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Exceptional set estimates in finite fields

Paige Bright and Shengwen Gan

Abstract. We study the exceptional set estimate for projections in Fn
q . For each V ∈ G(k,Fn

q ),
let

πV : Fn
q → V

be the projection map. We prove the following result: If A ⊂ Fn
q with #A = qa (n − 1 ≤ a ≤ n)

and 0 < s < a+n−2

2
, then

#{V ∈ G(n− 1,Fn
q ) : #πV (A) < qs} / qn−2.

This improves the previous range 0 < s < n−1

n
a. Also, our range of s is sharp in the sense that if

s > a+n−2

2
, then the right hand side above should be at least qt for some t > n− 2.

Äärellisten kuntien poikkeusjoukkojen arvioita

Tiivistelmä. Tässä tutkimuksessa arvioidaan avaruuden Fn
q projektioiden poikkeusjoukkoja.

Merkitään kutakin aliavaruutta V ∈ G(k,Fn
q ) vastaavaa projektiota

πV : Fn
q → V.

Työssä todistetaan seuraava tulos: Jos joukko A ⊂ Fn
q sisältää #A = qa alkiota (n− 1 ≤ a ≤ n) ja

0 < s < a+n−2

2
, niin

#{V ∈ G(n− 1,Fn
q ) : #πV (A) < qs} / qn−2.

Tämä parantaa aiempaa arvoväliä 0 < s < n−1

n
a. Lisäksi uusi arvoväli on siinä mielessä tarkka, että

jos s > a+n−2

2
, niin edellisen kaavan oikean puolen täytyy olla vähintään qt jollakin t > n− 2.

1. Introduction

Let p be a prime number and q = pr. The goal of this paper is to study exceptional
set estimates over the finite field Fn

q . For any subspace V ⊂ Fn
q , we can define the

orthogonal projection
πV : Fn

q → V

in the natural way. (For precise statement, see Definition 2.3.)

Definition 1.1. (Exceptional set in finite field) For A ⊂ Fn
q and a number s > 0,

we define the s-exceptional set of A for projection onto k-planes to be

(1.1) Es(A) := {V ∈ G(k,Fn
q ) : #πV (A) < qs}.

Remark 1.2. One should think of Es(A) = En,k
s (A) depends on another two

parameters: the ambient dimension n, and the dimension of the planes where A is
projected onto, k. For simplicity, since n, k will be clear from context, we drop the
n, k from our notation.

We record known results as follows: Let A ⊂ Fn
q be a set with #A = qa (0 < a <

n). For s ∈ (0,min{a, k}), we have the following estimates:

(i) #Es(A) . qk(n−k)+s−k;
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(ii) #Es(A) . qmax{k(n−k)+s−a,0}.
(iii) #Es(A) .n,k,a,s,ǫ q

ǫ+k(n−k)−1 if s < k
n
a.

Remark 1.3. The three estimates were first proved in the Euclidean setting.
The first estimate is known as the Kaufman-type estimate [5]. The second estimate
is known as the Falconer-type estimate [2]. The Falconer-type estimate was also
proved by Peres and Schlag [10]. The third estimate is due to He [4].

In the finite field setting, the first two estimates are obtained by Chen [1, Theo-
rem 1.2]. The third did not appear in any reference. However, we believe that it can
be proved by adapting He’s proof [4]. For the most recent results, see [6].

1.1. Motivation. We first consider a special case when n = 3, k = 2 and
A ⊂ F3

q with #A ∼ q2. Both 1 and 1 imply that

(1.2) #Es(A) . qs.

This estimate is sharp when s → 1+. The example is when A = F2
q × {0}. For such

A and 1 < s < 2, we see that Es(A) = {V ∈ G(2,F3
q) : V parallel to (0, 0, 1)}, which

has cardinality ∼ q. When s is essentially bigger than 1, the example does not match
the upper bound in (1.2), so we suspect (1.2) is not sharp when s > 1. In fact, 1
shows that

#E 4

3

(A) .ǫ q
1+ǫ

for any ǫ > 0.
We begin to think about the following question. Suppose we consider the case

n = 3, k = 2. What is the largest s, so that for any #A = q2,

#Es(A) .ǫ q
1+ǫ?

In this paper, we will show that this largest s is 3
2
. We will prove a general

theorem (Theorem 1.4) for all the dimensions. We will also discuss the obstruction
to generalize the finite field version to Rn at the end of the paper.

1.2. Main results. Next, we state our main theorem.

Theorem 1.4. Let A ⊂ Fn
q be a set with #A = qa (0 < a < n). Then for

0 < s < a+2k−n
2

, we have

(1.3) #{V ∈ G(k,Fn
q ) : #πV (A) < qs} ≤ Cn,k,a,s · log q · q

t(a,s),

where t(a, s) = max{k(n− k) + 2(s− a), (k − 1)(n− k)}. Here, Cn,k,a,s is a constant

that may depend on n, k, a, s, but not depend on q.

In the theorem, one particularly interesting case is when k = n − 1, a ≥ n − 1
and s > a − 1. This range of parameters is our motivation to work on this project,
so we would like to also state the theorem for this specific range of parameters.

Theorem 1.5. Let A ⊂ Fn
q be a set with #A = qa (n − 1 ≤ a < n). Then for

0 < s < a+n−2
2

, we have

(1.4) #{V ∈ G(n− 1,Fn
q ) : #πV (A) < qs} . Cn,a,s · log q · q

n−2.

Remark 1.6. We will discuss how sharp our estimate (1.4) is. For fixed n and
a ∈ [n− 1, n), we would like to find pairs (s, t) so that

#{V ∈ G(n− 1,Fn
q ) : #πV (A) < qs} / qt

holds for any #A = qa. Here, X / Y means X .ǫ q
ǫY for any ǫ > 0.
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Figure 1. The range of t when k = n− 1, a ≥ n− 1 and s > a− 1.

We draw those points (s, t) in Figure 1: The three points A,B,C have the same
ordinate n − 2 and the respective abscissas indicated in the figure; the point D has
the coordinate (n− 1, 2(n− 1)− a); the line segment C −D is given by equation t =
t(a, s) = 2s− a. We will construct examples in Section 3 to show that the necessary
condition for (1.3) to hold is when (s, t(a, s)) lies above the graph A − B − C −D.
The estimate 1 above Remark 1.3 indicates that a sufficient condition for (1.3) to
hold is when (s, t(a, s)) lies above A − B. Our Theorem 1.5 extends 1 by showing
that (1.3) holds when (s, t(a, s)) lies above A−B−C. We see that our theorem finds
the optimal range of s for which t(a, s) could be n− 2.

We discuss the new ingredients in this paper. The first new ingredient is a
refined Falconer-type estimate (see Lemma 4.8). This is a refined version of 1. See
Remark 4.9. The second new ingredient is a slicing argument, which is discussed in
Section 5.

We talk about the structure of the paper. In Section 3, we talk about some
examples. In Section 4, we briefly review the Fourier transform in finite fields. In
Section 5, we prove Theorem 1.4.

Acknowledgement. We would like to thank Prof. Larry Guth for numerous helpful
discussions over the course of this project.

2. Definition of the orthogonal projections

Let p be a prime number and q = pr. The goal of this paper is to study the
estimates of the exceptional set in a finite field F

n
q . We first note that Fn

q is equipped
with a natural nondegenerate bilinear form Fn

q × Fn
q → Fq given by

x · y := x1y1 + · · ·+ xnyn for x, y ∈ F
n
q .

We remark that this bilinear form is not necessarily an inner product. For example,
if n = p and x = (1, . . . , 1) ∈ Fp

q, then x ·x = 0. However, we can still use this bilinear
form to define “orthogonality”, even though some nonzero vectors may be orthogonal
to itself.

Definition 2.1. We say that two vectors x, y ∈ Fn
q are orthogonal, denoted by

x ⊥ y, if x · y = 0. For V ⊂ Fn
q being a k-dimensional subspace whose directions are

spanned by the vectors v1, . . . , vk, we say x is orthogonal to V , denoted by x ⊥ V , if
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x ⊥ v1, . . . , vk. We also define the orthogonal complement of V to be

V ⊥ := {x ∈ F
n
q : x ⊥ V }.

Remark 2.2. By linear algebra, we see that V ⊥ is an (n− k)-dimensional sub-
space. Later we will see that V ⊥ is exactly the dual of V , see Definition 4.4.

Since in Fn
q some vector may be orthogonal to itself, we need a slightly trickier

definition of the orthogonal projection. Recall that for V ∈ G(k,Rn), πV : Rn → V
is the orthogonal projection on V . We can also identify πV as the map

(2.1) R
n → A(n− k,Rn),

so that πV (x) is the unique (n − k)-dimensional plane that is parallel to V ⊥ and
passes through x. This motivates the definition of projection in finite fields.

Definition 2.3. Let Fq be a finite field. Denote the k-dimensional subspaces
and the k-dimensional affine subspaces of Fn

q by G(k,Fn
q ) and A(k,Fn

q ), respectively.
For V ∈ G(k,Fn

q ), define

(2.2) πV : Fn
q → A(n− k,Fn

q ),

so that πV (x) is the unique element in A(n− k,Fn
q ) that is parallel to V ⊥ and passes

through x.

3. Examples of the exceptional sets in the prime field

We discuss some examples of exceptional sets. In R2, it is conjectured that (see
Section 5.4 in [7]):

Conjecture 3.1. Let A ⊂ R2 be with dim(A) = a. For θ ∈ G(1,R2), let

πθ : R
2 → θ be the orthogonal projection on the line θ. For 0 < s < max{1, a},

define Es(A) := {θ : dim(πθ(A)) < s}. Then

dim(Es(A)) ≤ max{0, 2s− a}.

Of course, we can also ask the question in F2
p:

Conjecture 3.2. Let A ⊂ F
2
p be with #A = pa. For 0 < s < max{1, a}, define

Es(A) as in (1.1) with n = 2, k = 1. Then

(3.1) #Es(A) ≤ Cǫ,a,sp
ǫ+max{0,2s−a}.

Remark 3.3. Conjecture 3.1 was recently resolved by Orponen–Shmerkin [9]
and Ren–Wang [11]. However, its finite field analogue (Conjecture 3.2) is still open.
Another remarkable thing is that (3.1) is not true over Fq for prime powers q due
to the existence of the subfield (see the Introduction of [6]). The existence of the
subfield causes the Szemerédi–Trotter theorem to fail in F

2
q (see the Introduction of

[8]). However, it is reasonable to believe (3.1) is true over prime fields.

We show that the upper bound in (3.1) can be attained.

Example 3.4. Let p be a large prime. We assume a
2
< s < max{1, a}, a < 2.

Consider a set of lines L = {lk,m : |k| ≤ p2s−a, |m| ≤ 10ps} in F2
p. Here, k and m are

integers and lk,m is given by

lk.m : y = kx+m.

We used the convention that if an integer m satisfies |m| < p/2, then m can be
naturally viewed as an element in Fp. Hence, the lk,m defined above is a line in F

2
p.
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We see that L consists of lines from ∼ p2s−a many directions, and in each of
these directions there are ∼ ps many lines. We denote these directions by E, and for
θ ∈ E, let Lθ be the lines in L that are in direction θ.

Consider the set A := {(x, y) ∈ F2
p : |x| ≤ pa−s, |y| ≤ ps}. For any |k| ≤ p2s−a, we

see that every (x, y) ∈ A satisfies |y− kx| ≤ 10ps. This means that for any direction
θ ∈ E, A is covered by Lθ. Therefore we have for each θ ∈ E,

#πθ(A) ≤ #Lθ . ps.

We obtain the following estimate:

#{θ : #πθ(A) . ps} ≥ #E ∼ p2s−a.

Therefore, we showed that under the setting of Conjecture 3.2, there exists A
such that

#Es(A) & pmax{0,2s−a}.

From now on, we denote such sets A and E by As,a(⊂ F2
p) and Es,a(⊂ G(1,F2

p)).
They serve as a tight example for (3.1). Later, we will use As,a and Es,a as building
blocks to build more examples in higher dimensions.

For simplicity, we define t(a, s) to be the smallest number such that for any
A ⊂ Fn

p with #A = pa,

#Es(A) .n,k,a,s,ǫ p
ǫ+t(a,s),

for any ǫ > 0. Equivalently,

t(a, s) = lim
p→∞

sup
A⊂Fn

p ,#A=pa
logp(#Es(A)).

3.1. Sharpness of Theorem 1.5. In this subsection, we discuss how sharp our
Theorem 1.5 is. Although the theorem is stated for q, the examples only work for
prime fields. Therefore, in this subsection, we assume q = p.

Consider the case where k = n− 1, a ≥ n− 1. Theorem 1.5 gives the bound:

t(a, s) ≤ n− 2, when s <
a+ n− 2

2
.

On the other hand, we can construct examples to show that

t(a, s) ≥ n− 2, when a ≥ n− 1, a− 1 < s < n− 1.

In other words, we will construct #A ∼ pa so that #Es(A) & pn−2.

As−(n−2),a−(n−2) ⊆ F2
p

A = As−(n−2),a−(n−2) × Fn−2
p

ℓ⊥

ℓ

Figure 2. Projection to planes.
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Let A = Fn−1
p ×I where I ⊂ Fp with #I = ⌊pa−(n−1)⌋. We want to see what Es(A)

is. For V ∈ G(n− 1,Fn
p ), if (0, . . . , 0, 1) /∈ V , then πV restricts to an isomorphism on

Fn−1
p × {0}

πV : Fn−1
p × {0}

∼
−→ V.

Therefore, #πV (A) = #Fn−1
p = pn−1 > ps, which implies V /∈ Es(A). If (0, . . . , 0, 1) ∈

V , then πV (A) = Fn−2
p × I. Therefore, #πV (A) = #Fn−2

p #I ≤ pa−1 < ps, which im-
plies V ∈ Es(A). We have Es(A) = {V ∈ G(n − 1,Fn

p ) : (0, . . . , 0, 1) ∈ V } ∼=
G(n− 2,Fn−1

p ), which implies

#Es(A) ∼ pn−2.

This shows that when s ∈ (a − 1, a+n−2
2

), in order for (1.3) to hold, (s, t(a, s)) must
be above the graph A− B − C in Figure 1.

In addition, our estimate is sharp in another sense: the range of s is sharp. In
fact, we show that if s > a+n−2

2
, then

t(a, s) ≥ 2s− a (> n− 2).

In other words, when s > a+n−2
2

, we will construct #A ∼ pa so that #Es(A) & p2s−a.
This means that in order for (1.3) to hold, (s, t(a, s)) must be above the graph C−D
in Figure 1.

The proof of this part is trickier (it might be easier for the reader to first assume
n = 3). In addition, we need to use the examples in the two-dimensional case
(Example 3.4). We remark that this part is the reason we need to work in a prime
field.

Choose A = As−(n−2),a−(n−2)×Fn−2
p (see Figure 2). We first look at those (n−1)-

subspaces V that contain {(0, 0)} × Fn−2
p . This V can be written as ℓ× Fn−2

p , where

ℓ ∈ G(1,F2
p). It is not hard to see that πV (A) = πℓ(As−(n−2),a−(n−2)) × Fn−2

p (where

we view πℓ : F
2
p → ℓ). Therefore, we obtain

#πV (A) = #F
n−2
p ·#πℓ(As−(n−2),a−(n−2)).

If ℓ ∈ Es−(n−2),a−(n−2), then #πℓ(As−(n−2),a−(n−2)) < ps−(n−2), and hence

#πV (A) < ps.

To indicate the relationship between V and ℓ, we denote Vℓ = ℓ × Fn−2
p . We have

shown that if ℓ ∈ Es−(n−2),a−(n−2) then

Vℓ ∈ Es(A).

Let ℓ⊥ ⊂ F2
p be the line orthogonal to ℓ. By abuse of notation, we also use ℓ⊥ to

denote the vector in F2
p. Consider another (n−1)-subspace W whose normal direction

is of form ℓ⊥ + y for y ∈ {(0, 0)}× Fn−2
p (see the right hand side of Figure 2 for such

W ’s). We note that ℓ⊥ is the normal direction of Vℓ. We claim #πVℓ
(A) = #πW (A).

Note that #πVl
(A) is the number of lines parallel to ℓ⊥ that are needed to cover A.

It is equal to the number of lines parallel to ℓ⊥+y that are needed to cover A. Based
on one Vℓ, we find another ∼ pn−2 many W ’s that are in Es(A). Therefore,

#Es(A) & #Es−(n−2),a−(n−2)p
n−2 & p2

(
s−(n−2)

)
−
(
a−(n−2)

)
+n−2 = p2s−a.



Exceptional set estimates in finite fields 473

4. Fourier transform in finite field

4.1. Definition of Fourier transform. We briefly introduce the Fourier trans-
form in Fn

q . We first set up our notation. Fn
q is our physical space and we use x, y to

denote the points in Fn
q . The frequency space is also Fn

q , and we use ξ, η to denote the
points there. For x ∈ Fn

q or ξ ∈ Fn
q , we also write x = (x1, . . . , xn) or ξ = (ξ1, . . . , ξn)

in coordinate, where each xi or ξi belongs to Fq.
Before giving the definition of the Fourier transform, we need to introduce some

notation from number theory. Recall that q = pr. Define the trace map

Tr : Fq → Fp, x 7→
r−1∑

i=0

xpi .

First, we need to explain why Tr(x) ∈ Fp. Let

σ : Fq → Fq, x 7→ xp

be the Frobenius map. Then we can write Tr =
∑r−1

i=0 σ
i. By a fundamental fact in

number theory, we know that the Galois group Gal(Fq/Fp) is generated by σ. Since
σ(Tr(x)) = Tr(x), we see that Tr(x) is invariant under the Galois group, and hence
Tr(x) ∈ Fp. Another two important properties of Tr are that Tr is Fp linear, i.e.,
Tr(x+ y) = Tr(x) + Tr(y) and Tr(λx) = λTr(x) for λ ∈ Fp.

We are ready to define the Fourier transform in Fn
q . For a function f(x) on Fn

q ,
the Fourier transform of f is a function on the frequency space F

n
q given by

f̂(ξ) =
∑

x∈Fn
q

f(x)ep(−Tr(x · ξ)).

Here, ep(x) = e
2πix
p , and we view Tr(x·ξ) as an element in {1, 2, . . . , p}. For a function

g(ξ) on Fn
q , the inverse Fourier transform of g is a function on Fn

q given by

g∨(x) =
1

qn

∑

ξ∈Fn
q

g(ξ)ep(Tr(x · ξ)).

We conclude this section by noting the following results on Fourier analysis over
finite fields. The statements are foundational, so their proofs are in Appendix A.

Lemma 4.1. For x ∈ Fq, we have
∑

ξ∈Fq

ep(Tr(xξ)) = q · 1x=0.

Lemma 4.2. (Fourier inversion) Given f : Fn
q → C, we have (f̂)∨ = f .

Lemma 4.3. (Plancherel’s identity) Given f : Fn
q → C, we have

∑

x∈Fn
q

|f(x)|2 =
1

qn

∑

ξ∈Fn
q

|f̂(ξ)|2.

4.2. Dual space.

Definition 4.4. (Dual space) For V ∈ G(k,Fn
q ), we define V ∗ = supp1̂V .

The intuition in Rn is that if V ∈ G(k,Rn), then supp1̂V = V ⊥ (viewing 1V as
a distribution). Therefore, the dual space of V is V ⊥ ∈ G(n− k,Rn). We will show
that for a finite field, it is also true that V ∗ = V ⊥.
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Lemma 4.5. If V ∈ G(k,Fn
q ), then V ∗ = V ⊥. Moreover, 1̂V = qk1V ∗ .

Proof. Suppose the k-dimensional space V is spanned by the following k vectors:

v1 = (v11, · · · , v1n), v2 = (v21, · · · , v2n), · · · , vk = (vk1, · · · , vkn).

We use V to denote the k × n matrix

V =




v1

v2
...
vk


 .

Therefore V can be written as

V = {(y1, . . . , yk)V : y1, . . . , yk ∈ Fq}.

We will calculate 1̂V . By definition

(4.1) 1̂V =
∑

x∈V

ep(−Tr(x · ξ)) =
∑

y1,...,yk∈Fq

ep


−Tr


(y1, . . . , yk)V



ξ1
...
ξn






 .

To calculate the right hand side, we first choose vk+1, . . . ,vn, so that {v1, . . . ,vn}
forms a basis of Fn

q . Define

W =




V
vk+1

...
vn


 =



v1
...
vn


 ,

which is invertible. We can write the right hand side of (4.1) as

(4.2)
∑

y1,...,yk∈Fq

ep


−Tr


(y1, . . . , yk, 0, . . . , 0)W



ξ1
...
ξn






 .

By Lemma 4.1, we see that this sum = qk, if W



ξ1
...
ξn


 ∈ {0}k × Fn−k

q ; and = 0

otherwise. Therefore,
V ∗ = W−1({0}k × F

n−k
q )

is an (n− k)-dimensional subspace, and

1̂V = qk · 1V ∗ .

To show V ∗ = V ⊥, we just need to check any vector W−1(0, . . . , 0, a1, . . . , an−k)
T ∈

W−1({0}k × Fn−k
q ) is orthogonal to any vi (1 ≤ i ≤ k). In other words,

viW
−1




0
...
0
a1
...

an−k




= 0.

This is true since viW
−1 = (0, . . . , 0, 1, 0 . . . , 0) where the i-th entry is 1. �
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It is also not hard to see the following results, for which we omit the proof.

Lemma 4.6. If V ∈ G(k,Fn
q ), then (V ∗)∗ = V . Therefore, (·)∗ : G(k,Fn

q ) →
G(n− k,Fn

q ) is a bijection.

Lemma 4.7. For two subspaces V,W in F
n
q , we have V ⊂ W ⇔ W ∗ ⊂ V ∗.

We also need a key lemma about the Falconer-type exceptional estimate.

Lemma 4.8. Let A ⊂ Fn
q be a set with #A = qa (0 < a < n). For s ∈ (0, a),

recall

Es(A) = {V ∈ G(k,Fn
q ) : #πV (A) < qs}

= {V ∗ ∈ G(n− k,Fn
q ) : #{translated copies of V ∗ to cover A} < qs}.

Let M be the overlapping number of {V \ {0} : V ∈ Es(A)}, i.e.,

M := sup
ξ∈Fn

q \{0}

∑

V ∈Es(A)

1V (ξ).

Then

(4.3) #Es(A) . Mqn−k+s−a.

Remark 4.9. Noting that for ξ ∈ Fn
q \ {0}, we have

∑

V ∈Es(A)

1V (ξ) ≤
∑

V ∈G(k,Fn
q )

1V (ξ) = #{V ∈ G(k,Fn
q ) : 0, ξ ∈ V }.

Denote the line passing through 0, ξ by ℓξ. Noting that ℓξ ⊂ V ⇔ V ∗ ⊂ ℓ∗ξ (by
Lemma 4.7), we see that the right hand side of the inequality above is equal to

#{W ∈ G(n− k,Fn
q ) : W ⊂ ℓ∗ξ} = #G(n− k, ℓ∗ξ) ∼ q(k−1)(n−k).

We obtain that M . q(k−1)(n−k). Plugging into (4.3), we obtain that

(4.4) #Es(A) . qk(n−k)+s−a,

which is the Falconer-type estimate 1.

Proof of Lemma 4.8. By definition, for each V ∈ Es(A), there exists a set of
(n− k)-planes LV (= πV (A)) parallel to V ∗ such that A ⊂

⋃
W∈LV

W . Furthermore,
we have #LV < qs.

Let
f =

∑

V ∈Es(A)

∑

W∈LV

1W .

We will apply the high-low method to f using the Fourier transform on Fn
q . Denote

#Es(A) = qt for simplicity. Then, notice that for every a ∈ A and for every V ∈
Es(A), there exists a W ∈ LV containing a. Therefore, we have that

(4.5) qaq2t = #A(#Es(A))
2 ≤

ˆ

A

f 2 =

ˆ

A


 ∑

V ∈Es(A)

∑

W∈LV

1W




2

.

We now seek to find an upperbound for the right hand side, for which we use the
high-low method. The idea of the high-low method originates from [12, 3], and has
recently been applied to solve many problems. We briefly explain the idea of high-low
method in the finite field setting. For a function f on F

n
q , we want to decompose it

into high part and low part:
f = fh + fl.
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The “high part” fh satisfies 0 /∈ suppf̂h; the “low part” fl satisfies suppf̂l ⊂ {0}. By
the requirement of the high part and low part, we can see that

fl(x) =

(
1

qn

ˆ

Fn
q

f(x) dx

)
1Fn

q
(x), fh(x) = f(x)−

(
1

qn

ˆ

Fn
q

f(x) dx

)
1Fn

q
(x).

The Fourier support condition on fh will give us more orthogonality, and hence more
gains when we use L2 estimate.

We come back to the proof. Notice that

ˆ

A


 ∑

V ∈Es(A)

∑

W∈LV

1W




2

.

ˆ

A


 ∑

V ∈Es(A)

∑

W∈LV

1W −
1

qk




2

+

ˆ

A


 ∑

V ∈Es(A)

∑

W∈LV

1

qk




2

.

We now show that the first term on the right hand side dominates. To see this, notice
that

ˆ

A


 ∑

V ∈Es(A)

∑

W∈LV

1

qk




2

=

ˆ

A

(
#Es(A) ·#LV ·

1

qk

)2

≤ qa · q2(s+t−k).

Notice that this is much less than the left hand side of (4.5) since s < k and we may
assume q is large enough (since for small q, (1.3) naturally holds by choosing large
enough constant Cn,k,a,s). Therefore, we have that

qa+2t .

ˆ

A


 ∑

V ∈Es(A)

∑

W∈LV

1W −
1

qk




2

≤

ˆ

Fn
q


 ∑

V ∈Es(A)

∑

W∈LV

1W −
1

qk




2

.

We now apply the Fourier transform to the last integrand.
Since any W ∈ LV is a translation of V ∗, we can write W = xW + V ∗ for some

xW ∈ Fn
q . By Lemma 4.5, we have that

1̂W (ξ) = ep(−Tr(xW · ξ))1̂V ∗ = qn−kep(−Tr(xW · ξ))1V .

We also simply note that 1̂Fn
q
= qn1{0}. We have

(
1W −

1

qk

)∧

(ξ) = qn−kep(−xW · ξ)1V (ξ)− qn−k · 1{0}(ξ).

Therefore, we see that supp
(∑

W∈LV
(1W − 1

qk
)
)∧

⊂ V \ {0}. Applying Plancherel

and noting the definition of M , we have

qa+2t .
1

qn

ˆ

Fn
q

∣∣∣∣∣∣

∑

V ∈Es(A)

∑

W∈LV

(1W −
1

qk
)∧

∣∣∣∣∣∣

2

.
1

qn
M

∑

V ∈Es(A)

ˆ

Fn
q

∣∣∣∣∣
∑

W∈LV

(1W −
1

qk
)∧

∣∣∣∣∣

2

= M
∑

V ∈Es(A)

ˆ

Fn
q

∣∣∣∣∣
∑

W∈LV

1W −
1

qk

∣∣∣∣∣

2

. M
∑

V ∈Es(A)

ˆ

Fn
q

(
∑

W∈LV

1W )2 +

ˆ

Fn
q

(#LV )
2 1

q2k
.
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Noting that (
∑

W∈LV
1W )2 =

∑
W∈LV

1W (as {1W}W∈LV
are disjoint), #LV < qs,

and #Es(A) = qt, we see that the inequality above is

. Mqt(qs+n−k + q2s+n−2k) . Mpt+s+n−k.

Combining with the lower bound qa+2t, we obtain

qt . Mpn−k+s−a. �

5. Proof of Theorem 1.4

The goal of this section is to prove Theorem 1.4 which we restate here:

Theorem 5.1. Let A ⊂ Fn
q be a set with #A = qa (0 < a < n). For s ∈ (0, a),

define

Es(A) := {V ∈ G(k,Fn
q ) : #πV (A) < qs}.

Then for s < a+2k−n
2

, we have

(5.1) #Es(A) ≤ Cn,k,a,s · log q · q
t,

where t = max{k(n− k) + 2(s− a), (k − 1)(n− k)}. Here, Cn,k,a,s is a constant that

may depend on n, k, a, s, but not depend on q.

5.1. Proof of Theorem 1.4. Let A ⊂ Fn
q with #A = qa. We consider two

cases.

Case 1 : There exists a hyperplane, H ∈ A(n− 1,Fn
q ), such that

#(A ∩H) ≥ qs+n−k−1.

Let H0 ∈ G(n− 1,Fn
q ) be such that H is parallel to H0. Then, we claim that every

V ∈ Es(A) must satisfy V ∗ ⊂ H0.
To see this, notice that if V ∗ ∈ G(n− k,Fn

q ) is not contained in H0, then H ∩ V ∗

is a (n−k−1)-dimensional plane, which means that #(H ∩V ∗) = qn−k−1. Recalling
the definition of πV in (2.2), we have

#πV (A) ≥ #πV (A ∩H) ≥
#(H ∩A)

#(H ∩ V ∗)
≥ qs.

So, {V ∗ : V ∈ Es(A)} ⊂ G(n− k,H0). It follows that

#Es(A) ≤ #G(n− k,H0) ∼ q(k−1)(n−k).

Case 2 : Suppose for every hyperplane H ∈ A(n− 1,Fn
q ), we have that

#(A ∩H) ≤ qs+n−k−1.

First, we define

M := sup
ξ∈Fn

q \{0}

∑

V ∈Es(A)

1V (ξ).

We denote #Es(A) = qt. By Lemma 4.8, we have

qt ≤ Mqn−k+s−a.

To complete the proof, it remains to prove the following lemma.

Lemma 5.2.

M . log q · q(n−k)(k−1)+s−a.
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Proof. Let ξ0 be the point in F
n
q − {0} such that

(5.2) M = #{V ∈ Es(A) : ξ0 ∈ V }.

We know that such a ξ0 exists since there are only finitely many ξ. Let ℓ be the
line passing through 0 and ξ0, and let H = ℓ∗ which is a hyperplane. We should view
ℓ as a line in the frequency space, and view H as a hyperplane in the physical space.
Define the set

Θ := {V ∈ Es(A) : ℓ ⊂ V } = {V ∈ Es(A) : V
∗ ⊂ H}.

By (5.2), #Θ = M .
Now, we decompose F

n
q into (n− 1)-dimensional planes that are parallel to H :

F
n
q =

q⊔

i=1

Hi.

Let Ai = Hi ∩ A, which is the intersection of A with each slice.

Lemma 5.3. For each i, we have that
∑

V ∈Θ

#πV (Ai) & #Θmin{qk−1,#Aiq
−(n−k)(k−1)#Θ}.

Proof of Lemma 5.3. If #Ai · p
−(n−k)(k−1)#Θ ≤ C for some large constant C,

then the estimate trivially holds since #πV (Ai) ≥ 1. Therefore, we assume

#Ai · p
−(n−k)(k−1)#Θ > C.

The proof follows by applying (4.4) to the set Ai in the (n − 1)-dimensional
space Hi(∼= Fn−1

q ). This is actually an exceptional set estimate for projection to

(k − 1)-planes in Fn−1
q .

Let

E := {V ∗ ∈ G(n− k,H) : #πV (Ai) < qs
′

}

= {V ∗ ∈ G(n− k,H) : #{translated copies of V ∗ to cover Ai} < qs
′

},

where s′ is to be determined. (4.4) yields that

#E . q(k−1)(n−k)+s′(#Ai)
−1.

We choose s′ to be such that

qs
′

= C−1min{qk−1,#Aiq
−(n−k)(k−1)#Θ},

where C is a large constant. Plugging into the upper bound of #E, we see that

#E ≤
1

2
#Θ.

Therefore,
∑

V ∈Θ

#πV (Ai) ≥
∑

V ∈Θ\E

#πV (Ai) ≥
1

2
#Θqs

′

& #Θmin{qk−1,#Aiq
−(n−k)(k−1)#Θ}. �

We continue the proof of Lemma 5.2. By a Fubini-type argument, we have

#Θ · qs ≥
∑

V ∈Θ

#πV (A) =
∑

V ∈Θ

q∑

i=1

#πV (Ai) =

q∑

i=1

∑

V ∈Θ

#πV (Ai).
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Applying Lemma 5.3, we have that

#Θ · qs &
q∑

i=1

#Θmin{qk−1,#Aiq
−(n−k)(k−1)#Θ}.

By dyadic pigeonholing, we choose I which is a subset of these i, such that there
exists β > 0 with #Ai ∼ qβ for i ∈ I, and #I · qβ & (log q)−1#A. Thus,

#Θ · qs &
∑

i∈I

#Θmin{qk−1, qβ−(n−k)(k−1)#Θ}.

Also, recall the assumption at the beginning of Case 2:

(5.3) qβ ≤ qs+n−k−1.

We now have two cases depending on where the minimum is achieved. Firstly, if
qk−1 ≥ qβ−(n−k)(k−1)#Θ, we have that

#Θ · qs & #I · qβ · q−(n−k)(k−1)(#Θ)2 & (log q)−1qa−(n−k)(k−1)(#Θ)2.

Therefore, M = #Θ ≤ log q · q(n−k)(k−1)+s−a, which proves Lemma 5.2.
The second scenario is qk−1 ≤ qβ−(n−k)(k−1)#Θ. We will show that this will not

happen. If it happens, we have

#Θ · qs & #I ·#Θ · qk−1.

Multiplying qβ on both sides gives

qβ#I · qk−1 . qβqs.

This together with (5.3) implies that

qa+(k−1)(log q)−1 . qs+β ≤ q2s+n−k−1.

When q is big enough, this is a contradiction, as we assumed that s < a+2k−n
2

. Thus,
Lemma 5.2 is proved. �

Remark 5.4. The main obstacle to generalizing the results of this paper to Rn

is as follows. Let A ⊂ Rn with dim(A) = a. Let {Vt}t∈R be the one-parameter family
of (n− 1)-planes, where each Vt is orthogonal to (0, . . . , 0, 1) and intersects with the
xn-axis at (0, . . . , 0, t). Set At = A ∩ Vt. If everything is finite, then #A =

∑
t#At,

which implies that there exists 1 ≤ M ≤ #A such that

#A . log(#A) ·M ·#{t : #At ≤ M}.

In the continuous setting, we hope there exists β ∈ (0, a] such that

dim(A) ≤ β + dim({t : dim(At) ≥ β}).

This roughly says that if A is big, then we can find many big slices {At} of A. If
we replace “≤” by “≥” in the inequality above, then it is always true. However, it
may fail in the reverse direction. Actually, there exists a set A with dim(A) = n but
dim(At) = 0 for all t. This failure of Fubini-type argument is the main obstacle to
generalize our theorem to R

n.
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Appendix A.

Lemma A.1. For x ∈ Fq, we have
∑

ξ∈Fq

ep(Tr(xξ)) = q · 1x=0.

Proof. When x = 0, it is clear that the left hand side equals q as desired. When
x 6= 0, by the change of variables ξ 7→ x−1ξ, the left hand side equals

∑

ξ∈Fq

ep(Tr(ξ)).

We just need to show that for any y ∈ Fp, the number of ξ ∈ Fq such that Tr(ξ) = y
are all the same. Then we have∑

ξ∈Fq

ep(Tr(ξ)) =
q

p

∑

y∈Fp

ep(y) = 0.

To calculate #{ξ ∈ Fq : Tr(ξ) = y}, we first find a ξ0 ∈ Fq such that Tr(ξ0) = 1.
Note that

Tr(ξ) =
r−1∑

i=0

ξp
i

is a polynomial of degree pr−1. Therefore, there exists ξ1 ∈ Fq such that Tr(ξ1) 6= 0.

Choosing ξ0 = Tr(ξ1)
−1ξ1 and noting Tr(ξ1)

pi = Tr(ξ1) as Tr(ξ1) ∈ Fp, we have

Tr(ξ0) =

r−1∑

i=0

(Tr(ξ1)
−1ξ1)

pi = Tr(ξ1)
−1

r−1∑

i=0

ξp
i

1 = 1.

Now we can see that for any y, y′ ∈ Fp, if Tr(ξ) = y, then by the Fp-linearity of
Tr, Tr(ξ + (y − y′)ξ0) = y′. This shows that #{ξ ∈ Fq : Tr(ξ) = y} are the same for
all y ∈ Fp. �

Lemma A.2. (Fourier inversion) Given f : Fn
q → C, we have (f̂)∨ = f .

Proof. By definition,

(f̂)∨(x) =
1

qn

∑

ξ∈Fn
q

∑

y∈Fn
q

f(y)ep(−Tr(y · ξ))ep(Tr(x · ξ))

=
1

qn

∑

y∈Fn
q

∑

ξ∈Fn
q

f(y)ep

(
Tr
(
(x− y) · ξ

))

=
1

qn

∑

y∈Fn
q

∑

ξ∈Fn
q

f(y)
n∏

j=0

ep

(
Tr
(
(xj − yj)ξj

))

By Lemma A.1, the right hand side gives

=
1

qn

∑

y∈Fn
q

f(y)
n∏

j=0

q · 1yj=xj
= f(x). �

Lemma A.3. (Plancherel’s identity) Given f : Fn
q → C, we have

∑

x∈Fn
q

|f(x)|2 =
1

qn

∑

ξ∈Fn
q

|f̂(ξ)|2.
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Proof. By definition,

1

qn

∑

ξ∈Fn
q

|f̂(ξ)|2 =
1

qn

∑

ξ∈Fn
q

∣∣∣∣∣∣

∑

x∈Fn
q

f(x)ep(−Tr(x · ξ))

∣∣∣∣∣∣

2

=
1

qn

∑

ξ∈Fn
q

∑

x∈Fn
q

∑

x′∈Fn
q

f(x)f(x′)ep(Tr((x′ − x) · ξ))

=
1

qn

∑

x∈Fn
q

∑

x′∈Fn
q

f(x)f(x′)
∑

ξ∈Fn
q

ep(Tr((x′ − x) · ξ))

=
∑

x∈Fn
q

|f(x)|2. �
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