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A deterministic proof of Loewner energy
reversibility via local reversals

JINWOO SUNG

Abstract. We give a new proof of the orientation reversibility of chordal Loewner energy by
reversing the orientation of a chord in partial increments. This fact was first proved by Wang (2019)
using the reversibility of chordal Schramm-Loewner evolution (SLE) along with the interpretation
of Loewner energy as the large deviation rate function of chordal SLE, as x — 0. Our method
is similar in spirit to Zhan’s proof (2008) of chordal SLE, reversibility for x € (0,4], though it is
purely deterministic. As a key step in our proof, we establish that a minimal energy chord among
those passing through a fixed finite set of points is a piecewise hyperbolic geodesic.

Deterministinen todistus Loewnerin energian
kiddntyvyydelle paikallisten kiantsjen avulla

Tiivistelm&. Tyo0ssd annetaan uusi todistus Loewnerin jinne-energian suunnistuksen kaan-
tyvyydelle janteen suunnistuksen paloittaisten kdantéjen avulla. Tuloksen todisti alunperin Wang
(2019) kiyttaméalla Schrammin-Loewnerin jinne-evoluution kiddntyvyytti seké Loewnerin energian
tulkintaa SLE,-jadnne-evoluution suurten poikkeamien esiintymistiheysfunktiona, kun x — 0. Téassa
tyossi kiytetty menetelmé on hengeltdéin samantapainen kuin Zhanin todistus (2008) SLE,-jinne-
evoluution kiddntyvyydelle arvoilla x € (0,4], mutta menetelmé on tdysin deterministinen. Uuden
todistuksen avainkohtana osoitetaan, ettd pienimmén energian jinne annetun dérellisen pistejoukon

lapi kulkevien jénteiden joukossa on paloittain hyperbolinen geodeettinen viiva.

1. Introduction

The Loewner energy of a chord is defined as the Dirichlet energy of the driving
function of the corresponding Loewner chain. It was introduced in independent works
by Friz and Shekhar [FS17] and Wang [Wan19a|, the latter of whom considered it
in the context of large deviations for a family of random curves called the chordal
Schramm-Loewner evolution! (SLE,) as x — 0. Loewner energy has since been
identified in terms of various geometric and probabilistic quantities, hinting at a
deeper connection between these fields. We refer the reader to the survey articles
[Wan22, Wan24| for various perspectives on Loewner energy.

Let v be a simple curve from 0 to oo in the upper half-plane H = {z € C: Im z >
0}. We parameterize v by R, = (0, 00) so that, if g.: H\ v((0,¢]) — H is the unique
conformal map with the normalization ¢;(z) — z — 0 as z — oo, then the expansion
gi(z) = 2+ 2a;271 + O(272) as z — oo satisfies a; = ¢ for every t > 0. This is called
the (half-plane) capacity parameterization of v. By Carathéodory’s theorem, we can
extend ¢; to the prime ends of R U ~y((0,¢]). Let A\; := g:(7(t)), which we call the
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driving function of . The Loewner energy of 7 is defined as

2

1 o0
i dt

(L) T =5 [ |G

if t — ) is absolutely continuous and A € L?([0, 00)); the energy is set to be infinite
otherwise.

Loewner energy is a conformally invariant quantity, which is natural given the
conformal invariance of chordal SLE,. A priori, the energy I o is invariant under
scaling the curve by a map z + cz where ¢ > 0. This is since the corresponding
driving function under capacity parameterization enjoys the Brownian scaling prop-
erty: if the driving function of v is ¢t +— ), then that of ¢y is ¢t — cA.-2;. Note that
the right-hand side of (1.1) is invariant under this scaling. We extend the definition
of Loewner energy to a general simply connected domain D C C and a crosscut
(henceforth called a chord) ~ from a prime end a to another prime end b so that

(1.2) Ip.ap(7) = Imo,c0(2(7))

where g0 is defined as in (1.1) and ¢: D — H is a conformal transformation with
¢(a) = 0 and (b) = co. This definition does not depend on the choice of such map
¢ due to scale invariance of [0 -

Another fundamental property of Loewner energy, called reversibility, is that the
Loewner energy of a chord does not depend on the choice of its orientation. It is
not obvious a priori that the two quantities are related due to the directionality
in the definition of Loewner energy. If « is a chord in H going from 0 to oo, let v}
denote the same chord in the reverse orientation, going from oo to 0 in H. If we denote
v: z > —1/z, we see from (1.2) that g e o(v) = Tmoeo(t(v1)) = 5[5 [AF[? dt where
At is the driving function corresponding to the curve ¢(4®). The map (A¢)iep,00) —
(A)tefo,00) induced by reversing of the chord is rather intricate and there does not
exist an explicit formula except for extremely simple examples. Nevertheless, Wang
showed in [Wan19a| that the Loewner energy of 4% is equal to that of v. The purpose
of this article is to give another proof of this fact.

Theorem 1.1. (Reversibility) Let D be a simply connected domain and let a
and b be any two distinct prime ends of D. For a chord v in D from a to b, let
v} be the same chord with its orientation reversed to trace from b to a. Then,
ID;a,b(V) = ID;b,a(’yR)'

Let us briefly describe previous proofs of Loewner energy reversibility and ex-
plain how ours differs from them. The original proof in [Wanl19a] relied upon the
reversibility of chordal SLE, for x € (0,4], which was first established in [ZhaO§]
and proved subsequently with different methods in [MS16, LY21]. By interpreting
Loewner energy I as the large deviation rate function as k — 0 for chordal SLE,
in H from 0 to oo, Wang showed that a finite-energy chord must have the same
Loewner energy in the reverse orientation.

Wang gave a deterministic proof of Theorem 1.1 in [Wan19b| through an identifi-
cation between Iy o () and the Dirichlet energy of log | f/|, where f is the uniformiz-
ing map on each component of H \ v. The reversibility of Loewner energy follows
immediately since f does not depend on the orientation of the chord . Based on this
result, she revealed in the same work an unexpected link between Loewner chains,
conformal welding, and the K&hler geometry of the Weil-Petersson Teichmiiller space.
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We direct the reader to |Bis| for various other geometric characterizations of curves
with finite Loewner energy (Weil-Petersson quasicircles).

The key difference in our proof of Loewner energy reversibility from the previous
deterministic one is that, rather than “lifting” v to the space of chords without orien-
tation, we consider a “continuous” reversal of its orientation. In particular, our proof
is based on the commutation relation for Loewner energy (Theorem A), which says
that the order in which we calculate the total energy of two non-intersecting Jordan
arcs does not change this quantity. Despite being closely related with the commuta-
tion relation for chordal SLE [Dub07], this identity was obtained deterministically in
[Wan19a| from the definition (1.1) of Loewner energy through a careful calculation
identifying how the driving function of one curve changes when the other curve is
grown first.

1.1. Proof overview. Here is an overview of our proof of Theorem 1.1. Given
a chord v in a simply connected domain D from a to b, we approximate it with
chords which pass through finite subsets of its trace and satisfy energy reversibility.
In particular, given a finite subset z C 7y, we choose a chord «y, with minimal energy
among those which pass through 2z between a and b. Using an inequality version of the
commutation relation for simple curves terminating at the same point (Lemma 3.1),
we identify that «, is piecewise geodesic relative to z. This means that z partitions
v into simple curves ~q,...,7, such that each 74 is a hyperbolic geodesic in the
domain D\ (U;4, 7). The commutation relation further implies that the Loewner
energy of any piecewise geodesic chord is invariant under reversing its orientation
(Proposition 3.4). As z becomes dense in v, the Loewner energy of v, increases to
that of ~; this holds in both directions, thus proving that the Loewner energies of ~
and its orientation reversal are the same.

Our proof technique can be applied to show that when z contains n > 2 points,
there exists a Loewner energy minimizer within each isotopy class of chords relative
to z and is a piecewise geodesic. Let us say that two chords vy, in D from a
to b passing through z are isotopic relative to z if there exists an isotopy between
them that fixes z pointwise: i.e., a continuous map F': [0, 1] X 79 — D U {a, b} with
F(0,7) = v and F(1,7) = 71 such that, for every s € [0,1], the set F(s,7) is a
chord in D from a to b and F'(s, z) = z for each z € z. Note that this is a equivalence
relation that is preserved naturally under conformal transformations.

Theorem 1.2. Given a chord vy in D between prime ends a,b passing through
a finite set of points z C D, let X(D;a,b,z,7v) be the set of chords in D between
a and b that can be obtained through an isotopy of v leaving z U {a,b} pointwise
fixed. Then, given any chord v and a finite subset z C =, there exists a chord
ymin e X(D;a,b; z,7) such that
1.3 I p(y™0) = inf Ip., < 00.
(1.3) pias(7™") ne (D iz ) Diab(1)
Moreover, if v™" is any chord in X (D;a,b; z,v) satisfying (1.3), then it is piecewise
geodesic relative to z.

In the case that z contains a single point z;, the piecewise geodesic property as
well as the uniqueness of the energy minimizing chord passing thorough this point
was verified by an explicit identification of this chord in [Wan19a, Prop. 3.1| (see also
[Mes23, Thm. 3.3(i)]). In fact, it was shown in [MRW22, Thm. 3.9] that this is the
unique C! chord which is piecewise geodesic relative to z;. By adopting the the proof
of [BJRW24, Thm. 3.1 to the chordal case, it can also be shown when z contains
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more than one point that a C! piecewise geodesic chord relative to z is unique in
each isotopy class X'(D;a,b; z,7). This implies that there exists a unique Loewner
energy minimizer in this isotopy class.

Remark 1.3. Our proof of Loewner energy reversibility is closely related to the
proof of chordal SLE, reversibility for x € (0,4] in [Zha08]. Zhan establishes this
fact by constructing a coupling of an SLE, chord v, going from z; to z5 in the
domain H for fixed 1,z € R with another SLE, chord -, in H between the same
endpoints in reverse direction so that both traverse the same random set of points
2z C H visited by 7, at stopping times t; < --- < t,. In fact, the reverse chord ~, is
constructed by replacing each curve v; ([tx—1,tx]), as k decreases from n+1 to 1, with
a reweighted version of chordal SLE, going from v, (tx) to 1 (tx—1) in the complement
of v1([0,%x_1]) and the already constructed part of v, (cf. proof of Proposition 3.4).
The random set z is taken to become denser and denser on v, ultimately converging
to a coupling where the two SLE, chords are almost surely orientation reversals of
each other.

The relation to our proof of Loewner energy reversibility is that, conditioned
on the points z, the law of the chord v; (resp. 72) in the above coupling is that
of a chordal SLE, curve in H from x; to zy (resp. x5 to x1) conditioned to pass
through z. Since Iy, 4, (resp. Imu, . ) is the large deviation rate function for the
chordal SLE, curve in H from z; to x5 (resp. x2 to x1), when we take the kK — 0
limit for this coupling conditioned on the points z, the SLE, chord 7, (resp. 72)
should converge to the energy minimizing chord ™ among those going from z; to
Ty (resp. Y from xy to z1) in H while passing through z. Given the uniqueness of
Amin and 42 (which we do not claim but expect to be true for a general sequence
z), we know from their piecewise geodesic property (Proposition 3.4) that these are
orientation reversals of each other. That is, 7, and 7, are random perturbations of
the same piecewise geodesic chord passing through z. The proof of Loewner energy
reversibility in [Wan19a| essentially proceeds by taking z to become dense on v, and
72, in which case the limits of 4" and ~3"™ have the same trace due to the Jordan
curve theorem.

Here is an overview of the rest of this article. In Section 2, we define and discuss
the properties of the partial Loewner energy of a simple curve, which can be consid-
ered as that of the chord obtained by completing it with a hyperbolic geodesic. We
also collect some results about topologies on the space of chords. In Section 3, we
first establish an inequality version of the commutation relation for Loewner energy
and then use it to prove Theorem 1.1. We prove Theorem 1.2 in Section 4.
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2. Preliminaries

Given a simply connected domain D C C = C U {oo} with distinct prime ends
a and b, we denote by X(D;a,b) the space of chords in D (i.e., Jordan arcs vy in D
with 9y C D) from a to b. We consider these chords modulo orientation-preserving
reparameterizations. In particular, X'(D;a,b) and X (D;b, a) differ in the orientations
of chords. Since our notation for Loewner energy already contains information about
the orientation of the chord, we denote orientation reversals implicitly in the rest of
this paper. That is, if v € X(D;a,b), then Ipy () should be understood as the
energy of the reversed chord v® € X(D;b, a).

If D is a bounded Jordan domain, we endow X (D; a, b) with the topology induced
by the Hausdorff distance on the (closure of) chords. For a general simply connected
domain D conformally equivalent to the unit disk D := {|z| < 1}, we choose any
conformal map ¢ taking D onto D and endow X (D;a,b) with the pullback of the
Hausdorff topology on X' (ID; p(a), ¢(b)). We will make heavy use of the following fact
that Loewner energy is lower semicontinuous with respect to the Hausdorff topology
on chords.

Lemma 2.1. [PW24, Lem. 2.7 The map Ip..,: X(D;a,b) — [0,00] is lower
semicontinuous, and its sublevel set {y € X(D;a,b): Ip,.,(y) < ¢} is compact for
any ¢ € [0,00). In fact, if (Y")nen is a sequence of chords in X (D;—1,1) with
SUPpen Ipi—11(7") < ¢ < oo, then there exists a corresponding sequence of home-
omorphisms ¢,: D — D, with ¢,|sp equal to the identity and " = ¢,([-1,1])
for each n € N, such that y, converges uniformly along a subsequence to some
self-homeomorphism ¢ of D. Moreover, v := ¢([—1,1]) € X(D;—1,1) satisfies
Ip_11(7) <e.

The convergence in the latter half of the above lemma was established within its
proof in [PW24].

2.1. Energy of a simple curve and hyperbolic geodesics. In this subsec-
tion, we expand the definition of Loewner energy to curves that end in the interior of
the domain and obtain its additivity property (2.6). We then recall basic properties
of hyperbolic geodesics that we use in our proof. The facts surveyed here can be
found in [Wan19a|.

Let v: [0,7] — HU {0} be a Jordan arc (henceforth called a simple curve) with
~v(0) =0 and T € (0,00). For each t € [0,T], we consider the unique conformal map
g¢: H\ v([0,¢]) — H with hydrodynamic normalization: i.e., satisfying

(2.1) g(2) —2—0 as z— 0.

The half-plane capacity of the curve ~([0,¢]), which we denote hcap(y([0,t])), is
defined via the expansion

(2.2) g(z) =2z + w + O(%) as 2z — 00.

We can reparametrize v on the interval [0, $hcap()] so that heap(v([0,¢])) = 2¢ for

every t, which we call the (half-plane) capacity parameterization of . For the rest of

this subsection, we assume that 7 is in capacity parameterization with 7' = Zhcap(7).
We call the family of maps (g¢)icpo,r the Loewner chain corresponding to the

curve v, and define the driving function of the curve v as the continuous function

t = N\ = g:(y(t)). For every point z € H \ {0}, the map t — g;(z) is continuously
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differentiable and satisfies the Loewner equation

2
9:(2) — M
on the entire interval [0, 7] if z ¢ 7, or on the interval [0,7,) if z = ~(7}) for some
T, € (0,T].

Definition 2.2. Given a simple curve « in H starting at 0, we define its Loewner
enerqy targeted at oo as

(2.3) Org(2) =

2

dX; gt

1 T
(2.4 B =5 [ |G

if the driving function (A¢)cjo,r) of the curve « (in capacity parametrization) is ab-
solutely continuous and A € L*([0,T1). Otherwise, we define I, . (7) = oc.

We use the notation Ig,, . (7) to clarify that v does not reach oco. This extends
the definition (1.1) for the Loewner energy of a chord in X'(H; 0, c0), which amounts
to the case T' = oo. For a simple curve « in an arbitrary simply connected domain D
starting from a prime end a, we define its Loewner energy targeted at a prime end b
so that it is conformally invariant:

(25) Z);a,b("” - []1?]170700(90('7))
for any conformal map ¢: D — H with ¢(a) = 0 and ¢(b) = oo, analogously to
(1.2).

If v:[0,7] — HU {0} is a simple curve with v(0) = 0 in half-plane capacity
parameterization, then, for each s € (0,7), the image v* := g5(v([s,T])) — As is also
a simple curve in H starting at 0. Its half-plane capacity parameterization is given
by v5(t) = gs(7(s+t)) — A on the interval [0, T — s], and the corresponding driving
function is t — Ay s — A\s. We thus have

(2.6)
IE0.00(7) = /0 P‘tf dt +/ |/I\t}2 dt = I oo (7([0, 8])) + Ti0.00 (V)
= Ii1.0,00(Y([0, 8])) + Lgnv (0,))5(s),00 (Y ([8, T1))

for each s € (0,7, as was observed in [Wan19a]. This additivity property (2.6) can
be stated for more general domains via conformal invariance (2.5), which naturally
leads to the idea that the partial Loewner energy 17, ,(71) of a simple curve 7, in a
simply connected domain D starting at a prime end a and ending at ( € D represents
the Loewner energy of the chord ~; U~y € X (D;a,b) obtained by completing 7 all
the way to the prime end b by a chord v, € X(D \ v;;(, b) with zero energy. Such
zero energy chords are hyperbolic geodesics and they are central to the theory of
Loewner energy. Indeed, the imaginary axis iR, is the hyperbolic geodesic in the
upper half-plane from 0 to co, and the corresponding driving function is the constant
zero function.

Definition 2.3. The hyperbolic geodesic in a simply connected domain D C C
from a prime end a to another prime end b is the image ¢(iR,) of the imaginary
axis under a conformal map ¢: H — D with ¢(0) = a and ¢(oc0) = b. Note that this
specifies a unique chord in X(D;a,b).
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For instance, the hyperbolic geodesic in H between z,y € R is the semicircle with
the interval between x and y as its diameter. The hyperbolic geodesic v in D from a
to b has the following useful properties that follow immediately from its definition.

e The hyperbolic geodesic 7 is the unique chord in X (D; a, b) with Ip., () = 0.
Any other chord in X'(D;a,b) has positive (or infinite) Loewner energy Ip.q .

e The reversed chord ® is the hyperbolic geodesic in D from b to a. Hence, it
makes sense to omit the orientation and call v the hyperbolic geodesic in D
between a and b.

e Given any parameterization v: (0,7) — D with v(0) = a and v(7T') = b, for
each t € (0,7), the curve (¢, T) is the hyperbolic geodesic in D \ ~([0,¢])
between 7(t) and b.

Let us say that a chord v € X(D;a,b) has a geodesic tip if we can decompose it
into simple curves v; and s joined at ¢ € D such that 7, is the hyperbolic geodesic
in D\ 71 between ¢ and b. (Note that by the third bulleted observation above, a
chord v € X(D;a,b) has a geodesic tip if and only if, given any parameterization
~v:(0,T) — D with y(0) = a and y(T") = b, there exists a time s € (0,7") such that
the following is true: for every ¢ € [s,T'), the curve y([t, T]) is the hyperbolic geodesic
in D\ ([0, ¢]) between ~(t) and b.) Then,

(2'7> ]D;a,b(’y) = IB;a,b(%) + ID\%;C,b(’Y?) = I%;a,b(%) = Ilo);a,b('yl) + ]D\w;b,C('Y?)

by (2.6) and the first two bulleted observations above. Here, we already see that
when computing the Loewner energy of a chord with a geodesic tip, we can reverse
the orientation of this tip. The the key idea in our proof is to generalize this to the
case that the hyperbolic geodesic is in a middle part of the chord (see Lemma 3.1).

2.2. Identifying chords via hulls. In our proof of the “commutation in-
equality” (Lemma 3.1), we will need to identify the Hausdorff limit of chords using
the convergence of the hulls that they generate. For concreteness, let us consider
chords in the upper half-plane H between two points on R. Given v € X(H;z,vy),
by the Jordan curve theorem, H\ 7 consists of exactly two connected components: a
bounded component D, and an unbounded component U,, both of which are simply
connected domains. Moreover, 0D, = v U [z, y] where [z,y] C R denotes the closed
interval between z and y even when z > y. We define the hull generated by the
chord v as the closure K, := D, in H=HUR. Since OK,NH =0D,NH = v, a
bounded chord in H can be uniquely identified by the hull it generates.

Lemma 2.4. Suppose (7")nen Is a sequence of chords in H between two fixed
points x,y € R such that sup,cy Iz, (7") < 0o. Then, there exists a subsequence
~™ which converges to some chord v € X(H;z,y) in the Hausdorff distance and,
furthermore, the corresponding hulls K., converge to K, in the Hausdorff distance.

Proof. Without loss of generality, assume x < y. Fix a Moébius map f: D — H
with f(—=1) =z and f(1) = y. By Lemma 2.1, for each n, there exists a homeomor-
phism ¢, : D — D such that ¢,|sp is the identity map and ¢,([~1,1]) = f~1 ().
Furthermore, we can find a subsequence ¢, which converges uniformly to a home-
omorphism ¢: D — D. Then, ~,, converges to v := (f o ¢)([-1,1]) € X(H;x,y) in
the Hausdorft distance.

Denote by D the lower half-disk {z € D: Im(z) < 0} and note that the bounded
connected component of H\7, is (fog,)(D). Since the homeomorphisms foyp,, : D —
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H U {co} converge uniformly, the hulls K., = (fown)(Dy) = (fo ¢n,)(D) also
converge in the Hausdorff distance to K, = ¢(D). O

Our definition of the hull K, generated by a bounded chord « in H is in agreement
with the following more general definition of a hull in H. Let C be the space of non-
empty closed subsets of H. The set of compact H-hulls is defined as

K :={K € C: K is bounded, H \ K is simply connected, and K N"H = K}.

Indeed, since D, is bounded, K., is bounded. Moreover, K, NH = D, U (0D, N
H) = D,U~,so H\ K, = (H\ v) \ D, = U,, which is simply connected. Also,
K,NH=D,Uy=K,U(yU{z,y}) = K,. Thus, the hull K, defined as the closure
of the bounded component of H \ v in H is an element of K.

For each hull K € IC, there exists a unique conformal transformation g : H\ K —
H such that gx(z) — 2z — 0 as z — oo, which we refer to as the mapping-out function
of K. This induces the following alternative topology on I which is natural from the
perspective of Loewner chains.

Definition 2.5. Let (K™),en be a sequence compact H-hulls. We say that K"
converges to K € K in the Carathéodory topology if g converges to gz’ uniformly
away from R. This means that for every e > 0, gy converges uniformly to g;' on

{zeC:Imz > ¢e}.

An equivalent geometric definition is available via Carathéodory kernel theorem
(see, e,g., [Bel20, Sec. 3.3|), from which the following topological lemma follows. This
allows us to identify the limiting chord in Lemma 2.1 through the Carathéodory limit
of the hulls.

Lemma 2.6. [PW24, Lem. 2.3| Let (K"),en be a sequence in K. If K™ converges
to K € K with respect to the Carathéodory topology and to a compact set K* C
H in the Hausdorff distance, then H \ K coincides with the unbounded connected
component of H\ K*. In particular, if K* € IC, then K = K*.

3. Proof of reversibility of chordal Loewner energy

In this section, we first establish the inequality version of the commutation rela-
tion for Loewner energy when two curves are joined at the same endpoint (Lemma 3.1).
Based on this result, we show that a minimal energy chord passing through a fixed
finite set of points is piecewise geodesic, and the Loewner energy of any piecewise
geodesic chord is invariant under reversing its orientation (Proposition 3.4). We use
this to give a proof of Theorem 1.1 at the end of this section.

3.1. A commutation inequality. The starting point of our proof of Theo-

rem 1.1 is the following commutation relation for Loewner energy given in [Wan19a,
Cor. 4.4].

Theorem A. Let D be a simply connected domain and a,b be distinct prime
ends. Suppose 7 is a simple curve D from a to v(S) € D, and 7 is a simple curve in
D from b ton(T) € D with yNn = &. Then,

(31> [%;a,b<7) + I%\'y;b,'y(S) (77> = [B;b,a(n) + [%\n;a,n(T) (7)

In other words, we can compute the joint Loewner energy of v and 1 by computing
the energy of either v or n first, then adding the energy of the other curve in the
complement of the first. The main restriction in Theorem A is that the curves ~
and 7 cannot intersect, even at their endpoints. Nevertheless, we can deduce from it
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a “commutation inequality” satisfied by two curves terminating at the same interior
point.

Lemma 3.1. Let D be a simply connected domain with distinct prime ends
a and b. Suppose v and n are disjoint simple curves in D starting from a and b,
respectively, except that they both terminate at ( € D. Then,

(3.2) Do) < Ip.u b (V) + I\ ().

Furthermore, if ) has a geodesic tip when considered as a chord in D \ 7 from b to
(,? then

(33) ]%;b,a(n) + ]D\n;a,C(’}/) S ]B;a,b(’Y) + ]D\’Y§b7<:(n)'
Proof. Take any continuous parameterization n: (0,7] — D with n(0) = b and

n(T) = ¢. For t € (0,7), since v and 7n((0,t]) do not intersect, the commutation
relation (Theorem A) states

(34> I%;b,a(n([(L t])) + Ilo)\n([O,t]);a,n(t) (7) = I%;a,b(7> + I%\'y;b,ﬁ(”([ov t]))

Note from the definition of the Loewner energy of a curve (2.4)—(2.5) that

(3.5)  lim Ipy,(n([0,¢])) = Ippa(n) and  lim Ip 4 (0([0,4])) = Ip\yic(n)-

t—T— t—T—

We thus obtain

(36) tl_i)I%l_ ]%\n([o,t]);a,n(t) (7) = B;a,b(’y) + ]D\’Y§b,§(n) - B;b,a(n)'

The first inequality (3.2) follows from the simple observation that the left-hand side
of (3.6) must be nonnegative by the definition of Loewner energy.
If we furthermore had

(3.7) [D\n;a»C(V) < tl_igl_ ]%\n([ovt]);am(t) (7),

then we would obtain the second inequality (3.3) from (3.6). For the rest of this proof,
we prove the inequality (3.7) in the case that n € X' (D \ v;b,() has a geodesic tip.
That is, suppose there exists Ty € [0,7") such that n([Ty, T]) is the hyperbolic geodesic
in D\ (vUn([0,Tp])) between n(Ty) and ¢ = n(7T"). By the conformal invariance (2.5)
of Loewner energy, we may assume that D = H, a = 1, and b = 0. Let us further
assume that 7 is in half-plane capacity parameterization and let (g;)¢cpo,r) be the
Loewner chain corresponding to the curve 7.

2That is, m can be partitioned into simple curves 77, from b to an intermediate point £ € 7, and
72, from & to ¢, such that 79 is the hyperbolic geodesic in D \ (yUn;) between ¢ and (.
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Figure 1. A pictorial description of the proof of Lemma 3.1. Let (g¢)ic[o,r] be the Loewner
chain mapping out 7, and denote by 7* the chord remaining after mapping out v U n by g;. Let &¢
be the image of 4% under an affine transformation that maps the endpoints of the chord to 0 and 1.
The hulls enclosed by ~' converges in the Carathéodory topology to that enclosed by 7, and the
chords 4' converge along a subsequence to some ¥* € X (H;1,0) in Hausdorff distance. We have
7* = or(yT) from Lemma 2.6.

As illustrated in Figure 1, let us denote
=gy Un([T,t])) € X(H; 24, \y)

where \; := ¢;(n(t)) is the driving function of the Loewner chain and z; := ¢;(1). Note
that z; and \; are continuous real-valued functions satisfying A\, # =z, for t € [0,7].
For each t, let @4(2) = (2 —A¢)/(x¢— A¢) be the conformal automorphism of H sending
the triple (A, z,00) to (0,1, 00) and denote

7= pu(y") € X(H;0,1).

For t € [Ty, T, since n([T, t]) is the hyperbolic geodesic in D\ (yUn([0,t])) between
¢ =n(T) and n(t), we have

T1,0(7") = T, (V") = Tin(o.yne (Y YU n((T, 1))
(3.8) = Ignn(o0.0):1,00 (V) + T yuno.)):eacey (N1 2]))
= Tvno.nyamen ()

From (3.4), we have

(3.9) Ir0.1(7") = Tinoapinn (V) < T o() + Imyoc(n) = ¢

for all ¢t € [Ty, T]. The lemma holds trivially if ¢ = oo, so let us assume ¢ < oc.
By Lemma 2.1, there exists a sequence (t;)ren increasing to 7' and a chord 7* €
X(H;1,0) such that 4% — 4* and Ks¢, — K5 in the Hausdorff distance.

We claim that 5* = T, for which it suffices to show 7v* := ¢;'(7*) = 77.
Recalling that z;, — 27 and A, — Ap, the affine maps ¢;, converge uniformly on
bounded subsets of H to ¢r. Thus, the rescaled hulls K., = ¢ I(K&tk) converge
to K.« = o7 (K5<) in the Hausdorff distance. On the other hand, observe that
if fr: H\ K,r — H is the mapping-out function of the hull K= (i.e., the unique
hydrodynamically normalized conformal map), then f; := frogrog; ' is the mapping-
out function of the hull K.,:. We see from the Loewner equation (2.3) that g, — gr
uniformly away from R as t — T~. Since fr o gy is hydrodynamically normalized,
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we conclude that f; ' — f.! uniformly away from R and thus K, — K.,r in the
Carathéodory topology as t — T~. By Lemma 2.6, K- = K, r and hence v* =
0K« NH = 0K, » NH =~ as claimed. In particular,

L1 0(7") = Trma0(37") = Tmga e (7)-
Finally, by Lemma 2.1,

Tinpa.¢(v) = Twa o(7") < liminf Ty 0()
(3.10) ) » < .
= tl_lgl_ I 0(7') = tl_lgl_ IH\n([O,t]);l,n(t) (7)-

This conclusion is equivalent to (3.7) by the conformal invariance of Loewner energy.

O

3.2. Piecewise geodesic energy minimizers. Let D be a simply connected
domain with two distinct prime ends a and b. Recall that X'(D;a,b) is the set of all
chords in D from a to b. Given a finite set z C D, let

(3.11) X(D;a,b;z) = {y € X(D;a,b): z C v}

be the set of chords in D from a to b passing through all points in z. We first observe
that there exists a Loewner energy minimizer on this set.

Lemma 3.2. Given any finite z C D, there exists a chord y™" € X(D;a, b; z)
such that

3.12 Ipaps(Y™™) ;=  inf  Ip, < 00.
(3.12) Diap(Y™") et I b(7) < o0

Proof. Without loss of generality, let D be a bounded Jordan domain. The
existence of a finite-energy chord in X(D;a,b;z) is given in [Wanl9a, Lem. 3.3|.
Let us thus take a sequence of finite-energy chords (7"),en in X (D;a,b; z) whose
energies decrease to inficx(piapiz) IDiap(7) < 00. By Lemma 2.1, there exists a
subsequence ™ which converges in the Hausdorff distance to some chord ™" ¢
X (D;a,b). We furthermore have Ip.,,(7v™") < liminfy oo Ip.ap(7™*). Observe that
mMax,e, Min, e, min |2 —w| is bounded above by the Hausdorff distance between 7™ and
™ for every ny. Since the latter converges to 0 as k — 0o, we have z C y™®,  [J

The key observation in our proof of Theorem 1.1 is that the energy minimizer
in Lemma 3.2 has the following property, which was introduced in [MRW22| for the
case of Jordan curves.

Definition 3.3. Let z C D be a finite set. We say that a chord v € X(D;a, b; 2)
is piecewise geodesic relative to z if z partitions v into simple curves 1,72, ..., Vn
such that each ~; is a hyperbolic geodesic of the domain D\ (v \ ).

In other words, a chord 7: [0,1] — DU{a, b} visiting zU {a, b} at times 0 = ¢, <
) <---<t,. 1 <t,=11is piecewise geodesic relative to z if, for every k =1,...,n,
the chord ~([tx—1,tx]) is the hyperbolic geodesic in D \ ([0, tx_1] U [tg, 1]) between
Y(te-1) and 7 (tk).
Proposition 3.4. Let D be a simply connected domain with distinct prime ends
a,b and let z be a finite subset of D.
1. If v is a chord in X(D;a,b; z) satisfying Ip..s(v) = infyex(piapz) Ipiap(n),
then vy is piecewise geodesic relative to z.
2. If v € X(D;a,b;z) is piecewise geodesic relative to z, then its energy is
invariant under the reversal of orientation. That is, Ip..s(7) = Ippa(7)-
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Proof. Take an arbitrary chord v € X(D;a,b;z) and let z1,2,,...,2, be the
enumeration of z in the order visited by +. For each k =1,2,... ,n+1, let us denote
the part of the chord  between z;_; and zj as 7, (where zy = a and z,,; = b). We
shall reverse the orientation of 7 inductively, finishing with a chord n € X(D;b, a; 2)
with Ip.pa(n) < Ip.ap(y). Furthermore, we will show that the inequality is strict if y
is not piecewise geodesic relative to z. Let us denote Dy, := D\ (U, 7:) for the rest
of this proof. N

e In the first step, replace 7,1 with the hyperbolic geodesic in D,, from b to
Zn, which we denote 7,41. Since Ip, ., (n+1) = 0, we have

ID;”J’(V) = Ig;a,b ( U 71) + ]Dn;zn,b (’Yn-f—l)

i<n

> ]B%b ( U %) + IDn;b,zn (nn+1)'

i<n

(3.13)

Here, the inequality is strict if v, is not a hyperbolic geodesic (i.e., Y541 is
not the orientation reversal of 7,.1). Note that (.., 7:)Unn+1 € X(D;a,b; 2).

| Ipiap <Ui§k %) IDyib .2 (Uj2k+1 ”/J') ‘I%;a,b (Uigk’—l %’2‘ Ip,_ bz (U]‘Zk ”/j)‘
e | > |
Zk—1 Ak Zhk+1 Zk—1 “ Zk+1
Nk+1
a b a b
Yk

Figure 2. An orientation reversal step in the proof of Proposition 3.4. Left: The curves
Vi1, - -, Ynt+1 tO the right of 2z have been replaced with ngy1,...,7,41 in the previous steps. The
orange curve 741 is a hyperbolic geodesic in the complement of black and purple parts of the chord.
Right: We replace the purple curve 7, with a hyperbolic geodesic 7 in the complement of black
and orange parts of the chord. The total energy of the curves in the right figure is no more than
that in the left figure. Moreover, if ~; # 7, then the inequality is strict.

e Let k € {1,...,n}. Suppose we have replaced each v; with j > &k with a
curve 7); between z;; and z; so that (U;<,7i) U (U1 m5) is a chord in
X (D;a,b; z). Suppose, furthermore, that 7., is the hyperbolic geodesic in
D\ (Uj2k+2 n;) between zj1 and zj1o, and

(3.14) Ipap(y) > IB;a,b<U%> +1Dk;b,zk< U m-).

i<k >k+1

Now, replace v with the hyperbolic geodesic in Dy—1 \ (U544, 7;) from 2
to zx_1, which we denote n;; see Figure 2 for an illustration. Since ka1 1)
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has a geodesic tip as a chord in Dy, Lemma 3.1 implies

[kaﬁzk—l:b(fyk) + IDk—l\’Yk?bvzk( U 771)

k41

> IBk,l;b,zk,l U 7]]) + IDk—l\(UjZk+1 n5)i%k—1,%k (fyk)
>k
(3.15) r2h
Z Ig)k,l;b,zk,l U 7]]') + IDk—l\(Uj2k+1 n5)3%k:2k—1 (nk)
k41
= Ip, 1sbz U 7]]') :
=k
Note that the second inequality in (3.15) is strict if 74 is not a hyperbolic geo-
desic (i.e., v, is not the orientation reversal of ;). The new chord (;<;_, 1)U
(U sk n;) satisfies the induction hypothesis since it passes through all points
in z and, combining (3.14) and (3.15), we have
Ipap(v) = 1D ( U %‘) +1Ip,b,z ( U 77]’)
i<k J>k41
(3.16) ==@m@<lj %)-Fﬁhu%lbﬁd‘%hmwk<lj %)
i<k—1 j>k+1
> IB;a,b( U %’) + ]Dk—1§bvzk—1 ( U nj) :
i<k—1 i>k

After completing this above reversal procedure all the way from & = n + 1 to
k = 1, we are left with a chord n := U;Lill n; € X(D;a,b; z) satistying Ip,q(n) <
Ip.ap(7y). By construction, if 7 is not piecewise geodesic relative to z, then we cannot
have np = 7, modulo orientation for all k. In this case, we have a strict inequality
Ipp.a(n) < Ipap(y). Applying the above inductive reversal procedure again to 7, we
obtain a chord 4 € X(D;a,b; z) such that Ip.,,(¥) < Ippa(n) < Ip.as(y). Hence,
if v minimizes the energy Ip.,;, among chords passing through z, then it must be
piecewise geodesic relative to z.

If ~ is piecewise geodesic relative to z, then 7, = 7, modulo orientation in each
step of the above reversal procedure. Then, the chord n that we obtain through
the reversal procedure is simply 7 in reverse orientation and we have Ip.,.(v) <
Ip..p(7). Note that the piecewise geodesic property of + is invariant under reversing
its orientation, whence Ipyq(7) > Ip.ap(y) as well. We conclude that Ip.,,(7y) =
Ipp.a(7) if v is piecewise geodesic. O

We note that the loop version of Proposition 3.4 was given in [RW21, Prop. 2.13]
using the root-invariance of loop Loewner energy. The latter fact was proved in the
same work using the the chordal reversibility as a preliminary.

The final input needed for our proof of Theorem 1.1 is the following consequence
of the Jordan curve theorem.

Lemma 3.5. Let D C C be a bounded Jordan domain and suppose vy and 7 are
chords in D between distinct boundary points a and b. If v C 7, then v = 7.
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Proof. Suppose, for contradiction, that there is a point z € 4\ v. It must be
in D since ¥\ D = v\ D = {a,b}. By the Jordan curve theorem, D \ v has two
connected components, say U and V', such that DN oU = D NIV =~ \ {a, b} (see,
e.g., [Pom92, Prop. 2.12] for a proof). Let U be the component containing z.

Now, D \ 74 also has exactly two connected components, say U and V. Since
D\ 4 C D\ v, the two components U and V are each a subset of either U or V but
not both. However, z € ¥y = DN oU = DN 6\7, which means that both U and V are
subsets of U. This implies V' C 4 and hence V' C DN oU , which is a contradiction
since VN (DNOU)cVN(DNT)=VNUUY) =2. O

We are now ready to prove the orientation reversibility of chordal Loewner energy.

Proof of Theorem 1.1. Without loss of generality, assume that D is a bounded
Jordan domain. Suppose 7 is a chord in D from a to b with Ip.,4(7) < co. Choose an
increasing sequence z' C z2 C - -+ of finite subsets of yN D such that | J, -, 2™ is dense
in 7. For instance, we can take any continuous parameterization y: [0, 1] — DU{a, b}
and set 2" = {y(j/2"): j =1,...,2" — 1}. By Lemma 3.2, for each positive integer
n, we can find chord 4" € X(D;a,b;z") which minimizes the energy Ip.,, among
those passing through 2™. By Proposition 3.4, each ™ is piecewise geodesic relative
to z" and hence

(317> ID;b,a(’Yn) = ID;a,b(’Yn) S [D;a,b(’y) < Q.

By Lemma 2.1, there exists a subsequence <™ which converges to a chord n €
X(D;b,a) in the Hausdorff distance, which furthermore satisfies

(3.18) Ippa(n) < h;fn inf Ipg (7)) = lign inf Ip.qp(7"™) < Ipiap()-
— 00 — 00

We claim that n = 7 modulo orientation. Note that for every z € 2™ and ny > m,
since 2™ C z™, the distance between z and the chord 7 is bounded above by the
Hausdorft distance between ~"™* and n. Taking np — oo, we see that every z &€
U,,>1 2™ is in n. Since |J,,~, 2™ is dense in v and 7 is closed, we have v C 7 and
thus v = 7 by Lemma 3.5. Therefore, Ip4q(7) < Ip.as(y) and, changing the roles of
a and b, we conclude Ip.,,(7) < Ippa(y) as well.

This proves the theorem if either Ip.,u(7) or Ipspe(7y) is finite. It is trivially
satisfied when the energy is infinite in both orientations, so Ip.qs(7) = Ippa(7y) for
any v € X(D;a,b). O

4. Energy minimizers for isotopy classes of chords

In this section, we prove Theorem 1.2 on the existence of a Loewner energy
minimizer for each isotopy class of chords passing through a finite set of points and
its characterization as a piecewise geodesic chord.

We first note that an isotopy between two chords 7y and 7, relative to z extends
to an ambient isotopy of D relative to z, which refers to a continuous deformation
of the domain D fixing z U D which restricts to an isotopy between the two chords.
Here, D means the union of D with the set D of its prime ends. Here is a more
precise statement. Let us denote by Homeo(D, K) the space of self-homeomorphisms

of D which restrict to the identity map on K C D, equipped with the compact-open
topology.



A deterministic proof of Loewner energy reversibility via local reversals 385

Lemma 4.1. If two chords vy, 71 € X(D;a,b;z) are isotopic relative to z, then
there exists a continuous map F: [0,1]x D — D such that F(s,-) € Homeo(D, 2U0D)
for each s € [0, 1], F(0,-) is the identity map, and v, = F(1,7).

The converse relationship is clear: if there exists an ambient isotopy between two
chords relative to z, then they are isotopic relative to z.

Proof of Lemma 4.1. Without loss of generality, assume that D is the unit disk
D and denote z = {z1,...,2,}. Choose € > 0 such that the closed disks By.(zx) are
contained in D and disjoint from each other. It is straightforward to find a family
of maps (¢, ), indexed by w = {wy,...,w,} satisfying maxy, |wy — z;| < &, with the
following conditions: ¢, is the identity map, ¢, € Homeo(D,dD) for each w, and
dw(wg) = 2z for each w, € w. Furthermore, we can choose these maps so that
w — ¢, is continuous with respect to the Hausdorft distance on the domain and the
uniform norm on the codomain.

Let v: [0,1] — D U {a,b} be a continuous parameterization of a chord in
X(D;a,b,z) with t; := (70) '(2x) for each z; € z. We claim that there exists a
d > 0 (depending on ) so that the following is true: if v; : [0,1] — DU {a,b}
is a parameterized chord with sup,cp 1) [10(t) — 71(t)] < § and (k) = 2 for ev-
ery k, then there exists an ambient isotopy F as in the statement of the lemma.
By the Schoenflies theorem, we can choose é > 0 such that for any such ~;, there
is f € Homeo(D,dD) with sup, 5 |f(z) — x| < € and v, = f o7 (see [Pom92,
Cor. 2.9 and Thm. 2.11]). Since Homeo(DD, D) is locally contractible [HD58], f
extends to an isotopy F: [0,1] x D — D from the identity map to f such that
F(s,-) € Homeo(D,dD) and sup, 5 |F(s,2) — x| < ¢ for every s € [0,1]. Then,
F (5,°) '= @r(sz) 0 F(s,-) is the desired ambient isotopy between v, and 7, leaving z
pointwise fixed.

Now, given any vy, € X (D;a,b; z,70), choose an isotopy H : [0, 1] x vy — DU{a, b}
from -y to 71 leaving z pointwise fixed and denote ~4(t) := H(s,t). By the previous
paragraph, there exists a d; > 0 for every s € [0, 1] such that v; is ambient isotopic
to 7s through Homeo(DD, z U dD) whenever |3 — s| < &,. This gives an open cover of
[0, 1], so we conclude that «; is ambient isotopic to 7o through Homeo(D, zU0D). [

Remark 4.2. All chords in X(D;a,b) are isotopic to each other by the Jordan
curve theorem. When 2z contains 1 < n < oo number of points, by Lemma 4.1, the
collection of isotopy classes of chords in X (D;a,b; z) relative to z correspond to the
mapping class group of a disk with n punctures. This can be further identified with
the braid group on n strands (see, e.g., [FM12, Sec. 9.1]). As such, there is a unique
isotopy class relative to z when z consists of a single point, but the number of isotopy
classes relative to z is countably infinite when z contains more than one point.

Proof of Theorem 1.2. If z = @, then ™" is the hyperbolic geodesic in X (D; a, b)
and the claim is trivially satisfied. Let us thus consider the case that z contains n > 1
points and show that there exists a chord in X(D;a,b; z,v) with finite energy. The
proof is by induction on n.

e If 2 contains a single point z;, then there is a unique isotopy class of chords
in X(D;a,b) passing through z; relative to this point. In this case, 7™
with finite energy was uniquely identified in [Wan19a, Prop. 3.1] using the
interpretation of chordal Loewner energy as the large deviation rate func-
tion of chordal SLE. The same result was proved deterministically in [Mes23,
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Thm. 3.3(i)] by an identification of the system of differential equations satis-
fied by the driving function of y™",

e Let n > 2 and suppose there exists a finite energy chord passing through any
set of n — 1 points in D with any given isotopy class. Let z; and z3 be the
first and second points of z visited by ~, respectively. Let 79 be the part of
~ until it visits z1, let 71 be the part between z; and 2o, and finally let v, be
the rest of v after it visits z,.

Using the result for n = 1 case referenced above, let us replace vy U 7,
with a finite energy chord n in X(D \ 72;a, 22) passing through z;. Let 7
be the part of this curve up to its visit to z; and 7; be the remaining part
from z; to 25. Note that we can find an isotopy between vy U, and 7 in
D\ v fixing z; and extend it to one between v and n U vy in D fixing z.
That is, nU . € X(D;a,b; z,7). Moreover, since Ip\qy.a,2(10) < 00, we have
Ip.ap(no) < oo by [Wanl9a, Lem. 4.3].

We now recall the induction hypothesis to choose a chord 11 € X(D \
no; 21, b; 2 \ {21}, 1 U ~2) with finite energy. Then, by the additivity (2.6) of
Loewner energy, we have

(4.1) Ip.ap(mo Un) = I 5(10) + ID\ngiz (1) < 00.

Furthermore, 1y U 7 is isotopic to n U v, relative to z, so we have found a
finite-energy chord in X(D;a,b; z,7) as claimed.

Let us assume D =D, a = —1, and b = 1 and choose a sequence of finite-energy
chords (™) men in X(D; —1, 1; z,v) whose energies decrease to the infimum energy in
this isotopy class. By Lemma 2.1, for each m, there exists ,, € Homeo(ID, D) with
©m([—1,1]) = 4™. Moreover, along a subsequence, ¢,,, converges uniformly to some
¢ € Homeo(ID, D). Since D is compact, gogkl — ¢~ uniformly as well, which implies
that ;! (z) converges in the Hausdorff distance. Then, we can pick a sequence
of homeomorphisms 1,,, € Homeo(ID, D) converging uniformly to the identity map
such that ¥y, ([—1,1]) = [-1,1] and (@, 0Um, )" (2) = ¢~ !(2) for every my. Letting
Amin = o([—1,1]), we see that ¢, 0 ¥, o p~t € Homeo(D, z U dD) maps v™* to
~™k - and these homeomorphisms converge uniformly to the identity map as my — oo.
Since the identity component of Homeo(ID, z U dD) is homotopically trivial[Ham62],
we conclude Y™ € X(D; —1,1;z,v). Since 7™ — 4™ in the Hausdorff distance,
we obtain (1.3) by the lower semicontinity of Loewner energy (Lemma 2.1).

The claim that an energy minimizer of X(D;a,b; z,7) is piecewise geodesic rela-
tive to z follows from the fact that the manipulations in the proof of Proposition 3.4
do not change the isotopy class. O
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