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Greedy matching in optimal transport
with concave cost

Andrea Ottolini and Stefan Steinerberger

Abstract. We consider the optimal transport problem between a set of n red points and a
set of n blue points subject to a concave cost function such as c(x, y) = ‖x − y‖p for 0 < p < 1.
Our focus is on a particularly simple matching algorithm: match the closest red and blue point,
remove them both and repeat. We prove that it provides good results in any metric space (X, d)

when the cost function is c(x, y) = d(x, y)p with 0 < p < 1/2. Empirically, the algorithm produces
results that are remarkably close to optimal—especially as the cost function gets more concave; this
suggests that greedy matching may be a good toy model for optimal transport for very concave
transport cost.

Ahne paritus parhaana massansiirtona koveran kustannuksen tapauksessa

Tiivistelmä. Tässä työssä tarkastellaan parasta massansiirtoa yhtä monen punaisen ja sini-
sen pisteen välillä, kun kustannusfunktio on kovera, kuten c(x, y) = ‖x − y‖p, missä 0 < p < 1.
Työssä keskitytään erityisen yksinkertaiseen algoritmiin: paritetaan lähin punainen ja sininen piste,
poistetaan molemmat ja toistetaan. Osoittautuu, että tämä antaa hyvän tuloksen missä tahansa
metrisessä avaruudessa (X, d), kun kustannusfunktio on c(x, y) = d(x, y)p ja 0 < p < 1/2. Kokeelli-
sesti tämä menetelmä tuottaa tuloksia, jotka ovat huomattavan lähellä parasta mahdollista – erityi-
sesti kustannusfunktion muuttuessa entistä koverammaksi. Tämä viittaa siihen, että ahne paritus
voi tarjota hyvän pelkistetyn mallin parhaalle massansiirrolle erittäin koveran siirtokustannuksen
tapauksessa.

1. Introduction

1.1. The problem. The original motivation behind this paper is to understand
the geometry of optimal transport with concave cost. Perhaps the easiest instance
of this problem is the following: let X = {x1, . . . , xn} and Y = {y1, . . . , yn} be two
sets of real numbers, what can be said about the optimal transport cost

W p
p (X, Y ) = min

π∈Sn

n∑
i=1

|xi − yπ(i)|p,

where π : {1, 2, . . . , n} → {1, 2, . . . , n} ranges over all permutations? The answer is
trivial when p ≥ 1: order both sets in increasing order and send the i-th largest
element xi to the i-th largest element yi. After ordering the points, the optimal
permutation is the identity permutation π(i) = i. The problem becomes highly
nontrivial when the cost function is concave.

As was already pointed out by Gangbo and McCann [16]: “For concave functions
of the distance, the picture which emerges is rather different. Here the optimal maps
will not be smooth, but display an intricate structure which—for us—was unexpected;
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it seems equally fascinating from the mathematical and the economic point of view.
[. . . ] To describe one effect in economic terms: the concavity of the cost function
favors a long trip and a short trip over two trips of average length [. . . ] it can be
efficient for two trucks carrying the same commodity to pass each other traveling
opposite directions on the highway: one truck must be a local supplier, the other on
a longer haul.”

The problem has received increased attention in recent years, we refer to results
of Bobkov and Ledoux [4, 5], Boerma, Tsyvinski, Wang and Zhang [6], Caracciolo,
D’Achille, Erba and Sportiello [8], Caracciolo, Erba and Sportiello [9, 10], Delon,
Salomon and Sobolevski [12, 13], Juillet [19] and McCann [20].

Figure 1. 20 (right: 50) red points on R being optimally matched to 20 (right: 50) blue points
on R (shown displaced to illustrate the matching) and subject to cost c(x, y) = |x− y|1/2.

Figure 2. Left: 50 red points on R being matched to 50 blue points on R when c(x, y) =

log |x − y|. Right: same points and same cost function matched with the greedy algorithm. The
two matchings are very similar: why?

A reason why the problem is interesting is illustrated in Figure 2: as suggested by
Gangbo–McCann, there is a very curious dichotomy where most points get matched
to points that are very close with a few exceptional points being transported a great
distance. It is somewhat clear, in a qualitative sense, that this is to be expected
(considering, for example, the Jensen inequality for concave functions). However, on
a more quantitative level, the non-locality poses considerable difficulties.

1.2. Dyck and greedy matching. If the cost function is given by c(x, y) =
h(|x − y|) with h concave, it appears there exist two natural toy models that are
effective in different regimes: the Dyck matching and the greedy matching.

Figure 3. A collection of n = 5 red and blue points, the function g(x) (left, rescaled for clarity)
and the Dyck matching (right).
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The first such model is the Dyck matching of Caracciolo–D’Achille–Erba–Sporti-
ello [8]: their idea is to introduce g : [0, 1]→ Z

g(x) = # {1 ≤ i ≤ n : xi ≤ x} −# {1 ≤ i ≤ n : yi ≤ x}

The function is increasing whenever x crosses a new element of X while it decreases
every time it crosses an element of Y . The Dyck matching is then obtained by
matching across level sets of the function g (see Fig. 3). The Dyck matching is
independent of the cost function. It is shown numerically in [8] (and reproduced
in §2.6) that the Dyck matching produces a nearly optimal matching whose costs
exceeds the optimal cost by very little. The second toy model is given by a simple
greedy matching which works in general metric spaces.

Greedy matching.

(1) Determine

m = min
1≤i,j≤n

c(xi, yj).

(2) Find a pair (xi, yj) with c(xi, yj) = m and set π(i) = j.
(3) Remove xi from X and yj from Y and repeat.

If the cost function is strictly monotonically increasing in the distance c(x, y) =
h(|x − y|), this greedy matching is, like the Dyck matching, independent of the
cost function. This algorithm leads to mediocre results when the cost function is
convex. This was already observed in the PhD thesis of D’Achille [11, Section 1.4]
who explicitly considers the algorithm when c(x, y) = |x− y|p and p ≥ 1 and shows
that the results are not particularly good. One of the main points of our paper is to
point out that the greedy matching is very good for very concave cost functions.

|x− y|0.01
|x− y|0.99

greedy Dyck

Figure 4. Four different matchings of the exact same set of n = 100 points illustrated using
McCann circles (§2.2): the optimal matching for c(x, y) = |x − y|0.01 is very similar to the greedy
matching, for c(x, y) = |x− y|0.99 it is close to the Dyck matching.
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2. Results

2.1. Main result. It is clear that a greedy matching will initially perform well
since it is matching points that are very close to each other. The main concern is that
the greedy matching ends up maneuvering itself into a situation where all remaining
choices are bad. We will now show that, in a suitable sense, this does not happen.
The result will be phrased in terms of the Wasserstein distance W1 between the sets
X and Y where the sets will be assumed to lie in a metric space

W1(X, Y ) = inf
π∈Sn

n∑
i=1

d(xi, yπ(i)).

When 0 < p < 1 it follows from Hölder’s inequality with coefficients 1/p and 1/(1−p)
that we can bound the size of the optimal matching by

W p
p (X, Y ) = inf

π∈Sn

n∑
i=1

d(xi, yπ(i))
p ≤ W1(X, Y )p · n1−p.

Our main result shows that, in any arbitrary metric space, the greedy matching,
proceeding at each step blindly and without any foresight into the future, achieves
the same rate up to a constant when 0 < p < 1/2. Note that the greedy matching
will usually be very different from the one that minimizes W1.

Theorem 1. (Main result) For any 0 < p < 1 there is a constant cp > 0 such
that for any two sets of n points X, Y in any metric space, the greedy matching
produces matching satisfying, with respect to the cost function c(x, y) = d(x, y)p,

Greedyp(X, Y ) ≤ cp ·W1(X, Y )p ·


n1−p if 0 < p < 1

2
,√

n · log n if p = 1
2
,

np if 1
2
< p < 1.

The result is optimal up to constants when 0 < p < 1/2. We illustrate this on
[0, 1] equipped with the Euclidean distance (see Fig. 5). If the blue point are close to 0
and the red points are close to 1, then the greedy algorithm takes Greedyp(X, Y ) ∼ n
while W1(X, Y ) ∼ n. If all the points alternate in an equispaced way, Greedyp(X, Y )
∼ n1−p and W1(X, Y ) ∼ 1. The proof shows that cp ∼ 1 + 2p for p small. There is
a clear change around p = 1/2, the greedy matching becomes less effective (see also
Fig. 8). We also note a result of Bobkov–Ledoux [5] in one dimension: the optimal
transport cost for d(x, y)p and 0 < p < 1 is, in expectation, smaller than the one
induced by the ordered optimal p = 1 matching.

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 5. Examples where the Theorem is sharp (0 < p < 1/2).

2.2. Greedy is non-crossing. It is known (see McCann [20]) that if we match
points {x1, . . . , xn} to {y1, . . . , yn} under a cost function c(x, y) = h(|x − y|) with
h ≥ 0 concave, then the optimal matching satisfies a non-crossing condition which
can be described as follows: if the optimal matching sends xi to yπ(i), then the n
circles Ci that go tangentially though xi and yπ(i), the circles

Ci =

{
z ∈ R2 :

∥∥∥∥z − xi + yπ(i)
2

∥∥∥∥ =

∣∣yπ(i) − xi∣∣
2

}
,
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do not intersect. The greedy matching has this desirable property for trivial reasons.

Figure 6. The circles Ci for an example of n = 100 points greedily matched with another n

points under c(x, y) = |x− y|0.01.

Proposition 1. The greedy matching is non-crossing.

Proof. The argument is very simple. Suppose i < j and circle Ci intersects
circle Cj. Ci intersects xi and yπ(i) while Cj intersects xj and xπ(j). Suppose w.l.o.g.
xi < yπ(i) (otherwise relabel X and Y ). Since Ci and Cj intersect we have to either
have xi < xj < yπ(i) or xi < yπ(j) < yπ(i) but either of these cases leads to a
contradiction at stage i of the greedy algorithm. �

2.3. Random points I. One of the most interesting cases is naturally that
of matching random points to random points. Here, we can show that the greedy
matching leads to nontrivial results.

Corollary 1. Let X, Y be two sets of n uniform i.i.d. random variables on [0, 1]d.
The greedy matching subject to c(x, y) = ‖x− y‖p for 0 < p < 1/2 satisfies

E Greedyp(X, Y ) ≤ cp ·


n1−p when d = 1 and p < 1/4,

n1−p/2 when d = 1 and 1/4 ≤ p < 1/2,

n1−p/2 when d = 2,

n1−p/d when d ≥ 3.

Of these, the first inequality (d = 1 and 0 < p < 1/4) is optimal up to constants.
It seems likely to assume that, when d = 1 and p < 1/2, we have E Greedyp(X, Y ) ≤
cp · n1−p. Even stronger results seem to be true: the greedy matching appears to be
remarkably close to the cost function, even at the pointwise level. The Dyck matching
is known to produce an optimal rate.

Theorem 2. (Caracciolo–D’Achille–Erba–Sportiello [8]) For various different
models of n random points on [0, 1], we have

E (Dyckn) ∼


n1−p if 0 < p < 1

2
,

n1/2 log n if p = 1
2
,

n1/2 if 1
2
< p ≤ 1.

The Dyck matching is an a priori global construction that is naturally connected
to the structure of a Brownian bridge, a fact that allows for a variety of tools to be
applied. Conversely, the greedy algorithm is a ‘blind’ local algorithm: it is difficult
to predict what it will do without running it. As such, proving a result along the
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lines of Caracciolo–D’Achille–Erba–Sportiello [8] for the greedy matching appears to
be difficult and in need of new ideas.

2.4. Random points II. More can be said if we assume that the points are
chosen uniformly at random with respect to a fixed probability measure µ since one
would then expect a certain limiting behavior to arise. This is indeed the case.

Theorem 3. (Barthe–Bordenave [2], special case) Let 0 < p < d/2 and µ be the
uniform measure on a bounded set Ω ⊂ Rd. If X, Y are i.i.d. copies from µ, then

lim
n→∞

n
p
d
−1 ·W p

p (X, Y ) = βp(d) · |Ω|
p
d .

When d = 1, the result has recently been extended by Goldman–Trevisan [17] to
also allow for randomness with respect to variable absolutely continuous density.

Theorem 4. (Goldman–Trevisan [17], special case) Let 0 < p < 1/2. There
exists cp > 0 such that for compactly supported µ with a.c. density f(x)dx

lim
n→∞

np−1 ·W p
p (X, Y ) = cp

ˆ
R
f(x)1−pdx.

The restriction p < 1/2 is necessary, the behavior is strictly different at p = 1/2
(this is the scale where the fluctuations of the empirical distribution of the points
starts to come into play). Since the uniform measure is a special case of a measure
of the form f(x)dx, the implicit (universal) constants are the same as in the result
of Barthe–Bordenave in the sense of cp = βp(1). We provide an easy explicit lower
bound on these constants.

Proposition 2. Let 0 < p < d/2. Then

βp(d) ≥ ω
− p
d

d · Γ
(

1 +
p

d

)
,

where ωd is the volume of the unit ball in Rd.

The argument is not terribly difficult and somewhat standard for these types of
problems, see [21, 24]. The bound seems to be rather accurate for small values of p.
As a consequence, we obtain two-sided bounds in the one-dimensional setting when p
is close to 0. There is an interesting heuristic: we expect that the optimal matching
will send most points distance ∼ c ·n−1 with c ∼ 1 ranging over some different values
but being approximately at order ∼ 1 and thus the cost should be close to ∼ cp ·n1−p.
However, since p ∼ 0+, one expects cp ∼ 1 and thus that the optimal transport cost
is perhaps given by (1 +O(p)) · n1−p.

Corollary 2. (Prop. 2 and [8]) For 0 < p < 1/2,

2−p · Γ(1 + p) ≤ β1(p) ≤
1

1− 2p

2p

Γ(1− p)
.

In particular, we conclude that β1(p) = 1 +O(p) when p ∼ 0 is small.

2.5. Extreme concave matching. The cost c(x, y) = |x − y|p is particularly
natural. There is, in a suitable sense, a canonical limit as p→ 0+ since

lim
p→0+

|x− y|p − 1

p
= log |x− y|.

As suggested by Fig. 2, the greedy algorithm performs very well in this setting. We
prove a basic result suggesting that this is not a coincidence.
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Proposition 3. Let X, Y be two sets of n distinct points in a metric space such
that d(xi, yj) ≤ 1 and assume that all pairwise distances are unique. Then there
exists K ∈ N such that for all k ≥ K the solution of the optimal matching problem

min
π∈Sn

n∑
i=1

(
log d(xi, yπ(i))

)2k+1 is given by the greedy matching.

The argument is quite simple and there is nothing particularly special about the
logarithm, similar results could be attained with many other cost functions that are
dramatically different across different length scales. The main point of this simple
Proposition is to illustrate that the effectiveness of the greedy matching in the set-
ting of very concave cost functions is perhaps not entirely surprising: the dramatic
separation of scales puts a heavy reward on having matching with very small distance
which, coupled with the separation of scales, then suggests the greedy algorithm as
a natural object.

2.6. Numerics. The purpose of this section is to consider the behavior of
the greedy algorithm and the Dyck matching when matching n i.i.d. random points
on [0, 1] given the cost function c(x, y) = |x − y|p for 0 ≤ p ≤ 1/2. The results
suggest that, at least for random points, the greedy matching leads to results that
are remarkably close to the ground truth: this effect becomes more pronounced when
p becomes smaller (also at least partially suggested by the Proposition).

0.2 0.4 0.6 0.8 1.0
p

1.00

1.05

1.10

1.15

Approximation

greedy

Dyck

Figure 7. Average ratio of cost divided by the minimal cost for both the Dyck matching and
the greedy matching for n = 250 iid points subject to the cost function c(x, y) = |x− y|p.

The effectiveness of the greedy algorithm is strictly restricted to the region 0 <
p < 1/2: for p ≥ 1/2, the greedy algorithm starts to scale differently and becomes
less effective. This can already be observed for small values of n (and is pointed out
by d’Achille [11, Section 1.4] for p ≥ 1). We also observe that, as p becomes smaller,
the effectiveness of the greedy matching increases dramatically while, for p close to
1, the effectiveness of the Dyck matching increases dramatically (see Fig. 8). The
Dyck matching is optimal when p = 1 (see [9]).

Fig. 7 is well suited to iterate a main contribution of our paper: when d = 1 and
considering matchings with c(x, y) = d(x, y)p and 0 < p < 1, there exists a natural
dichotomy depending on whether p is close to 0 or whether it is close to 1.

0 p 1

greedy Dyckc(x, y) = d(x, y)p

(d = 1)

A natural question is, for example, whether one can identify the precise value
0 < p∗ < 1 where the effectiveness of the two algorithms undergoes a phase transition
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and the matching problem for n iid random points is better approximated by the Dyck
matching or the greedy matching, respectively.

0.02 0.04 0.06 0.08 0.10
p

1.0005

1.0010

1.0015

1.0020

1.0025

Approximation

greedy

0.92 0.94 0.96 0.98 1.00
p

1.002

1.004

1.006

1.008

Approximation

Dyck

Figure 8. Ratio of obtained matching cost divided by the minimal cost for n = 100 random
points. Left: the greedy matching when p ∼ 0. Right: the Dyck matching when p ∼ 1.

3. Proof of Theorem 1

Proof. We assume the sets of points are X = {x1, . . . , xn} and Y = {y1, . . . , yn}
and we will use Xk, Yk to denote the set of points after k−1 points have been removed
following the greedy algorithm. In particular, X = X1 and Y = Y1. We will also
abbreviate the cost at stage k via

ck = inf
x∈Xk,y∈Yk

d(x, y).

Our goal is to estimate

the cost of the greedy algorithm
n∑
k=1

cpk.

Recalling that, by definition, Xk and Yk have n−k+1 elements each, the Wasserstein
distance W1 can be written as

W1(Xk, Yk) = min
π:Xk→Yk
π bijective

∑
x∈Xk

d(x, π(x))

where the minimum ranges over all bijections. At this point, we remark that the
definition of W1 is slightly more comprehensive (the infimum ranges over all ways of
splitting and rearranging points): at this point, we employ the celebrated result of
Birkhoff [3] and von Neumann [23] ensuring that in the case of n equal masses being
transported to n equal masses, the optimal solution can be realized by a permutation
(no mass is ‘split’), we refer to [18] for a generalization.

Our first observation uses averaging. Let us use π to denote the permutation
achieving the optimal W 1 transport cost. Then the distance achieved by the greedy
matching in the k−th step can be bounded from above by

ck = inf
x∈Xk,y∈Yk

d(x, y) ≤ 1

n− k + 1

∑
x∈Xk

d(x, π(x)) =
W1(Xk, Yk)

n− k + 1
.

The second ingredient will be to show that W1(Xk+1, Yk+1) cannot be much larger
than W1(Xk, Yk). For this purpose, let us assume that Xk is given by the points
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x1, x2, . . . , xn−k+1 and, similarly, Yk is given by y1, y2, . . . , yn−k+1. Then, after possibly
relabeling the points, we have that

W1(Xk, Yk) =
n−k+1∑
i=1

d(xi, yi).

Let us now assume that the greedy matching at this point matches xi and yj, meaning
that d(xi, yj) is the smallest pairwise distance in Xk×Yk. Then the greedy matching
is going to match these two points up and the remaining sets of points are given by

Xk+1 = Xk \ {xi} and Yk+1 = Yk \ {yj} .

We will provide an upper bound on W1(Xk+1, Yk+1) by taking the original matching
between Xk and Yk and then modify it a little to obtain a matching for Xk+1 with
Yk+1. This is done by a simple modification: the point xj is now mapped to yi (note
that xi has been mapped to yj and both have been removed from the set). We
preserve all other matchings. Then

W1(Xk+1, Yk+1) ≤ W1(Xk, Yk) + d(xj, yi)− d(xi, yi)− d(xj, yj).

At this point, we invoke the triangle inequality and argue that

d(xj, yi) ≤ d(xj, yj) + d(yj, yi)

≤ d(xj, yj) + d(yj, xi) + d(xi, yi)

Combining the last two inequalities, we realize that we can bound the increase in
the W1-distance between the two sets in terms of the cost function of the greedy
matching at the k−th step by

W1(Xk+1, Yk+1) ≤ W1(Xk, Yk) + d(xj, yi)− d(xi, yi)− d(xj, yj)

≤ W1(Xk, Yk) + d(xi, yj)

= W1(Xk, Yk) + ck.

Combining these two ingredients, we arrive

W1(Xk+1, Yk+1) ≤ W1(Xk, Yk) + ck

≤ W1(Xk, Yk) +
W1 (Xk, Yk)

n− k + 1

= W1(Xk, Yk)

(
1 +

1

n− k + 1

)
.

By induction, we obtain

W1(Xk, Yk) ≤ W1(X, Y ) ·
k−1∏
`=1

(
1 +

1

n− `+ 1

)
.

Observe that
k−1∏
`=1

(
1 +

1

n− `+ 1

)
=

k−1∏
`=1

n− `+ 2

n− `+ 1
=

n+ 1

n− k + 2
.

Therefore

W1(Xk, Yk) ≤
n+ 1

n− k + 2
·W1(X, Y ).
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Applying the pigeonhole principle one more time, we see that

ck ≤
W1 (Xk, Yk)

n− k + 1
≤ n+ 1

(n− k + 1)2
·W1(X, Y ).

Thus
n∑
k=1

cpk ≤ W1(X, Y )p · (n+ 1)p ·
n∑
k=1

1

(n− k + 1)2p
.

We have
n∑
k=1

1

(n− k + 1)2p
=

n∑
k=1

1

k2p
.

When 0 < p < 1/2, we have
n∑
k=1

1

k2p
≤ 1 +

ˆ n+1

1

1

x2p
dx ≤ 1 +

(n+ 1)1−2p

1− 2p
.

Dealing with the remaining cases in the usual fashion, we obtain

n∑
k=1

cpk ≤ cp ·W1(X, Y )p ·


n1−p if 0 < p < 1

2
,√

n · log n if p = 1
2
,

np if 1
2
< p < 1.

The argument also shows that, for p < 1/2 we have

Greedyp(X, Y ) ≤
(

1

1− 2p
+ o(1)

)
· n1−p ·W1(X, Y ).

In particular, for p close to 0, we have that that 1/(1− 2p) ∼ 1 + 2p and the implicit
constant is close to 1. �

3.1. Proof of Corollary 1.

Proof. Corollary 1 follows immediately from the Theorem. The missing ingredi-
ent is a good estimate on W1(X, Y ) where X and Y are two sets of n i.i.d. uniformly
distributed points in [0, 1]d. The case d = 2 is arguably the most famous, the cele-
brated result of Ajtai, Komlos and Tusnady [1] ensures that

c1
√
n log n ≤ min

π∈Sn

n∑
i=1

‖xi − yπ(i)‖ ≤ c2
√
n log n.

with high probability. The one-dimensional case is a bit simpler and one has (see,
for example, [4]), with high probability,

min
π∈Sn

n∑
i=1

‖xi − yπ(i)‖ ≤ c
√
n.

The case d ≥ 3 where

min
π∈Sn

n∑
i=1

|xi − yπ(i)| ≤ c · n1−1/d

was already remarked by Ajtai, Komlos, Tusnady [1]. A modern treatment of a much
more general case is given in [15]. This proves that, for X and Y i.i.d. random points
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and p < 1/2

E Greedyp(X, Y ) ≤ cp ·


n1−p/2 when d = 1,

n1−p/2 · (log n)p/2 when d = 2,

n1−p/d when d ≥ 3.

There is a slight improvement that was pointed out to us by an anonymous referee.
For any 0 < α < 1, we can write

n∑
i=1

‖xi − yπ(i)‖p =
n∑
i=1

(
‖xi − yπ(i)‖α

)p/α
.

If d(x, y) is a metric, then d(x, y)α is also a metric for every 0 < α < 1. Moreover,
since x → xα is monotonically increasing, the greedy algorithm with respect to the
metric d(x, y)α picks the exact same matching as the greedy algorithm with respect
to d(x, y). We use W1,α to denote the Wasserstein-1 distance with respect to the
metric dα(x, y) = ‖x − y‖α. Applying Theorem 1 to this new metric, we get that,
assuming xi ↔ yi to be the greedy matching and 0 < p/α < 1 instead of p, then

n∑
i=1

‖xi − yi‖p ≤ cp,α (W1,α(X, Y ))p/α ·


n1−p/α if 0 < p/α < 1

2
,√

n · log n if p/α = 1
2
,

np/α if 1
2
< p < 1,

where

W1,α(X, Y ) = inf
π∈Sn

n∑
i=1

‖xi − yπ(i)‖α.

The result of Barthe–Bordenave [2] implies that as long as α < d/2 and the X, Y are
i.i.d. random variables with respect to the uniform measure, then

inf
π∈Sn

n∑
i=1

‖xi − yπ(i)‖α . n1−α/d.

Combining all these results, assuming that 0 < α < 1 as well as 0 < p < α and
α < d/2, then

n∑
i=1

‖xi − yi‖p ≤ cp,α


n1−p/d if 0 < p/α < 1

2
,

n1−p/d · log n if p/α = 1
2
,

np(2/α−d) if 1
2
< p/α < 1.

The first case improves on the previous estimate when d = 1, this requires α < 1/2
and thus p < 1/4. When d = 2, then for any p < 1/2 we can find p < α < 1 such that
p/α < 1/2 which implies the upper bound n1−p/2 without logarithmic corrections.
Altogether, this gives, for 0 < p < 1/2

E Greedyp(X, Y ) ≤ cp ·


n1−p when d = 1 and p < 1/4,

n1−p/2 when d = 1 and 1/4 ≤ p < 1,

n1−p/2 when d = 2,

n1−p/d when d ≥ 3. �

3.2. Proof of Proposition 2. Since the constant is independent of the domain,
it will be enough to derive an upper bound in a fixed, arbitrary domain. We choose
the unit cube [0, 1]d for convenience, however, we emphasize that there is nothing
particularly special about the unit cube.
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Lemma. Given n i.i.d. uniform points X1, . . . , Xn in [0, 1]d and an independent
uniform point Y , we have for all sufficiently small 0 < ε < ε0 that whenever Y is
sufficiently far from the boundary of the unit cube d(Y, ∂[0, 1]d) ≥ ε, then

P( min
1≤i≤n

|Y −Xi| ≥ ε) =
(
1− ωdεd

)n
,

where ωd is the volume of the unit ball in Rd.

Proof. Conditional on Y , since the Xi’s are all independent, we obtain

P( min
1≤i≤n

|Y −Xi| ≥ ε|Y ) =
(
1− |BY (ε) ∩ [0, 1]d|

)n
.

Since d(Y, ∂[0, 1]d) ≥ ε, we have(
1− |BY (ε) ∩ [0, 1]d|

)n
= (1− ωdεd)n.

A simple monotonicity argument guarantees that for all ε the conclusion still holds,
up to replacing = with ≥. �

Proof of Proposition 2. We assume the sets of points {X1, . . . , Xn} ⊂ [0, 1]d

and {Y1, . . . , Yn} ⊂ [0, 1]d are both sets of independent uniformly distributed random
variables in [0, 1]d. The main idea is the use of the trivial bound

E inf
π∈Sn

n∑
i=1

d(xi, yπ(i))
p ≥

n∑
i=1

E inf
x∈X
|Yi − x|p = nE min

1≤i≤n
|Xi − Y |p

We introduce a change of coordinates ε = cp/np/d. Then, for all sufficiently small
ε (i.e., for fixed c, p, d and n→ +∞), we have

P
(

min
1≤j≤n

|Xi − Y |p ≥ ε

)
= P

(
min
1≤j≤n

|Xi − Y | ≥
c

n1/d

)
=

(
1− ωdc

d

n

)n
→ e−ωdc

d

.

As we remarked earlier, for all ε ≥ 0 (i.e., for all c) we have

P
(

min
1≤j≤n

|Xi − Y |p ≥ ε

)
≥ e−ωdc

p

,

so that we obtain, as n→ +∞,

n · E inf
1≤i≤n

|Xi − Y |p = n

ˆ ∞
0

P
(

min
1≤j≤n

|Xi − Y |p ≥ ε

)
dε

=

ˆ +∞

0

pcp−1e−ωdc
d

dc

= n1− p
d · w−

p
d

d · Γ
(

1 +
p

d

)
.

We note that the argument slightly improves when Xi is close to the boundary
(since then the volume of a neighborhood intersected with [0, 1]d has smaller volume).
However, since the number of points distance ∼ n−1/d close to the boundary is
∼ n(d−1)/d � n, exploiting this fact would not lead to better asymptotics. �



Greedy matching in optimal transport with concave cost 561

3.3. Proof of Proposition 3.

Proof. Since 0 < d(xi, yj) < 1, all the summands are negative and can use the
trivial estimate

n min
1≤i≤n

(
log d(xi, yπ(i))

)2k+1 ≤
n∑
i=1

(
log d(xi, yπ(i))

)2k+1

≤ min
1≤i≤n

(
log d(xi, yπ(i))

)2k+1
.

Suppose now that
min
1≤i≤n

d(xi, yπ(i)) > min
1≤i,j≤n

d(xi, yj).

Then, for all k ≥ K1 sufficiently large,

n min
1≤i≤n

(
log d(xi, yπ(i))

)2k+1
> min

1≤i,j≤n
(log d(xi, yj))

2k+1

since one grows exponentially larger than the other. This shows that any opti-
mal matching has to at least coincide with the greedy matching in the first step.
We emove the closest pair of points (xi, yj) and repeat the procedure on the re-
maining set of points. We see that for all k ≥ K2, the next step has to coincide
with that of the greedy matching. Repeating the procedure, we see that for all
K ≥ max(K1, . . . , Kn−1) the minimum can only be given by the greedy matching.�
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