition. Let S, x = {z € C: |¢,(2)|
> K}. If K> 1+ (4 then from Lemma 4 we conclude that S, x is disjoint from €,

and thus
Sn,K - U Sn,k,l,K~
k.l

We apply (18) from Lemma 6 to obtain

mn%o/ PRIEAL <hm,HOOZ/ PRIEAL
Sn,K

n kI, K
CQCI
lim My 00 Z n2 Zkl 1)8
eeh 1

1
1 2 _
T ACE: 1>8‘dz‘ =0 <K) '

Here we used Lemma 7 again. This completes the proof of Theorem 3.
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