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Covering sponges with tubes

William O’Regan

Abstract. The aim of this note is to give a short proof of a result of Pyörälä–Shmerkin–

Suomala–Wu; the Sierpiński carpet, and generalisations, are tube-null; they can be covered with

tubes of arbitrarily small total width. We remark that a more general class of sponge-like sets

satisfy this property. For a given ǫ > 0 the proof is able to give an explicit description of the tubes

for which the total width is less than ǫ.

Sienen peittäminen putkilla

Tiivistelmä. Työn tavoitteena on antaa lyhyt todistus Pyörälän–Shmerkinin–Suomalan–Wun

tulokselle: Sierpińskin matto ja sen yleistykset ovat nollaputkipeitteisiä ts. ne voidaan peittää put-

killa, joiden yhteisleveys on mielivaltaisen pieni. Lisäksi huomataan, että sama pätee yleisemmälle

luokalle sienimäisiä joukkoja. Kullakin arvolla ǫ > 0 todistus tuottaa esityksen tarvittavista putkis-

ta, joiden leveys on pienempi kuin ǫ.

1. Introduction

We call a closed δ/2-neighbourhood of a line in Euclidean space a tube of width
δ. We say that a subset of Euclidean space is tube-null if it can be covered by
tubes of arbitrarily small total width. A question that attracts much attention in
harmonic analysis is which functions is one able to recover the function from its
Fourier transform.

1.1. The localisation problem.

Definition 1.1. Let f be a function on Rd. For R > 0 define the spherical mean

of radius R by

SRf(x) =

ˆ

|ξ|<R

f̂(ξ)e2πix·ξ dξ.

One of the most interesting and difficult problems in harmonic analysis is deter-
mining whether we can recover the values of every f ∈ L2(Rd) from the pointwise
limit of its spherical means SRf . That is,

Problem 1.2. Is it true that for all f ∈ L2(Rd) we have

lim
R→∞

SRf(x) = f(x) a.e.

For d = 1, the result is true; this is an extension to the real line of a result
of Carleson [Car66, KT80]. The problem is open for d ≥ 2. Carbery, Soria and
Vargas [CSV07] showed that if K ⊂ B(0, 1) is so-called ‘tube-null’, then there exists
a function f ∈ L2(Rd) which is identically zero on B(0, 1) but SRf(x) fails to converge
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for every x ∈ K. It is an open problem to characterise all such sets of divergence;
in particular, it is not known if such a set is tube-null. If the assumption that
spt f ⊂ Rd \ B(0, 1) is dropped, then it is not even known if the divergence set is
Lebesgue null.

1.2. The definition of a tube-null set.

Definition 1.3. We call a tube T of width w = w(T ) > 0 the closed w/2-
neighbourhood of some line in Rd, where d ≥ 2 is an integer.

Definition 1.4. A set K ⊂ Rd is called tube-null if for every ǫ > 0 there exists
a countable family of tubes {Ti}i∈N such that

K ⊂
⋃

i∈N

Ti.

and ∑

i∈N

w(Ti)
d−1 < ǫ.

An easy example of a tube-null set is the following: Let C be the middle-1/3
Cantor set and consider C × R. Let ǫ > 0. Since L1(C) = 0 we can find a cover
{Ui}i∈N of C by closed intervals such that

∑ |Ui| < ǫ. Then consider the tubes
{Ti}i∈N where Ti = Ui × R.

The notion of tube-nullity is also very natural from the point of view of geometric
measure theory, and along with several variants, has been considered in many works.
See, for example, [Car09, Che16, CW08, Har11, Orp15, PSSW25, SS15, SS18]. It
is often difficult to verify whether a given set is tube-null or not. Often the con-
nection between tube-nullity and geometric measure theory arises from orthogonal
projections. This can be seen below.

Proposition 1.5. Let K ⊂ Rd. Suppose there exists a countable decomposition

K =
∞⋃

n=1

Kn,

a countable family of d− 1-dimensional hyperplanes {Vn}n∈N, Vn ∈ G(d, d− 1), and
orthogonal projections PVn

: Rd → Vn with Ld−1(PVn
(Kn)) = 0. Then K is tube-null.

Proof. Let ǫ > 0. Since for each n ∈ N we have Ld−1(Pn(Kn)) = 0 we can find a
covering of PVn

(Kn) by d−1 dimensional closed balls {Bn,i}i∈N with
∑

i∈N |Bn,i|d−1 <
ǫ/2n. Note here |·| denotes diameter. Let {Tn,i}i,n∈N be the collection of tubes defined
by Tn,i = P−1

n Bn,i. Since

Kn ⊂
⋃

i∈N

Tn,i

and ∑

i∈N

w(Tn,i)
d−1 < ǫ/2n,

we therefore have

K ⊂
⋃

n,i∈N

Tn,i,

and ∑

n,i∈N

w(Tn,i)
d−1 < ǫ. �
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Proposition 1.6. Let K ⊂ Rd and suppose that K supports a non-zero measure
for which all of its orthogonal projections to d− 1-dimensional planes are absolutely
continuous with respect to Ld−1, each with a density which is uniformly bounded,
then K is not tube-null.

Proof. Let {Ti}i∈N be a cover of K with tubes. For each tube Ti we have
µ(Ti) ≤ Cw(Ti)

d−1, for some uniform C > 0. Therefore

0 < µ(K) = µ

(⋃

i∈N

(K ∩ Ti)

)
≤
∑

i∈N

µ(Ti) ≤ C
∑

i∈N

w(Ti)
d−1. �

Since orthogonal projections are Lipschitz mappings they cannot increase Haus-
dorff dimension, and so sets with Hausdorff dimension strictly less than d − 1 are
tube-null. Using the Besicovitch–Federer projection theorem, Carbery, Soria, and
Vargas [CSV07] showed that sets with σ-finite (d − 1)-dimensional Hausdorff mea-
sure are tube-null. Given this, the question of tube-nullity is interesting for sets of
Hausdorff dimension at least d − 1. Using a random construction, Shermkin and
Suomala [SS15] showed that there are sets of any Hausdorff dimension between d−1
and d inclusive, that are not tube-null, and excluding the case of Hausdorff dimen-
sion d − 1, can be taken to be Ahlfors-regular. The construction in R2 is roughly
as follows: Start with the unit square and divide into four pieces and either keep
all four squares or just one of them, where this choice is done via some appropriate
probability distribution. Now, for each surviving square, divide into 4 new squares.
Either keep what we have already, or for each surviving square in the previous step,
keep only one of the new squares. Continue ad infinitum. For the details see [SS15].

Carbery, Soria and Vargas had shown this before for s ∈ (3/2, 2] by giving explicit
examples of rotationally invariant Cantor sets [CSV07]. They also gave examples of
sets which are tube-null, for s ∈ (1, 3/2) [CSV07].

Tube-nullity itself does not impose a bound on the Hausdorff dimension: Let
C ⊂ Rd be a set of Hausdorff dimension d − 1 but Ld−1(C) = 0 (for example, a
Cantor type construction). Then C × [0, 1] has Hausdorff dimension d but is tube-
null. Heuristically, we should expect sets of larger Hausdorff dimension to be less
likely to be tube-null.

1.3. Examples of tube-null sets. We have the result of Harangi [Har11].
In the plane, let R be the rotation by 60◦ and R′ the rotation by −60◦. Define
f1, f2, f3, f4 : R

2 → R by the maps

f1(x, y) = (x, y)/3; f2(x, y) = R(x, y)/3 + (1/3, 0);

f3(x, y) = R′(x, y)/3 + (2/3, 0); f4(x, y) = (x, y)/3 + (2/3, 0).

Let F be the IFS consisting of these maps and let K be the attractor. We refer to
K as the Koch curve.

Theorem 1.7. [Har11, Theorem 1.1] The Koch curve is tube-null.

We also have a large class of examples given by Pyörälä, Shmerkin, Suomala and
Wu. Fix an integer N ≥ 2 and let Γ ⊂ {0, . . . , N −1}d such that |Γ| < Nd. Consider
the homogeneous IFS on [0, 1]d defined by

F =

{
fi(x) =

x

N
+

i

N

}

i∈Γ

.
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Let K be the attractor of F , i.e., the unique non-empty compact set K such that

(1.8) K =
⋃

i∈Γ

fi(K).

Theorem 1.9. [PSSW25, Theorem 1.1] The set K is tube-null.

Combining with what is known, this shows that for every s ∈ [d − 1, d] there
exists a set K with dimH K = s for which K is tube-null. Therefore, we have sets
which are tube-null and sets which are not tube-null at every Hausdorff dimension
s ∈ [d− 1, d]. They also showed the following.

Definition 1.10. Define the map T : [0, 1)d → [0, 1)d by T (x) = Nx mod 1.
We call the map T the ×N -map.

Corollary 1.11. [PSSW25, Theorem 1.1] Let L ( [0, 1]d be a closed ×N invari-
ant set. Then L is tube-null.

We include the short proof.

Proof. Given any closed T -invariant L ( [0, 1]d we can find q such that not all
words in ({0, . . . , N − 1}d)q appear in L under the natural symbolic coding. Let K
be the self-similar set as above, corresponding to N q and Γ in correspondence with
the words of length q that appear in L, then L ⊂ K ( [0, 1]d. �

Below, we give a short proof of Theorem 1.9. The proof is essentially a shorter
discretised version of the proof given in [PSSW25], that is, we consider the cylinder
sets at level n, and find a fairly explicit covering of these sets by tubes.

1.4. Preliminaries and notation. Let A ⊂ Rd be closed. We call a map
f : A → A a contraction if there exists 0 < r < 1 such that

|f(x)− f(y)| ≤ r|x− y| for all x, y ∈ A.

If we have equality in the above, then we call f a contracting similarity. We call a
finite family F of contractions an iterated function system or IFS. If a set A 6= ∅ is
such that

A =
⋃

f∈F

f(A)

then we call A the attractor of F . An IFS F satisfies the open set condition if there
exists a non-empty bounded open set V such that

⋃

f∈F

f(V ) ⊂ V

with the union disjoint. It is well-known that every IFS has a unique attractor. We
call attractors of IFSs consisting of contracting similarities self-similar. Often, we
will index F by a finite set Γ, that is, F = {fi}i∈Γ. Sets of the form fω1

◦ . . . fωn
(K)

are called level-n basic sets. We call the map π : ΓN → A defined by

π(ω) = π((ω1, ω2, . . . )) = lim
k→∞

fωk
◦ · · · ◦ fω1

(0)

the natural projection from ΓN to A. The map is surjective, but not necessarily
injective.

We now define a natural class of measures on A. Let p = {pi}i∈Γ ∈ M1(Γ).
We can then define the Borel probability measure P on ΓN coming from p via the
product topology. The below is well known and can be found in [Fal97].
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Theorem 1.12. There is a unique Borel probability measure µ on A with

µ =
∑

i∈Γ

pifiµ.

Measures defined using the above procedure are called self-similar.

1.5. Sketch of the proof. We give a sketch proof. The reader is invited to
picture the Sierpiński carpet. The proof in general is identical. A Fourier analytic
lemma below will give us a finite set of directions for which we will be able to find
the prescribed covering of tubes. A fact, see Section 4 is that one can use horizontal,
vertical, and diagonal (in both directions) tubes. Say we are at stage n of the
construction. In each of these directions, consider the projected IFS, defined below,
and consider the level-n basic sets for which the digit expansion in the projected IFS
is away from being typical. Take the collection of preimages under the respective
orthogonal projections. This will be an efficient cover: if we take a level-n basic set
in the Sierpiński carpet, say, we will be able to show that its digit expansion in at
least one of the prescribed directions will be away from being typical.

Acknowledgements. The author would like to thank András Máthé for all of his
advice and suggestions. Extended thanks are given to Tim Austin and Tamás Keleti,
for their suggestions which greatly improved the presentation. Further thanks are
given to Attila Gáspár and Pablo Shmerkin for their advice and suggestions. Finally,
thanks are given to the anonymous referee whose comments ensured a greater quality
of exposition.

2. Projections of ×N -invariant measures

Definition 2.1. Define Mn : R → [0, n) to be the mod n map, which maps x ∈ R
to the unique 0 ≤ r < n which solves x = nq + r for some q ∈ Z. If n = 1 we refer
to M1 by M .

Fix K as in (1.8). Let M(K, T ) denote all the T -invariant measures supported
on K. The following is a basic fact about the space M(K, T ).

Lemma 2.2. [EW11, p97-p88] The space M(K, T ) is non-empty, and compact
with respect to the weak* topology.

The following well known result says that measures on the torus are uniquely
determined by their Fourier coefficients at integer frequencies.

Theorem 2.3. [Mat15, (3.66)] Let µ be a Borel measure supported on [0, 1]d.
Then µ = Ld

|[0,1]d
if and only if µ̂(v) = 0 for all v ∈ Zd. Further, a sequence of

probability measures (µn)n∈N in [0, 1]d converges to µ ∈ M([0, 1]d) if and only if
µ̂n(v) → µ̂(v) for all v ∈ Zd.

The following three lemmas are contained in Lemma 4.1 in [PSSW25]. We include
their simple proofs for the convenience of the reader.

Lemma 2.4. There exists an absolute constant c > 0 so that for all µ ∈ M(K, T )
we can find a v ∈ Zd \ {0} so that |µ̂(v)| > c.

Proof. Suppose the result is false. Then there exists a sequence of measures
(µn)n∈N in M(K, T ) so that |µn(v)| → 0 for all v ∈ Zd \ {0}. Therefore, by Theo-
rem 2.3, we have that µn → Ld

|[0,1]d
weak*. Since M(K, T ) is compact, by passing
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to subsequence we can assume that (µn)n∈N converges to µ ∈ M(K, T ) weak*. But
then Ld

|[0,1]d ∈ M(K, T ), a contradiction, since Ld(K) = 0. �

Lemma 2.5. For any µ ∈ M(K, T ) and any v ∈ Zd \ {0} we have Pvµ ≪ L1 if
and only if MPvµ = L1|[0,1).

Proof. Fix v ∈ Zd \ {0} suppose that MPvµ := Pvµ ◦M−1 = L1|[0,1). Let N ⊂ R
be such that L1(N) = 0. Then

Pvµ(N) ≤ Pvµ(M
−1M(N)) = MPvµ(M(N)) = L1(M(N)) = 0,

and so Pvµ ≪ L1.
Now suppose that MPvµ 6= L1|[0,1). By Theorem 2.3 there exists z ∈ Z \ {0}

such that M̂Pvµ(z) 6= 0. We then have, using the T -invariance of µ,

M̂Pvµ(z) =

ˆ

e−2πixz dMPvµ(x) =

ˆ

e−2πiM(x)z dPvµ(x)

=

ˆ

e−2πixz dPvµ(x) =

ˆ

e−2πix·vz dµ(x)

=

ˆ

e−2πix·vz dTµ(x) =

ˆ

e−2πix·Nvz dµ(x)

=

ˆ

e−2πixNz dMPvµ(x) = M̂Pvµ(Nz).

Therefore by iterating we have that for all k ∈ N, M̂Pvµ(N
kz) = M̂Pvµ(z). Then

since for each a ∈ Z

M̂Pvµ(a) =

ˆ

e−2πixadMPvµ(x) =

ˆ

e−2πixadPvµ(x) = P̂vµ(a),

it follows that for all k ∈ N, P̂vµ(N
kz) = P̂vµ(z) 6= 0 and therefore Pvµ 6≪ L1 by the

Riemann–Lebesgue lemma. �

Lemma 2.6. There exists a finite collection V ⊂ Zd \ {0} such that for every
µ ∈ M(K, T ) there exists a v ∈ V such that Pvµ 6≪ L1.

Proof. We first claim that there exists a finite V ⊂ Zd \ {0} such that for any
µ ∈ M(K, T ) we may find a v ∈ V such that µ̂(v) 6= 0. Suppose this is false. Then
we can find a sequence (µn)n∈N in M(K, T ) and a sequence (vn)n∈N in Zd \ {0} with
µ̂n(vn) 6= 0, so that |vn| → ∞ and each vn is chosen to be of minimal length so
µ̂(vn) 6= 0. By passing to a subsequence we can assume that µn converges weak* to
µ ∈ M(K, T ). Now let v ∈ Zd \ {0} so that |µ̂(v)| > c, where c is as in Lemma 2.4.
We know from Theorem 2.3 that µ̂n(v) → µ̂(v). Therefore for all n large enough we
have that µ̂n(v) 6= 0 which contradicts the assumptions.

Now let µ ∈ M(K, T ). For this set V we can find a v ∈ V such that µ̂(v) 6= 0.

By a simple observation we see that M̂Pvµ(1) 6= 0, and so by the argument in the
final sentence of the previous lemma we see that Pvµ 6≪ L1. �

3. The Sierpiński carpet is tube-null

Recall that we wish to prove that the attractor K of

F =

{
fi(x) =

x

N
+

i

N

}

i∈Γ

,
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is tube-null, where Γ is a proper subset of {0, . . . , N − 1}d. We wish to look at the
projection of this IFS in rational directions.

Definition 3.1. For v ∈ Zd \ {0} we define the projected IFS of F in direction

v by

Fv =

{
f v
i (x) =

x

N
+

i · v
N

}

i∈Γ

.

By setting Γv = Γ · v we may rewrite the above as

Fv =

{
f v
i (x) =

x

N
+

i

N

}

i∈Γv

.

Define the map Πv : Γ → Γv by i 7→ i · v. For any p ∈ M1(Γv) we can define the
push-forward measure Mp ∈ M1(M(Γv)). For notational simplicity define

Σ = {0, 1, . . . , N − 1}.
Note that MN (Γv) ⊂ Σ. Therefore we suppose that MNp ∈ M1(Σ) by the inclusion
map and by setting MNp(i) = 0 to any i ∈ Σ where i 6∈ M(Γv). So MNp is an
N -tuple (p1, . . . , pN) where MNp(i/N) = pi+1 for i = 0, . . . , N − 1.

Consider the symbol space Γn
v .

Definition 3.2. For ω, η ∈ Γn
v we write ω ∼ η if f v

ω(0) = f v
η (0).

We can then redefine Γn
v by choosing, in a convenient manner, an element from

each equivalence class. By doing this, we have removed the exact overlaps. Without
loss of generality, by means of a translation, we assume that each element of Γv is
positive.

Lemma 3.3. There exists L ∈ N so that for all n ∈ N and all η ∈ Γn
v we may

find ω ∈ {0, . . . , L} × Σn−1 so that ω ∼ η.

Proof. Set L1 = maxΓv. For all η ∈ Γn
v we have

f v
η (0) =

n∑

i=1

ηi/N
n−i+1(3.4)

≤ L1

∞∑

i=1

1/N i(3.5)

= L1
1

N − 1
(3.6)

≤ L1.(3.7)

Set L = L1N . Therefore, using the definition of the f v
j , for η ∈ Γn

v we have

(3.8) f v
η (0) ∈ {0, N−n, . . . , LN−n}.

Recall that

(3.9) f v
η (0) = f v

ηn
◦ · · · ◦ f v

η1
(0),

where fηj (x) = x/N + ηj/N . We now choose to represent η as follows: Find an
integer 0 ≤ j ≤ 2L1 so that f v

η (0) ∈ [j, j + 1). Set η1 = jN . We now know that

(3.10) f v
η (0) ∈ {j, j +N−n, . . . , j + 1−N−n}.

In the usual way we may find η2, . . . , ηn ∈ Σ so that

�(3.11) f v
η (0) = f v

ηn
◦ · · · ◦ f v

η1
(0).



430 William O’Regan

The measures we will consider on K will be the self-similar measures coming
from probability vectors on Γ as stated in Theorem 1.12. In fact, these measures are
fixed points under an appropriate contraction.

Theorem 3.12. [Fal97, Theorem 2.8] Consider an IFS F = {fi}i∈Γ and place a
probability vector p = {pi}i∈Γ on Γ. Let µ be the unique self-similar measure coming
from F and p as defined in Theorem 1.12. Let M be the class of Borel probability
measures on Rd with bounded support. Endow M with the metric d, defined by

d(ν1, ν2) = sup

{∣∣∣∣
ˆ

f dν1 −
ˆ

f dν2

∣∣∣∣ : Lip f ≤ 1

}
,

where Lip denotes the Lipschitz constant. Define the map ϕ : M → M by

ϕ(ν) =
∑

i∈Γ

pifiν.

Then for any measure ν ∈ M we have ϕn(ν) → µ. That is, the measure µ is unique.

Lemma 3.13. There exists a constant δ > 0, so that for any p ∈ M1(Γ) there
exists a direction, v ∈ V, such that the measure MΠvp on Σ satisfies H(MΠvp) ≤
1− δ.

Proof. Let µ be the self-similar measure coming from p. By Lemma 2.6 there
exists a v ∈ V such that Pvµ 6≪ L1. Suppose that H(MΠvp) = 1. Therefore,
by a basic property of Shannon entropy, we have MΠvp = (1/N, . . . , 1/N). Write
Πvp = {pi}i∈Γv

.

Claim 3.14. If ν is a probability measure on R with Mν = L1|[0,1), then

Mϕ(ν) = L1|[0,1).
Proof of claim. Let 0 ≤ k ≤ Nn − 1 be an integer and consider the interval

[k/Nn, (k + 1)/Nn). We then have

Mϕ(ν)
(
[k/Nn, (k + 1)/Nn)

)
= M

(∑

i∈Γv

pifiν

)(
[k/Nn, (k + 1)/Nn)

)

=
∑

i∈Γv

pi(M ◦ fi)ν
(
[k/Nn, (k + 1)/Nn)

)

=
1

N

N−1∑

i=0

ν
(
[k/Nn−1 − i, (k + 1)/Nn−1 − i)

)

≤ 1

N
Mν

(
[k/Nn−1, (k + 1)/Nn−1)

)

= N−n.

Further if Mϕ(ν)[k/Nn, (k+1)/Nn) < N−n then there exists an integer 0 ≤ l ≤ Nn−1

with Mϕ(ν)[l/Nn, (l + 1)/Nn) > N−n which contradicts the above. Therefore, we
have

Mϕ(ν)[k/Nn, (k + 1)/Nn) = N−n

and the claim follows from Hahn–Kolmogorov. �

Now let ν be a probability measure such that Mν = L1|[0,1). (For example ν =
L1|[0,1).) We know by Theorem 3.12 that ϕk(ν) → Pvµ, but since Mϕ(ν) = L1|[0,1) it
follows that MPvµ = L1|[0,1) by the continuity of M . Therefore Pvµ ≪ L1 which is
a contradiction. Thus H(MΠvp) < 1.
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Now suppose there does not exist δ > 0 as in the statement of Lemma 3.13. Then
there exists a sequence {pk}k∈N in M1(Γ) with

lim
k→∞

H(MΠvpk) = H(MΠv lim
k→∞

pk) → 1

for all v ∈ V, with the equality following from the continuity of the maps H,M , and
Πv. By compactness of M1(Γ) we can pass to a subsequence and find a p ∈ M1(Γ)
such that pk → p as k → ∞. Therefore H(MΠvp) = 1 for all v ∈ V which contradicts
the above. �

We now pause to give a few more definitions and results we shall need before
proceeding. Fix v ∈ V and n ∈ N.

Definition 3.15. [DZ10, Definition 2.1.1, Definition 2.1.4] For any ω = (ω1, . . . ,
ωn) ∈ Γn

v define

Lω
n =

1

n

n∑

i=1

δωi
.

Note that Lω
n ∈ M1(Γv). Define the type class of ν ∈ M1(Γ) by

Tn(ν) = {ω ∈ Γn
v : L

ω
n = ν}.

Denote Ln the set of all possible types of sequences of length n in Γ, i.e

Ln = {ν ∈ M1(Γ) : ν = Lω
n for some ω ∈ Γn

v}.
Lemma 3.16. [DZ10, Lemma 2.1.2] We have

|Ln| ≤ (n + 1)|Γ|.

Lemma 3.17. [DZ10, Lemma 2.1.8] For every ν ∈ Ln we have

1

(n + 1)|Γv|
enH(ν) ≤ |Tn(ν)| ≤ enH(ν).

For the rest of this chapter, for two positive real numbers x, y we say that x . y
if there exists a constant C > 0 that does not depend on n so that x ≤ Cy.

Lemma 3.18. Let δ be as in Lemma 3.13. Define

A = {ν ∈ M1(Σ) : H(ν) ≤ 1− δ},
Sn = {ω ∈ Σn : Lω

n ∈ A}.
Then

|Sn| . nO(1)Nn(1−δ).

Proof. We have

|Sn| =
∣∣∣∣∣
⋃

ν∈Ln

(Sn ∩ Tn(ν))

∣∣∣∣∣ =
∑

ν∈Ln

|Sn ∩ Tn(ν)| =
∑

ν∈Ln∩A

|Tn(ν)|

.
∑

ν∈Ln∩A

NnH(ν) by Lemma 3.17

≤ max
ν∈Ln∩A

(n + 1)|Γv|NnH(ν) by Lemma 3.16

≤ (n + 1)|Γv|Nn(1−δ). �

Lemma 3.19. Let δ be as Lemma 3.13. Define

A = {ν ∈ M1(Σ) : H(ν) ≤ 1− δ}
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and

T v
n = {ω ∈ Γn

v : MLw
n ∈ A}.

Then

|Tn| . nO(1)Nn(1−δ).

Proof. Recall that

Γn
v ⊂ {0, . . .M} × Σn−1,

where M is as in Lemma 3.3. Therefore

MNΓ
n
v ⊂ MN(m)× Σn−1 ⊂ Σn,

and so,

MN(T
v
n ) = MN ({ω ∈ Γn

v : MLw
n ∈ A})

= {MN(ω) ∈ Γn
v : MLw

n ∈ A}
⊂ {ω ∈ Σn : Lw

n ∈ A}
= Sn.

Therefore

T v
n ⊂ M−1

M (Sn),

and since the size of a pre-image of M is at most a constant, the result follows. �

Proof of Theorem 1.9. Let n ∈ N. Partition the level n basic sets of K into
sets {Dn

v }v∈V as follows: Take a level n basic set of K; this is associated uniquely
to some ω ∈ Γn. Let v ∈ V be such that H(ΠvL

ω
n) ≤ 1 − δ. Place this basic set

in Dn
v . We can do this by Lemma 3.13, and so K ⊂ ⋃

v∈V Dn
v . We then have that

Dn
v ⊂ P−1

v πv(Tn). Then by Lemma 3.19 P−1
v πv(Tn) can be covered by ∼ Nn(1−δ)

d− 1 dimensional hyperplanes of width ∼ N−n. Now let ǫ > 0. Choose n ∈ N large
enough so that N−δ < ǫ. The result then follows from Proposition 1.5. �

4. Final remarks

4.1. Other tube-null sets. We show that a class of sponge-like sets with
a N−1-adic grid structure are tube-null. We briefly recall the definition of a graph
directed sets; a generalisation of iterated function systems. Let V be a set of q vertices
and let E be a collection of directed edges, so that G = (V, E) is a directed graph
where for any two vertices there is a path of edges connecting them. For each e ∈ E
assign a contraction fe to it. Let K1, . . . , Kq be the graph directed sets associated to
G, that is, the unique non-empty compact sets K1, . . . , Kq such that

(4.1) Ki =

q⋃

j=1

⋃

e∈Ei,j

fe(Kj).

To see that this is a generalisation of an IFS, consider a set of contractions on Rd,
say, F . Let V = {v} be a single vertex and for each f ∈ F consider a directed edge
e, associated to f , from v to v. For this graph we have

(4.2) K =
⋃

f∈F

f(K) =
⋃

e∈Ev,v

fe(K),

and so (4.1) is satisfied. See [Fal97] for a more in depth discussion on graph-directed
sets.
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Theorem 4.3. Let f : Rd → Rd be a map of the form

f(x) =
R(x)

N
+

i

N
,

where R is an isometry that maps the unit cube to itself, and i ∈ {0, 1, . . . , N − 1}d.
Let F be a finite collection of maps of this form. Let K1, . . . , Kq be a collection of
graph directed attractors derived from F . Then each Ki is tube-null if and only if
Ld(Ki) = 0 for each i = 1, . . . , q.

Proof. Let G be the group of all isometries of Rd that map [0, 1]d to itself.
Consider the set

L =

q⋃

i=1

⋃

A∈G

A(Ki).

Since G and q are finite it is clear that Ld(L) = 0 if and only if each Ki is Lebesgue-
null. We will show that this set is invariant under the map T .

As usual, let E be the set of (directed) edges of the graph, Ei,j be the set of
directed edges from vertex i to vertex j, fe be the contraction associated to e, and
Ae be the cube-fixing isometry associated to the contraction fe. By the definition of
a graph directed set, we have,

q⋃

i=1

⋃

A∈G

A(Ki) =

q⋃

i=1

⋃

A∈G

A




q⋃

j=1

⋃

e∈Ei,j

fe(Kj))




=

q⋃

i=1

⋃

A∈G

A




q⋃

j=1

⋃

e∈Ei,j

Ae(Kj)/N + je/N)




=

q⋃

i=1

⋃

A∈G

q⋃

j=1

⋃

e∈Ei,j

A ◦ Ae(Kj)/N + A(je))/N.

Then applying the map T we have,

T (L) =

q⋃

i=1

⋃

A∈G

q⋃

j=1

⋃

e∈Ei,j

A ◦ Ae(Kj) = L.

⊂ is straightforward to see. To see ⊃ let 1 ≤ k ≤ q and B ∈ G. We show that
B(Kk) ⊂ T (L). Let e ∈ Ei,k. We see immediately that

(4.4)
⋃

A∈G

⋃

e∈Ei,k

A ◦ Ae(Kk) ⊂ T (L).

Let e ∈ Ei,k and by the transitivity of the group G we may find A ∈ G so that
A ◦ Ae = B. Therefore B(Kk) ⊂ T (L) as required. Since B and k were arbitrary, it
follows that L ⊂ T (L). Thus since L is T -invariant which is a proper subset of [0, 1]d

it must be tube-null. Then clearly Ki ⊂ L for each i = 1, . . . , q and thus each Ki is
tube-null. �

We are also able to generalise the result of Harangi [Har11]. Consider the lattice
of points, Λ, on the plane defined by the vertices of a regular triangular lattice,
centred at 0, with side-length 1/N. Let T be the equilateral triangle in the plane of
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side 1 with vertices (0, 0), (1, 0), (1/2,
√
3/2). Let A1, . . . , A6 : R

2 → R2 be rotation
of 0, 60, 120, 180, 240, 300 degrees respectively about the centre of T . Define the IFS

F = {Aki(x)/N + ji}i∈Γ
where Γ is a finite indexing set, ki ∈ {1, · · · , 6} and each ji is an element of Λ. Let
K be its attractor. We have the following result.

Theorem 4.5. The attractor K is tube-null if and only if L2(K) = 0.

Proof. Suppose that L2(K) = 0. Consider the union

6⋃

i=1

AiK.

Let F : R2 → R2 be the affine map defined by

F (x, y) = (x+ y/2,
√
3y/2).

Let G be its inverse. Now define the set

L =
6⋃

i=1

G(Ai(K)).

We claim this map is invariant under the map T . Indeed,

T (L) = T

(
6⋃

j=1

⋃

i∈Γ

G(Aki+j(K))/N +G(ji)

)

=

6⋃

j=1

⋃

i∈Γ

G(Aki+j(K))

= L.

Therefore L is tube-null and since K is a subset, so is K. �
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