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Off-diagonal matrix extrapolation
for Muckenhoupt bases

David Cruz-Uribe OFS and Fatih Şirin

Abstract. In this paper we extend the theory of Rubio de Francia extrapolation for matrix

weights, recently introduced by Bownik and the first author (2022), to off-diagonal extrapolation.

We also show that the theory of matrix weighted extrapolation can be extended to matrix Ap classes

defined with respect to a general basis, provided that a version of the Christ–Goldberg maximal

operator is assumed to be bounded. Finally, we extend a recent result by Vuorinen (2024) and show

that all of the multiparameter bases have this property.

Matriisiekstrapolointi lävistäjän ohi Muckenhouptin kantojen suhteen

Tiivistelmä. Bownikin ja ensimmäisen kirjoittajan (2022) esittelemä matriisipainollinen Ru-

bio de Francian ekstrapolointiteoria yleistetään tässä työssä lävistäjän ohi ekstrapolointiin. Lisäksi

osoitetaan, että teoria voidaan laajentaa yleisten kantojen suhteen määriteltyihin matriisipaino-

jen Ap-luokkiin, kunhan Christin–Goldbergin maksimaalioperaattorin vastine oletetaan rajalliseksi.

Lopuksi yleistetään Vuorisen (2024) viimeaikaista tulosta näyttämällä, että kaikilla moniparamet-

rikannoilla on tämä ominaisuus.

1. Introduction

In this paper we further develop the theory of Rubio de Francia extrapolation
for matrix weights. To put our results in context, we briefly sketch the theory of
matrix weights and extrapolation. For a more complete history, see [3, 7] and the
references they contain. A matrix weight W is a d × d self-adjoint matrix function
whose coefficients are measurable functions that are finite almost everywhere, and
such thatW (x) is invertible for almost every x. For brevity we will say thatW is finite
and invertible almost everywhere. For 1 ≤ p < ∞ we define the space Lp(Rn,W ) to
be the Banach space of measurable, vector-valued functions f : Rn → Rd with the
norm

‖f‖Lp(Rn,W ) = ‖Wf‖Lp(Rn,Rd) =

( ˆ
Rn

|W (x)f(x)|p dx

) 1
p

< ∞.

Traditionally, this norm is defined with W replaced by W
1
p , so that when d = 1 (i.e.,

in the scalar case) the integral becomesˆ
Rn

|f(x)|pw(x) dx.
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However, for the theory of extrapolation it is more convenient to use the above
formulation; in particular, the first equality still make sense for p = ∞, and this
definition allows a unified treatment of endpoint cases. Moreover, this formulation is
more natural for off-diagonal inequalities, even in the scalar case.

Matrix weighted norm inequalities for singular integrals have been considered by
a number of authors, beginning with Nazarov, Treil and Volberg [32, 38, 39]. (See [7]
for additional references.) This led to the development of the theory of matrix Ap

weights, generalizing the classical scalar theory of Muckenhoupt Ap weights. In [3],
Bownik and the first author resolved a long open problem in the theory by extending
the theory of Rubio de Francia extrapolation to the setting of matrix weights. To
state their result, we define the relevant weight classes. For 1 < p < ∞, we say a
matrix weight W is in Ap if

[W ]Ap
= sup

Q

(
−

ˆ
Q

(
−

ˆ
Q

|W (x)W−1(y)|p
′

op dy

) p

p′

dx

) 1
p

< ∞.

Here, the supremum is taken over all cubes with sides parallel to the coordinate axes.
We also define the classes A1 and A∞ by

[W ]A1 = sup
Q

ess sup
x∈Q

−

ˆ
Q

|W−1(x)W (y)|op dy < ∞,

and

[W ]A∞
= sup

Q

ess sup
x∈Q

−

ˆ
Q

|W (x)W−1(y)|op dy < ∞.

Theorem 1.1. Let T be a linear operator. Suppose that for some p0, 1 ≤ p0 ≤
∞, there exists an increasing function Np0 such that for every W0 ∈ Ap0,

(1.1) ‖Tf‖Lp0(Rn,W0) ≤ Np0([W0]Ap0
)‖f‖Lp0(Rn,W0).

Then for all p, 1 < p < ∞, and for all W ∈ Ap,

(1.2) ‖Tf‖Lp(Rn,W ) ≤ Np(p, p0, n, d, [W ]Ap
)‖f‖Lp(Rn,W ),

where

Np(p, p0, n, d, [W ]Ap
) = C(p, p0)Np0

(
C(n, d, p, p0)[W ]

max
{

p

p0
,
p′

p′
0

}

Ap

)
.

The goal of this paper is to generalize Theorem 1.1 in two ways. First, we prove
a matrix version of off-diagonal extrapolation. In the scalar case this was first proved
by Harboure, Maćıas and Segovia [24] for the class of Ap,q weights introduced by
Muckenhoupt and Wheeden [31]. This class was generalized to the matrix setting by
Isralowitz and Moen [25] who used it to prove matrix weighted inequalities for the
fractional integral operator. It was further studied by Cardenas and Isralowitz [4]
and Kakaroumpas, Nguyen and Vardakis [27]. Given p, q, 1 < p ≤ q < ∞, we say
that W ∈ Ap,q if

[W ]Ap,q
= sup

Q

(
−

ˆ
Q

(
−

ˆ
Q

|W (x)W−1(y)|p
′

op dy

) q

p′

dx

) 1
q

< ∞.

When p = 1 and q < ∞, we say that W ∈ A1,q if

[W ]A1,q = sup
Q

ess sup
x∈Q

(
−

ˆ
Q

|W−1(x)W (y)|qop dy

)1
q

< ∞.
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Finally, when p > 1 and q = ∞ we say that W ∈ Ap,∞ if

[W ]Ap,∞
= sup

Q

ess sup
x∈Q

(
−

ˆ
Q

|W (x)W−1(y)|p
′

op dy

) 1
p′

< ∞.

Note that if p = q, these reduce to the Ap classes defined above.
In the scalar case, the proof of off-diagonal extrapolation relies heavily on the

fact that w ∈ Ap,q if and only if ws ∈ Ar, where
1
p
− 1

q
= 1

s′
and r = q

s
. (See Section 2

below.) However, in the matrix case the assumption that W ∈ Ap,q is strictly weaker
than the assumption that W s ∈ Ar; see Example 2.8 below. And it is this stronger
condition that we need to prove extrapolation.

Theorem 1.2. Let T be a linear operator. Fix s, 1 ≤ s < ∞. Suppose that for
some p0, q0, 1 ≤ p0 ≤ q0 ≤ ∞, where 1

p0
− 1

q0
= 1

s′
and r0 =

q0
s
, there exists a positive

increasing function Np0,q0 such that for every matrix weight W0 with W s
0 ∈ Ar0,

(1.3)

(ˆ
Rn

|W0(x)Tf(x)|
q0 dx

) 1
q0

≤ Np0,q0

(
[W s

0 ]Ar0

)(ˆ
Rn

|W0(x)f(x)|
p0 dx

) 1
p0

.

Then for all p, q such that 1 < p ≤ q < ∞, 1
p
− 1

q
= 1

p0
− 1

q0
, r = q

s
, and for all matrix

weights W with W s ∈ Ar,

(1.4)

(ˆ
Rn

|W (x)Tf(x)|q dx

) 1
q

≤ Np,q(p0, q0, p, q, [W
s]Ar

)

(ˆ
Rn

|W (x)f(x)|p dx

) 1
p

,

where

Np,q(p0, q0, p, q, [W
s]Ar

) = C(d, p0, q0, p, q)Np0,q0

(
C(d, p, q, p0, q0)[W

s]
r
r0

+ r′

r′
0

Ar

)
.

Remark 1.3. When s = 1, i.e., when p0 = q0, this reduces to a weaker version
of Theorem 1.1 as we do not recapture the sharp constant in this result. We also
do not recapture the sharp constant in scalar, off-diagonal extrapolation, given by
Lacey, Moen, Pérez and Torres [29].

Remark 1.4. It is immediate that Theorem 1.2 remains true if we assume that
(1.3) holds with the weaker assumption that W ∈ Ap0,q0. It is an open question
whether we can prove (1.4) holds if we only assume thatW ∈ Ap,q. Since theAp,q con-
dition is sufficient for fractional integral operators and the fractional Christ–Goldberg
maximal operator to be bounded (see [25]), it is not unreasonable to conjecture that
this is the case. However, a very different proof would be required.

Remark 1.5. Here and below, following [3], we state our results for real-valued
matrices and functions. However, recently it was shown that these arguments can
be extended to complex-valued matrices and functions. The changes required, which
can also be applied to our results, are explained in a paper by Kakaroumpas and
Soler i Gibert [28] and we refer the interested reader to their work.

Remark 1.6. We note two other generalizations of the extrapolation for ma-
trix weights that build upon the ideas of [3]. First, in [27] the authors developed a
restricted range version of extrapolation, generalizing the scalar results of Auscher
and Martell [2]. Second, Nieraeth [33] and Nieraeth and Penrod [34] extended ma-
trix weighted extrapolation to the scale of Banach function spaces, in particular to
variable Lebesgue spaces.

Our second generalization is to extend the theory of matrix extrapolation to
weight classes defined with respect to a basis. Here, by a basis B we mean a collection
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of open sets in Rn—we do not, a priori, assume any of the conditions that often appear
in differentiation theory. (E.g. see de Guzmán [16].) In the scalar case, Muckenhoupt
Ap weights are defined with respect to averages over sets in the collection Q of (open)
cubes in Rn with sides parallel to the coordinate axes, since the Hardy–Littlewood
maximal operator is defined as the supremum over averages on cubes. But it is
possible to define maximal operators, and so Ap weights, by averaging over other
sets, such as:

• the set D of dyadic cubes;
• the set R of rectangles with sides parallel to the coordinate axes (e.g., the
strong maximal operator);

• more generally, the multiparameter basis Rα, α = (a1, . . . , aj), consisting of
sets of the form Q1 × · · · ×Qj , where Qi is a cube in Rai;

• the Zygmund basis Z of rectangles in R3 with sides parallel to the coordinate
axes and whose sidelengths satisfy (s, t, st) for some s, t > 0.

Extrapolation was originally extended piecemeal to weighted norm inequalities for Ap

weights defined with respect to specific bases: extrapolation for the basis of dyadic
cubes is implicit in the original theory; for the basis of rectangles, see Garćıa-Cuerva
and Rubio de Francia [22]; for the Zygmund basis, see Fefferman and Pipher [21].
In [12], it was shown that the theory of extrapolation could be developed for a general
basis B if it was assumed that the basis was a so-called Muckenhoupt basis: that is,
for every 1 < p < ∞, the maximal operator MB, defined with respect to averages
over sets in the basis B, is assumed to be bounded on Lp(w) provided that w ∈ Ap,B,
the Muckenhoupt class defined with respect to the basis B. Muckenhoupt bases were
introduced in [35] but were implicit in [26].

We extend this approach to matrix weights. Given a basis B and a matrix weight
W , we define the Christ–Goldberg maximal operator MW,B by

MW,Bf(x) = sup
B∈B

−

ˆ
B

|W (x)W−1(y)f(y)| dy · χB(x).

Note that if there exists x ∈ Rn \
⋃

B∈B B, then MW,Bf(x) = 0. We define the
corresponding class of Ap,B weights by replacing cubes with sets B ∈ B in the above
definitions: e.g., for 1 < p < ∞,

[W ]Ap,B
= sup

B∈B

(
−

ˆ
B

(
−

ˆ
B

|W (x)W−1(y)|p
′

op dy

) p

p′

dx

) 1
p

< ∞.

Note that for both MW,B and Ap,B to be well defined, we only have to assume that
W is finite and invertible for almost every x ∈

⋃
B∈B B.

Definition 1.7. Given a basis B, we say that it is a matrix Muckenhoupt basis
if for every 1 < p < ∞ and matrix weight W ∈ Ap,B, MW,B : L

p(Rn,Rd) → Lp(Rn),
and there exists an increasing function Kp such that

(ˆ
Rn

|MW,Bf(x)|
p dx

) 1
p

≤ Kp([W ]Ap,B
)

( ˆ
Rn

|f(x)|p dx

) 1
p

.

Remark 1.8. The function Kp could also depend, implicitly, on d, n, p. Below
we are primarily concerned with its dependence on [W ]Ap,B

.

Remark 1.9. As in the scalar case, we make no assumption in Definition 1.7
about the behavior of MW,B when p = 1. Strong-type inequalities generally do not
hold when p = 1, and weak-type inequalities for matrix weights are more delicate
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than in the scalar case: see [10, 15]. In addition, it is known that important bases,
such as R, do not satisfy unweighted weak (1, 1) inequalities. (See [22].) We also do
not assume anything when p = ∞: in this case, given any basis B, MW,B is always
bounded on L∞ if W ∈ A∞,B. This was proved in [3, Proposition 6.8] for the basis
of cubes, but the same proof works for any basis. Also see the proof of Theorem 1.14
below.

Remark 1.10. Implicit in Definition 1.7 is that it holds for all d ≥ 1, so a matrix
Muckenhoupt basis is a scalar Muckenhoupt basis. It is unknown if the converse is
true, or if there is a scalar Muckenhoupt basis that is not a matrix Muckenhoupt
basis.

Remark 1.11. When B is the basis of cubes Q, we have that Kp([W ]Ap,Q
) =

C(n, d, p)[W ]p
′

Ap,Q
. This was proved by Isralowitz and Moen [25, Theorem 1.3].

Our second result generalizes Theorem 1.2 to matrix Muckenhoupt bases. By
Remark 1.11, Theorem 1.2 is an immediate consequence.

Theorem 1.12. Let T be a linear operator, and let B be a matrix Muckenhoupt
basis. Fix s, 1 ≤ s < ∞. Suppose that for some p0, q0, 1 ≤ p0 ≤ q0 ≤ ∞, where
1
p0

− 1
q0

= 1
s′
and r0 =

q0
s
, there exists a positive increasing function Np0,q0 such that

for every matrix weight W with W s
0 ∈ Ar0,B,

(ˆ
Rn

|W0(x)Tf(x)|
q0 dx

) 1
q0

≤ Np0,q0

(
[W s

0 ]Ar0,B

)(ˆ
Rn

|W0(x)f(x)|
p0 dx

) 1
p0

.

Then for all p, q such that 1 < p ≤ q < ∞, 1
p
− 1

q
= 1

p0
− 1

q0
, r = q

s
, and for all matrix

weights W with W s ∈ Ar,B,

(ˆ
Rn

|W (x)Tf(x)|q dx

) 1
q

≤ Np,q(B, p0, q0, p, q, [W
s]Ar,B

)

(ˆ
Rn

|W (x)f(x)|p dx

) 1
p

,

where

Np,q(B, p0, q0, p, q, [W
s]Ar,B

)

= C(d, p0, q0, p, q)Np0,q0

(
C(d, p0, q0)Kr′([W

−s]Ar′,B
)

1
r0Kr([W

s]Ar,B
)

1
r′0

)
.

We next consider the properties of matrix Muckenhoupt bases by considering
the relationship between the boundedness of the maximal operator MW,B and the
Ap,B condition. It is well-known that in the scalar case, for the basis of cubes, the
Muckenhoupt Ap condition is necessary for the Hardy–Littlewood maximal operator
to be bounded on Lp(w), 1 < p ≤ ∞. (The case when p = ∞ is not as well-known,
but can be found in Muckenhoupt’s original paper [30].) However, more can be said,
as was shown by Garćıa-Cuerva and Rubio de Francia [22, Section IV.1]. Let w
be a measurable function taking values in [0,∞]; we explicitly do not assume that
0 < w(x) < ∞ a.e. Then the space Lp(w) is well-defined, using the conventions
0 · ∞ = 0 and t · ∞ = ∞ for t > 0. If the Hardy–Littlewood maximal operator is
bounded on Lp(w), then as a consequence one has that 0 < w(x) < ∞ a.e., the Ap

condition holds, and w ∈ Lp
loc and w−1 ∈ Lp′

loc.
A similar result was proved for a general basis in [12, Section 3.1]. Given a basis

B, let

Ω =
⋃

B∈B
B.
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We define an equivalence relation on B by saying that given B, B′ ∈ B, then B ≈ B′

if there exists a finite sequence {Bi}
k
i=0, Bi ∈ B, B0 = B, Bk = B′, and for 1 ≤ i ≤ k,

Bi−1 ∩ Bi 6= ∅. Since the sets Bi are open, each intersection has positive measure.
Denote the equivalence classes by Bj and the union of sets in Bj by Ωj . They showed
that if the maximal operatorMB is bounded on Lp(w), then on each set Ωj the weight
w is either trivial (i.e., equal to 0 or ∞ a.e.) or satisfies the Ap,B condition on each

B ∈ Bj uniformly and w ∈ Lp
loc(Ωj) and w−1 ∈ Lp′

loc(Ωj).
We generalize this result to matrix weights. This problem is somewhat more

complicated as matrix operations for matrices with infinite entries may not be well
defined, particularly if d ≥ 3. For instance, suppose W is a 3× 3 matrix whose first
row is (∞,∞,−∞), and v = (1, 1, 1)t. If we compute the first entry in Wv, we get
∞+∞−∞, which is indeterminate: should it equal (∞+∞)−∞ = ∞−∞ = 0,
with the convention ∞ − ∞ = 0, or ∞ + (∞ − ∞) = ∞ + 0 = ∞?1 To avoid
this problem, we are going to restrict ourselves to a particular case which includes
diagonal matrices, and when d = 1 reduces to the scalar case discussed above. We
believe that this case is sufficient to demonstrate that our assumption that W is finite
and invertible almost everywhere, which is universally made in the study of matrix
weights, is not only convenient but in some sense necessary.

Let W be a d× d matrix function defined on Ω such that the components of W
take values in [−∞,∞] but such that in each row, no two entries are both equal to
±∞ on a set of positive measure. (Without loss of generality, we may assume W is
zero on Rn \ Ω.) We also assume that W is self-adjoint and positive semidefinite, in
the sense that 〈W (x)v, v〉 ≥ 0 for every v ∈ Rd and almost every x ∈ Ω, using the
conventions that 0 · ∞ = 0, and for t 6= 0, t · ∞ = sgn(t) · ∞ and ±∞ + t = ±∞.
(With our assumption on W , we avoid having to define ∞−∞.)

Let f = (f1, . . . , fd), where each fi is a measurable function such that |f(x)| < ∞
a.e. (This again lets us avoid defining ∞−∞.) Define the product W (x)f(x) again
using the above conventions. Let Lp(Rn,W ) consist of all such f that satisfyˆ

Rn

|W (x)f(x)|p dx < ∞.

For such a matrix function W , define the maximal operator M̃W,B on Lp(Rn,W ) by

M̃W,Bf(x) = sup
B∈B

−

ˆ
B

|W (x)f(y)| dy · χB(x).

Given a basis B, W as above, and 1 < p < ∞, we say that B has the weak matrix

Muckenhoupt property for W and p if M̃W,B : L
p(Rn,W ) → Lp(Rn). Note that if W

is finite and invertible almost everywhere, then by the change of variables f 7→ W−1f ,
we see that this is equivalent to MW,B : L

p(Rn,Rd) → Lp(Rn). Our next result shows
that W being finite and invertible is (essentially) a consequence of the weak matrix
Muckenhoupt property.

Theorem 1.13. Given a basis B, a matrix functionW as above, and 1 < p < ∞,
suppose B has the weak matrix Muckenhoupt property for W and p. Then for each
j, one of the following must hold:

(1) W is trivial on Ωj : there exists a vector v ∈ Rd, v 6= 0, such that |W (x)v| = 0
almost everywhere, or |W (x)v| = ∞ almost everywhere.

1We want to thank the referee for showing us this example, which, in retrospect, should have
been obvious.
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(2) W is nontrivial on Ωj : that is, 0 < |W (x)v| < ∞ for every v ∈ Rd, v 6= 0,
and almost every x ∈ Ω;

Let B∗ be the union of all Bj on which W is nontrivial and let

Ω∗ =
⋃

B∈B∗

B.

ThenW is finite and invertible almost everywhere on Ω∗ and in fact, |W |op ∈ Lp
loc
(Ω∗)

and |W−1|op ∈ Lp′

loc(Ω
∗). Moreover, W ∈ Ap,B∗:

sup
B∈B∗

(
−

ˆ
B

(
−

ˆ
B

|W (x)W−1(y)|p
′

op dy

) p

p′

dx

) 1
p

< ∞.

Given Theorem 1.13, we could modify our definition of matrix weights as follows.
We say that a matrix function W is a matrix weight on a set Ω if W is finite and
invertible almost everywhere on Ω. Given a basis B, we consider matrix functions W
that are nontrivial on at least one set Ωj associated with an equivalence class Bj of B.
We then replace B by B∗ and W by W ∗ = WχΩ∗ . If a matrix W is such that B has
the weak matrix Muckenhoupt property for W and some p, 1 < p < ∞, then W ∗ is
a matrix weight on Ω∗ and W ∗ ∈ Ap,B∗. We define the class Ap,B to be the collection
of all such matrices W ∗, with the implicit modification of B into B∗. We define the
Ap,q,B classes similarly. All of our results for general bases then go through with
essentially no changes. This modification would be useful when working with a basis
(such as D) that has more than one equivalence class. To simplify our presentation,
however, we will not consider this more general definition, and leave the details to
the interested reader. (Also see Remark 5.1 after the proof of Theorem 1.13.)

Finally, we give a nontrivial example of matrix Muckenhoupt bases. Clearly,
Q and D are matrix Muckenhoupt bases. Recently, Vuorinen [40, Theorem 1.3],
building off of results proved by Domelevo et al. [17], proved that the biparameter
basis Rα, α = (a1, a2), is a matrix Muckenhoupt basis. We extend his result to
arbitrary multiparameter bases.

Theorem 1.14. Fix a multiparameter basis Rα, α = (a1, . . . , aj). Fix p ∈
(1,∞]. Then for every W ∈ Ap,Rα,

‖MW,Rαf‖Lp(Rn) ≤ C(n, d, p)[W ]jp
′

Ap,Rα
‖f‖Lp(Rn;Rd).

Moreover, when p = ∞, this inequality holds with [W ]A∞,Rα instead of [W ]jA∞,Rα
.

Remark 1.15. An interesting open problem is to prove that the Zygmund basis
Z is a matrix Muckenhoupt basis.

The remainder of this paper is organized as follows. In Section 2 we state some
basic properties of matrices and matrix weights, and then describe the relationship
between the class Ap,q,B and the class of matrix weights W such that W s ∈ Ar,B. We
adapt an example due to Kakaroumpas, Nguyen and Vardakis [27] to show that the
Ap,q,B condition is strictly weaker. In Section 3, we gather a number of results about
convex-set valued operators needed for the proof of extrapolation. All of these results
were proved for the basis of cubes in [3]; here we outline the changes necessary for
them to work for general bases. In Section 4,we prove Theorem 1.12. In fact, we will
prove a more general theorem, stated in terms of a family of extrapolation pairs. This
abstract approach to extrapolation appeared first in [11] and was further developed
in [12]. The application of this approach to matrix weights is discussed in [3]. In
Section 5 we prove Theorem 1.13. Finally, in Section 6 we prove Theorem 1.14.
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Throughout this paper, we generally follow the notational conventions established
in [3]. In Euclidean space, the constant n will denote the dimension of Rn, which
will be the domain of our functions. The value d will denote the dimension of vector
and set-valued functions. For 1 ≤ p ≤ ∞, Lp(Rn) will denote the Lebesgue space
of scalar functions, and Lp(Rn,Rd) will denote the Lebesgue space of vector-valued
functions.

Given v = (v1, . . . , vd)
t ∈ Rd, the Euclidean norm of v will be denoted by |v|.

The standard orthonormal basis in Rd will be denoted by {ei}
d
i=1. The open unit

ball {v ∈ Rd : |v| < 1} will be denoted by B and its closure by B. Matrices will be
d× d matrices with real-valued entries unless otherwise specified. The set of all such
matrices will be denoted by Md. The set of all d × d, symmetric (i.e., self-adjoint),
positive semidefinite matrices will be denoted by Sd. We will denote the transpose of
a matrix W by W ∗. Given two quantities A and B, we will write A . B, or B & A
if there is a constant c > 0 such that A ≤ cB. If A . B and B . A, we will write
A ≈ B.

2. Matrix Muckenhoupt weights

In this section we first give some basic results about the operator norms of ma-
trices, define the matrix weight classes we are interested in, and then examine the
relationship between the Ap,q,B weights and matrix weights W such that W s ∈ Ar,B.
We conclude with an example to show that the Ap,q,B condition is strictly weaker for
the basis of cubes.

Matrix operator norms. Given a matrix W ∈ Md, its operator norm is
defined by

|W |op = sup
v∈Rd

|v|=1

|Wv|.

The following lemmas are very useful for estimating operator norms.

Lemma 2.1. [37, Lemma 3.2] If {v1, . . . , vd} is any orthonormal basis in Rd,
then for any matrix W ∈ Md and r > 0,

( d∑

i=1

|Wvi|
r

) 1
r

≈ |W |op,

where the implicit constants depend only on d and r.

Lemma 2.2. Given U, V ∈ Sd, |UV |op = |V U |op.

As a corollary we have the following inequality: let A,B,C,D ∈ Sd be such that
|Av| . |Cv| and |Bv| . |Dv| for all v ∈ Rd. If we apply Lemma 2.1 twice, we get

(2.1) |AB|op . |CB|op = |BC|op . |DC|op = |CD|op.

The following lemma is referred to as Cordes inequality [5, Lemma 5.1, p. 24].

Lemma 2.3. Given matrices U, V ∈ Sd and 0 ≤ s ≤ 1, |UsV s|op ≤ |UV |sop.

It is well-known that a self-adjoint, positive semidefinite matrix can be diag-
onalized and the diagonal entries, its eigenvalues, are non-negative. The same is
true for matrix weights; moreover, the diagonalization can be done using measurable
matrices; for a proof of the following result, see [36, Lemma 2.3.5].

Lemma 2.4. Given a measurable matrix function W , there exists a measurable
matrix function U : Rn → Sd such that for almost every x, U(x) is orthogonal and
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U∗(x)W (x)U(x) is diagonal; denote it by diag(λ1, . . . , λd). The non-negative func-
tions λi are the eigenvalues of W ; moreover, if we denote the columns of U by ui,
then each ui is measurable and is the eigenfunction associated with λi.

It follows from Lemma 2.4 that

|W (x)|op = max(λ1(x), . . . , λd(x)).

We can also use it to define the powers of a matrix weight W : for r > 0, define W r

by

U∗W rU = diag(λr
1, . . . , λ

r
d).

Matrix Ap weights. Given a basis B, we define the matrix Ap,B and Ap,q,B
classes. For 1 < p < ∞, a matrix weight W is in Ap,B if

[W ]Ap,B
= sup

B∈B

(
−

ˆ
B

(
−

ˆ
B

|W (x)W−1(y)|p
′

op dy

) p

p′

dx

) 1
p

< ∞.

Define the classes A1,B and A∞,B by

[W ]A1,B
= sup

B∈B
ess sup

x∈B
−

ˆ
B

|W−1(x)W (y)|op dy < ∞,

and

[W ]A∞,B
= sup

B∈B
ess sup

x∈B
−

ˆ
B

|W (x)W−1(y)|op dy < ∞.

In the scalar case it is immediate that w ∈ Ap,B if and only if w−1 ∈ Ap′,B and
[w]Ap,B

= [w−1]Ap′,B
. The same relationship, up to a constant, is true but the proof

is more complicated. To show this we introduce the concept of a reducing operator.
Given a set E ⊂ Rn, 0 < |E| < ∞, a matrix weight W , v ∈ Rd, and 1 ≤ p < ∞, the
quantity

‖Wv‖p,E =

(
−

ˆ
E

|W (x)v|p dx

) 1
p

defines a norm on Rd. Similarly, if p = ∞, ‖Wv‖∞,E = ‖|Wv|χE‖L∞(Rd) defines a
norm. Then there exists a self-adjoint, positive-definite matrix Wp

E such that for all
v ∈ Rd, ‖Wv‖p,E ≈ |Wp

Ev|, where the implicit constants depend only on d. (This
was proved for cubes in [3, Section 6]; the same proof works for arbitrary sets.) We
denote the reducing operators associated to W−1 by W

p

E . We can characterize Ap,B
in terms of reducing operators. The following result was proved in [3, Proposition 6.4]
for the basis of cubes, but the same proof works for any basis.

Proposition 2.5. Given a basis B and 1 ≤ p ≤ ∞, a matrix weight W satisfies
W ∈ Ap,B if and only if

(2.2) [W ]RAp,B
= sup

B∈B
|Wp

BW
p′

B |op < ∞.

Moreover, [W ]RAp,B
≈ [W ]Ap,B

, with implicit constants depending only on d.

As an immediate consequence of Proposition 2.5 and Lemma 2.2 we have the
following.

Corollary 2.6. Given a basis B and 1 ≤ p ≤ ∞, a matrix weight W satisfies
W ∈ Ap,B if and only if W−1 ∈ Ap′,B and in this case [W ]Ap,B

≈ [W−1]Ap′,B
.
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We now define the Ap,q,B classes. Given 1 < p ≤ q < ∞, W ∈ Ap,q,B if

[W ]Ap,q,B
= sup

B∈B

(
−

ˆ
B

(
−

ˆ
B

|W (x)W−1(y)|p
′

op dy

) q

p′

dx

) 1
q

< ∞.

When p = 1 and q < ∞, W ∈ A1,q,B if

[W ]A1,q,B
= sup

B∈B
ess sup

x∈B

(
−

ˆ
B

|W−1(x)W (y)|qop dy

)1
q

< ∞.

Finally, when p > 1 and q = ∞, W ∈ Ap,∞,B if

[W ]Ap,∞,B
= sup

B∈B
ess sup

x∈B

(
−

ˆ
B

|W (x)W−1(y)|p
′

op dy

) 1
p′

< ∞.

We now consider the relationship between the Ar,B and the Ap,q,B classes. In the
scalar case (i.e., when d = 1), we have that w ∈ Ap,q,B and ws ∈ Ar,B are equivalent
conditions. To see this, fix 1 ≤ p ≤ q ≤ ∞, define s by 1

p
− 1

q
= 1

s′
, and define r = q

s
.

We first assume that 1 < p < q < ∞. Since 1
p
− 1

q
= 1 − 1

s
, we have that 1 < s < q;

moreover, we have that 1
s
− 1

q
= 1 − 1

p
= 1

p′
, which in turn implies that q

q−s
= p′

s
.

Thus, since r′ = q

q−s
, we have that r′ = p′

s
. Given this, the equivalence is immediate:

[w]Ap,q,B
= sup

B∈B

( ˆ
B

w(x)q dx

) 1
q

(ˆ
B

w(x)−p′ dx

) 1
p′

= sup
B∈B

( ˆ
B

ws(x)
q

s dx

) 1
q

(ˆ
B

ws(x)−
p′

s dx

) 1
p′

= [ws]
1
s

Ar,B
.

A similar argument holds if p = 1 or if q = ∞.
In the matrix case, however, we can only prove one direction and a weaker con-

verse.

Proposition 2.7. Fix 1 ≤ p ≤ q ≤ ∞ with 1 < p ≤ q < ∞, p = 1 and q < ∞,
or p > 1 and q = ∞, and define s by 1

p
− 1

q
= 1

s′
. Let r = q

s
. If W s ∈ Ar,B, then

W ∈ Ap,q,B, and [W ]sAp,q,B
≤ [W s]Ar,B

. Conversely, if W ∈ Ap,q,B, then W ∈ Ar,B and

[W ]Ar,B
≤ [W ]Ap,q,B

.

Proof. If p = q, then s′ = ∞; thus, s = 1 and in this case the result is trivially
true. Therefore, we assume that p < q. Suppose first that 1 < p < q < ∞. If
W s ∈ Ar,B, then by Cordes inequality (Lemma 2.3) and the relationship between p,
q, and r,

[W s]Ar,B
= sup

B∈B

(
−

ˆ
B

(
−

ˆ
B

|W s(x)W−s(y)|r
′

op dy

) r

r′

dx

) 1
r

≥ sup
B∈B

(
−

ˆ
B

(
−

ˆ
B

|W (x)W−1(y)|p
′

op dy

) q

p′

dx

) s
q

= [W ]sAp,q,B
.
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On the other hand, if W ∈ Ap,q,B, then, since 1 < s < q, by Hölder’s inequality with
exponent s, we have that

[W ]Ar,B
= sup

B∈B

(
−

ˆ
B

(
−

ˆ
B

|W (x)W−1(y)|r
′

op dy

) r

r′

dx

) 1
r

= sup
B∈B

(
−

ˆ
B

(
−

ˆ
B

|W (x)W−1(y)|
p′

s
op dy

) q

p′

dx

) s
q

≤ sup
B∈B

(
−

ˆ
B

(
−

ˆ
B

|W (x)W−1(y)|p
′

op dy

) q

p′

dx

) 1
q

= [W ]Ap,q,B
.

Now suppose p = 1 and 1 < q < ∞; in this case q = s. If W q ∈ A1,B, then again
by Cordes inequality,

[W q]A1,B
= sup

B∈B
ess sup

x∈B
−

ˆ
B

|W q(x)W−q(y)|op dy

≥ sup
B∈B

ess sup
x∈B

−

ˆ
B

|W (x)W−1(y)|qop dy = [W ]qA1,q,B
.

Conversely, if W ∈ A1,q, then by Hölder’s inequality,

[W ]A1,q,B
= sup

B∈B
ess sup

x∈B

(
−

ˆ
B

|W (x)W−1(y)|qop dy

)1
q

≥ sup
B∈B

ess sup
x∈B

−

ˆ
B

|W (x)W−1(y)|op dy = [W ]A1,B
.

Finally, suppose 1 ≤ p < ∞ and q = ∞; in this case s = p′. We can essentially
repeat the above arguments when p = 1 to show that if W p′ ∈ A∞,B, then W ∈
Ap,∞,B, and if W ∈ Ap,∞,B, then W ∈ A∞,B. �

The converse implication that W ∈ Ap,q,B implies that W s ∈ Ar,B is false for
the basis of dyadic cubes. The reason is, essentially, that the converse of the Cordes
inequality is false in general.

Example 2.8. Fix 1 < p ≤ q < ∞, and define s by 1
p
− 1

q
= 1

s′
. Let r = q

s
. Then

there exists a 2× 2 matrix such that W ∈ Ap,q,D but W s 6∈ Ar,D.

Proof. We will show that we can modify an example due to Kakaroumpas et al.
[27, Prop. 6.8] to get our desired example. Following this paper, we say that a matrix
weight V is in Ap,q,D if

[V ]Ap,q,D
= sup

Q∈D
−

ˆ
Q

(
−

ˆ
Q

|V
1
q (x)V − 1

q (y)|p
′

op dy

) q

p′

< ∞.

It is immediate that the matrix weight W = V
1
q is in Ap,q,D if and only if V ∈ Ap,q,D,

and [V ]Ap,q,D
= [W ]qAp,q,D

. In [27, Prop. 6.8] they proved the following result. Given

1 < p < q < ∞, there exists a 2 × 2 matrix weight V ∈ Ap,q,D such that, given any
1 < p2 ≤ q2 < ∞ with p < p2 and satisfying

(2.3)
q

p′
=

q2
p′2
,

V 6∈ Ap2,q2,D.
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To apply this result, let p2 = q2 = r. Then we need to show that p < p2 and (2.3)
holds. Since 1

p
− 1

q
= 1− 1

s
, a straightforward calculation shows that

(2.4) r =
q

s
=

q

p′
+ 1.

Therefore,
q

p′
= r − 1 =

q2
q′2

=
q2
p′2
.

This gives us (2.3). It is immediate from the definition that q2 < q. But then
from (2.4) we get (using that q2 = p2 = r) that

1 =
1

p2
+

q

q2

(
1−

1

p

)
>

1

p2
+ 1−

1

p
.

If we rearrange terms we get 1
p
> 1

p2
, and so p < p2.

Since V ∈ Ap,q,D, if we let W = V
1
q , then W ∈ Ap,q,D. On the other hand, since

V 6∈ Ap2,q2,D, we can rewrite this condition as

sup
Q∈D

−

ˆ
Q

(
−

ˆ
Q

|W
q

q2 (x)W
− q

q2 (y)|p
′
2

op dy

) q2
p′2
dx = ∞.

But this is equivalent to

[W s]rAr,D
= sup

Q∈D
−

ˆ
Q

(
−

ˆ
Q

|W s(x)W−s(y)|r
′

op dy

) r

r′

dx = ∞.

This completes the proof. �

We conclude this section with a result that characterizes the relationship between
Ap,q,B weights and Ap,B weights for bases that satisfy a reverse Hölder inequality. We
include this result partly because it motivates an open question related to Exam-
ple 2.8. We first define the reverse Hölder inequality as adapted to scalar Ap,B
weights.

Definition 2.9. Given a basis B and 1 ≤ p < ∞, a scalar weight w satisfies the
reverse Hölder inequality with respect to B with exponent s > 1 if

[w]RHp,s,B
= sup

B∈B

(
−

ˆ
B

w(y)sp dy

) 1
sp
(
−

ˆ
B

w(y)p dy

)− 1
p

< ∞.

We denote this by w ∈ RHp,s,B. We say that w ∈ RHp,∞,B if

[w]RHp,∞,B
= sup

B∈B
ess sup

x∈B
w(x)

(
−

ˆ
B

w(y)p dy

)− 1
p

< ∞.

For a number of bases, if w ∈ Ap,B, 1 ≤ p ≤ ∞, then w ∈ RHp,s,B for some s > 1;
the value of s depends on [w]Ap,B

. These include the basis Q of cubes and the basis
D of dyadic cubes [18, Section 7.2], the basis R of rectangles [19, Section 7], and
the Zygmund basis Z [20, p. 82]. However, not every basis satisfies this property:
see [19, Section 5]. The class RH∞ was introduced for the basis of cubes in [13]; it
is in some sense ”dual” to the class A1 and plays a role in the Jones factorization
theorem for Ap weights: see [6].

We now extend this definition to matrix weights. To motivate our definition,
recall that if W ∈ Ap,Q, then |W |op is in the scalar Ap,Q class: see [3, Corollary 6.7].
Therefore, for some s > 1, |W |op ∈ RHp,s,Q.
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Definition 2.10. Given a matrix weight W , 1 ≤ p < ∞, and 1 < s ≤ ∞, we
say that W ∈ RHp,s,B if

[W ]RHp,s,B
= sup

v∈Rd\{0}
[|Wv|]RHp,s,B

< ∞.

With the reverse Hölder condition, we can completely characterize the relation-
ship between the Ap,q,B condition and the Ap,B condition. The following result was
proved in [27, Lemma 6.5] for the basis of cubes. The proof for a general basis is
essentially the same and so we omit the details.

Proposition 2.11. Let W ∈ Sd, 1 ≤ p < q < ∞ and s = q

p
. Then the following

statements hold:

(i) W ∈ Ap,B ∩RHp,s,B if and only if W ∈ Ap,q,B; moreover,

max
{
[W ]Ap,B

, [W ]RHp,s,B

}
. [W ]Ap,q,B

. [W ]Ap,B
[W ]RHp,s,B

.

(ii) For q = ∞, W ∈ Ap,B ∩RHp,∞,B if and only if W ∈ Ap,∞,B; moreover,

max
{
[W ]Ap,B

, [W ]RHp,∞,B

}
. [W ]pAp,∞,B

. [W ]RHp,∞B
[W ]pAp,B

.

The implicit constants only depend on d, p, and q.

Given Proposition 2.11, it is an open question whether there exists a condition
analogous to the reverse Hölder inequality which, combined with the assumption that
W ∈ Ap,q,B, would imply that W s ∈ Ar,B. Obviously, if we assume that W satisfies
a reverse Cordes inequality of the form

|W s(x)W−s(y)|op ≤ C|W (x)W−1(y)|sop,

where C is independent of x, y ∈ Rn, then we could adapt the proof of Proposition 2.7
to prove this. Such an assumption seems artificial, but we have not been able to
find any more satisfactory condition that implies this. One possibility is that some
condition related to the matrix A∞ condition introduced by Volberg [39] would be
sufficient.

3. Convex-set valued operators defined on bases

In this section we gather a number of definitions and results about convex-set
valued functions and operators needed for the proof of our main result. These are all
drawn from [3] and we refer the reader there for proofs and more information. In this
paper everything was done working with cubes in Rn. In many cases, the proofs go
over without change to an arbitrary basis, in which case we will just state the result.
However, if a new or modified proof is required, we will give it here.

Hereafter, let Kcs(R
d) be the collection of convex sets K ⊂ Rd that are closed and

symmetric, and let Kbcs(R
d) be the convex sets that are bounded, closed, and symmet-

ric. By a convex-set valued function we mean a map F : Rn → Kcs(R
d). The function

F is measurable if given any open set U ⊂ Rd, F−1(U) = {x ∈ Rn : F (x) ∩ U 6= ∅}
is a Lebesgue measurable set. For equivalent characterizations of measurability, see
[3, Theorem 3.2]. It is integrably bounded if there exists a non-negative function
k ∈ L1(Rn,R) such that F (x) ⊂ k(x)B for almost every x ∈ Rn. If this is true for
k ∈ L1

loc(R
n,R) we say F is locally integrably bounded.
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Given a matrix weight W and 1 ≤ p < ∞, define the set Lp
K(R

n,W ) to consist
of all convex-set valued functions F : Rn → Kcs(R

d) such that

‖F‖Lp

K
(Rn,W ) =

( ˆ
Rn

|W (x)F (x)|p dx

) 1
p

< ∞,

where |W (x)F (x)| = sup{|W (x)v| : v ∈ F (x)}. If W = Id (the d× d identity), then
we will denote the space by Lp

K(R
n).

Definition 3.1. Given an operator T that maps convex-set valued functions to
convex-set valued functions, we say that T is sublinear if given any F,G : Rn →
Kbcs(R

d) and α ∈ R,

T (F +G)(x) ⊂ TF (x) + TG(x) and T (αF )(x) = αTF (x).

We say that T is monotone if, whenever F (x) ⊂ G(x) for all x ∈ Rn, TF (x) ⊂ TG(x).

Definition 3.2. Let W be an invertible matrix weight. Given a measurable
convex-set valued function H : Rn → Kbcs(R

d), define the exhausting operator NW

with respect to W by

NWH(x) = |W (x)H(x)|W−1(x)B.

Lemma 3.3. [3, Lemma 8.4] Given 1 < p < ∞, a matrix W , and H ∈
Lp
K(R

n,W ), the the operator NW satisfies:

(1) H(x) ⊂ NWH(x);
(2) NW is an isometry: ‖NWH‖Lp

K
(Rn,W ) = ‖H‖Lp

K
(Rn,W );

(3) NW is sublinear and monotone.

We now define the convex-set valued maximal operator with respect to a general
basis. Recall that the Aumann integral of a locally integrably bounded function
F : Rn → Kbcs(R

d) on a bounded set Ω is the convex set defined byˆ
Ω

F (y) dy =

{ˆ
Ω

f(y) dy : f ∈ S1(Ω)

}
,

where S1(Ω) is the collection of all integrable selection functions of F : that is, vector-
valued functions f ∈ L1(Ω) such that f(y) ∈ F (y) for all y ∈ Ω.

Definition 3.4. Given a basis B, and a locally integrably bounded function
F : Rn → Kbcs(R

d), define the maximal operator MB by

MBF (x) = conv

( ⋃

B∈B
−

ˆ
B

F (y) dy · χB(x)

)
.

Here conv(E) is the closed, convex hull of E.

It is immediate that MBF : Rn → Kcs(R
d). It is a measurable function as well.

This requires a different proof than the one given in [3] for the basis of cubes, since in
that case it is possible to replace the collection of all cubes by cubes whose vertices
have rational coordinates. For the proof we need a lemma.

Lemma 3.5. Given a set G ⊂ Rd, conv(G) = conv(G).

Proof. It is immediate that conv(G) ⊂ conv(G), so we only need to prove the
reverse inclusion. Fix z ∈ conv(G) and fix ǫ > 0. Then there exists w ∈ conv(G)
such that |z − w| < ǫ/2. Moreover, there exist points w1, . . . , wk ∈ G and ai ≥ 0,
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∑
ai = 1, such that

w =

k∑

i=1

aiwi.

But then for each i there exist points vi ∈ G such that |vi −wi| <
ǫ

2
√
d
. Therefore, if

we define
v =

∑

i=1

aivi,

we have that v ∈ conv(G) and |z − v| ≤ |z − w|+ |w − v| < ǫ. Since this is true for
every ǫ, z ∈ conv(G), as desired. �

Theorem 3.6. Given a basis B, and a locally integrably bounded function
F : Rn → Kbcs(R

d), MB is a measurable function.

Proof. To prove this, we need the following result from [1, Theorem 8.2.2]: if J is
a closed-set valued function defined on Rn, then the map H : Rn → Kcs(R

d) defined
by H(x) = conv

(
J(x)

)
is measurable. Define J(x) = conv(G(x)), where

G(x) =
⋃

B∈B
−

ˆ
B

F (y) dy · χB(x).

Then we would be done if H(x) = MBF (x). But this follows immediately from
Lemma 3.5. �

Lemma 3.7. [3, Lemma 5.5] Given a basis B, the convex-set valued maximal
operator MB is sublinear and monotone.

The proof of the following result is the same as the proof of [3, Theorem 6.9], ex-
cept that instead of using the boundedness of the Christ–Goldberg maximal operator,
we use the assumption that B is a Muckenhoupt basis.

Theorem 3.8. Let B be a Muckenhoupt basis. Fix 1 < p ≤ ∞ Given a matrix
W ∈ Ap,B, 1 < p < ∞, the convex-set valued maximal operator MB : L

p
K(R

n,W ) →
Lp
K(R

n,W ) is bounded:

‖MBF‖Lp

K
(Rn,W ) ≤ C(d)CB([W ]Ap

)‖MF‖Lp

K
(Rn,W ).

Remark 3.9. If B is Q, the basis of cubes in Rn, then by [3, Theorem 6.9],

‖MF‖Lp
K
(Rn,W ) ≤ C(n, d, p)[W ]p

′

Ap
‖F‖Lp

K
(Rn,W ).

The following theorem is proved in [3, Theorem 7.6, Lemma 8.5].

Theorem 3.10. Given a matrix weight and 1 ≤ p < ∞, suppose T is a convex-
set valued operator with the following properties:

(1) T : Lp
K(R

n,W ) → Lp
K(R

n,W ) with norm ‖T‖Lp
K
(Rn,W );

(2) T is sublinear and monotone in the sense of Lemma 3.7.

Given G ∈ Lp
K(R

n, G), define

(3.1) SG(x) =

∞∑

k=0

2−k‖T‖−k
L
p
K
(Rn,W )

T kG(x),

where T kG = T ◦ T ◦ · · · ◦ TG for k ≥ 1 and T 0G(x) = G(x). Then this series con-
verges in Lp

K(R
n,W ) and SG : Rn → Kbcs(R

d) is a measurable mapping. Moreover,
it has the following properties:

(1) G(x) ⊂ SG(x);
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(2) ‖SG‖Lp
K
(Rn,ρ) ≤ 2‖G‖Lp

K
(Rn,W );

(3) T (SG)(x) ⊂ 2‖T‖Lp

K
(Rn,W )SG(x).

Moreover, if TG is an ellipsoid/ball valued function whenever G is, then SG is also
ellipsoid/ball valued.

The following results allow us to apply “reverse” factorization in our proof to
construct a matrix Ap,B weight.

Definition 3.11. [3, Definition 7.1] Given a locally integrable bounded function
F : Rn → Kbcs(R

d), we say that it is in convex-set valued AK
1,B if there exists a

constant C such that for almost every x,

MBF (x) ⊂ CF (x).

The infimum of all such constants is denoted by [F ]AK
1,B
.

Proposition 3.12. [3, Corollary 7.4] Given a matrix weight W , W ∈ A1,B if

and only if WB ∈ AK
1,B. Moreover, [W ]A1,B

≈ [WB]KA1,B
, where the implicit constants

depend only on d.

Proposition 3.13. [3, Proposition 8.7] Given W0 ∈ A1,B, W1 ∈ A∞,B, suppose

W0, W1 commute. Then for 1 < p < ∞, we have W
1
p

0 W
1
p′

1 ∈ Ap,B. Moreover,

[W ]Ap,B
≤ c(d)[W0]

1
p

A1,B
[W1]

1
p′

A∞,B
.

Remark 3.14. In [3] a more general “reverse” factorization result is proved
which does not assume the matrices commute. It remains true in this more general
setting, but we only give the version needed to prove Theorem 1.12.

4. Proof of Theorem 1.12

In this section we prove our main extrapolation result, Theorem 1.12. In fact,
we will prove a more general result, stated in terms of a family F of extrapolation
pairs. Hereafter, F will denote a family of pairs (f, g) of measurable, vector-valued
functions such that neither f nor g is equal to 0 almost everywhere. If we write an
inequality of the form

‖f‖Lp(Rn,W ) ≤ C‖g‖Lp(Rn,W ), (f, g) ∈ F ,

we mean that this inequality holds for all pairs (f, g) ∈ F such that the lefthand
side of this inequality is finite. The constant, whether given explicitly or implicitly,
is assumed to be independent of the pair (f, g) and to depend only on [W ]Ap

and not
on the particular weight W . To prove Theorem 1.12 from Theorem 4.1 below, we need
to construct the family F . Intuitively, it suffices to take F = {(|Tf |, |f |)}, where
the functions f are taken from some suitable dense subset of Lp(Rn,W ). However,
it is important to remember that ‖Tf‖Lp(Rn,W ) < ∞ is a necessary assumption and
insuring this requires some minor additional work. In the scalar case this can easily
be done via a truncation argument and approximation: see [6, Section 6]. In the
case of matrix weights a similar argument can be applied: see [3, Section 10] for a
detailed discussion.

Theorem 4.1. Let B be a matrix Muckenhoupt basis and let F be a family of
extrapolation pairs. Fix s, 1 ≤ s < ∞. Suppose that for some p0, q0, 1 ≤ p0 ≤ q0 ≤
∞, where 1

p0
− 1

q0
= 1

s′
and r0 =

q0
s
, there exists a positive increasing function Np0,q0
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such that for every matrix weight W with W s
0 ∈ Ar0,B,

(ˆ
Rn

|W0(x)f(x)|
q0 dx

) 1
q0

≤ Np0,q0

(
[W s

0 ]Ar0,B

)(ˆ
Rn

|W0(x)g(x)|
p0 dx

) 1
p0

, (f, g) ∈ F .

(4.1)

Then for all p, q such that 1 < p ≤ q < ∞, 1
p
− 1

q
= 1

p0
− 1

q0
, r = q

s
, and for all matrix

weights W with W s ∈ Ar,B,

(ˆ
Rn

|W (x)f(x)|q dx

) 1
q

≤ Np,q(B, p0, q0, p, q, [W
s]Ar,B

)

(ˆ
Rn

|W (x)g(x)|p dx

) 1
p

, (f, g) ∈ F ,

(4.2)

where

Np,q(B, p0, q0, p, q, [W
s]Ar,B

)

= C(d, p0, q0, p, q)Np0,q0

(
C(d, p0, q0)Kr′([W

−s]Ar′,B
)

1
r0Kr([W

s]Ar,B
)

1
r′0

)
.

Remark 4.2. The constant in Theorem 1.2 follows immediately from that in
Theorem 4.1 and Remark 1.11.

Proof. For the proof, we will assume that p0 < q0, so that 1 < s < ∞. In the
diagonal case, when p0 = q0, the same proof works with minor modifications. We
also note that this case is proved in [3, Theorem 9.1] for the basis Q of cubes. We
divide the proof into three cases: 1 < p0, q0 < ∞, p0 = 1 and q0 < ∞, and p0 > 1
and q0 = ∞.

Case I: 1 < p0, q0 < ∞. Fix 1 < p0 < q0 < ∞, and define p, q, r, s as in the
statement of the theorem. Fix a matrix weight W such that W s ∈ Ar,B. We first
define two iteration operators. Define PW = NW sMB; then by Lemmas 3.3 and 3.7,
PW is sublinear and monotone, and

‖PW‖Lr
K
(Rn,W s) = ‖MB‖Lr

K
(Rn,W s) = Kr([W

s]Ar,B
),

where Kr is the function from the definition of a Muckenhoupt basis (Definition 1.7).
By Theorem 3.10,

RWH(x) =

∞∑

k=0

2−k‖PW‖−k
Lr
K
(Rn,W s)P

k
WH(x)

is defined on Lr
K(R

n,W s) and satisfies:

(A0) H(x) ⊂ RWH(x);
(B0) ‖RWH‖Lr

K
(Rn,W s) ≤ 2‖H‖Lr

K
(Rn,W s);

(C0) RWH ∈ AK
1 and MB(RWH)(x) ⊂ PW (RWH)(x) ⊂ 2Kr([W

s]Ar,B
)RWH(x).

To define the second iteration operator, note that since W s ∈ Ar,B, by Corollary 2.6,
W−s ∈ Ar′,B and so MB is also bounded on Lr′

K(R
n,W−s). Let

M ′
sH(x) = W−s(x)MB(W

sH)(x).

Then

‖M ′
sH‖

Lr′

K
(Rn) = ‖MB(W

sH)‖
Lr′

K
(Rn,W−s) ≤ Kr′([W

−s]Ar′,B
)‖H‖

Lr′

K
(Rn).
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Let P ′
I = NIM

′
s; then again by Lemmas 3.7 and 3.3 we have that P ′

I is sublinear,
monotone and its operator norm is the same as M ′

s. Hence, by Theorem 3.10, if we
define

R′
IH(x) =

∞∑

k=0

2−k‖P ′
I‖

−k
Lr
K
(Rn)(P

′
I)

kH(x),

then we have:

(A′
0) H(x) ⊂ R′

IH(x);
(B′

0) ‖R′
IH‖

Lr′

K
(Rn) ≤ 2‖H‖

Lr′

K
(Rn);

(C′
0) W sR′

IH ∈ AK
1 and MB(W

sR′
IH)(x) ⊂ Kr′([W

−s]Ar′,B
)W sR′

IH(x).

Now fix (f, g) ∈ F ; by assumption we have that 0 < ‖f‖Lq(Rn,W ) < ∞ and
‖g‖Lp(Rn,W ) > 0; we may also assume that ‖g‖Lp(Rn,W ) < ∞, since otherwise the
desired conclusion is trivial. Define the convex-set valued functions

F (x) = conv{−f(x), f(x)}, G(x) = conv{−g(x), g(x)}.

Then we have that

NWF (x) = |W (x)F (x)|W−1(x)B = |W (x)f(x)|W−1(x)B;

similarly, NWG(x) = |W (x)g(x)|W−1(x)B. Define the ellipsoid valued function

H1(x) =


 |W (x)f(x)|

‖f‖Lq(Rn,W )
+

|W (x)g(x)|
p

q

‖g‖
p

q

Lp(Rn,W )


W−1(x)B = h1(x)W

−1(x)B;

then ‖H1‖Lq(Rn,W ) = ‖h1‖Lq(Rn) ≤ 2. Let Hs
1 = hs

1W
−sB; then

‖Hs
1‖Lr

K
(Rn,W s) =

( ˆ
Rn

∣∣W s(x)hs
1(x)W

−s(x)B
∣∣r dx

) 1
r

=

( ˆ
Rn

|h1|
q dx

) 1
q
s

≤ 2s.

(4.3)

Thus, Hs
1 ∈ Lr

K(R
n,W s) and RWHs

1 is defined. Since Hs
1 is an ellipsoid valued

function, by Theorem 3.10, RWHs
1 is also an ellipsoid valued function. Therefore,

there exists a scalar function RWhs
1 such that

RWHs
1(x) = RWhs

1W
−sB;

further, it follows from (A0) that h
s
1(x) ≤ RWhs

1(x). Thus, h1(x) ≤ (RWhs
1)

1
s (x) =

h1(x). We claim that properties (A0), (B0), and (C0) imply the following:

(A1) h1(x) ≤ h1(x);

(B1) ‖h1‖Lq(Rn) ≤ 2
1
s
+1;

(C1) h
s

1W
−s ∈ A1,B and [h

s

1W
−s]A1,B

≤ c(d)Kr([W
s]Ar,B

).

We already proved (A1). Inequality (B1) follows from (B0) and inequality (4.3):

‖h1‖Lq(Rn) =

(ˆ
Rn

∣∣∣(RWhs
1)

1
s (x)

∣∣∣
q

dx

) 1
q

=

(ˆ
Rn

|W s(x)RWHs
1(x)|

r dx

) 1
rs

≤ 2
1
s‖Hs

1‖
1
s

Lr
K
(Rn,W s) ≤ 2

1
s
+1.

To prove (C1): from (C0) we have that

RWHs
1(x) = RWhs

1W
−sB ∈ AK

1,B,
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and so by Lemma 3.12, h
s

1W
−s ∈ A1,B and [h

s

1W
−s]A1,B

≤ c(d)K(B,W s, r).
To estimate the lefthand side of (4.2) we use duality. Since ‖f‖Lq(Rn,W ) =

‖|Wf |s‖
1
s

Lr(Rn), by the duality of Lr(Rn), there exists h2(x) ∈ Lr′(Rn) with ‖h2‖Lr′(Rn)

= 1 such that

‖f‖Lq(Rn,W ) =

(ˆ
Rn

|W (x)f(x)|sh2(x)dx

) 1
s

.

Let H2(x) = h2(x)B; then H2 ∈ Lr′

K(R
n), ‖H2‖Lr′

K
(Rn) = 1, andR′

IH2(x) is in Lr′

K(R
n).

Moreover, since H2 is a ball valued function, by Theorem 3.10, R′
IH2 is also ball

valued. Therefore, there exists a scalar function h2 = R′
Ih2 such that

R′
IH2(x) = R′

Ih2(x)B.

We now claim that the following hold:

(A′
1) h2(x) ≤ h2(x);

(B′
1) ‖h2‖Lr′(Rn) ≤ 2;

(C′
1) h2W

s ∈ A1,B and [h2W
s]A1,B

≤ c(d)Kr′([W
−s]Ar′,B

).

Inequality (A′
1) follows from (A′

0) and the definition of h2. Inequality (B′
1) follows

from (B′
0):

‖h2‖Lr′(Rn) = ‖R′
IH2‖Lr′

K
(Rn) ≤ 2‖H2‖Lr′

K
(Rn) = 2.

Finally, (C′
1) follows from (C′

0) and Lemma 3.12.
We can now prove inequality (4.2). By (A′

1) and Hölder’s inequality with r0 =
q0
s

and r′0, we have that

‖f‖Lq(Rn,W ) =

(ˆ
Rn

|W (x)f(x)|sh2(x) dx

) 1
s

≤

(ˆ
Rn

|W (x)f(x)|sh2(x) dx

) 1
s

=

(ˆ
Rn

|W (x)f(x)|sh
− s

r′0
1 (x)h

s

r′0
1 (x)h2(x) dx

) 1
s

≤

(ˆ
Rn

|W (x)f(x)|q0h
− sr0

r′0
1 (x)h2(x) dx

) 1
r0s
(ˆ

Rn

h
s

1(x)h2(x) dx

) 1
r′
0
s

= I1 · I
1

r′0s

2 .

We first estimate I2. By Hölder’s inequality for r and r′, (B1) and (B′
1),

I2 =

ˆ
Rn

h
s

1(x)h2(x) dx ≤

(ˆ
Rn

h1(x)
q dx

) 1
q
s(ˆ

Rn

h2(x)
r′ dx

) 1
r′

≤ 2s+2.

We now estimate I1. By (A1) and the definition of h1, we have that

|W (x)f(x)|

‖f‖Lq(Rn,W )

≤ h1(x) ≤ h1(x).
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Therefore,

Iq01 =

(ˆ
Rn

|W (x)f(x)|q0h
−(q0−s)

1 (x)h2(x) dx

)

≤ ‖f‖q0
Lq(Rn,W )

(ˆ
Rn

h
s

1(x)h2(x) dx

)
= ‖f‖q0

Lq(Rn,W )I2 < ∞.

Define the matrix W0 by

W0 = h1(x)
− q0−s

q0 h2(x)
1
q0W (x).

Assume for the moment that W s
0 ∈ Ar0,B. Again by (A1) and the definition of h1,

we have that

|W (x)g(x)|
p

q

‖g‖
p

q

Lp(Rn,W )

≤ h1(x) ≤ h1(x).

Therefore, we can apply our hypothesis (4.1) to get

I1 =

(ˆ
Rn

|W0(x)f(x)|
q0 dx

) 1
q0

≤ Np0,q0([W
s
0 ]Ar0,B

)

(ˆ
Rn

|W0(x)g(x)|
p0 dx

) 1
p0

= Np0,q0([W
s
0 ]Ar0,B

)

(ˆ
Rn

|W (x)g(x)|p0 h1(x)
− (q0−s)p0

q0 h2(x)
p0
q0 dx

) 1
p0

≤ Np0,q0([W
s
0 ]Ar0,B

)‖g‖Lp(Rn,W )

(ˆ
Rn

h1(x)
p0q
p

− (q0−s)p0
q0 h2(x)

p0
q0 dx

) 1
p0

.

Let α = r′ q0
p0

> 1. Then

α′ ·

(
p0q

p
−

p0(q0 − s)

q0

)
= q,

and so, by Hölder’s inequality for α and α′, (B1) and (B′
1),

I1 ≤ Np0,q0([W
s
0 ]Ar0,B

)‖g‖Lp(Rn,W )

(ˆ
Rn

h1(x)
q dx

) 1
p0α

′
(ˆ

Rn

h2(x)
r′ dx

) 1
r′q0

≤ 2

[

(1+ 1
s)

q

p0α
′ +

1
q0

]

Np0,q0([W
s
0 ]Ar0,B

)‖g‖Lp(Rn,W ).

Hence,

‖f‖Lq(Rn,W ) ≤ I1I
1

r′0s

2 ≤ 2

[

(1+ 1
s)

q

p0α
′ +

1
q0

+ s+2
sr′0

]

Np0,q0([W
s
0 ]Ar0,B

)‖g‖Lp(Rn,W ).

Therefore, to complete the proof we need to prove that W s
0 ∈ Ar0,B and estimate

[W s
0 ]Ar0,B

. Define

V1 = h2W
s and V2 = h

−s

1 W s.

Then, since 1− s
q0

= s
p′0
, we have that

V
1
r0
1 V

1
r′0
2 =

(
V

1
q0
1 V

1
p′0
2

)s

=

(
h

1
q0
2 W

s
q0 h

− s

p′0
1 W

s

p′
0

)s

= W s
0 .
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By (C′
1), V1 ∈ A1,B and [V1]A1,B

≤ c(d)K(B,W−s, r′). By (C1), V
−1
2 ∈ A1,B and

so V2 ∈ A∞,B and [V2]A∞,B
= [V −1

2 ]A1,B
≤ c(d)K(B,W s, r). Therefore, by Proposi-

tion 3.13, W s
0 ∈ Ar0,B and

[W s
0 ]Ar0,B

≤ c(d)[V1]
1
r0
A1,B

[V2]
1
r′0
A∞,B

≤ c(d, p0, q0)K(B,W−s, r′)
1
r0K(B,W s, r)

1
r′
0 .

Therefore, we have shown that (4.2) holds with constant

Np,q(B, p0, q0, p, q, [W
s]Ar,B

)

= C(d, p0, q0, p, q)Np0,q0

(
C(d, p0, q0)Kr′([W

−s]Ar′,B
)

1
r0Kr([W

s]Ar,B
)

1
r′0

)
.

Case II: p0 = 1, q0 < ∞. Fix 1 < q0 < ∞ and let p, q, r be as in the statement
of the theorem. Note that in this case, s = q0. Fix a matrix weight W such that
W q0 ∈ Ar,B. The proof is very similar to, but simpler than, the proof in Case I; we
describe the changes. To estimate the lefthand side of (4.2), we again apply duality,
getting the function h2 such that ‖h2‖Lr′(Rn) = 1. Define H2 and h2 as before, using

the second iteration operator. Then conditions (A′
1), (B

′
1), and (C′

1) hold.
By (B′

1) and Hölder’s inequality with r and r′, we haveˆ
Rn

|W (x)f(x)|q0h2(x) dx ≤

ˆ
Rn

|W (x)f(x)|q0h2(x) dx

≤ ‖f‖q0
Lq(Rn,W )‖h2‖Lr′(Rn)2‖f‖

q0
Lq(Rn,W ) < ∞.

Define the matrix W0 = h
1
q0
2 W . By (C′

1), W
q0
0 ∈ A1,B. Therefore, by our assump-

tion (4.1) and Hölder’s inequality for p and p′,

‖f‖Lq(Rn,W ) ≤

(ˆ
Rn

|W (x)h2(x)
1
q0 f(x)|q0 dx

) 1
q0

=

(ˆ
Rn

|W0(x)f(x)|
q0 dx

) 1
q0

≤ N1,q0([W
q0
0 ]A1,B

)

(ˆ
Rn

|W0(x)g(x)| dx

)

= N1,q0([W
q0
0 ]A1,B

)

(ˆ
Rn

|W (x)g(x)|h2(x)
1
q0 dx

)

≤ N1,q0([W
q0
0 ]A1,B

)

(ˆ
Rn

|W (x)g(x)|p dx

) 1
p
(ˆ

Rn

h2(x)
p′

q0 dx

) 1
p′

≤ 2
1
q0N1,q0([W

q0
0 ]A1,B

)‖g‖Lp(Rn,W ).

In the last inequality, we use the fact that r′ = p′

q0
since 1

p
− 1

q
= 1 − 1

q0
. As before,

we can estimate N1,q0([W
q0
0 ]A1,B

) to get the desired expression for the constant.

Case III: p0 > 1, q0 = ∞. Fix 1 < p0 < ∞ and let p, q, r be as in the statement
of the theorem. Note that in this case, s = p′0 and r0 = ∞. Fix a matrix weight W
such that W p′0 ∈ Ar,B. Again, the proof is similar to, but simpler than, the proof

in Case I. Define H1, h1, and h1 as before, using the first iteration operator. Then
conditions (A1), (B1), and (C1) hold.

By the definition of h1 and (A1),

(4.4) |W (x)f(x)|h1(x)
−1 ≤ |W (x)f(x)|h1(x)

−1 ≤ ‖f‖Lq(Rn,W ) < ∞.
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Hence, if we define W0 = h
−1

1 W , we have that

‖f‖L∞(Rn,W0) ≤ ‖f‖Lq(Rn,W ) < ∞.

By (C1), h
p′0
1 W−p′0 ∈ A1,B, so W

p′0
0 ∈ A∞,B. Therefore, by our assumption (4.1),

‖f‖Lq(Rn,W ) =

(ˆ
Rn

|W0(x)f(x)|
qh1(x)

q dx

) 1
q

≤ ‖f‖L∞(Rn,W0)‖h1‖Lq(Rn)

≤ 2
1
p′
0
+1
Np0,∞([W

p′0
0 ]A∞,B

)‖g‖Lp0(Rn,W0)

≤ 2
1
p′
0
+1
Np0,∞([W

p′0
0 ]A∞,B

)

( ˆ
Rn

|h1(x)
−1W (x)g(x)|p0 dx

) 1
p0

.

Arguing as we did to prove (4.4), we have that

|h1(x)
−1W (x)g(x)| ≤ h1(x)

q

p
−1‖g‖Lp(Rn,W ).

Therefore, we can continue the above estimate to get
( ˆ

Rn

|h1(x)
−1W (x)g(x)|p0 dx

) 1
p0

≤ ‖g‖Lp(Rn,W )

( ˆ
Rn

h1(x)
p0(

q

p
−1) dx

) 1
p0

= ‖g‖Lp(Rn,W )‖h1‖
q

p0

Lq(Rn) ≤ 2
( 1
p′0

+1) q

p0 ‖g‖Lp(Rn,W ).

If we combine these inequalities and estimate [W
p′0
0 ]A∞,B

as before, we get the desired
bound. This completes the proof. �

5. The weak matrix Muckenhoupt property

In this section we prove Theorem 1.13. For the convenience of the reader we
recall the definitions we made in the Introduction. Given a basis B, we set

Ω =
⋃

B∈B
B.

We define an equivalence relation on B by saying that given B, B′ ∈ B, then B ≈ B′

if there exists a finite sequence {Bi}
k
i=0, Bi ∈ B, B0 = B, Bk = B′, and for 1 ≤ i ≤ k,

Bi−1 ∩ Bi 6= ∅. Since the sets Bi are open, each intersection has positive measure.
Denote the equivalence classes by Bj and the union of sets in Bj by Ωj .

Let W be a d× d matrix function defined on Ω such that the components of W
take values in [−∞,∞] but such that in each row, no two entries are both equal to
±∞ on a set of positive measure. (Without loss of generality, we may assume W is
zero on Rn \ Ω.) We also assume that W is self-adjoint and positive semidefinite, in
the sense that 〈W (x)v, v〉 ≥ 0 for every v ∈ Rd and almost every x ∈ Ω, using the
conventions that 0 · ∞ = 0, and for t 6= 0, t · ∞ = sgn(t) · ∞ and ±∞ + t = ±∞.
(With our assumption on W , we avoid having to define ∞−∞.)

Let f = (f1, . . . , fd), where each fi is a measurable function such that |f(x)| < ∞
a.e. (This again lets us avoid defining ∞−∞.) Define the product W (x)f(x) again
using the above conventions. Let Lp(Rn,W ) consist of all such f that satisfyˆ

Rn

|W (x)f(x)|p dx < ∞.
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For such a matrix function W , define the maximal operator M̃W,B on Lp(Rn,W ) by

M̃W,Bf(x) = sup
B∈B

−

ˆ
B

|W (x)f(y)| dy · χB(x).

We assume that B has the weak matrix Muckenhoupt property for W and p: that

is, M̃W,B : L
p(Rn,W ) → Lp(Rn).

We will first prove that W is either trivial or nontrivial on each equivalence class
Ωj . Fix B ∈ B and suppose that W is not nontrivial on B. Then there exists v ∈ Rd,
v 6= 0, such that |W (x)v| = 0 or |W (x)v| = ∞ on a set of positive measure. Fix
S ⊂ B, measurable and define f = vχS. Then for any x ∈ B,

M̃W,Bf(x) ≥ −

ˆ
B

|W (x)vχS(y)| dy =
|S|

|B|
|W (x)v|.

Since M̃W,B : L
p(Rn,W ) → Lp(Rn), we have that

(5.1)

(
|S|

|B|

)p̂

B

|W (x)v|p dx ≤ ‖M̃W,Bf‖
p

Lp(Rn) ≤ C‖f‖p
Lp(Rn,W ) = C

ˆ
S

|W (x)v|p dx.

Let S = {x ∈ B : |W (x)v| = 0} and suppose |S| > 0. Then the righthand side of
(5.1) is 0, so the lefthand side is also 0. Thus,ˆ

B

|W (x)v|p dx = 0,

and so |W (x)v| = 0 a.e. in B. Now suppose |W (x)v| = ∞ on a set of positive
measure. For each N > 0, let

S = SN = {x ∈ B : |W (x)v| < N}.

Suppose that SN has positive measure. Then the lefthand side of the inequality (5.1)
equals ∞. So the righthand side of (5.1) is ∞, which is a contradiction. Hence, none
of the SN have positive measure, so |W (x)v| = ∞ a.e. in B.

We can now show that W is either trivial or nontrivial on each Ωj . Fix j and
suppose that W is trivial on some B ∈ Bj . Let B′ be any other set in Bj and let
{Bi}

N
i=0 be the chain of overlapping sets in Bj connecting them. If W is trivial on

B = B0, then it is trivial on the set B0 ∩B1, which has positive measure, and so, by
the argument above, is trivial on B1. Continuing in this way, by induction, we see
that W is trivial on B′. Hence, W is trivial on Ωj . Therefore, if W is nontrivial on
any B ∈ Bj , it must be nontrivial on Ωj .

It is straightforward to show that W is finite on Ω∗. Let W = {wij}
d
i,j=1. Fix

B ∈ B∗. Then for each basis vector ei, 1 ≤ i ≤ d, the set Ei = {x ∈ B : |W (x)ei| <

∞} has full measure, and so E =
⋂d

i=1Ei satisfies |B \E| = 0. Fix i; then for every
x ∈ E, |W (x)ei| < ∞, and so the elements in the i-th row of W (x) must be finite.
Hence, |wij(x)| < ∞ a.e. for all 1 ≤ i, j ≤ d.

It is somewhat more complicated to show that W is invertible almost everywhere
on Ω∗. Fix a set B ∈ B∗. Since W is positive semidefinite and measurable, by
Lemma 2.4 there exists a measurable orthogonal matrix U such that

U(x)W (x)U t(x) = diag(λ1(x), . . . , λd(x)).

Hence, the eigenvalues of W are measurable functions, and 0 ≤ λi(x) < ∞ for every
i and a.e. x ∈ B. Define

λmin(x) = min{λ1(x), . . . , λd(x)}.
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We claim that λmin is also a measurable function. To show this, define H : B →
{1, . . . , d} by

H(x) = min{i ∈ {1, . . . , d} : λi(x) = λmin(x)}.

Then H is measurable, and so is

λmin(x) = λH(x)(x).

(See [17, Section A.2].)
Denote the columns of U by u1(x), . . . , ud(x); these are measurable vector-valued

functions. If we define
vmin(x) = uH(x)(x),

then vmin is also measurable. To see this, for each 1 ≤ i ≤ d, let Bi = {x ∈ B : H(x) =
i}. Since H is a measurable function, each Bi is measurable, and so

vmin(x) =
d∑

i=1

ui(x)χBi
(x)

is a measurable function as well.
For almost every x, vmin(x) is the unit eigenvector of W (x) associated with

λmin(x), We now repeat the above argument, replacing the constant vector v by the
vector function vmin. Let S = {x ∈ B : λmin(x) = 0} and define f(x) = vmin(x)χS(x).
Then for all x ∈ B,

M̃W,Bf(x) ≥ −

ˆ
B

|W (x)vmin(y)χS(x)| dy.

Since M̃W,B : L
p(Rn,W ) → Lp(Rn), we have thatˆ

B

(
−

ˆ
B

|W (x)vmin(y)χS(x)| dy

)p

dx ≤ C

ˆ
S

|W (x)vmin(x)|
p dx = 0.

Hence, by Hölder’s inequality and Fubini’s theorem,ˆ
S

ˆ
B

|W (x)vmin(y)| dy dx = 0.

Therefore, for almost every y ∈ S,ˆ
B

|W (x)vmin(y)| dx = 0,

so, if we fix such a y, for almost every x ∈ B,

|W (x)vmin(y)| = 0.

But W is nontrivial on B, so this is impossible unless |S| = 0. Therefore, λmin(x) > 0
almost everywhere on B, and so W−1(x) exists almost everywhere on B. Thus we
have shown that W is finite and invertible on Ω∗.

To show that

(5.2) sup
B∈B∗

(
−

ˆ
B

(
−

ˆ
B

|W (x)W−1(y)|p
′

op dy

) p

p′

dx

) 1
p

< ∞,

it is enough to note that since W is finite and invertible on Ω∗, we have by a change
of variables that MW,B∗ is bounded on Lp(Rn). Hence, we have that for all B ∈ B∗,
the averaging operators

ABf(x) = −

ˆ
B

f(y) dy · χB(x)
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are uniformly bounded. This in turn implies that (5.2) holds; the proof is essentially
identical to the proof for a basis of cubes, but it requires multiple steps, which we
sketch and give references for. The uniform boundedness of averaging operators is
equivalent to the reducing matrix condition (2.2) given in Proposition 2.5. For a
proof for a basis of cubes, see [9, Theorem 1.18]; also see [23, Proposition 2.1]. Then,
the proof that the reducing operator condition is equivalent to the Ap,B∗ condition
is again the same as for a basis of cubes: see Roudenko [37, Lemma 1.3]. Note that
by Lemma 2.2 applied to the reducing operator condition, we have that if W ∈ Ap,B
condition, then W−1 ∈ Ap′,B∗ .

Finally, we will use (5.2) to show that W−1 ∈ Lp′

loc(Ω
∗); the proof that W ∈

Lp
loc(Ω) follows by applying the same argument to the Ap′,B∗ condition. Fix B ∈ B∗;

it follows from (5.2) that for almost every x ∈ B,

ˆ
B

|W−1(y)W (x)|p
′

op dy < ∞.

Since the set where W (x) is finite and invertible also has full measure, we can fix
such an x for which this integral is finite. Let 0 < λ1 ≤ λ2 ≤ · · · ≤ λd < ∞, be the
eigenvalues of W (x), with associated unit eigenvectors vi. Then W (x)vi = λivi and
the vi form an orthonormal basis of Rd. Hence, if we twice apply Lemma 2.1, we get

ˆ
B

|W−1(y)|p
′

op dy ≈
d∑

i=1

ˆ
B

|W−1(y)vi|
p′ dy ≤ λ−p′

1

d∑

i=1

ˆ
B

λp′

i |W
−1(y)vi|

p′ dy

= λ−p′

1

d∑

i=1

ˆ
B

|W−1(y)W (x)vi|
p′ dy ≈

ˆ
B

|W−1(y)W (x)|p
′

op dy < ∞.

Since every compact subset of Ω∗ is contained in a finite union of sets B ∈ B∗, it

follows that W−1 ∈ Lp′

loc(Ω
∗). This completes the proof of Theorem 1.13.

Remark 5.1. We consider briefly how to apply Theorem 1.13 in practice. Given
a basis B, suppose that there exists a single equivalence class of sets in it. If W is
nontrivial then we can proceed as before, extending W to all of Rn. However, if W
is trivial, there are two cases. If there exist vectors v ∈ Rd such that |W (x)v| = 0
a.e., then they form a subspace and if we restrict to the subspace orthogonal to it,
there is a matrix V that is nontrivial and acts on this subspace as W . Therefore, by
a change of variables we can assume that W is defined on Rc for 1 ≤ c < d. This
approach was first noted in passing by Treil and Volberg [38, Section 2].

If there exists a vector such that |W (x)v| = ∞ a.e., we cannot argue the same way
since these vectors do not form a subspace. We could, nevertheless, take their span as
a subspace and consider its orthogonal complement. Alternatively, we could consider
all the j such that there exists i with |wij(x)| = ∞ on a set of positive measure, and
take the subspace orthogonal to the span of the basis vectors ej. (Equivalently, we
are considering vector functions that are 0 in their j-th coordinate.)

Finally, if there is more than one equivalence class, these arguments could be
repeated on each one, but this might result in W being of a different dimension on
each equivalence class. Given that this may have limited utility, we leave this to the
interested reader.
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6. Multiparameter Ap matrix weights

In this section we show that the multiparameter basis Rα is a matrix Muck-
enhoupt basis and prove Theorem 1.14. Our approach is to follow the scalar case,
where the maximal operator MRα is shown to be dominated by iterates of the Hardy–
Littlewood maximal operator acting on each Rak . Our proof generalizes that given
by Vuorinen [40, Theorem 1.3] for the biparameter case; while similar, there are a
number of details to check and so we include the full proof.

Given α = (a1, . . . , aj) such that a1 + · · ·+ aj = n, we write Rn = Ra1 × Ra2 ×
· · · × Raj . Then set Rα is the collection of all rectangles R = Q1 × Q2 × · · · × Qj

where for each k, 1 ≤ k ≤ j, Qk ⊂ Rak is a cube. To express iterates as simply
as possible, and so simplify our argument, we introduce some notation. Given x ∈
Rn = Ra1 × · · · ×Raj , we will denote it by x = (x1, . . . , xj), xk ∈ Rak . We will define
the vector x̂k in Rn−αk by

x̂k = (x1, . . . , xk−1, xk+1, . . . , xj).

For iterated integrals, we will write dx̂k = dx1 . . . dxk−1dxk+1 . . . dxj and dx =
dx1 . . . dxj = dxkdx̂k. Finally, given R = Q1×Q2×· · ·×Qj , for each 1 ≤ k ≤ j, we de-

fine R̂k = Q1×· · ·×Qk−1×Qk+1×· · ·×Qj , and R̂n
k = Ra1×· · ·×Rak−1×Rak+1×· · ·×Raj .

If the function F is defined on R̂n
k , we will write F (x̂k) = F (x1, . . . , xk−1, xk+1,

. . . , xj). Similarly, if G is defined on Rn, we will write G(x) = G(x1, . . . , xj) =
G(xk, x̂k). In particular, if W ia a matrix weight, then define

Wx̂k
(xk) = W (x̂k, xk) = W (x).

If we fix x̂k and allow xk ∈ Rak to vary, we can regard Wx̂k
(xk) as a matrix weight

on Rak .
For the proof we need several lemmas. The first was proved in the biparameter

version in [17, Lemma 3.6]. Our proof is an adaptation of theirs; however, there are
several important differences in the details, and so we include the proof.

Lemma 6.1. Given 1 < p < ∞, let W ∈ Ap,Rα. Then, for every k, 1 ≤ k ≤ j,

and for almost every x̂k ∈ R̂n
k , Wx̂k

(·) is a one-parameter matrix weight defined on
Rak that satisfies

[Wx̂k
(·)]Ap,Q(Rak ) . [W ]Ap,Rα .

Proof. To prove this result it will suffice to show that for almost every x̂k ∈ R̂n
k ,

(6.1) sup
Q0

k

(
−

ˆ
Q

(
−

ˆ
Q

|Wx̂k(xk)W
−1
x̂k (yk)|

p′

op dyk

) p

p′

dxk

) 1
p

≤ C[W ]Ap,Rα,

where the supremum is taken over the set Q0
k of cubes in Rak whose vertices have

rational coordinates. (The full condition follows at once since every cube in Rak is
contained in a cube in Q0

k whose sidelength is comparable.) We will prove (6.1) by
proving an equivalent statement for reducing operators.

Fix a cube Qk ⊂ Rak , 1 ≤ k ≤ j. By Theorem 1.13, W ∈ Lp
loc(R

n), and so, given
any R ∈ Rα whose k-th term is Qk, we have thatˆ

R̂k

ˆ
Qk

|Wx̂k
(xk)|

p
op dxk dx̂k =

ˆ
R

|W (x)|pop dx < ∞.

Hence, for a.e. x̂k ∈ R̂k, Wx̂k
(·) is finite for almost every xk ∈ Qk, and in fact in

Lp(Qk). Similarly, since W−1 ∈ Lp′

loc(R
n), W−1

x̂k
(·) ∈ Lp′(Qk). Therefore, we can form
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the reducing operators Wp
x̂k,Qk

and W
p′

x̂k,Qk
. Moreover, we can do so in such a way

that they are measurable functions in x̂k. (See [17, Proposition A.8].)
By Proposition 2.5 applied to the basis Q0

k, to prove (6.1) it will suffice to show

that for every Qk ∈ Q0
k and a.e. x̂k ∈ R̂n

k ,

(6.2) |W p
x̂k,Qk

W
p′

x̂k,Qk
|op ≤ C[W ]Ap,Rα .

To prove this we will follow the argument in [17, Lemma 3.6]. However, to
adapt their argument, we will need to apply the Lebesgue differentiation theorem
with respect to the basis of rectangles. By the theorem of Jessen, Marcinkiewicz and
Zygmund (and the counter-example of Saks), we need to show that the functions we
are differentiating are in Ls

loc for some s > 1. (See de Guzmán [16].) To do this, we
argue as follows. Fix a cube Qk ∈ Q0

k. Since Ap,Rα ⊂ Ap,Q, we have that W ∈ Ap,Q.
Therefore, by a result due to the first author and Penrod [14, Theorem 1.5], we have
that there exists s > 1 such that W ∈ Asp,Q and W−1 ∈ Asp′,Q. Therefore, again by

Theorem 1.13, we have that W ∈ Lsp
loc(R

n) and W−1 ∈ Lsp′

loc(R
n).

Now for every v ∈ Qd, define the functions

FQk,v(x̂k) =

ˆ
Qk

|W (xk, x̂k)v|
p dxk, GQk,v(x̂k) =

ˆ
Qk

|W−1(xk, x̂k)v|
p′ dxk.

Then by Fubini’s theorem and Hölder’s inequality, we have that FQk,v, GQk,v ∈

Ls
loc(R̂

n
k). Let AQk,v be the set of strong Lebesgue points of FQk,v in R̂n

k and let

BQk,v be the strong Lebesgue points of GQk,v in R̂n
k . Then, since the intersection is

countable, the set of points

Ck =
⋂

Qk∈Q0
k

⋂

v∈Qd

(
AQk,v ∩ BQk,v

)

is such that |R̂n
k \ Ck| = 0. Fix x̂k ∈ Ck and let Rl = P l

1 × · · · × P l
j ∈ Rα be such

that P l
k = Qk and the sequence {R̂l

k}
k
l=1 shrinks to x̂k as l → ∞. Then by the

Jessen–Marcinkiewicz–Zygmund theorem, we have that for every v ∈ Qd,

lim
l→∞

−

ˆ
R̂l

k

−

ˆ
Qk

|W (xk, ŷk)v|
p dxk dŷk = −

ˆ
Qk

|W (xk, x̂k)v|
p dxk ≈

∣∣W p
x̂k,Qk

v
∣∣p .

Since the sequence on the lefthand side converges, it is bounded; in particular, if
{ei}

d
i=1 is the standard orthonormal basis in Rd, the sequence {WRl}∞l=1 of reducing

operators of W on Rl satisfies

∣∣W p

Rl

∣∣p
op

≈
d∑

i=1

|WRlei|
p ≈

d∑

i=1

−

ˆ
R̂l

k

−

ˆ
Qk

|W (xk, ŷk)ei|
p dxk dŷk,

and so is uniformly bounded. Therefore, by passing to a subsequence, we may assume
that the sequence converges to some matrix W in matrix operator norm. Passing to
the limit, we have that for any v ∈ Qd,

∣∣W p
x̂k,Qk

v
∣∣ ≈ |Wv|.

By density, the same must hold for every v ∈ Rd.
Now repeat this argument, replacing W by W−1 and p by p′. This yields a matrix

W such that for every v ∈ Rd,
∣∣∣W p′

x̂k,Qk
v
∣∣∣ ≈ |Wv|.
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Therefore, by inequality (2.1) and Proposition 2.5,∣∣∣W p
x̂k,Qk

W
p′

x̂k,Qk

∣∣∣
op

. |WW|op = lim
l→∞

∣∣∣W p

RlW
p′

Rl

∣∣∣
op

≤ C[W ]Ap,Rα .

Since this is true for every Qk ∈ Q0
k and almost every x̂k, this proves (6.2) and so

completes the proof. �

We now consider iterations of the convex-set valued maximal operator, which
will play a role in our proof. From Definition 3.4, if F is a locally integrably bounded
function, let

MRαF (x) = conv

( ⋃

R∈Rα

−

ˆ
R

F (y) dy · χR(x)

)
.

We also define the one-parameter convex-set valued maximal operators. Given F : Rn

→ Kbcs be locally integrably bounded. Then for almost every x̂k, Fx̂k
: Rak →

Kbcs(R
d) is also locally integrably bounded, so for 1 ≤ k ≤ j we can define

MkFx̂k
(xk) = M (F (x̂k, ·)) (xk),

where on the righthand side, M denotes the convex-set valued maximal operator
defined with respect to cubes on Rak . We now prove the analog of iterations of the
scalar maximal operator for convex-set valued maximal operators. The following
result was proved in the biparameter case in [40, Lemma 3.1] and we follow this
proof.

Lemma 6.2. Let F : Rn → Kbcs(R
d) be locally integrable, bounded, and assume

further that for every k, 1 ≤ k ≤ j, MkMk+1 . . .M jF is locally integrably bounded.
Then

MRαF ⊆ M1M2 · · ·M jF.

Proof. Fix x ∈ Ra1×· · ·×Raj and a multi-parameter rectangle R = Q1×· · ·×Qj

that contains x. If f is a selection function on Qj , then

−

ˆ
Qj

f(y1, . . . , yj) dyj ∈ −

ˆ
Qj

F (y1, . . . , yj) dyj ⊆ M jF (y1, . . . , yj−1, xj).

Since M jF is locally integrably bounded, if we integrate over Qj−1, we get

−

ˆ
Qj−1×Qj

f dyj−1 dyj = −

ˆ
Qj−1

(
−

ˆ
Qj

f(y1, . . . , yj−1, yj) dyj

)
dyj−1

∈ −

ˆ
Qj−1

M jF (y1, . . . , yj−1, xj) dyj−1

⊆ M j−1M jF (y1, . . . , xj−1, xj).

We can repeat this argument inductively, integrating over Qj−2, . . . , Q1 in turn.
This yields

−

ˆ
R

f dy ∈ M1M2 · · ·M jF (x).

Since this holds for every selection function f , we have that

−

ˆ
R

F dy ⊂ M1M2 · · ·M jF (x),

and so by the definition of the convex-set valued maximal operator, since the right-
hand side is convex,

MRαF (x) ⊂ M1 · · ·M jF (x). �
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Theorem 6.3. Fix p ∈ (1,∞] and W ∈ Ap,Rα. If F ∈ Lp
K(W ), then

(6.3) ‖MRαF‖Lp
K
(W ) ≤ C(n, d, p)[W ]jp

′

Ap,Rα
‖F‖Lp

K
(W ).

If p = ∞, (6.3) holds with constant [W ]A∞,Rα instead of [W ]jA∞,Rα
.

To prove this result we need the following lemma, which extends a well-known
result in the scalar case (see, for instance, [8, Lemma 3.30]) to convex-set valued
functions.

Lemma 6.4. Let F : Rn → Kbcs(R
d) be a locally integrably bounded function

and define the sequence {Fk}
∞
k=1 by

Fk(x) =
(
F (x) ∩ kB

)
· χB(0,k)(x).

Then for any matrix weight W , and almost every x ∈ Rd,

|W (x)MRαF (x)| = lim
k→∞

|W (x)MRαFk(x)|.

Proof. Since for all k, Fk(x) ⊂ Fk+1(x) ⊂ F (x), by Lemma 3.7, MRαFk(x) ⊂
MRαFk+1(x) ⊂ MRαF (x). Hence, it is immediate that

lim
k→∞

|W (x)MRαFk(x)| ≤ |W (x)MRαF (x)|.

To prove the reverse inequality first note that arguing as in [3, Lemma 5.6], if we
define

M̂RαF (x) = cl

( ⋃

R∈Rα

−

ˆ
R

F (y) dy · χR(x)

)
,

where cl(E) denotes the closure of E, then |W (x)M̂RαF (x)| = |W (x)MRαF (x)|. Fix
a set R ∈ Rα and let f ∈ S1(F,R) be any selection function. Define the sequence
{fk}

∞
k=1 by

fk(x) =
f(x)

|f(x)|
min(|f(x)|, k) · χB(0,k)(x).

Then fk → f pointwise a.e. Moreover, since F is locally integrably bounded, there
exists K ∈ L1(R) such that |fk(x)| ≤ |f(x)| ≤ K(x) for x ∈ R. Therefore, by the
dominated convergence theorem,

lim
k→∞

−

ˆ
R

fk(y) dy = −

ˆ
R

f(y) dy.

We can now estimate as follows. Fix ǫ > 0 and x ∈ Rd. By the definition of M̂Rα

and the definition of the Aumann integral, there exists R ∈ Rα containing x and a
selection function f ∈ S1(F,R) such that

|W (x)MRαF (x)| = |W (x)M̂RαF (x)|

≤ (1 + ǫ)

∣∣∣∣W (x)−

ˆ
R

F (y) dy

∣∣∣∣ ≤ (1 + ǫ)2
∣∣∣∣W (x)−

ˆ
R

f(y) dy

∣∣∣∣;

by the continuity of the norm ρ(v) = |W (x)v|, the righthand term equals

(1 + ǫ)2 lim
k→∞

∣∣∣∣W (x)−

ˆ
R

fk(y) dy

∣∣∣∣ ≤ (1 + ǫ)2 lim
k→∞

∣∣∣∣W (x)−

ˆ
R

Fk(y) dy

∣∣∣∣
≤ (1 + ǫ)2 lim

k→∞
|W (x)MRαFk(x)|.

Since ǫ is arbitrary, we get the desired inequality. �
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Proof of Theorem 6.3. Suppose first that 1 < p < ∞. By Lemma 6.4, it
will suffice to prove (6.3) for F ∈ L∞

K (Rn,Rd) ∩ Lp
K(R

n,W ). The convex-set valued
maximal operator is bounded on L∞

K ; this was proved in [3, Proposition 5.2] for the
basis of cubes, but the same proof works for any basis. Therefore, we have that
MRαF and all the iterates MkMk+1 · · ·M jF are bounded, and so locally integrably
bounded.

For all k, if W ∈ Ap,Q(R
ak) and 1 < p ≤ ∞, by [3, Theorem 6.9] we have that

(6.4) ‖MkF‖Lp

K
(Rak ,W ) ≤ C[W ]p

′

Ap,Q
‖F‖Lp

K
(Rak ,W ).

We can now estimate as follows. By Lemma 6.2 and by Fubini’s theorem and
Lemma 6.1 applied repeatedly,ˆ
Rn

|W (x)MRαF (x)|p dx ≤

ˆ
R̂n
1

ˆ
Ra1

|W (x)M1
K · · ·M j

KF (x)|p dx1 dx̂1

≤

ˆ
R̂n
1

C [Wx̂1(·)]
pp′

Ap,Q(Ra1 )

ˆ
Ra1

|W (x)M2
K · · ·M j

KF (x)|p dx1 dx̂1

≤ C [W ]pp
′

Ap,Rα

ˆ
R̂n
2

ˆ
Ra2

|W (x)M2
K · · ·M j

KF (x)|p dx2 dx̂2

≤ C [W ]2pp
′

Ap,Rα

ˆ
R̂n
3

ˆ
Ra3

|W (x)M3
K · · ·M j

KF (x)|p dx3 dx̂3

...

≤ C [W ]jpp
′

Ap,Rα

ˆ
Rn

|W (x)F (x)|p dx.

This proves (6.3) when p is finite.
For p = ∞, assume that F ∈ L∞

K (W ). We will prove the desired estimate using
the definition of A∞,Rα; our argument is similar to the L∞-estimate of MW in [3,
Proposition 6.8], but following the argument in [40, Theorem 3.2] we fill a lacuna in
that proof. As before, the function f is locally integrably bounded. Let Rα

0 denote
the set of all multiparameter rectangles in Ra1×· · ·×Raj whose vertices have rational
coordinates. Then, if we argue as in [3, Proposition 5.7], we have that

M̂RαF (x) = cl


 ⋃

R∈Rα
0

−

ˆ
R

F (y) dy · χR(x)


 .

For every R ∈ Rα
0 and almost every x ∈ R,

−

ˆ
R

|W (x)W−1(y)|op dy ≤ [W ]A∞,Rα .

Since Rα
0 is countable, by a standard argument, this inequality holds for almost every

x and every R containing x. Fix such an x and R containing it; then we have that
∣∣∣∣W (x)−

ˆ
R

F (y) dy

∣∣∣∣ =
∣∣∣∣−
ˆ
R

W (x)W (y)−1W (y)F (y) dy

∣∣∣∣

≤ −

ˆ
R

|W (x)W−1(y)|op dy‖WF‖L∞(Rn;Rd)

≤ [W ]A∞,Rα‖F‖L∞
K
(W ).



Off-diagonal matrix extrapolation for Muckenhoupt bases 607

Hence, for almost every x,

|W (x)MRαF (x)| = |W (x)M̂RαF (x)| ≤ [W ]A∞,Rα‖F‖L∞
K
(W ).

The desired estimate follows at once. �

We can now prove our main result.

Proof of Theorem 1.14. We will prove this assuming 1 < p < ∞; the proof
when p = ∞ is almost identical with the obvious changes and so is omitted. Fix
W ∈ Ap,Rα. Let f ∈ Lp(Rn;Rd) and define F (x) = conv ({−f(x), f(x)}). Then
F ∈ Lp

K(R
n); moreover, we have that W−1F is locally integrably bounded. To see

this note that for any R ∈ Rα, by Hölder’s inequality,
ˆ
R

|W−1(y)F (y)| dy ≤ |W−1(x)|op

( ˆ
R

|W (x)W−1(y)|p
′

op dy

) 1
p′

‖F‖Lp

K
(Rn).

Since W ∈ Ap,Rα, the first two terms on the righthand side are finite for almost every
x ∈ R. Therefore, by [40, Lemma 3.4],

MW,Rαf(x) . |W (x)MRα(W−1F )|.

(Note that this result is stated and proved for the biparameter basis, but the same
proof holds for any basis Rα.) Hence, by Theorem 6.3,

‖MW,Rαf‖Lp(Rn) . ‖WMRα(W−1F )‖Lp(Rn) . [W ]jp
′

Ap,Rα
‖W−1F‖Lp

K
(W )

= [W ]jp
′

Ap,Rα
‖F‖Lp

K
(Rn) = [W ]jp

′

Ap,Rα
‖f‖Lp(Rn,Rd). �
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[29] Lacey, M.T., K. Moen, C. Pérez, and R. Torres: Sharp weighted bounds for fractional
integral operators. - J. Funct. Anal. 259:5, 2010, 1073–1097.

[30] Muckenhoupt, B.: Weighted norm inequalities for the Hardy maximal function. - Trans.
Amer. Math. Soc. 165, 1972, 207–226.

[31] Muckenhoupt, B., and R. L. Wheeden: Weighted norm inequalities for fractional integrals.
- Trans. Amer. Math. Soc. 192, 1974, 261–274.

[32] Nazarov, F., and S. Treil: The hunt for a Bellman function: applications to estimates for
singular integral operators and to other classical problems of harmonic analysis. - Algebra i
Analiz 8:5, 1996, 32–162.

[33] Nieraeth, Z. A lattice approach to matrix weights. - arXiv:2408.14666 [math.FA], 2025.

[34] Nieraeth, L., and M. Penrod: Matrix-weighted bounds in variable Lebesgue spaces. - Ann.
Fenn. Math. 50:2, 2025, 519–548



Off-diagonal matrix extrapolation for Muckenhoupt bases 609
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