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Normalized solutions for logarithmic Schrodinger
equation with a perturbation of power law nonlinearity

WEI SHUAI and XIAOLONG YANG

Abstract. We study the existence of normalized solutions to the following logarithmic Schro-
dinger equation
—Au+ M = aulogu® + plulP~%u, xRV,

w?de =2,
]RN

where a,u € R, N > 2, p > 2, ¢ > 01is a constant, and A € R appears as Lagrange multiplier. Under

under the mass constraint

different assumptions on «, u, p and ¢, we prove the existence of ground state solutions and excited
state solutions. The asymptotic behavior of the ground state solution as u — 0 is also investigated.
Our results include the case a < 0 or < 0, which is less studied in the literature.

Potenssityyppisen epélineaarisen héirién sisidltavin
logaritmisen Schrédingerin yhtdl6n normitetut ratkaisut

Tiivistelm4a. Tyo6ssé tarkastellaan logaritmisen Schréodingerin yhtéalon
—Au+ M = aulogu® + plulP~%u, xRV,

normitettujen ratkaisujen olemassaoloa, kun oletetaan massaehto

w?dz =2,
RN

missd a, u € R, N > 2, p> 2, ¢ > 0 on vakio, ja A € R on Lagrangen kertoja. Perus- ja viritystila-
ratkaisujen olemassaolo todistetaan suureita «, u, p ja ¢ koskevilla eri oletuksilla. Liséksi tutkitaan
perustilaratkaisun asymptoottista kdytostd, kun p — 0. Tulokset kattavat kirjallisuudessa véahan
tutkitun tapauksen, jossa a < 0 tai p < 0.

1. Introduction

In this paper, for prescribed ¢ > 0, we look for solutions (\,u) € R x HY(RY)
satisfying

1.1 — Au+ Mu = aulogu® + plulPu, zeRY,
1

and

(1.2) / w?dr =
RN
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where o, p € Rand 2 < p < 2* = 22 (2* = 00 if N = 1, 2). Equation (1.1) is closely
related to the following time-dependent Schrodinger equation

(1.3) —i0,® — A® — a®log |®|* — pu|®P2® =0 in RY.

Equation (1.3) admits plenty of applications related to quantum mechanics, quantum
optics, nuclear physics, transport and diffusion phenomena, open quantum systems,
effective quantum gravity, theory of superfluidity and Bose—Einstein condensation,
see [1, 12, 14, 34, 36, 38| and the references therein.

Normalized solutions for equation (1.1) seem to be particularly meaningful from
the physical viewpoint, as pointed out in [32, 33|, these solutions often offer a good
insight of the dynamical properties of the stationary solutions for the nonlinear
Schrodinger equation (1.3), such as stability and instability [8, 15].

In the past three decades, the existence and multiplicity of normalized solutions
for Schrodinger equation has been investigated by many authors, see [6, 5, 13, 16, 9,
10, 23, 24, 26, 25, 27, 28, 30, 32, 33, 39, 20, 21, 4|. In particular, if we replace the
term aulogu? by |u|9"?u, then equation (1.1) turns into

(1.4) — Au+ u = w20+ pluff P, e RY,

where p € R. If 2 < p <2+ % < g < 2%, Soave et al. [32, 33, 39, 24, 26| studied
the existence and multiplicity of normalized solutions for equation (1.4). Thereafter,
normalized solutions to elliptic PDEs have attracted much attention of researchers
e.g. [25, 27, 28, 30, 4].

In the case u = 0, equation (1.1) is the so-called logarithmic Schrédinger equa-
tion. Recently, there has been increasing interest in studying logarithmic Schrédinger
equation, specially on the existence of positive solutions, multiple solutions, ground
states and semiclassical states, see for examples, [2, 11, 22, 31, 42, 36, 35]. In particu-
lar, Cazenave 13| investigated the existence and multiplicity of normalized solutions
for equation (1.1)—(1.2) with o =1 and p = 0.

Inspired by the above results, an interesting question is that whether one can find
normalized solutions for equation (1.1)—(1.2). The goal of the present paper is to give
an affirmative answer. Although equation (1.1) has, at least formally, a variational
structure related to the energy functional

1
I\(u) = §/RN Vul> + (A + a)u? dr — %/

RN

u210gu2d:c—ﬂ/ |ul? dz,
D Jry

this energy functional is not well defined on the natural Sobolev space H'(RY). In
[13], the idea is to work on the Banach space

(1.5) W:{UEHl(RN)|/ u2|logu2|dx<oo},
RN

which is equipped the norm given by

[ullw = [|ull i@y + inf {k >0 | /RN A(k™Mul) dz < 1} :

where A(s) = —s%logs? on [0,e73] and A(s) = 35> + 4e73s — e % on [e73,00). In
fact, by [13, Proposition 2.7], I,: W — R is well defined and C' smooth.

Solutions to equations (1.1)-(1.2) can be obtained by finding critical points of the
energy functional

1
[(u):—/ \Vu|2+ozu2d:c—g/ u210gu2dx—ﬁ/ |u|? dx
2 Jgn 2 Jry D Jry
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under the constraint
S(e):={ueW | |lull=c}.
Before introducing our main results, we give some definitions (see also [7]).
Definition 1.1. We say that ug is a ground state solution for equation (1.1)-
(1.2) on S(c) if
dI|s)(uo) =0 and I(ug) = inf {I(u) s.t. dI|g)(u) =0 and u € S(c)}.
We say that vy is an excited state solution for (1.1)—(1.2) on S(c) if
dI|s)(vo) =0 and  I(vo) > inf {I(u) s.t. dI|g()(u) =0and u € S(c)} .
For 2 < p < 2*, the Gagliardo—Nirenberg inequality (see [40]) is

(1.6) lull, < CN.p)[Vull3*|[ull,”™,  for cach u e H'(RY),

where C(N,p) is the best constant in the Gagliardo-Nirenberg inequality, v, =
N(p—2)

o

We shall mainly concentrate here on the cases a = +1 and p € R. For a = 0, we
refer the reader to [32, 33]. Our main results of the paper can be stated as follows.
We first consider the existence of global minima on S(c). Define

m(c) := uéglzc) I(u).

Theorem 1.1. Let o = 1. Suppose N > 2, ¢ > 0 and that one of the following
three conditions holds
4
(i) p <0 and p > 2; (ii),u>0and2<p<2—|—ﬁ;
4 N+2\T /o1 N\

i) u >0, p=p:=2+ — de< | —=— o ;

(iii) p> 0, p=p:=2+ . and ¢ ( N ) (C(N’p)) ;
where C'(N, p) is the best constant of (1.6) with p = p, then the infimum m(c) admits

a minimizer @ € S(c), which is positive, radially symmetric and decreasing in r = |z|.
Moreover, @ is a ground state of (1.1)—(1.2).

If 2+ 4+ < p < 2%, we can easily verify inf,cg() [(u) = —oo. In spirit of [5], we
introduce the following Pohozaev manifold

Po={ue S(c) | Pu) =0},

where
1.7 2 P N 2
(L7) P(u) = [Vul} — pyJulf,— Sac,
with 7, = %;2). If u e W is a weak solution of (1.1), then the Pohozaev identity

P(u) =0 holds. For u € S(c) and s € R, we define
sku(zr) = ey (e*z), fora.e. z € R".

The Pohozaev manifold P, is quite closely related to the fiber map

2s N
U, (s) = I(s*u):e—/ |Vu|2dx+g/ u2dx—a—s/ u? dz
2 RN 2 2 RN

RN

PYpS
_E/ u?logu®dr — ¢ ,u/ |u|? d.
2 Jr p RN
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For u € S(c) and s € R, we have
U (s) = P(sxu),

where P is defined by (1.7). We shall see that the critical points of ¥, (s) allow us to
project a function on P.. Thus, the monotonicity and convexity properties of W, (s)
strongly affect the structure of P.. Generally, P. can be divided into the disjoint
union P, = PS U P U P, , where

Pl = {u e S(e) | ¥,(0) =0, ¥y(0) >0},
Pe = {u € S(c) | ¥,(0) =0, ¥;(0) =0},

[

P, :={ue S()| V., (0)=0, ¥0)<O0}.
Define
m*(c):= inf I(u), m (c):= inf I(u)
uePS uEP:
and )
9% 2\ 5 2
125 Pp — ? —
Co = [ PYp+2 ( prN- ) C p<N7p)] :
p(pp)

fa=1 up>0,2+ % < p < 2%, then the functional I|g.) present a convex-
concave geometry structure for ¢ > 0 small. We thus show that (1.1)—(1.2) admits
two solutions u} and wu_, which can be characterized respectively as local minima
and mountain pass critical point of I restricted to S(c).

Theorem 1.2. Letazl,,u>0,2+%<p<2*,]\f22. If 0 < ¢ < ¢, then

(1) m*(c) is achieved by some u/;

(2) m~(c) is achieved by some u_ .
Moreover, ul, u, are positive, radially symmetric and decreasing in r = |z|. In

addition there exist A}, A\, € R such that (A}, u}) and (\,,u,) are solutions to
equation (1.1)-(1.2), and u} is a ground state solution, u, is a excited solution.

Next, we give the existence of normalized solutions to equation (1.1)—(1.2) with
Sobolev critical exponent.

Theorem 1.3. Leta =1, u>0,p=2*, N > 3. If 0 < ¢ < ¢, then
(1) m*(c) is achieved by some u ;
(2) m~(c) is achieved by some u .
Moreover, ul, u; are positive, radially symmetric and decreasing in r = |z|. In
addition there exist A\, A, € R such that (A\7,u}) and (\_,u_) are solutions to

equation (1.1)—(1.2), and u} is a ground state solution, u_ is a excited solution.

Remark 1.1. (1) For 2+% <p<2*and 0 < ¢ < ¢, we first study the following
local minimization problem

pypNe?
2(pyp —2)
In order to find more than one solution, we decompose the natural constraint P, into
three disjoint subsets P, P and P, . If 0 < ¢ < ¢, then u is a global minimizer of
I restricted on P., which can characterized as a local minimizer of I on the set Vj,.
Moreover, the second solution u_ corresponds to a critical point of mountain-pass

type for I on S(c). It is worth mentioning that the existence of such two critical
points on S(c) for Schrodinger equation has been studied in [32, 16, 33, 25, 39].

me = inf I(u), where Vi, = {u€ S(c) | [Vul3 <k}, ko=

uerO
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(2) If p = 2%, we have v, = 1 and C(N,p) = S72, then ¢ can be written as ¢y :=
2% 1
[NQTQN (;‘;,—32) ’ } ’ 72, where § is the optimal constant in the Sobolev embedding.
Compared to the works [16, 25|, we can even prove the existence of at least one
positive solution for ¢ = ¢y, see Lemma 5.2.

(3) The condition 0 < ¢ < ¢ in Theorems 1.2 and 1.3 not only ensures that
the corresponding energy functional I admits a convex-concave geometry, but also
guarantees that the Pohozaev manifold P, is a natural constraint, on which the
critical points of I are indeed normalized solutions for (1.1)—(1.2). For p = 2%, we
drive a better energy estimate on the associated mountain pass level

N—-2

2

N
i.e., the mountain pass energy level is less than the usual critical threshold plus the
ground state energy, and thus ensures the compactness of Palais-Smale sequence and
a mountain pass type solution follows.

m=(c) < = -8% + m*(c),

Now, we study the asymptotic behavior of ground states as pu — 0.

Theorem 1.4. Assume (), u;}) is the normalized ground state solution of (1.1)~
(1.2) obtained by Theorem 1.1 (Theorem 1.2 or Theorem 1.3), then, up to a subse-
quence, we have

e 2 strongly in W,

- 2
u: — Wp = CW_% ‘
and A\, = Ao := —N — log(c 22 ) as u — 0, where (Ao, wp) is a normalized ground
state solution for (1.1)—(1.2) with u = 0 (see Section 6).
Next, we consider the case of @ = —1. The term —u log |u|> makes the geometry
structure of /|g() much more complex, we follow the ideas introduced by Cingolani
and Jeanjean [16] and Jeanjean and Le [25] to catch the normalized solutions. The

authors in [16, 25| studied the existence of normalized solutions for the following
Schrodinger—Poisson system

—Au+ A+ you = alulP~2u  in RY
—A¢ = u? in R,

for d = 2 or d = 3 respectively. Under different assumptions on v, a € R and p, they
proved several existence and multiplicity results.

=z

_N+2
Theorem 1.5. (i) Ifp:=p=2++,p>0andc < (%) (C(N,p))~ *,
then I does not have critical points on S(c).
(ii) If u < 0, for any p > 2 and ¢ > 0, then I does not have critical points on
S(c).
(iii) Let p > 2, N > 2 and ¢ > 0, then equation (1.1)—(1.2) has no positive radial
solution in W N H}(RY) for all 4 € R.

Define
2—pvp _ 1
N 2-2) 2 =2
D= (&) (%CP(N’]?>) _
2(2 = pw) 2
By Lemma 7.2, we obtain

inf I(u) =—oc0 ifc>D.
u€Pe
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However

sup I(u) < 400 if ¢ > D.
uGPc

We are able to prove that the existence of a global maximal on P..

Theorem 1.6. Let a = —1. Ifp € (2,2+ y5ey) U 2+ yveg 2T %) NV > 2,

N(NT2) )
p >0 and ¢ = D, there exists u € S(c) such that
I(u)= sup  I(u).
uEPNH}(RN)

Moreover, u is a critical point of I restricted to S(c), and u is non-positive and
radially symmetric.

Remark 1.2. (1) If a < 0, for fixed frequency case, the study of (1.1) is still
an open field of investigation. Fortunately, with the help of prescribed L?-norm and
Pohozaev manifold, we get partial existence and non-existence results.

(2) By Lemma 7.1, P, is not empty if and only if ¢ > D. In addition, if 0 < ¢ < D,
P, is a smooth manifold of codimension 2 in WNH}(RY) (see Lemma 7.5). Therefore,
for ¢ = D, we prove the existence of one global maximizer of I on P,.. In particular,
in the mass-subcritical case 2 < p < 2 + %, it could be natural to expect that there
exists a second radial critical point on S(c¢). However, we can not ensure that the
corresponding energy functional I admits a concave-convex geometry structure on
S(c), and can not guarantees that the Pohozaev manifold P, is a natural constraint.

This paper is organized as follows. In Section 2, we give some preliminary results.
In Section 3, we study the existence of the associated global minimizer and prove
Theorem 1.1. In Section 4, we mainly focus on mass-supercritical and Sobolev sub-
critical case. In Section 5, mass-supercritical and Sobolev critical case is investigated,
two pairs normalized solutions are obtained. While in Section 6, we give a precise
asymptotic behavior of the normalized ground state solutions as u — 0. Finally, in
Section 7, we prove some existence and non-existence results of (1.1)—(1.2) in the
case of a < 0.

Notation. In the paper, we use the following notations. LP = LP(RY) with
norm ||ul|ps@yy = ||ull,, H'(RY) is the usual Sobolev space with norm ||u|| g1 g~y =

1
(fan [Vul?> + w?dz)®. C, C;, i = 1,2,---, and so on denote universal positive
constants, which we need not to specify, and which may vary from line to line.

2. Preliminaries

In this section, we give some preliminary results. Similar as [13], we define
A= 518, s ese

352 +4e3s—e b, ife? < s,
and

B(s) := s’logs® + A(s).
From Lemma 1.2 in [13], A is a positive convex increasing function. Moreover, for
every s > 0, there exists K, > 0 such that

4

(2.1) B(s) < K s? forall g € (2, 2+ N) :

Denote
Vi={ue L (RY) | A(|u]) € L'(R"Y)}.
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Lemma 2.1. [13, Lemma 2.1]
(i) V is the Orlicz space associated to A. V' equipped with the norm ||-||y defined

by
|ully = mf{k >0 | / k™ tul)do < 1}

is a reflexive Banach space.

(if) For any u € V, inf {[Jullv, [ul} < fon A(lul) do < sup{{jullv, ull7}-

(iil) If u, — w a.e. in RN and [pn A(lu,|)dz — [on A(|u]) dz < oo, then ||u, —
ully = 0 as n — oc.

Define
W, :=Wn H (RY),

where W is defined by (1.5). Obviously, W is a reflexive Banach space, since H'(RY)
and V' are both reflexive Banach spaces.

Lemma 2.2. [13, Proposition 2.7, Proposition 3.1| The following facts hold:
(i) I € CY(W,R) and for any u € W one has DI(u) = Lu, where

Lu = —Au — aulogu® — plulP~?u.
(i) The embedding from W, to L*(R") is compact.

Lemma 2.3. [6, Lemma 3.6] Foru € S(c) andt € R, the map T,,5(¢) — Ty S(c)
defined by v — t x ) is a linear isomorphism, where

T,S(c) = {v € H'(RY) | /RN uvdr = o} :

3. The proof of Theorem 1.1
In this section, we prove Theorem 1.1. Define

m(c) :== uégfc)l(u) and m,(c) = inf I(u).

u€S(c)NHI(RN)

Lemma 3.1. Under the assumption of Theorem 1.1, then m(c) > —oo and
m(c) = m,(c).

Proof. We first prove m(c) > —oo. For case (i): p# < 0 and p > 2. Let
2 < q<2+ 4, for each u € W, by using (2.1), we can deduce that

1 1 1
I(u) > —/ |Vul? +u? dz + —/ A(lu|) dx — —/ B(|u|) dz

2 RN 2 RN 2 RN

1 1
(3.1) > _/ IVl + 2 dz — —Kq/ 7 da

2 RN 2 RN

1 1

> 2Vl — SOUN, q) Kyt [ Vu .

For case (ii): >0 and 2 < p <2+ +. Similar as (3.1), for each u € W, we have

1 1
I(u) > —/ |Vu\2+u2dx+—/ A(\u\)—B(\u\)dx—H/ |ul? dz
2 RN 2 RN D JrN

(3.2)
1 1 _ _
5 IVul} = SOV K0 | Vulf — B Cn (N, p) | Fu

v
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N _Ni2
For case (ili): u > 0, p = p, and ¢ < (u‘l%) 4 (C(N,ﬁ)) enl It follows from
(3.2) that

4
peN

1 _
(3.3) I(u) = (5 - Cp(Nﬁ)—) IVull3 — CHUN, q) K et || Vul|3.

b

Since g7y, Py < 2 for p,q € [2,2+ %), we then conclude that, under the assumption
of Theorem 1.1, I is coercive on S(c). Therefore, m(c) > —oc.

On the other hand, one can easily conclude m(c) < m,(c), so we only need to
prove m(c) > m,(c).

Assume that {u,} C S(c) is a minimizing sequence for m(c). Denote u} be the
symmetric decreasing rearrangement of w,. Thus, by [29, (iv)—(v) of Chapter 3.3,
and Lemma 7.17|, one has

/ \Vuffdxg/ |Vu,|? dz, / \u,’;\"dx:/ |up|"dz for r € [2,27].
RN RN RN RN

Recall that A, B are positive, convex, increasing functions on (0, 4+00), by using |29,
(v) of Chapter 3.3], we get

/RN A(uy) dz = /RN Aluy,) dz, /RN B(u!) dz = /RN B(u,) da,

which implies
/ |u,*1|210g|u;|2dx: / |un|210g|un|2d:p.
RN RN

Therefore
+(c) = inf I(u) < inf I(u) = : O
mn (C) uES(c)lr?H}(RN) (U) - uég(c) (U) m(C)

Lemma 3.2. Under the assumption of Theorem 1.1, then the infimum m(c) is
achieved by some u € S(c), which is a positive, radially symmetric and decreasing in
r=|x|.

Proof. Assume that {u,} C S(c) N H}(RY) be a minimizing sequence for m(c).
From (3.1)-(3.3), we deduce that {u,} is bounded in H'(RY), and { [px A(|u,|)dz}
is bounded. By Lemma 2.1, we conclude {u,} is bounded in W,. Therefore, u,, — u
weakly in W, it follow from Lemma 2.2 that u,, — u strongly in L*(RY) and u,, — u
a.e. in RN, If u > 0, we deduce that

B(|un|) — B(|u|) strongly in L'(RY) and wu, — u strongly in LP(R").

Therefore
1 1
m(c) < I(u) = —/ (Vul? +u? do — —/ u?logu®dx — B/ |u|P dx
2 RN 2 RN P JrwN
1 1
< liminf (_/ \Vun|2+ugdx+—/ A(|un|)dx)
(3.4) n—oo \ 2 Jgw 2 Jrw

1 p
_ = B _H P
Q/RN (Ju]) de p/RN |ul? da

< liminf I (u,) = m(c).
n—oo
Hence, I(u) = m(c), u, — u strongly in H*(RY) and A(Ju,|) — A(|u]) in L*(RY).
It thus follows from Lemma 2.1 that u, — u strongly in V' as n — oo. Therefore,
u, — u strongly in W,.
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If 4 <0, we apply the same argument. By the weak lower semi-continuity, we

have
lim inf (—H/ |u|pdx) < —E/ |t |P dex.
nreo D Jry D Jry

Similar as (3.4), we obtain u,, — u strongly in W,.. Since u is a nonnegative nontrivial
weak solution of (1.1)-(1.2). Moreover, by elliptic regularity theory, we obtain u €
C%(RY). For a > 0 small enough, we have

Au = \u —ulogu® — puP™' < B(u) in {x € RY | 0 < u(z) < a},

where 3(s) = As — slog s® for > 0 and 3(s) = (A — u)s — slog s* for u < 0. Since
A3 is continuous, nondecreasing for s small, 5(0) = 0 and B(ve*) = 0 for u > 0,

B(ver#) =0 for p <0, by [37, Theorem 1|, we have that u > 0. O
Proof of Theorem 1.1. The proof follows directly from Lemma 3.2. U

4. Mass-supercritical and Sobolev subcritical case

In this section, we deal with the mass supercritical case 2+ % <p< 2= %,

N > 2, a>0and p > 0, the functional / is unbounded from below on S(c), it will
not be possible to find a global minimizer.

4.1. Existence of a local minima on S(c). Fora =1, ¢ > 0 and 2 + % <
p <2, N > 2 define

1
Pyp—2 p—2

N 2 2m -2 2

2(p7p — 2) ()2 N

Lemma 4.1. Suppose that > 0,c > 0, and 2 + % <p <2 If P(u) <0 and
|Vu||2 = ko, then ¢ > ¢y. Moreover, if P(u) < 0 and ¢ < ¢y, then ||Vul|3 # k.

Proof. Since P(u) < 0, we have

C7P(N, p)]

N
IVulls < ppllullf + 5

By using the Gagliardo—Nirenberg inequality (1.6), it follows that

N
Vul} < 3y CP(N, P |Vl + -

If [|[Vu|| = ko, then

Ny, O\
< :ufprp(Na p) (%) Cp727

PYp =27 2(pyp =2
which follows that ¢ > ¢y. Therefore, we deduce that if P(u) < 0 and ¢ < ¢, then
|Vul|3 # ko. We obtain the conclusion of the lemma. O

Now, we define
(4.2) Vio = {u € S(e) | |Vull3 < ko},

where kg is defined by (4.1). Next, for each 0 < ¢ < ¢, we study the following
minimization problem

(4.3) me = inf I(u).

uerO
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Lemma 4.2. Let ¢ > 0 and 2 + % <p <2 If0 < c < cy, then m, is achieved
by some u, which is a positive, radially symmetric critical point of I on S(c).

Proof. Let {u,} be a minimizing sequence for m,, similar as the proof of
Lemma 3.2, we can deduce u,, — u strongly in W,.. We only need to prove that
u € Vi, In fact, if ||Vul|2 = ko and 0 < ¢ < ¢, it directly follows from Lemma 4.1
that P(u) > 0. Therefore, there exist ¢y, < 0 such that to*u € Vi, and I(to x u) <
I(u) = m,. This is a contradiction. On the other hand, if ||Vul||3 = kg and ¢ = ¢,
the discussion is divided into three cases.

Case 1: If P(u) < 0, similar to the proof in Lemma 4.1, we have ¢ > ¢, which is
a contradiction.

Case 2: If P(u) =0, we have

. N
(4.4) IVully < pyCP (N, p)e [Vl + e

The equality in (4.4) holds only for the best constant in the Gagliardo—Nirenberg
inequality is achieved, from [40], u satisfies

(4.5) IVull3 = [lull3-
Combining P(u) = 0 and (4.5), which contradicts with N > 2. Therefore,

Vull3 < 1, 7N, D) Va4 2
we deduce that ¢ > ¢y because | Vu||3 = ky. This is also a contradiction.
Case 3: If P(u) > 0, then there is t; < 0 such that t; xu € Vi, and I(t; xu) <
I(u) = m,. This is a contradiction.
In summarization, u € Vj, and I(u) = m,.. Therefore, by combining ||Vu||3 < kg
with [30, Proposition A.1], we conclude that u is a positive, radially symmetric critical
point of I on S(c). O

4.2. Multiplicity of solutions. In this subsection, we are interested in the
multiplicity of solutions. For any 0 < ¢ < ¢y, we prove that (1.1)—(1.2) admits
two solutions, which can be characterized respectively as a local minimizer or a
mountain pass critical point of the energy functional I restricted to S(c). We first
study the structure of the Pohozaev manifold P.. Recalling the decomposition of
P.=P nP'NP,.

Lemma 4.3. Let > 0 and2+% <p<2* If0 < ¢ < ¢y, then PY = (), and
the set P. is a C'-submanifold of codimension 1 in S(c).

Proof. Assume by contradiction that there exists u € P2 such that P(u) = 0 and

vr(0) = 2/ |Vul? dz —pyf)u/ |u|? dz = 0.
RN RN

Let
f(#) +=t¥,(0) — ¥y(0)

N
= (t—2)/ |Vul?dz — (t—pvp)vp,u/ lu|P doe — —tc?,
RN RN 2

we see that f(t) =0, Vt € R. Therefore, it follows from f(p7y,) = 0 that

N
(4.6 =2 [ [VuPds=p5e
RN
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From (4.6), we have ||Vul||3 = ko. Since f(2) =0 and ||Vul|3 = ko, we get

pPYp

Np 2
N < p(pyp — 2)%CP (N, p) (ﬁ) Ca
p

which is a contradiction with ¢ < ¢g. This proves that P? = ().

We now prove that P, is a smooth manifold of codimension 1 in S(c). We know

that P, is defined by P(u) = 0 and G(u) = 0 where
G(u) = |lufl3 — .
Since P and G are of C!-class, the proof is complete provided we show that the
differential (dP(u),dG(u)): W — R? is surjective, for every
u € G7H0) N PH0).

If this is not true, dP(u) has to be linearly dependent from dG(u), i.e. there exists
v € R such that

/ 2VuV1 + 2vup; dz = / PYpi|uP2up; dz,  for each p; € W.
RN RN

Therefore, u satisfies
—2Au + 2vu = pypu|ul’?u.

The Pohozaev identity for the above equation is
2[[Vull3 = prpullulb,
which contradicts to P2 = (. O

Lemma 4.4. If 2+ 4 <p <2, N > 2 and 0 < ¢ < ¢, for each u € S(c),
then the function h(s) := V,(s) has exactly two critical points s, t, with s, <t,.
Moreover,

(i) sy*u€Pr and s, is a strict local minimum point for h(s); t,*u€P, and t,

is a strict local maximum point for h(s);
(i) The maps u > s, € R and u + t, € R are of class C.

Proof. (i) For each fixed u € S(c) and p > 0, there exists ¢t = mpl—2 log (pi%:ﬂﬁg)
such that

26| Vull3 = prpe” pllullh,
ie.

2[[tx (V)13 = prpullt > ull}.
It follows that
(4.7) 2|t % (Vu)ll3 > prapllt ]2 forall —oo <t <t
and

2([t % (Vu)||3 < prapllt * ull? for all ¢ > 1.

From (4.7), for —oco < t < ¢, we have

N
(1) = [t x (Vu)||3 — pypllt +ullh — 302
2 N
4.8 > ||t * (V)2 — —||t x (Vu)|? — =2
(4.8) [t % (Vu)ll3 p%“ (Vu)llz = 5
PYp — 2 s N,
=" |[t*x (Vu)l||; — =c".
2 (T - 5
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Now, we claim that if ¢ < ¢y, then

pypNe

tx (V)3 > 02— =
I7x (Vu)l > 50

In fact, since ¢ < ¢y, we have

2
—2 5 N 2| Vu||3 \ 72 -2 N
Pp X || V|2 — =2 = ( H2 ”2p) PP [ Vull2 - 502
prpullully P

2

p

2
DYl DYp 2
> 0.

This gives ||t x (Vu)||3 > ko. It follows that there exists § > 0 such that for any
(t—4,1)

[t (V)3 > ko.
From (4.8), we get that for any (¢ — d,¢), ¥/, (¢) > 0 and thus ¥, (¢) increasing in
)

Notice that
lim ¥,(s) =400 and lim V,(s) = —o0,

§——00 s——+00

we thus conclude that W,(s) has a local minimum point s, < ¢ and has a local
maximum point ¢, > ¢. Since s, <, by (4.7), we deduce that

(4.9) 2][su % (Vu)llz > prppellsu* ull-
In addition, combining (4.9) and W/ (s,) = 0, we have
U7 (su) = 2l|su * (Vu)l3 — prpullsa*ullf > 0.

This implies that s, is a strict minimum point for ¥/ (¢) and s, x u € P} .
Next, we prove that s, is unique. By contradiction, we assume that s} is another
local minimum point. We then claim that s& < ¢. If not, we assume s > ¢, then

W) = 2llsy * (Vu)ll3 — prpulls *ullh <0,

which is a contradiction. Therefore, s! <t and s xu € PF. Moreover, there exists a
another point, s < ¢ such that s¥ is a local maximum point for ¥,,. From (4.7), we
have U”(s%) > 0, which is a contradiction. Thus s, is unique. Similar to the proof
of s, is unique, we can prove t, is also unique.

(i) Finally, applying the Implicit Function Theorem to the C! function g(s,u): Rx
S(c) — R defined by g¢,(s) = g(s,u) = V! (s). Therefore, we have that u — s, is of
class C! because g,(s,) = 0 and 959,(s,) = ¥”(s,) > 0. Similarly, we can prove that
u— t, € R is of class C'. [

Lemma 4.5. Let ;4 > 0 and 2 + % < p < 2*. Suppose that 0 < ¢ < ¢o. Then

m. = inf I(u) =m"(c),
S ko

where Vj, is defined in (4.2).

Proof. From the definition of m™(c), we can deduce that PS C Vj,, then m, <
m™*(c). On the other hand, if u € V4,, s, xu€PS C V4,, we have

I(sy*u) =min{I(s*u) | s € R and ||sx (Vu)|3 < ko} < I(u),
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it follows that m*(c) = infps I < m,. O
Now, we define
Pl=P NHRY) and P, :=P; NHRY).
Lemma 4.6. Let > 0 and2+% <p<2 If0<c< ¢, then
m*(c):= inf I(u)= inf I(u) and m (c):= inf I(u)= inf I(u).

uePF u€PT, u€PT wEP .
Proof. Since P/, C Pf, P, C P_, we have
inf I(u)> inf I(u) and inf I(u)> inf I(u).

u€PH, uePT uEPs . u€PL

On the other hand, by Lemma 4.3, for each u € S(c), there exist s,,t, € R such that
Syxu € Pr t,xu € P, and

inf [(u) = inf min I(txu),

wePt ueS(c) —oo<t<sy
inf I(u) = inf max I(t*u).
ueEPT u€S(c) su<t<ty

For u € S(c), let u* € S,(c) be the Schwarz rearrangement of |u|. By [29, Chapter 3],
we have for all ¢ > 0, I(t xu*) < I(t xu). Recall that W/ (t) = P(t xu), we have

lim U .(s) < lim W/ (s) =400 and W/ (t) <W!(t), foreach te€R.
§——00

S——00
This implies that —oo < s, < 5+ <ty < t,,. Therefore, we get that

min  [(txu*) < min I(txu)

—00< <y —00<t<sy
and
max [(txu") < max I(t*u).
Syx <E<t su<t<tu
Therefore, inf,cps I(u) < inf,cp+ [(u) and inf, cp- I(u) < inf,cp- I(u). O

Lemma 4.7. Let > 0 and 24+ &+ < p < 2*. If 0 < ¢ < ¢g, then m*(c) and
m~(¢) can be achieved by some u} and u_ , respectively, which are positive, radially
symmetric and decreasing in r = |x|.

Proof. By Lemma 4.2 and Lemma 4.5, the proof for m*(c) is completed. We
only give the proof for m~(c). Let {u,} C P, be a minimizing sequence of m~(c).
From Lemma 4.6, then by taking |u,| and adapting the Schwarz symmetrization to
|u,| if necessary, we can obtain a new minimizing sequence (up to a subsequence),
such that u,, are all nonnegative, radially symmetric and decreasing in r = |z|. Since
u, € P, , we have

1 1 1
I(u,) = (5 — ]W) V|5 — 5 /RN u? logu? dz + ﬁg
p

1 1 1 1
> (- — — 24 - A S B
_(QZW)WMM+L&Tmmm:QAqumx

1 1 1 K
> (o= A2+ [ Au])de — =2 A7d
> (5o ) Ivwl+ 5 [ Atubar= 52 [ s

where 2 < ¢ < 2+ . Thus, by the Gagliardo-Nirenberg inequality (1.6), {u,} is
bounded in H'(RY) and [,y A(|u,|) dz is bounded. By Lemma 2.1, we get {u,} is
bounded in W,.. By Lemma 2.2, u,, — uo weakly in W,, u,, — g strongly in L*(RY)
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and u, — uy a.e. in RV and thus ug € S(c), P(ug) < 0. From Lemma 4.6, there
exists so € R such that soxug € P,

m=(c) + 0,(1) = I(uy) > 1(s0*up) > I(so*ug) + on(1) > m™(c).

I(soxuo) = m~(c), A(|un]) = A(|soxug|) in LY(RY). It thus follows from Lemma 2.1
that u,, — sgxup in V as n — oo. Therefore, u,, — so* ug in W. Finally, it follows
from the proof in Lemma 2.3 that soxug > 0. We deduce that m~(c) is attained by
S * up which is positive radially symmetric and decreasing in r = |z|. O

Proof of Theorem 1.2. The proof follows directly from Lemma 4.7. U

5. Sobolev-critical case
In this section, we study the case a« = 1, © > 0 and p = 2*. Denote
2
[Vull;

ueDL2®RNV\{0} |lu

S —

D) .
2*

Then the following Sobolev inequality hold
(5.1) S|lu|3- < ||Vul|3, for each u € DY*(RY),

where D»2(RY) is the completion of C°(RY) with respect to the norm |jul|p1.2 :=
||Vul|2. For ¢ >0, N > 3, we denote

ol
N2 N2_9oN 748\ = |
(52) k(] = ¢ , Cop—= [7 ( 8) ]

4 44 N2
5.1. Existence of a local minima on S(c).

Lemma 5.1. Suppose that 1> 0, ¢ > 0 and p = 2*. If P(u) < 0 and ||Vul3 =
ko, then ¢ > ¢y. Moreover, if P(u) < 0 and ¢ < ¢y, then ||Vul|3 # ko.

Proof. Since P(u) < 0, we have
* N
IVulls < pllulls- + ¢
By the Sobolev inequality (5.1), it is easy to verify that

* * N
V|2 < pS™ = ||[VulZ + =2

2
By using the fact ||Vul||3 = ko that
N? —2N > (N5 .
< 55 (2 2* -2
;o SHSe ( 4) < 5
it follows that ¢ > ¢y. Therefore, we deduce that if P(u) < 0 and ¢ < ¢, then
IVull3 # ko. O
Define
(5.3) Vi :={u e S(e) | |Vull3 < ko} .

where kg is defined by (5.2). Thus, for any 0 < ¢ < ¢, we consider the following
minimization problem

(5.4) me = inf I(u).

uerO
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Lemma 5.2. Let 4 > 0 and p = 2%, N > 3. Suppose that 0 < ¢ < ¢g. Then m,
is achieved by some u, which is a positive, radially symmetric critical point of I on

S(c).

Proof. Let {w,} be a minimizing sequence for m,. Using the symmetric decreas-
ing rearrangement, we obtain a minimizing sequence {w*} C H}(RN) N V4, wk is
radial decreasing for each n. Thus, by the Ekeland’s variational principle, we can
obtain a nonnegative radial Palais-Smale sequence {u,} for I|s. at level m,, i.e.

lim I(u,) =m. and dl|se)(u,) =0 as n — oo.

n—o0

Since

1 1 .
I(u,) = =||Vun|5 — —/ u? logu? do — ﬂ/ Ju,|* dz + =c?
2 2 RN 2* RN
2
by the same method as the proof of Lemma 4.7, we can show that {u,} is bounded in
W,, then u,, — u weakly in W, u,, — u strongly in L*(R"). In fact, by the Lagrange
multiplier’s rule (see [10, Lemma 3]) there is {)\,} C R such that

(5-5) /]RN (VunvﬁZS + Aun g — N|un|p_2un¢ — Up® logui) dr = On(1)||¢||W>

for each ¢ € W. In particular, if we take ¢ = w,, we can prove that {\,} is bounded.
Hence, up to a subsequence, we assume A, — A € R. Passing to the limit in (5.5),
we get that u satisfies

1 1 1 « 2%
> Livuz+ /A<|un|>das——/ Bllua)) de — 55k,
2 RN 2 RN

—Au + \u = ulogu® + plul* 2u.

Set v, := u, — u, we get

/|an\2+A<\vn\)dx—u/ 04" dar = 0, (1)
RN RN

Therefore
1 1 .
mcgl(u)g—/ \Vu|2+u2dx——/ u210gu2dx—ﬂ/ lu|?” da
2 RN 2 RN 2* RN
1 2 H 2*
+ - [Vo,|” + A(|v,]) de — — lvp|? da
2 RN 2* RN

1 1 .
= —/ (Vu,|* +u? dz — —/ u? logu? do — ﬁ/ [u,|* dz + 0, (1)
2 RN 2 RN 2* RN

= hg[i)g.}f I(up) = me.

Next, we only need to prove u € Vj,. In fact, if || Vul|3 = ko and 0 < ¢ < ¢y, it follows
from Lemma 5.1 that P(u) > 0, then there exists ¢, < 0 such that ¢ty x u € Vj, and
I(tyxu) < I(u) = m,. This is a contradiction. On the other hand, if ||Vul||3 = ko
and ¢ = ¢y, the proof is similar to Lemma 4.2. Therefore, u € Vi, and I(u) = m..
According to the proof in Lemma 3.1, we conclude that u > 0. O

5.2. Multiplicity of solutions. In this subsection, we are interested in the
multiplicity of solutions. The following two Lemmas are similar to Lemma 4.3 and
Lemma 4.4, so we omit the proof.

Lemma 5.3. Let > 0 and p = 2*. If 0 < ¢ < ¢, then P? = (), and the set P,
is a C'-submanifold of codimension 1 in S(c).
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Lemma 5.4. If p = 2* and 0 < ¢ < ¢, for u € S(c), then the function V,(s)
has exactly two critical points s, <t, € R. Moreover,

(1) sy *u€PS and s, is a strict local minimum point for ¥,,. t, xu€ P, and t,
is a strict local maximum point for ¥,,.
(i) The maps u — s, € R and u s t, € R are of class C.

In view of Lemma 5.4, we can define

mt(c) := inf I(u) and m (c):= inf I(u).

wePF uePS

Based on o-homotopy stable family of compact subsets of P.., we aim to construct
bounded Palais-Smale sequences on a manifold by the Ghoussoub minimax principle
[19, Theorem 3.2], (see also [23, Section2.2], |25, Lemma 3.7] and [33, Section 5|).

Define the functions

JT:S(c) =R, JMi=1I(s,*u),
J7:S() =R, J :=1I(t,*u).
Similar as Lemma 5.4 (ii), we can prove the maps u +— s, and u — t, are of class

C!, thus the functionals J*, J~ are of class C'.

Lemma 5.5. For any 0 < ¢ < ¢y, we have that
dJ T[] = dI (s, *u)[sy, x ] and dJ [p] = dI(t, > u)[t, * V],

for any u € S(c) and ¢ € T,,S(c).

Proof. We first give the proof for J*. Let ¢» € S(c), and ¢ = I/(0) where
h: (—€,€) — S(c) is a C'-curve with h(0) = u. We consider the incremental quotient

ST () — JT(h(0)) _ I(sex h(t)) — I(so x h(0))

t t ’

where s; := s,y and 8¢ := sp(0) = S,. It follows from Lemma 5.4 that s is a strict
local minimum of s — I(s*u), we have

(st " h( ) — I(so % h(0)) > I(s; % h(t)) — I(s; % h(0))

5 (VAN = IV + (5 - "5 ) (I - 12O)I2)

%(/ R e lOP~ [ 10O)Plog ) iz )
,u

(IR 13— IRO)3)

s / Vh(rit)VH (rit)t dz + (1 — Ns,) / h(rat)l (rot)t da
RN R

N

— / h(7st)W (rst) log |h(Tst)|*t + h(myt)R' (14t)t dz
RN

e [ BOR h(rsth (t) d
RN
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for some 7, --- ,75 € (0,1). In the same manner, we get
I(se % h(t)) — I(so x h(0)) < I(s0 % h(t)) — I(so % h(0))

= %0 Vh(rst)VH (16t)t dz + (1 — Nso) / h(rrt)h'(rt)t da

RN RN

— / h(Tgt)h/(Tgt) lOg ‘h(Tgt)‘Qt + h(Tgt)h/(Tgt)t dx
RN

— ,ueQ*St / |h(7’10t)|2*_2h(7'10t)h/(7'10t)t dZL‘,
RN

for some 75, -+, 719 € (0,1). Finally, we deduce that
THA() — JH(h
lim (h(®)) (2(0)) :/ V(sy*u)V(s, 1) da
t—0 t RN

— / (5 % u) (5, % 1) log |5, * ul* dx
RN

i [ sl s s (s e )
RN
= dI (s, *u)[sy, * Y],
for any u € S(c) and ¢ € T,,S(c). The proof for J~ is similar. O

Let G be the set of all singletons belongs to S(¢) and boundary B = (). It is a
homotopy stable family of compact subset of S(c¢) (without boundary) in the sense
of [19, Definition 3.1]. By Lemma 4.6, we have

+ . Jr . . Jr . . . .

T T = ) = B T = I T,
g = inf J(u) = inf J (u) = inf I(u) = inf I(u).
TR T e T T BT T B W

Lemma 5.6. For any 0 < ¢ < ¢y, there exists a Palais-Smale sequence {u,}* C
Pt (or{u,}~ C P, ) for I restricted to S(c)NH}(RY) at level e (oreg, respectively).

Proof. We first prove the case of eg, the one for e; is almost identical. By the
definition of e, there exists {E,} C G such that

1
+ + ., L
5%%}5‘] (u) <eg + o
Define

n:10,1] x S(c) — S(c), n(t,u) = (1 —t+ts,)*u.
By using the definition of G, we have

E,:=n({1} x E,) ={su*xu:u€ E,} €G.

It follows from Lemma 5.4 that E, C Pt for alln € N. Let v € E,, i.e. v = s, % u
for some u € E,, then J*(v) = J*(u), and finally that

max J*(v) = max J*(u).

vEE, uEE,
Using the terminology in [13, Definition 3.1], it means that En is a homotopy stable
family of compact subset of S(c) N HY(RY). Therefore, {E,} is another sequence

*

sets such that lim, supg, J* = ej. Denoting by || - ||, the dual norm of (7,,5(c))*,
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we can apply [19, Theorem 3.2| with the minimizing sequence w,, for J* on S(c) at
level eg such that

(i) lim J"(w,) =¢f, (i) lim [|dJF(w,)|. =0,
(5.6) n—oo B n—oo

(iii)  distw, (wn, £,) = 0 as n — oo.

Denote v, := 8y, * w, € P, we claim that {s,, } is bounded. Notice that

_ Vel
[Vl

In fact, I(v,) = J*(w,) = ef = m*(c), we get from that v, is uniformly bounded in
W,.. We deduce that {E,} is uniformly bounded in W,, and thus from disty, (w,, E,)
— 0 as n — oo, it gives that sup,, ||[Vw,||3 < oo. Since E, is compact for every
n € N, there exists ¥, € E, such that disty, (w,, E,) = ||0n — w,||w,, and then
IVw,||2 > IV3 I3 — V(8 — w,)||3 > & for a § > 0. Therefore, {s,,} is bounded.
Next, we show that {v,,} C P is a Palais-Smale sequence for I restricted on S(c)
at level ef. From Lemma 2.3, we get that T, S(c) — T,,S(c) defined ¢ — s,,, * ¢

is an isomorphism. By (5.6), we get

25wy,

ldl|s@ (oa)lls = sup  |dI(va)[Y]l = sup [dJ (wn)[(=sw,) * Y]],
l¥l<1,9€TwuS(c) l¥I<1,9€TwS(c)
since sy, is bounded and ||(—$y, ) * ¥|lw, < C. We conclude that {v,} C Pl is a
Palais-Smale sequence for I restricted to S(c) at level e O

Applying a similar arguments as the proof of Lemma 4.5. We can deduce that

Lemma 5.7. Let ;4 > 0 and p = 2*. Suppose that 0 < ¢ < ¢g. Then
(5.7) me ;= inf I(u) =m"(c),

UGVkO
where Vi, is defined in (5.3).

Lemma 5.8. Let u > 0, and p = 2*. Suppose that 0 < ¢ < ¢y. Then m™(c) is
achieved.

Proof. By Lemma 5.7, this follows by the same method as in Lemma 5.2. Ap-
plying Lemma 5.6, we deduce that there exists a Palais-Smale sequence {u,} C P
for I restricted to S(c) at level ef = m™(c). Obviously,

1 1
) = 5|V ual3 = 5 |

R

1 1 1 N
> (- — — 2,2 — -
_Q Tywmbwéfmm>3me+4c

. 1
u? logu? do — ﬂ/ lun)? da + =c?
N 2* RN 2

The proof is similar to that of Lemma 4.7, we get {u,} is bounded in W, u, — u
weakly in W,, u, — u strongly in L?(R"). In fact, by the Lagrange multiplier’s rule
(see [10, Lemma 3]) there is {\,} C R such that

(5.8) / (Vu, Vo + \ung — plun|* 2und — upplogu?) de = 0,(1)]|¢]lw,
RN

for each ¢ € W. In particular, if we take ¢ = u,, we then conclude A, is bounded.
Hence, up to a subsequence, A, — A € R. Passing to the limit in (5.8), we deduce
that u satisfies

—Au+ M= ulogu® + plul* u, xRN,
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It follows that P(u) = 0. Then

1 1 N 1
mt(e) <I(u)<|=—— / |Vul?dz + —c* — —/ u?log u? dz
2 2 ) Jan 1572 Jan
< D) diminf [ [Vun2de + timint [ A(lu,))d
< |5~ limin RN| Up| 2 + 5 limin - (|unl) da
N
— lim B(|uy|) dz 4+ —c?
n—oo RN 4

< liminf I(u,) = m™(c).
n—oo

Therefore, I(u) = m*(c). O

Lemma 5.9. Let p=2* pu > 0. Then for 0 < ¢ < ¢y, we have

m~(c) <m*(c) +

TR
Sz,
N

Proof. In fact, we assume that v € S(c), I(u) = m™(c). Let

-2

[N(N — 2)e2"%

€2 + |22

Uc(x) =

be the positive solution of
—Av = |v* "%, wve DY(RY).
Let U. = x(2)U. where x is a cut-off function such that x(z) = 1 for |z| < 1 and
x(x) =0 for |z| > 2, we have
(5.9) IVU.3=8% + 0N and |U.]% =8% +O(V).

Define W.; = u(- — ney) + tU., where e; = (1,0,---,0), and W.,; = 5¥W5,t(sx).
Since u is a radial, non-increasing function, we know from [9, Radial Lemma A.IV]
that

lu(2)| < Cylz|"2e¢, for |z| > 1.
Thus, we obtain

~Au+q(z)u=0, ue HRY),
where g(z) = A — logu? — p|u[* ~2. Observe that ¢(z) >  for [z| > M if M is large
enough. By [5, Lemma 3.11], there exists a € (0, 5) such that

u(x) < Ce VIl for each |z| > M.

By direct calculations, we have
IVWeallz = VW3, W

2*
2%

3: - ||W6,t

and

IWeillz = s~ W3-
We choose s = M such that W_; € S(c). By Lemma 4.3, there exists 7.; € R
such that 7., » W., € P_. Thus

. N
2 2
2*+—20.

(5.10) T [VWey|l3 = pe” ™ [Wey

Since u € P, by Lemma 4.3, we deduce 7. > 0. By using (5.9) and (5.10), we have
T.+ — —o00 as t — +00 and € > 0 small enough. It follows from Lemma 4.3 that
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7.+ is unique. Moreover, 7., is continuous for ¢, and then there exists ¢. such that
T.+. = 0. Therefore, we get

m”(c) <supI(W.,).

t>0

There exists ty > 0 such that
I(Wey) <m™(c) + = TSt o,

f0r0<t<%andt>towitha>0.

Since the function U, is compacted supported in By, we have that, for n large
enough,

—2

/ u(z —ne))U.dz =072 ),
RN
and then

Weill3 2t t2)|U.
Wetll 2 [ e s CITE
c? 2 Jrn c?

(5.11) s? =

for % < t < tp. Recall the definition of A(s) in Section 2, for any 0 < a,b and

th > 2a, A(a + tb) < A(a) + CtA(b) (see |13, Lemma 1.3]). We deduce that

/ |W€,t\210g|W€,t\2dx:/ B(|u(z — ney) + tU,|) da
RN RN
—/ A(lu(z — ney) +tU.|) dx
]RN

2/ uQIOgUdeJrCt/ |U.|*1log |U.|* dz.
RN RN

By using (5.11), we have

_ 1 -2 -2] N-2
I(W.,) :—/ |VW5t|2dx+8—/ |W€t|2dx—L‘S|/ W da
’ 2 RN ’ 2 RN ’ 2 RN ’
52 2 2 H 2
— |W6,t| log |W6,t| dx — — |W5 t| dx
2 * RN ’
t2 2 77 2" 1 77 |2
<I(u)+— |VU\ d:z:——,u \U€| do + - |Uc|” dz
2 2 2 Jon
(5.12) —C’t/ \U. |210g|U 1> dw + Vu( —nep)V(tU:) + u(- — nep )tU. dx

—/ Ju(- — nep)|* MU, dz — —/ c—ne) U, dz|| W43
RN

+ — u(- — nel)UE dx/ |VV€7,5|2 log |VV€7,5|2 dz.
RN

C2 RN
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Here, we used the fact that f(s) = (1+5)* > 1452 +2%s* 1 >0 for all s > 0. To
complete the proof it suffices to show

1 _ _ _
Jop:= —/ |U€|2dx—0t/ |U€|210g|U€|2dx+/ Vu(- —ne))V(tU.) dzx
2 RN RN RN

p— 1
_ / lu(- —ney)|* MU, dx +/ u(- — nep )tU. dz <1 — —2||W5t||§)
RN RN C

t —
(5.13)  +— [ (- —nel)Ued:c/ [Weal* log [We,|* dz

C* JRN RN

1 . _ — -2

< 5/ |U5|2dx—0t/ U.12log |U.|2dz + O(c2) — Oz ) + O(eN2)

RN RN
t —

b [ neTede [ W0 loa W o
C* JRN RN

1 _ _ _
< —/ U] da — Ct/ |U|*log |U.|* dz + O(V~?) < 0.
2 RN RN

Here, we used the fact that [,y u(- — ne;)U. dz < C||U.||3, because u decays expo-

nentially and U, has compact support.
If N > 4, we have, for Ci,Cy > 0,

/ .12 da CleZ|ln5|+O( 3, if N =4,
RN CE +O( ), lfNZE)

From [18, Lemma 3.4], we get

_ _ Cse?|Inel? + O(£?) it N =4
0. log |U.[2 dz > ’ ’
/&N' “log [Uc|"dz = {0452“n5‘+0(5N—2), if N >5,

where Cs, Cy > 0. Therefore, J.; < 0.
If N =3, by the definition of U,, for Cs > 0, we have

T7 21 77T |12 — / 1
/Ra\U€| og |U.[>dz = V3 | E og (\/_X 52+\x|2) dz
—C5e|log5|+0( ).

Moreover, ||U.||3 = O(¢g). Therefore, J.; < 0.
Combining (5.12) with (5.13), we have,

I(Wg,t) <mt(c)+ —
for % < to < t. Therefore, for € small enough, we have
_ 1 —2

I(W.,) <m*(c) + NM—NTS%. 0

Lemma 5.10. Let 1 > 0 and p = 2*. Suppose that 0 < ¢ < ¢g. Then m~(c) is
achieved, there exists a second solution v~ € S(c¢) which satisfies

1 _
I(u™) <m*(c) + le%S%

Proof. Similarly, by Lemma 5.6, we assume that there exists a Palais-Smale
sequence {u,} C P. for I restricted to S(c) at level m~(c). Moreover, {u,} is
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bounded in W,., and u,, — u in W,.. We need to prove that u,, — w in W,. In fact,
by the Lagrange multiplier’s rule (see [10, Lemma 3]) there is {\,} C R such that

(5.14) ‘/ (Vun Vo + Attnd — pilun]” " *ung — unglogul) da = 0,(1)|[6[lw,
RN

for each ¢ € W. In particular, if we take ¢ = u,, we then conclude {\,} is bounded.
Hence, up to a subsequence, we can assume A\, — A € R. Passing to the limit in
(5.14), we get that u satisfies

—Au+ M= ulogu® + plul* 2u, xRN,
It follows that P(u) = 0, we conclude that

* N
IVull = pllullz + <-c*.

2
Set vy, := u, — u, by the Brézis-Lieb Lemma [41] and P(u,) = 0,(1), we deduce that
(5.15) / Vo, |>do = u/ v > da + 0,(1).
RN RN

Here we distinguish the following two cases
cither (i) |lwnl3- =0 or (i) |lv.ll3 = 1> 0.
If (ii) holds, we deduce from (5.15) that
IVenll3 > 5778 % + ou(1).

Thus, we have

1 1 . 1
m~(c) + 0,(1) = §||Vun||§ - — /RN u? log u? dw — % /RN |, [* da + 502

2
1 2 M 2*
(5.16) > Vol =2 [ o de + ()
2 2* RN
1 _
> —p T SE 4wt (o),

which contradicts with Lemma 5.9.

If (i) holds, then {u,} C H}(RY) converges strongly in H}(R"). It follows from
(5.16) that [py u2logu? dz — [y u?logu? dz, then we deduce u, — u strongly in
W,. By Lemma 5.3, we then conclude u is a positive solution of (1.1)—(1.2), which
is radially symmetric and decreasing in r = |x|. O

Proof of Theorem 1.3. The proof follows directly from Lemma 5.8 and Lem-
ma 5.10. U

6. Proof of Theorem 1.4

In this section, we prove Theorem 1.4. In order to study the asymptotic behavior
of ground state as u — 0, we first introduce some facts for equations (1.1)—(1.2) with
p=0. Let ¢ > 0 be fixed, (A9, wy) € R x W solves the following equation

6.1) —Au+ \u = ulogu?,
' Jan v dz = 2.

Define

mo(c) := uégfc) Iy(u),
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where . .
In(u) = —/ |Vu|2+u2dx——/ u?log u? du.
2 RN 2 RN

From [17, 13|, by scaling, we obtain the unique solution of (6.1) is

N _la)?
4

(6.2) wo(z) =ende 2, with Ag:=—N —log(c2r2).
C—(N +1+log(c2r2 )) and I(wg) = mg(c).

Lemma 6.1. Assume (\,,u,) is the normalized ground state solution of (1.1)-

(1.2) in Theorems 1.1-1.3, then, up to a subsequence, we have

Therefore mq(c) =

ui — wo strongly in W,
and A\, — Ao as p — 0%, where (A, wy) Is defined by (6.2).

Proof. Case (i): if (A, u}) is the normalized ground state solution of (1.1)-(1.2)
obtained by Theorem 1.1, we then claim that lim, o m(c) = mo(c).
Indeed, if u > 0, we have limsup,, o+ m(c) < mg(c) since I(wp) < Io(wo) = mo(c)

for each wy € S(c). Furthermore, for any u € S(c), one has

(6.3) mo(c) < To(u) = I(u) + /RN fuf? dz.

p
Letting u — 07, we then get mo(c) < liminf, ,o+ m(c). Thus, the claim hold.
Therefore, as u — 07, we may assume that
1

1
Y +2 +12 +2 +2
I(u“)_é/Rw |Vuu| +|uu| dx—i/RN|uu| log|uu| dz

— %/RN uf [P dz < mg(c) + 1.
As in the proof of Lemma 3.2, (6.4) gives that u;} is bounded in W. Then, there exists
ug € W such that uf — ug weakly in W, uf — ug strongly in LI(R"Y), 2 < ¢ < 2%,
and u; — ug a.e. v € RY. Thus,

1 1
mo(c) < Ip(up) < liminf = /N (\Vu:”? + \u:”? +A(|u:|)) dx — ) /N B(|ugl|) de
R R

u—0t

(6.4)

e B[ g
< ILIE(I)EfI(uM) + p /RN luy [P dz = m(c) + o(1).
Since m(c) — mo(c), Io(up) = mo(c), by the uniqueness of ground state solution of
(6.1), we have uy = wg. Moreover, u: — wy strongly in W, i.e. u: — wy strongly
in HY(RY) and [pn Jut|*log|uf?dz — [pn Jwol?log Jwol? dz as p — 0F, and then
Ay — Ao as o — 0T

If o < 0, we deduce that mg(c) = Ip(wy) < I(wp) for wy € S(c), and then

mo(c) < liminf m(c). For each u € S(c), one has
pu—0—

m(c) < I(u) = Ip(u) — %/RN lulP da.

Letting 1 — 07, we get that m(c) < liminf, ,o- mg(c). This proves that lim,,_,o- m(c)
= mp(c). In the same manner we obtain that u:[ — wp strongly in W and A\, — Ag
as u— 0.

Cases (ii), if (A, u;}) is the normalized ground state solution of (1.1)-(1.2) ob-
tained by Theorems 1.2-1.3, we claim that lim, o+ m*(c) = mg(c). By Lemma 4.5
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and Lemma 5.7, m. = m™(c), we only need to prove lim, o+ m. = mg(c). From (4.3)
and (5.7), m. = infyey, I(u), we then get limsup,_,ome. < mo(c) since wy € Vi,.
Moreover, for u € Vi, (6.3) shows that mg(c) < liminf, o+ m(c) as p — 0. Then,

1 1 1 D
Iuf)==—-— M —/AjL—Bde—i2
) = (5= 5 ) IVt 5 [ Al - B Do - -2
we deduce u: is bounded in W. In the same manner, we can show that u:[ — Wy
strongly in W and A, — Ao. U
Proof of Theorem 1.4. The proof directly follows from Lemma 6.1. U

7. The case a < 0

In this section, we assume that o < 0 and N > 2. For convenience, we assume
that &« = —1. Then the energy functional is defined by

1 1 1
I(u):5/1RN|Vu|2d:E+§/RNu210gu2dx—%/RN |u|pd:p—§/RNu2dx, ue W,

and the Pohozaev identity is gived by
2 N 2 2
P(u) = [IVully + ¢ = pyplull; = 0.
Proof of Theorem 1.5. We notice that if one of the following conditions holds

N
4 N+2\+* _Nt2
(i) p::p:2+ﬁ,,u>0 and c¢< <N7+,u) (C(N,p) %,
(i) <0 and p>2
then the fiber map U, (t) := I(t *u) is strictly increasing for each u € S(c), and thus
I does not have critical points on S(c).

(iii) By contradiction, we suppose that there exists a positive solution u € W,,
by |9, Radial Lemma A.IV], lim|y—0o u(x) = 0. Therefore, there exists Ry > 0 large
enough such that

—Au(z) = (= XA —logu® + plul*)u(z) > u(z) for |z| > Ry.
By applying Theorem 2.1 and Theorem 2.8 of [3] with f(s) := s, we obtain that
—Au > f(u) has no positive solution in any exterior domain of R if
e N
111£>151f3 N2 f(s) >0

for N = 3 or if lim,_,, €% f(s) = oo for every a > 0 and N = 2. O

7.1. The existence of a global maximal on P.. Define

2—p7p 1
N 20-2) 2 =2
D (i) <%Cp( N, p)) '
22— pyy) 2

We next show that P, is not empty if ¢ > D.
Lemma 7.1. Let p > 0, 2<p<2+% and N > 2, we have

P.#0 ifand only if ¢> D.
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Proof. For each u € S(c), define
N
du(t) = P(txu) = e*[|Vull; + ¢ — pype”™full}.

Therefore

2
2—pvp N
| v+ 5

2— 2ull?
teR P L2Vl
By the Gagliardo—Nirenberg inequality, we obtain

2
N 2 — > =rp 2p(-p)
infu(t) >~ — 2Ll (M ooy 1)) R
teR 2 DYp 2

2—pp _ 1

N 2(-2) 2 P2

c<D e (&) (%m N, p)) |
2(2 = pyp) 2

we then get inf,eg() P(u) > 0 and P, = ). Since the best constant in the Gagliardo-
Nirenberg inequality is achieved, we assume that by u € S(c), and then

It

N 2 — 2 =P 2p(1=7p)
(7.1) inf P(u) = P(i) = - — =2 (Mpy” Cp(N,p)) s
ueS(c) 2 p'yp 2

If ¢ > D, it follows from (7.1) that inf,cg() P(u) < 0. Since lim¢ ;o ¢u(t) = +00,
by continuity of ¢,, there exists ¢ € R such that ¢,(¢) = 0, i.e. P. # 0. Moreover, if

¢= D, then P(u) =0, and P, # ) holds. O
Lemma 7.2. Let 2 <p < 2+% and N > 2, if ¢ > D, we have
inf I(u) = —o0.
1) = o0

Proof. From Lemma 7.1, if ¢ > D, then P, # (). For any u € S(c) and P(u) <0,
since limy, o P(t * u) = +00, by the geometry of I(¢ * u), we deduce there exists
t > 0 such that P(txu) = 0 and I(txu) < I(u). Therefore, we only need to prove that
there exists a sequence {u,} C S(c) with P(u,) < 0 and I(u,) - —oo as n — o0.
We choose 77 > 0 and take u € C°(RY), u > 0 with [Jul|3 = ¢ — £ and P(u) < 0. We
also choose a v € C°(RY), v > 0 with |[v]|3 = 2. We define

un(z) = ) + (%) ", (%(z - n261)> — u(w) + vn(2),

where e; = (1,0, ---,0) and n > 0 is chosen sufficiently large so that the supports of
u and v, are disjoints. We then obtain

N
P(u,) = / |V (u+v,)?dz + —=c* — ufyp/ |u+ v, |P da
RN 2 RN

N
2/ |Vul?dz + —c? —,uyp/ |ul? dz + 0, (1) <0,
RN 2 RN

since ||V, |3 = 0and ||v, | — 0asn — oo. Taking into account that [,y uf logu? dz
— —00, we then get

I(u,) — —o0, as n — oo.

Thus, the lemma is proved. ([l
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Define
N
ko := LCQ.
2(2 - p'Yp)
Lemma 7.3. Assume that 2 < p < 2+ % and N > 2. If P(u) < 0 and
[Vul|5 = ko, then

1

Z-pp pyp \ P2
c>D = ! ( N ) (%) ’ .
1ypCP(N,p) \2 — pyp 2

Moreover, If P(u) < 0 and ||Vul||3 = ko, then ¢ > D.
Proof. Since P(u) < 0, by Gagliardo-Nirenberg inequality, we have

N
IVull} + 5-¢* < pypCP (N, p)e | Vul 3.

The above equality holds only for the best constant in the Gagliardo—Nirenberg

inequality is achieved. Let |Vul3 = 2(21”;;)02, we get
_1
2= (g (N )%ﬁp@mgl? -
N 1yCP(N,p) \2 = pyp 2 '
The lemma is completed. O]

Lemma 7.4. Let 2 <p<2+% and N > 2. If c= D, then
M(c) = sup  I(u)

u€P.NHI(RN)

is achieved.

Proof. From Lemma 7.1, if ¢ > D, then P, # (. Let u € P,., by Gagliardo—
Nirenberg inequality, we have

N _
(7.2) IVull} + 5-¢* < pypCP (N, p)e =) Vul 5,
then ||Vul3 is bounded from above. Moreover, we deduce that
11 1 P
Iu)=(=z—— Vu2+—/Bu — A(lu|) do — ———¢
R (55 ) 1vul+ 5 [ B = At s - 5P
' 1 1 P
< (== — ) ||Vu|?+ K,CUN, q)c? =) ||Vu|| — 2,
(5 5 ) 19ulB + K Co N et Vg -

where g, < 2. Therefore, I restricted to P. is bounded from above, and M (c) <
+00. Let {u,} C P.N HY(RY) be a maximizing sequence for I on M(c), combining
(7.2) and (7.3), u, is bounded in H}!(R™) and A(|u,|) is bounded in L'(RY). Tt
follows from Lemma 2.1 that u, is bounded in W,. From Lemma 2.2, there exists
u € S(c) N HYRY) such that u,, — u weakly in W, and wu, — u strongly in L¥(RY),
2 < s < 2*. Moreover, P(u) < 0. By a direct calculation, if P(u) = 0, then
I(u) < M(c). Define

1 1 1 1 P
Flu)=1I(u) — —Pu)=| = — — Vu2+—/ u?logu? dx — 2.
() (u) P (u) <2 pr) Vel 2 Jry & 2(p—2)
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Since A is lower semicontinuous for the weak convergence in W,, we have I(u) >
M(c). By contradiction, P(u) < 0. Taking into account that

1 1 tN 1 P
t 2t \V4 2 / 2 / 21 2 2
I ( *U)— (—2 ——p)e ” uH2+_2 RNU (1.T+—2 RNU ogu (11’—72< 2)C ,

if 4],_oF(t*u) =0, we have ||Vu||3 = ko, which contradicts with Lemma 5.3.

We now prove 4|,_oF(t xu) = 0 by distinguishing two cases.

Case 1. We first assume that £ |,_oF(txu) < 0. Since lim;_, o P(txu) = F¢* >0
and P(u) < 0, there exists ty € R such that tg < 0 and tgx u € P.. It follows that
P(txu) <0 for t € (ty,0]. We claim that %F(t*u) < 0 for all t € (t9,0]. In fact, by
Lemma 7.3, L F(t xu) # 0 for € (to,0]. If L[zF (¢t xu) > 0 for £ € (to,0], then by
continuity, there exists ¢; € [£,0] such that 4|, F(t u) = 0, which contradicts with

Lemma 7.3. Therefore, we have
1
F(toxu) =I(toxu) > F(u) = I(u) — —P(u) > M(c),
P

this is a contradiction with the definition of M(c).

Case 2. Next, we assume that < |,_oF'(t xu) > 0. Since limy_, ;o P(t *u) = +00,
there exists t5 > 0 such that P(ta xu) = 0 and P(txu) < 0 for all ¢ € [0,¢3). Thus,
similar to the proof of Case 1, we have %|;F(txu) > 0 for ¢ € [0,¢5). We also have
F(ty xu) > M(c), which leads to the same contradiction.

In conclusion, we deduce that P(u) = 0. Therefore, we have I(u) = M(c). O

Lemma 7.5. Let p € (2,2 + (N+2)) (2 + W’QJF +), if ¢ = D, for any
maximizer of M(c) is a critical point of I restricted to S(c).

Proof. We prove that P. N H!(RY) is a smooth manifold of codimension 1 in
S(c). By Lemma 7.4, we deduce there exists u € P, N H!(RY) such that

I(u) = max [.
PenH} (RN)

Then there exist A1, Ay € R such that dI(u) = A\ju + A2dP(u), and
— (14 2X2)Au + M\u + ulogu® = (1 + py,Ae) plulPu.

The Pohozaev identity for the above equation is

N
(7.4) (L+2X)[Vullz + ¢ = (14 prpdo) pypllullf.
Therefore, by combining (7.4) with P(u) = 0, we have
(7.5) 2X0[|Vull3 = pypAeplul}-

If Ay # 0, it follows from P(u) = 0 that
N, _
(7.6) IVulli + ¢ < p3C(N, p)e ) [ Vul 57

The equality in (7.6) holds only for the best constant in the Gagliardo—Nirenberg
inequality is reached, from [40], u satisfies

(7.7) IVull; = ||UI|§

Combining (7.5) with (7.7), we have p = 24+ N(N+2)

fore, the strict inequality in (7.6) holds, which contradicts with Lemma 7.3, then
Ay = 0.

which is a contradiction. There-
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In conclusion, P, is a smooth manifold of codimension 1 on S(c). U

Proof of Theorem 1.6. By Lemma 7.4, we know that there exists u € W, such

that I(u) = supp g1 ry) [ From Lemma 7.5, u is a critical point of I restricted to
S(c). Moreover, it directly follows from Theorem 1.5 (iii) that u is non-positive. [
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