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Directional pliability, Whitney extension, and
Lusin approximation for curves in Carnot groups

Gareth Speight and Scott Zimmerman

Abstract. We show that, in arbitrary Carnot groups, pliability in a subset of directions is

sufficient to guarantee the existence of a Whitney-type extension and a Lusin approximation for

curves with tangent vectors in the same set of directions. We apply this to show that every horizontal

curve in the Engel group must intersect a C1 horizontal curve in a set of positive measure.

Carnot’n ryhmän käyrien suunnattu muovautuvuus,

Whitneyn jatkeet ja Lusinin likiarvot

Tiivistelmä. Tässä työssä osoitetaan, että mielivaltaisessa Carnot’n ryhmässä suuntien osa-

joukon muovautuvuus riittää takaamaan Whitneyn-tyyppisen jatkeen ja Lusinin likiarvon olemas-

saolon käyrille, joiden tangenttivektorit kuuluvat tällaiseen suuntajoukkoon. Tämän sovelluksena

näytetään, että jokaisen Engelin ryhmän vaakasuoran käyrän täytyy leikata vaakasuoraa C1-käyrää

positiivismittaisessa joukossa.

1. Introduction

Lusin’s Theorem shows that a measurable function coincides with a continuous
function on its domain up to a set of arbitrarily small measure. More precisely, given
a measurable function f : R→ R and ε > 0, there exists a continuous map F : R→ R

such that
m{x ∈ R : F (x) 6= f(x)} < ε.

This motivates the following question: given a map with particular regularity, does
it coincide with a map of higher regularity up to a set of arbitrarily small mea-
sure? Such an approximation is known as a “Lusin approximation” owing to Lusin’s
classical work. Examples of Lusin approximations with higher notions of regularity
include the approximation of absolutely continuous functions by C1 functions and of
m-approximately differentiable functions by Cm functions for m ≥ 1 [6, 10, 12]. One
way to quickly construct these Lusin approximations is through the application of a
Whitney-type extension theorem. Such a theorem gives hypotheses under which a
function defined on some subset of a space can be extended to a smooth map defined
on the whole space a la classical Whitney Extension Theorem [22]. With this exten-
sion result in hand, one constructs a Lusin approximation of a nonsmooth map by
verifying that the hypotheses of the extension theorem hold in a large enough subset
of the domain, then the extension theorem provides the desired Lusin approximating
map on the remaining part of the domain.

A large part of geometric analysis and geometric measure theory in Euclidean
spaces has recently been studied in more general metric settings. One particularly
rich setting is that of Carnot groups [2, 13]. Carnot groups are Lie groups whose Lie
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algebra admits a stratification in which the first layer generates the others via Lie
brackets in a particular way (see Section 2 for definitions). The number of layers is
called the step of the Carnot group. These groups model control theoretic scenarios in
which motion through a space is restricted to a low dimensional space of directions.
Points in a Carnot group can be connected by horizontal curves. These are the
absolutely continuous curves with tangents in the first layer and model the paths
through which a body is allowed to travel. Every Carnot group can be equipped
with a natural left-invariant distance, dilations, and a Haar measure which respects
the algebraic structure. This all induces a rich geometry on the group and makes the
study of analysis and geometry in Carnot groups highly appealing.

The present paper contributes to the study of Whitney extensions and Lusin
approximations for horizontal curves in Carnot groups. This was first studied for
horizontal curves in the Heisenberg group (a step two Carnot group) in [20], where
the first author showed that every horizontal curve coincides with a C1 horizontal
curve up to a set of arbitrarily small measure. In the same paper, it was shown that
a similar result does not hold in the Engel group (a step three Carnot group). To
be more precise, given any ε > 0 there exists a horizontal curve γ : [0, 1]→ E in the
Engel group such that, for every C1 horizontal curve Γ: [0, 1]→ E, we have

m{t ∈ [0, 1] : Γ(t) 6= γ(t)} ≥ 1− ε,

where m denotes Lebesgue measure. Independently, the second author proved in [23]
a Whitney extension result for C1 horizontal curves in the Heisenberg group. Similar
results hold in step two Carnot groups [9]. These Whitney extension and Lusin
approximation results were then extended by others to a much larger class of Carnot
groups [8] and sub-Riemannian manifolds [18] satisfying a geometric condition known
as pliability (Definition 2.9). Roughly speaking, pliability of a Carnot group means
that curves that are C1

H-close to the horizontal line in a horizontal direction have
endpoints that form a neighborhood of the endpoint of the horizontal line. Related
results study Whitney extensions for curves of higher regularity and a finiteness
principle for Whitney extensions in particular Carnot groups [3, 4, 16, 21, 24].

A natural question arising from the non-approximation result of [20] mentioned
above is whether such a counterexample can be strengthened. Namely, does there
exist a horizontal curve in the Engel group that intersects every C1 horizontal curve in
a set of measure zero? In other words, does there exist a horizontal curve γ : [0, 1]→ E

in the Engel group such that, for every C1 horizontal curve Γ: [0, 1]→ E,

m{t ∈ [0, 1] : Γ(t) 6= γ(t)} = 1?

In this paper, we answer this question in the negative. To do this we first show
that the results of [8] have natural analogues if one assumes pliability in a set of di-
rections rather than pliability in every horizontal direction. In particular, a Whitney
extension theorem holds for curve fragments whose candidate derivative takes values
in a set of pliable directions. This is our first main result.

Theorem 1.1. Suppose G is a Carnot group with horizontal layer g1, and fix

O ⊂ g1. If every vector in O is pliable, then G has the C1
H Whitney extension

property on O.

Our proof of Theorem 1.1 expands upon that of the corresponding result in
[8], with additional tracking of which directions need to be pliable. The reverse
implication of Theorem 1.1 is also likely true and should follow an identical argument
as the proof of Theorem 3.8 in [8]. More precisely, if G has the C1

H Whitney extension
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property on O, then every vector in O should be pliable. However, we did not check
the details carefully.

We next show that every direction in the Engel group is pliable except for those
that are a scalar multiple of X2 (Theorem 4.1). We then use Theorem 1.1 and The-
orem 4.1 to prove a partial Lusin approximation result in the Engel group (Theorem
4.3). From this, we show that every horizontal curve in the Engel group must inter-
sect some C1 horizontal curve in a set of positive measure (Theorem 1.2). This is
our second main result.

Theorem 1.2. Let γ : [a, b]→ R4 be a horizonal curve in the Engel group. Then

there exists a C1 horizontal curve Γ: [a, b]→ R4 such that

m{t ∈ [a, b] : Γ(t) = γ(t)} > 0.

As a corollary, we may conclude that the hypothesized example of a curve in-
tersecting every C1 horizontal curve in a set of measure 0 cannot exist in the Engel
group.

We now describe the organization of the paper. In Section 2 we recall background
on Carnot groups, Whitney extension, and pliability. In Section 3 we prove the
Whitney extension result for curve fragments whose candidate derivative takes values
in a set of pliable directions. In Section 4 we apply these to prove Lusin approximation
results in the Engel group and answer the stated question in the negative. Finally in
the Appendix we explain the expressions for the horizontal vector fields of the Engel
group in second exponential coordinates. These seem well known in the literature,
but we were unable to find a concrete justification.

Acknowledgments. The authors thank Jonathan Bennett for suggesting the ques-
tion in the Engel group which led to this paper. G. Speight was supported by the
National Science Foundation under Award No. 2348715.

2. Preliminaries

2.1. Carnot groups.

2.1.1. Overview. We recall that a Lie algebra is a vector space g equipped with
a Lie bracket [·, ·] : g × g → g that is bilinear, satisfies [X,X ] = 0, and satisfies the
Jacobi identity [X, [Y, Z]]+[Y, [Z,X ]]+[Z, [X, Y ]] = 0. The Lie algebra associated to
a Lie group is the space of left invariant vector fields equipped with the Lie bracket
[X, Y ] defined on smooth functions as [X, Y ](f) = X(Y (f))− Y (X(f)).

Definition 2.1. Consider a Lie algebra g that is nilpotent and stratified, i.e. it
admits a decomposition as a direct sum of subspaces of the form

g = g1 ⊕ g2 ⊕ · · · ⊕ gs

such that gi = [g1, gi−1] for any i = 2, . . . , s, and [g1, gs] = 0. The subspace g1 is
called the horizontal layer. Any connected, simply connected Lie group G whose Lie
algebra g has such a structure is called a Carnot group. We call s the step of G.

Remark 2.2. In any Carnot group G we adopt the following notation. Let
mi := dim(gi), hi := m1 + · · ·+mi for 1 ≤ i ≤ s, and h0 := 0. A basis X1, . . . , Xn of
g is adapted to the stratification if Xhi−1+1, . . . , Xhi

is a basis of gi for 1 ≤ i ≤ s. We
fix such a basis. Let r be the dimension of the horizontal layer i.e. r := m1.
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Definition 2.3. The map exp : g → G is defined by exp(X) = γ(1) where
γ : R → G is the unique one-parameter subgroup of G whose tangent vector at the
identity is equal to X . This exponential map is a diffeomorphism between g and G.

2.1.2. Coordinates. We can identify G with Rn using the following diffeomor-
phism:

(x1, . . . , xn) ∈ R
n ←→ exp(x1X1 + · · ·+ xnXn) ∈ G.

This identification is known as exponential coordinates of the first kind, and this
choice of coordinates induces a Lie group operation on Rn according to the Baker–
Campbell–Hausdorff formula [2, Definition 2.2.11]. This coordinate system will be
used throughout Section 3.

Another possible identification of G with Rn is through the mapping

(x1, . . . , xn) ∈ R
n ←→ exp(xnXn) · · · exp(x1X1) ∈ G.

This is known as exponential coordinates of the second kind, and the map is again a
diffeomorphism [7, 1.3.1 Lemma]. This coordinate system will be used in Section 4.
For an example in one Carnot groups, see the appendix.

In either choice of coordinates, a Haar measure on G (i.e. a Borel measure that
is invariant under left translation by the group operation) can be chosen to be the
Lebesgue measure on Rn.

2.1.3. Structure in exponential coordinates of the first kind. Let us focus
our attention now on exponential coordinates of the first kind. The homogeneity

di ∈ N of the coordinate xi is defined by

di := j whenever hj−1 + 1 ≤ i ≤ hj.

This number tracks the layer of the stratification in which the corresponding basis
vector Xi lies. For any λ > 0, the dilation δλ : G→ G, is given in coordinates by

δλ(x1, . . . , xn) = (λd1x1, . . . , λ
dnxn)

and is a group automorphism on G.
Since the Lie algebra is nilpotent, one may explicitly compute the group operation

in G from the Lie bracket combinations in g via the Baker–Campbell–Hausdorff for-
mula. The following properties of the group law on Rn follow from this computation
and are well known. See, for example, [2, Proposition 2.2.22].

Proposition 2.4. We may write the group law in G as xy = x+ y+Q(x, y) for
some polynomial Q = (Q1, . . . , Qn) where

(1) Q1 = · · · = Qr = 0,
(2) for r < i ≤ n, the real valued polynomial Qi(x, y) may be written as a sum

of terms each of which contains a factor of the form (xjyℓ − xℓyj) for some

1 ≤ ℓ < i and 1 ≤ j < i,
(3) Qi is homogeneous of degree di with respect to dilations i.e. Qi(δt(x), δt(y)) =

tdiQi(x, y) for all x, y ∈ G and t > 0,
(4) if the coordinate xi has homogeneity di ≥ 2, then Qi(x, y) depends only on

the coordinates of x and y that have homogeneity strictly less than di.

2.1.4. Curves and distances in Carnot groups. Identify G with Rn in either
choice of exponential coordinates. A curve γ : [a, b] → G is absolutely continuous if
it is absolutely continuous as a curve into Rn. This implies that the velocity γ̇(t)
exists for almost every t ∈ [a, b]. Since the choice of coordinates induces Rn with a
Lie group structure with Lie algebra g, we may view any X ∈ g as a left invariant
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vector field on R
n. That is, we can write γ̇(t) =

∑n
j=1 uj(t)Xj(γ(t)) for some controls

u1, . . . , un ∈ L
1[a, b].

Definition 2.5. An absolutely continuous curve γ : [a, b]→ G is horizontal if we
can write γ̇(t) =

∑r
j=1 uj(t)Xj(γ(t)) almost everywhere i.e. if ur+1 = · · · = un = 0

a.e. We define the length of such a curve by ℓG(γ) :=
´ b

a
|u|.

For any t at which γ̇(t) exists, we will write γ′(t) =
∑r

j=1 uj(t)Xj ∈ g. In
doing so we view γ′ as a map into g. This gives the following alternate definition of
horizontality.

Definition 2.6. An absolutely continuous curve γ : [a, b] → G is horizontal if
γ′ ∈ g1 almost everywhere.

Definition 2.7. The Carnot–Carathéodory distance (CC distance) between any
two points x, y ∈ G is defined by

d(x, y) := inf{ℓG(γ) : γ is a horizontal curve joining x and y}.

Note that the CC distance is left-invariant and homogeneous with repect to
dilations i.e. d(rp, rq) = d(p, q) and d(δλ(p), δλ(q)) = λd(p, q) for any p, q, r ∈ G and
λ > 0.

We will also make use of another distance which is useful for computations. In
any Carnot group G represented in first exponential coordinates, if we write x =
(x̂1, . . . , x̂s) ∈ R

dim g1 × · · · × R
dim gs , there exist positive constants λ1, . . . , λs such

that the following defines a norm on G [19]:

‖x‖Box := max{λi|x̂k|
1/k : k = 1, . . . , s} for x ∈ G.

Then dBox(x, y) := ‖y
−1x‖Box for x, y ∈ G defines another distance that is left invari-

ant, homogeneous, and continuous with respect to the Euclidean topology. Hence it
is bi-Lipschitz equivalent to the CC-metric d on G, namely there is a constant C > 0
such that

(2.1) C−1d(x, y) ≤ dBox(x, y) ≤ Cd(x, y) for x, y ∈ G.

Note that C is independent of x and y.

2.1.5. Smooth curves and pliability.

Definition 2.8. Given an interval I ⊂ R, a curve γ : I → G is C1
H if it is

C1 (i.e. continuously differentiable) as a curve in Rn and if it is a horizontal curve.
Equivalently, γ is C1

H if γ′ : I → g1 exists and is continuous.

We denote by C1
H(I,G) the set of all curves C1

H curves γ : I → G. The fixed
basis X1, · · · , Xr of g1 defines a natural inner product norm ‖ · ‖ on g1 with respect
to which the basis vectors are orthonormal. The space C1

H([a, b],G) can be equipped
with a natural metric defined by

d(γ1, γ2) := max

(
sup
t∈[a,b]

d(γ1(t), γ2(t)), sup
t∈[a,b]

‖γ′2(t)− γ
′
1(t)‖

)
.

We will sometimes use the notation ‖γ′2− γ
′
1‖∞ to denote supt∈[a,b] ‖γ

′
2(t)− γ

′
1(t)‖. If

working in coordinates, we will occasionally use | · | to denote the Euclidean norm on
G.

The following geometric property of curves was introduced in [8].
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Definition 2.9. A curve γ ∈ C1
H([a, b],G) is pliable if for every neighborhood V

of γ in C1
H([a, b],G) the set

{(β(b), β ′(b)) : β ∈ V, (β(a), β ′(a)) = (γ(a), γ′(a))}

is a neighborhood of (γ(b), γ′(b)) in G× g1.
A vector V ∈ g1 is pliable if the curve t 7→ exp(tV ) for t ∈ [0, 1] is pliable. The

group G is pliable if all vectors V ∈ g1 are pliable.

2.2. The Whitney extension property. Recall that a map f : G1 → G2

between Carnot groups is Pansu differentiable [5, 14, 15] at a point x ∈ G1 if there
exists a group linear map L : G1 → G2 such that

(2.2) lim
y→x

d2(f(y), f(x)L(x
−1y))

d1(x, y)
= 0

where d1 and d2 are the CC-metrics in G1 and G2 respectively. Here a group linear
map is one which respects the group operation and dilations. The following is Pansu’s
generalization of Rademacher’s theorem to Carnot groups.

Theorem 2.10. (Pansu’s Theorem [15]) Let f : G1 → G2 be a Lipschitz map

between Carnot groups. Then f is Pansu differentiable almost everywhere with

respect to the Haar measure on G1.

In the case of Lipschitz curves (when G1 = R), the group linear map L has the
form h 7→ exp(hX) for some X in the horizontal layer of G2 [14, Lemma 2.1.4]. This
motivates the following definition, adapted from [8] to only consider directions in a
subset of g1.

Definition 2.11. Suppose G is a Carnot group with horizontal layer g1 and
fix O ⊂ g1. We will say that G has the C1

H Whitney extension property on O if
the following implication is true: for any compact K ⊂ R, any continuous map
γ : K → G, and any continuous map X : K → O, if

rK,η := sup
τ,t∈K

0<|τ−t|<η

d(γ(t), γ(τ) exp((t− τ)X(τ)))

|τ − t|

satisfies rK,η → 0 as η ↓ 0, then there is a curve Γ ∈ C1
H(R,G) such that Γ|K = γ

and Γ′|K = X .

Note that this property acts as a converse to the uniform convergence of differ-
ence quotients of horizontal C1 maps on compact sets (see [11, Theorem 1.2] or [25,
Theorem 1.1]) just as Whitney’s classical extension theorem acts as a converse to
Taylor’s theorem in the Euclidean setting.

2.3. Engel group. Here, we describe a particular step 3 Carnot group that is
not pliable. That is, it is a Carnot group in which there exist non-pliable horizontal
vectors. This group will be the focus of Section 4.

Definition 2.12. The Engel group E is the Carnot group whose Lie algebra e
has the decomposition

e = V1 ⊕ V2 ⊕ V3,

where V1 = span{X1, X2}, V2 = span{X3}, V3 = span{X4}, and the only non-zero
Lie brackets among them are

[X1, X2] = X3, [X1, X3] = X4.
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It will be convenient to identify the Engel group with R
4 using exponential co-

ordinates of the second kind. In this setting, the horizontal vector fields X1 and X2

are given by

(2.3) X1(x) = ∂1, X2(x) = ∂2 + x1∂3 +
1
2
x21∂4.

The expressions for X1 and X2 seem to be well known, but we were not able to
find an argument in the literature providing their derivation. Hence we give a brief
justification in the appendix. Recall that we use γ̇ to denote the Euclidean derivative
of a curve in first or second exponential coordinates to distinguish it from γ′ which
is identified with an element of the Lie algebra.

Lemma 2.13. An absolutely continuous curve γ = (γ1, γ2, γ3, γ4) : [a, b]→ R4 is

horizontal in E if and only if

γ̇3(t) = γ1(t)γ̇2(t) and γ̇4(t) =
1
2
(γ1(t))

2γ̇2(t) for almost every t ∈ [a, b].

Proof. Suppose γ is horizontal in E. Then for almost every t ∈ [a, b] there are
a(t), b(t) ∈ R such that γ̇(t) = a(t)X1(γ(t)) + b(t)X2(γ(t)). Using the representation
of X1 and X2 above gives

γ̇(t) = a(t)(1, 0, 0, 0) + b(t)
(
0, 1, γ1(t),

1
2
(γ1(t))

2
)
.

Equating the first two components we see a(t) = γ̇1(t) and b(t) = γ̇2(t). Hence from
the third and fourth components we see γ̇3(t) = γ1(t)γ̇2(t) and γ̇4(t) =

1
2
(γ1(t))

2γ̇2(t),
as claimed. The converse is similar. �

3. Whitney extension and Lusin approximation in a subset of directions

The following proposition is an analogue of Proposition 4.3 in [8] and the proofs
are similar. More details are included here for completeness (due to our variations
in language and notation).

For convenience, if γ : [a, b] → G is a differentiable curve, we will say that γ is
a curve from (x,X) to (y, Y ) if γ(a) = x, γ′(a) = X , γ(b) = y, and γ′(b) = Y . We
denote the identity in G by 0.

If Y ∈ g1 is pliable, then, for any ε > 0, there is some η(Y, ε) > 0 such that, if
Z ∈ g1 and z ∈ G satisfy

‖Z − Y ‖ < η(Y, ε) and d(z, exp(Y )) < η(Y, ε),

then there exists a curve γ ∈ C1
H([0, 1],G) from (0, Y ) to (z, Z) satisfying ‖γ′−Y ‖∞ <

ε. The following result tells us that, given a compact set of pliable directions, the
parameter η may be chosen to be the same for every vector in the compact set.

Proposition 3.1. Suppose G is a Carnot group with horizontal layer g1, and
ω ⊂ g1 is a compact set such that every vector in ω is pliable. Then, for any ε > 0,
there exists η > 0 such that, for all W ∈ ω, if Z ∈ g1 and z ∈ G satisfy

‖Z −W‖ < η and d(z, exp(W )) < η,

then there exists a curve γ ∈ C1
H([0, 1],G) from (0,W ) to (z, Z) satisfying ‖γ′ −

W‖∞ < ε.

Proof. Fix ε > 0. We will prove the proposition using the following claim via
the compactness of ω:
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Claim. For any Y0 ∈ ω, there is some νY0
> 0 such that, if W,Z ∈ g1 and z ∈ G

satisfy

‖W − Y0‖ < νY0
, ‖Z − Y0‖ < νY0

, and d(z, exp(Y0)) < νY0
,

then there exists a curve γ ∈ C1
H([0, 1],G) from (0,W ) to (z, Z) satisfying ‖γ′ −

W‖∞ < ε.

Proof of Proposition from the Claim. For each Y0 ∈ ω, choose νY0
to be the

parameter guaranteed by the claim. Since exp : g → G is a diffeomorphism and the
Euclidean and CC distances generate the same topology, we may find some rY0

≤ νY0

so that d(exp(W ), exp(Y0)) <
1
2
νY0

for all W ∈ Bg1(Y0, rY0
). Consider the cover

{Bg1(Y0,
1
2
rY0

) : Y0 ∈ ω} of ω, and choose a finite subcover {Bg1(Yi,
1
2
ri)}

I
i=1, where

ri := rYi
. Set η = min{1

2
ri : i = 1, . . . , I}.

Fix any W ∈ ω, Z ∈ Bg1(W, η), and z ∈ BG(exp(W ), η). Using the definition of
a subcovering, we can choose k ∈ {1, . . . , I} such that ‖W − Yk‖ <

1
2
rk < νYk

. Since
η ≤ 1

2
rk ≤

1
2
νYk

, it follows that ‖Z − Yk‖ < νYk
. Moreover,

d(z, exp(Yk)) ≤ d(z, exp(W )) + d(exp(W ), exp(Yk)) < η + 1
2
νYk
≤ νYk

since ‖W − Yk‖ < rk. According to the claim, then, there exists a curve γ ∈
C1

H([0, 1],G) from (0,W ) to (z, Z) satisfying ‖γ′−W‖∞ < ε which proves the propo-
sition.

Proof of the Claim. Fix Y0 ∈ ω. Using the pliability of Y0, choose η(Y0, ε) > 0
such that, if Z ∈ g1 and z ∈ G satisfy

‖Z − Y0‖ < η(Y0, ε) and d(z, exp(Y0)) < η(Y0, ε),

then there exists a curve γ ∈ C1
H([0, 1],G) from (0, Y0) to (z, Z) satisfying ‖γ′ −

Y0‖∞ < ε
4
.

As above, we may choose rY0,ε > 0 so that, for all Y ∈ g1 with ‖Y − Y0‖ < rY0,ε,
we have

d(exp(Y ), exp(Y0)) <
1
8
η(Y0, ε).

Set ν := νY0
:= min{ ε

4
, 1
8
η(Y0, ε), rY0,ε}, and fix W,Z ∈ Bg1(Y0, ν) and z ∈

BG(exp(Y0), ν). We must construct a curve as in the claim. For any a ∈ G with
d(a, z) < 1

2
η(Y0, ε), our hypothesis guarantees that there is a curve γa ∈ C

1
H([0, 1],G)

from (0, Y0) to (a, Z) satisfying ‖γ′a − Y0‖∞ < ε
4
.

For any 0 < ρ < 1, we can define a curve γρ : [0, ρ]→ G so that γρ(0) = 0 and

γ′ρ(t) =
1
ρ
(tY0 + (ρ− t)W ) for all t ∈ [0, ρ].

Notice that this curve does not depend on the choice of a. Write xρ := γρ(ρ). Define
now the curve γa,ρ : [0, 1]→ G as

γa,ρ(t) =

{
γρ(t) for t ∈ [0, ρ],

xρδ1−ρ(γa(
1

1−ρ
(t− ρ))) for t ∈ [ρ, 1],

so that γ′a,ρ(t) = γ′a(
1

1−ρ
(t − ρ)) for t ∈ [ρ, 1] (see (T1) on page 1646 of [8]). In

particular, γ′a,ρ(ρ) exists and is equal to Y0. It follows that γa,ρ ∈ C
1
H([0, 1],G) is a

curve from (0,W ) to (xρδ1−ρ(a), Z). Moreover, if t ∈ [0, ρ] we have

‖γ′a,ρ(t)−W‖ = ‖
1
ρ
(tY0 − tW )‖ ≤ ‖W − Y0‖ <

ε
4
.

If t ∈ [ρ, 1] we have

‖γ′a,ρ(t)−W‖ ≤ ‖γ
′
a − Y0‖∞ + ‖W − Y0‖ <

ε
2
,
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Combining these gives ‖γ′a,ρ −W‖∞ < ε.
To ensure that the curve γa,ρ is the curve required in the claim, we must be able

to choose a in such a way that xρδ1−ρ(a) = γa,ρ(1) = z. In other words, if we can
choose some ρ so that the point aρ := δ(1−ρ)−1(x−1

ρ z) satisfies d(aρ, z) <
1
2
η(Y0, ε),

then we may conclude γaρ,ρ(1) = xρδ1−ρ(δ(1−ρ)−1(x−1
ρ z)) = z, and hence γaρ,ρ is the

desired curve.
It remains to prove that such a ρ exists i.e. that ρ > 0 may be chosen with

d(δ(1−ρ)−1(x−1
ρ z), z) < 1

2
η(Y0, ε).

To see that this is possible, notice that d(0, xρ) ≤ ρmax{‖W‖, ‖Y0‖}, which implies
xρ → 0 as ρ→ 0. Hence

d(δ(1−ρ)−1(x−1
ρ z), z) = 1

1−ρ
d(x−1

ρ z, δ1−ρ(z))

≤ 1
1−ρ

(
d(x−1

ρ z, z) + d(z, δ1−ρ(z))
)
−→ 0 as ρ→ 0

since xρ → 0 and δ1−ρ(z)→ z as dilations are continuous with respect to the scaling
parameter. �

Before proving the main “partial Whitney” result, we will verify that “Carnot
Whitney” implies “classical Whitney” at 0 when viewed in exponential coordinates
of the first kind. Note that that, in these coordinates, the identity is 0 and g−1 = −g
for any g ∈ G. Recall that | · | denotes the Euclidean norm on Rn.

Lemma 3.2. Suppose K ⊂ R is compact and f : K → G and X : K → g1 are

continuous. Then there is a constant C > 0 such that the following implication holds.

Suppose ε > 0 and x, y ∈ K satisfy 0 < y − x < 1, f(x) = 0, and

(3.1)
d(f(y), exp((y − x)X(x)))

y − x
< ε.

Then
|f(y)− exp((y − x)X(x))|

y − x
< Cε.

Note that C is independent of x, y, and ε. Here, as throughout this section, we view

G in exponential coordinates of the first kind.

Proof. Throughout this proof, we will simplify notation by writing X := X(x).
Using the hypothesis and the fact that d is bi-Lipschitz equivalent to the box metric
dBox on G (in the sense of (2.1)), there is a constant C > 0 independent of x, y, and
ε such that

‖f(y)−1 exp((y − x)X)‖Box = dBox(exp((y − x)X), f(y))

≤ Cd(exp((y − x)X), f(y))

< Cε(y − x).(3.2)

Using the fact that the group operation is equal to Euclidean addition in the first r
coordinates (Proposition 2.4) and the definition of ‖ · ‖Box, we have for some possibly
larger constant ∣∣∣∣

fk(y)− exp((y − x)X)k
y − x

∣∣∣∣ < Cε

for k ≤ r. Suppose k > r and that we have proven for all j < k that
∣∣∣∣
fj(y)− exp((y − x)X)j

y − x

∣∣∣∣ < Cε
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for some constant C depending only on f , X , K, and the coordinate representation
of G. We show how to obtain the same estimate for j = k and hence prove the
statement by induction. Since X ∈ g1, we have exp((y − x)X)k = 0. Thus we need

only to bound
∣∣fk(y)
y−x

∣∣ in terms of ε. Using Proposition 2.4, we have

∣∣∣∣
fk(y)

(y − x)

∣∣∣∣ ≤
∣∣∣∣
fk(y)−Qk(f(y)

−1, exp((y − x)X))

(y − x)dk

∣∣∣∣ (y − x)
dk−1(3.3)

+

∣∣∣∣
Qk(f(y)

−1, exp((y − x)X))

y − x

∣∣∣∣(3.4)

where dk is the homogeneity of coordinate k. According to (3.2), the term on the
right of (3.3) is bounded by Cεdk(y − x)dk−1 < Cε. To bound (3.4), recall from
Proposition 2.4 that Qk(f(y)

−1, exp((y − x)X)) is a sum of polynomials each of
which contains a factor of the form

exp((y − x)X)ifℓ(y)− exp((y − x)X)ℓfi(y)

= [exp((y − x)X)i − fi(y)]fℓ(y)− [exp((y − x)X)ℓ − fℓ(y)]fi(y)

for some i, ℓ < k. According to the induction hypothesis, then, we may bound (3.4)
by Cε for a possibly larger C depending on the same data. �

From here, we can conclude that “Carnot Whitney” implies “classical Whitney”
everywhere in a compact set K. Below, we will refer to a “modulus of continuity”
α. By this, we simply mean a non-decreasing function α : [0,∞) → [0,∞) that is
continuous at 0 and α(0) = 0. We say that f : Rm ⊃ A→ R

k is uniformly continuous
with modulus of continuity α if |f(b)− f(a)| ≤ α(|b− a|) for all a, b ∈ A.

Lemma 3.3. Suppose K ⊂ R is compact and f : K → G and X : K → g1
are continuous. Then there is a modulus of continuity α such that the following

implication holds. Suppose 0 < ε < 1 and x, y ∈ K satisfy 0 < y − x < ε and

(3.5)
d(f(y), f(x) exp((y − x)X(x)))

y − x
< ε.

Then

|f(y)− f(x)− (y − x)X(x)(f(x))|

y − x
< α(ε).

Note that α is independent of x, y, and ε. Here, as throughout this section, we view

G in exponential coordinates of the first kind.

Proof. Write g(t) = f(x)−1f(t) for all t ∈ K. In particular, this gives g(x) = 0
and

(3.6)
d(g(y), exp((y − x)X(x)))

y − x
=
d(f(y), f(x) exp((y − x)X(x)))

y − x
< ε.

The left invariance ofX(x) ∈ g1 and the fact thatX(x)(0) is identified with exp(X(x))
in exponential coordinates of the first kind implies that

X(x)(f(x)) = D0Lf(x)(exp(X(x)))

where Lp is the operation of left multiplication by p ∈ G. If f(y) = f(x), then the
conclusion is immediate from this point. Assume f(y) 6= f(x). Then, (writing L in
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place of Lf(x), D in place of D0, and X in place of X(x)) we have

|f(y)− f(x)− (y − x)X(f(x))|

y − x

=
|L(g(y))− L(g(x))−DL(exp((y − x)X))|

y − x

≤
|L(g(y))− L(g(x))−DL(g(y)− g(x))|

|g(y)− g(x)|
·
|g(y)− g(x)|

|y − x|
(3.7)

+

∣∣∣∣DL
(
g(y)− exp((y − x)X)

y − x

)∣∣∣∣

Notice that R : Rn×Rn → Rn defined as R(a, b) = La(b) is a polynomial. Hence
the norm of the matrix D0Lz is uniformly bounded for all z in the compact set
f(K). It follows from this and from (3.6) and Lemma 3.2 that the last term above is
bounded by a constant multiple of ε where the constant depends only on f , X , K,
and the coordinate representation of G.

We will now verify that (3.7) is controlled as well. The second term (3.7) is
bounded by a constant independent of x and y due to Lemma 3.2. Notice also that
the difference quotients of the polynomial R converge uniformly on the compact set
f(K)× g(K). Indeed, if B ⊂ R2n is any ball containing f(K)× g(K), then, for each
k ∈ {1, . . . , n}, the gradient ∇Rk is uniformly continuous on B with a modulus of
continuity β depending on B (which can be made to depend only on f , K, and the
coordinate representation of G). Hence, for any a ∈ f(K) and b, c ∈ g(K), we have

|Rk(a, b)− Rk(a, c)−∇Rk(a, c) · ((a, b)− (a, c))|

=

∣∣∣∣
ˆ 1

0

∇Rk(γ(t)) · γ
′(t)−∇Rk(a, c) · ((a, b)− (a, c)) dt

∣∣∣∣

≤ |(a, b)− (a, c)|

ˆ 1

0

|∇Rk(γ(t))−∇Rk(a, c)| dt

≤ |b− c|β(|b− c|),

where γ : [0, 1]→ R2n is the segment from (a, c) to (a, b). Setting a = f(x), b = g(y),
and c = g(x), the above estimate shows that the k’th component of L(g(y)) −
L(g(x))−DL(g(y)−g(x)) has absolute value bounded by |g(y)−g(x)|β(|g(y)−g(x)|).
We then apply the uniform continuity of g on K to conclude that there is a modulus
of continuity α̂ depending only on f , X , K, and the coordinate representation of
G such that the first term in (3.7) is bounded by α̂(ε). The desired modulus of
continuity is then obtained by scaling α̂ by a constant. �

We are now ready to prove Theorem 1.1. We restate it here for convenience.

Theorem. (Restatement of Theorem 1.1) Suppose G is a Carnot group with

horizontal layer g1, and fix O ⊂ g1. If every vector in O is pliable, then G has the

C1
H Whitney extension property on O.

Proof. Suppose K ⊂ R is compact and that γ : K → G and X : K → O are
continuous maps such that

rK,η := sup
τ,t∈K

0<|τ−t|<η

d(γ(t), γ(τ) exp((t− τ)X(τ)))

|τ − t|

satisfies rK,η → 0 as η ↓ 0.
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The set ω = X(K) is compact in O. Thus, for any n ∈ N, we may use Proposi-
tion 3.1 to choose some 0 < ηn <

1
n
such that, for all W ∈ ω and all Z ∈ Bg1(W, ηn)

and z ∈ BG(exp(W ), ηn), there exists a curve γ ∈ C1
H([0, 1],G) from (0,W ) to (z, Z)

such that ‖γ′ −W‖∞ < 1
n
. We may then apply the uniform continuity of X on K

to choose some 0 < αn <
1
n
so that, whenever x, y ∈ K satisfy |x− y| < αn, we have

‖X(x)−X(y)‖ < ηn and rK,αn
< ηn.

Write [minK,maxK]\K as the union of disjoint open intervals (ai, bi) for i ∈ N.
Fix some i ∈ N and write (a, b) := (ai, bi). Suppose for the moment that b− a < α1.
Choose the largest integer n ∈ N so that |b−a| < αn. Write z = δ1/(b−a)(γ(a)

−1γ(b)).
Then

(3.8) ‖X(b)−X(a)‖ < ηn

and

d(z, exp(X(a))) =
d(γ(b), γ(a) exp ((b− a)X(a))

b− a
≤ rK,αn

< ηn.

It follows that there is some curve γ ∈ C1
H([0, 1],G) from (0, X(a)) to (z,X(b)) such

that ‖γ′ − X(a)‖∞ < 1
n
. Then, for all t ∈ [a, b], define Γ(t) := γ(a)δ(b−a)

(
γ( t−a

b−a
)
)
.

Hence Γ|[a,b] is a curve from (γ(a), X(a)) to (γ(b), X(b)), and

(3.9) ‖Γ′ −X(a)‖∞ < 1
n

by (T1) on page 1646 of [8].
If b−a ≥ α1, choose γ to be any curve in C1

H([0, 1],G) from (0, X(a)) to (z,X(b))
and define Γ as above. Since K is bounded, there are only finitely many such intervals
and they will not play an important role when considering convergences at small
scales.

Applying this procedure to (ai, bi) for each i ∈ N defines a map Γ: [minK,
maxK] \K → G. We extend the definition of Γ to all of [minK,maxK] by defining
Γ|K := γ|K .

We know by construction that Γ is C1 and horizontal on (ai, bi) for each i ≥ 1.
It remains to prove that Γ is differentiable at any x ∈ K with Γ′(x) = X(x) and that
Γ′ is continuous on [minK,maxK]. For the remainder of the proof, consider Γ as
a curve in the ambient space Rn using exponential coordinates of the first kind. In
particular, we consider X(·) to be a left invariant vector field on Rn.

Fix a point x ∈ K. We will first show that the Euclidean derivative Γ̇ of Γ at x
exists and is equal to X(x)(Γ(x)). To simplify (while abusing) notation, we will still
write X(t) to represent X(t)(Γ(t)) for any t ∈ K. Suppose {xℓ}

∞
ℓ=1 is a sequence in

R converging to x. We must prove that

(3.10)
|Γ(xℓ)− Γ(x)− (xℓ − x)X(x)|

xℓ − x
→ 0

as ℓ → ∞. Assume that {xℓ} is decreasing. (The proof in the case when {xℓ} is
increasing is similar.) If all xℓ lie in one interval (ak, bk), then x = ak, so (3.10)
follows from the fact that Γ is C1 on (ak, bk) and Γ is differentiable from the right at
ak with derivative equal to X(ak)(Γ(ak)). If all xℓ lie in K, then (3.10) follows from
Lemma 3.3. It suffices (by passing to subsequences if necessary) to consider the case
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when each xℓ lies in a different interval (akℓ , bkℓ) for each ℓ. We then have

|Γ(xℓ)− Γ(x)− (xℓ − x)X(x)| ≤ |Γ(xℓ)− Γ(akℓ)− (xℓ − akℓ)X(akℓ)|(3.11)

+ |γ(akℓ)− γ(x)− (akℓ − x)X(x)|(3.12)

+ (xℓ − akℓ)|X(akℓ)−X(x)|.(3.13)

Since Γ is C1 on (akℓ , bkℓ) and since Γ is differentiable from the right at akℓ with
derivative equal to X(akℓ)(Γ(akℓ)), we may bound the term on the right-hand side of
(3.11) by ˆ xℓ

akℓ

|Γ̇(t)− Γ̇(akℓ)| dt ≤ sup
t∈[akℓ ,bkℓ ]

|Γ̇(t)− Γ̇(akl)|(xℓ − akℓ).

Since xℓ − akℓ ≤ xℓ − x, this quantity is o(xℓ− x) due to (3.9). The term in (3.13) is
o(xℓ − x) since X is continuous on K. The fact that (3.12) is o(xℓ − x) follows from

Lemma 3.3. Therefore, Γ̇(x) exists and is equal to X(x)(Γ(x)) for all x ∈ K.
Finally, we will show that Γ̇ is continuous on [minK,maxK] i.e.

(3.14) |Γ̇(xℓ)− Γ̇(x)| → 0

for any x ∈ K and any sequence xℓ → x. Suppose x ∈ K, since otherwise the
statement is obvious. As above, we may assume that {xℓ} is decreasing. If all xℓ lie
in one interval (ak, bk), then (3.14) follow from the fact that Γ is C1 on (ak, bk) and

Γ̇(ak) = X(ak)(Γ(ak)). If all xℓ lie in K, then (3.14) follows from our assumption
that X is continuous on K and Γ′ = X on K. In the case when each xℓ lies in a
different interval (akℓ , bkℓ) for each ℓ, we have

|Γ̇(xℓ)− Γ̇(x)| ≤ |Γ̇(xℓ)−X(akℓ)(Γ(akℓ))|+ |X(akℓ)(Γ(akℓ))−X(x)(Γ(x)|.

The first term on the right vanishes as ℓ → ∞ due to (3.9), and the second term
vanishes by our assumption that X is continuous on K.

In summary, we have shown that Γ̇(x) exists, is equal to X(x), and is continuous
for all x ∈ K. It follows from the construction of Γ and definition of X that Γ is C1

on [minK,maxK] and Γ′(t) ∈ g1 for every t ∈ [minK,maxK]. Also γ extends Γ and
γ′ extends X to [minK,maxK]. Finally we extend Γ arbitrarily off [minK,maxK]
to a C1

H curve on R. �

4. Pliability and Lusin approximation in the Engel group

Recall the Engel group has Lie algebra V1 ⊕ V2 ⊕ V3, where the horizontal layer
V1 is spanned by X1 and X2 (Definition 2.12). We identify it with R4 in exponential
coordinates of the second kind. We first classify those directions that are pliable.

Theorem 4.1. Given a, b ∈ R, let V = aX1+bX2 be an element of the horizontal

layer V1 of the Engel group. Then V is pliable if and only if either a 6= 0 or a = b = 0.

Proof. Suppose a = b = 0. In this case, pliability follows because the zero vector
is pliable in any Carnot group [8, Proposition 6.1].

Case 1. Suppose a, b ∈ R with a 6= 0. Given c, d1, d2, d3 ∈ R, consider γ =
γc,d1,d2,d3 : [0, 1]→ R4 defined by γ(0) = 0 and, for all t ∈ [0, 1],

γ̇1(t) = a+ ct, γ̇2(t) = b+ d1t+ d2t
2 + d3t

3

and

γ̇3(t) = γ̇2(t)γ1(t), γ̇4(t) =
1

2
γ̇2(t)(γ1(t))

2.
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By Lemma 2.13, γ is horizontal. Clearly γ ∈ C1
H([0, 1],E) and

γ̇(0) = (a, b, 0, 0) = aX1(0) + bX2(0) = V (0).

We next compute γ(1). Later in the proof, we will apply the inverse function
theorem during which terms that are polynomial in c, d1, d2, d3 of degree two or higher
will be irrelevant. For that reason, we denote such terms by R. Note that the exact
formula for R may be different in each line.

To begin, clearly by integration

γ1(1) = a+
c

2
and γ2(1) = b+

d1
2

+
d2
3

+
d3
4
.

Since also γ1(t) = at + c
2
t2, we have

γ3(1) =

ˆ 1

0

γ̇2γ1 =

ˆ 1

0

(b+ d1t+ d2t
2 + d3t

3)(at+
c

2
t2)dt

=

ˆ 1

0

abt +
bc

2
t2 + ad1t

2 + ad2t
3 + ad3t

4dt+R

=
ab

2
+
bc

6
+
ad1
3

+
ad2
4

+
ad3
5

+R.

Similarly,

γ4(1) =
1

2

ˆ 1

0

γ̇2(γ1)
2 =

1

2

ˆ 1

0

(b+ d1t+ d2t
2 + d3t

3)(at+
c

2
t2)2dt

=
1

2

ˆ 1

0

(b+ d1t+ d2t
2 + d3t

3)(a2t2 + act3)dt+R

=
1

2

ˆ 1

0

a2bt2 + abct3 + a2d1t
3 + a2d2t

4 + a2d3t
5dt +R

=
a2b

6
+
abc

8
+
a2d1
8

+
a2d2
10

+
a2d3
12

+R.

Now consider the map F : R4 → R4 defined by F (c, d1, d2, d3) = (γ1(1), γ2(1), γ3(1),

γ4(1)). Notice F (0, 0, 0, 0) = (a, b, ab
2
, a

2b
6
) = exp(V ). The derivative of F at (0, 0, 0, 0)

is given by

dF (0, 0, 0, 0) =




1
2

0 0 0
0 1

2
1
3

1
4

b
6

a
3

a
4

a
5

ab
8

a2

8
a2

10
a2

12


 .

As noted before, the terms contained in the polynomials denoted by R do not con-
tribute to the expression for dF (0, 0, 0, 0). The determinant of dF (0, 0, 0, 0) is equal
to

1

2
a3

∣∣∣∣∣∣

1
2

1
3

1
4

1
3

1
4

1
5

1
8

1
10

1
12

∣∣∣∣∣∣
=

1

2
a3 ·

1

86400
6= 0

since we assumed a 6= 0. Hence, by the inverse function theorem, there exists an open
set U1 ⊂ R4 containing (0, 0, 0, 0) and an open set U2 ⊂ R4 containing F (0, 0, 0, 0) =
exp(V ) such that F |U1

is a C1 bijection from U1 onto U2 with C1 inverse. It follows
that whenever r > 0 satisfies B(0, r) ⊂ U1, then F (B(0, r)) is an open set containing
F (0).
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To show V is pliable it suffices to show that for every neighborhood V of the
curve t 7→ L(t) := exp(tV ) in C1

H([0, 1],E), the set

{β(1) : β ∈ V, (β(0), β ′(0)) = (0, V )}

is a neighborhood of exp(V ) [8, Proposition 3.7]. Fix such a neighborhood V.

Claim. If r > 0 is sufficiently small, then γ = γc,d1,d2,d3 ∈ V for all (c, d1, d2, d3) ∈
B(0, r).

We will first show how the claim can be used to prove the theorem. Suppose we
can choose r > 0 small enough such that γ = γc,d1,d2,d3 ∈ V for all (c, d1, d2, d3) ∈
B(0, r) and B(0, r) ⊂ U1. Then

{β(1) : β ∈ V, (β(0), β ′(0)) = (0, V )}

contains

F (B(0, r)) = {γc,d1,d2,d3(1) : (c, d1, d2, d3) ∈ B(0, r)}.

This is an open set containing exp(V ), so it follows that V is pliable.

Proof of Claim. Notice L′(t) = V = aX1 + bX2 and γ′(t) = (a + ct)X1 + (b +
d1t+ d2t

2 + d3t
3)X2. Hence

‖γ′(t)− L′(t)‖ =
√
c2t2 + (d1t + d2t2 + d3t3)2.

After expanding the square, we see given any ε > 0 there is δ > 0 such that 0 < r < δ
implies supt∈[0,1] ‖γ

′(t)− L′(t)‖ ≤ ε for all (c, d1, d2, d3) ∈ B(0, r).
It remains to show that, for any ε > 0, there is some δ > 0 such that 0 < r < δ

implies

sup
t∈[0,1]

d(γ(t), L(t)) ≤ ε for all (c, d1, d2, d3) ∈ B(0, r).

Recall that the Euclidean distance de and the CC distance dcc on a Carnot group
(when identified in coordinates with some Euclidean space via a diffeomorphism)
generate the same topology. Hence the identity map from (R4, de) to (R4, dcc) is
continuous, where dcc is the CC distance on the Engel group. In particular, it is
uniformly continuous on compact sets.

According to the definition of γc,d1,d2,d3 , we can choose a compact set K ⊂ R4 that
contains the image of γ = γc,d1,d2,d3 for all (c, d1, d2, d3) ∈ B(0, 1). Using the uniform
continuity described above, given ε > 0 there exists η > 0 such that for any t ∈ [0, 1]
and (c, d1, d2, d3) ∈ B(0, 1) the following implication holds: |γ(t)− L(t)| < η implies
d(γ(t), L(t)) < ε. Thus it suffices to show there is δ > 0 such that supt∈[0,1] |γ(t) −
L(t)| < η for all 0 < r < δ. Since γ(0) = L(0) = 0 we have

|γ(t)− L(t)| =

∣∣∣∣
ˆ t

0

(γ̇(s)− L̇(s)) ds

∣∣∣∣ ≤ sup
s∈[0,1]

|γ̇(s)− L̇(s)|

where γ̇ = (γ̇1, γ̇2, γ̇3, γ̇4) and L̇ = (L̇1, L̇2, L̇3, L̇4) are the Euclidean derivatives of the
coordinate representations of the curves in R4 as in the previous section. The required
fact then follows using the definition of L̇ and γ̇. Indeed, each term |γ̇i(s) − L̇i(s)|
for 1 ≤ i ≤ 4 will be a polynomial in s whose coefficients are products of constants
and at least one of c, d1, d2, d3.

Combining the previous steps and the definition of the distance on C1
H([0, 1],E),

it follows that, γ ∈ V for all (c, d1, d2, d3) ∈ B(0, r) when r > 0 is sufficiently small.
This proves the claim and thus the theorem in the case when a 6= 0.
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Case 2. Suppose a = 0 and b 6= 0. In this case V = bX2 for some b 6= 0.
Then exp(bX2) = (0, b, 0, 0). Suppose γ ∈ C1

H([0, 1],E) with γ(0) = 0 such that

|(γ̇1(t), γ̇2(t))− (0, b)| < |b|
2
for t ∈ [0, 1]. Then the sign of γ̇2 will always be the same

as the sign of b. Hence the sign of γ4(1) =
1
2

´ 1

0
γ̇2(t)(γ1(t))

2dt is the same as the sign
of b. Therefore, if V is an open ball in C1

H([0, 1],E) with center t 7→ exp(tbX2) and
radius |b|/2, the set

{β(1) : β ∈ V, (β(0), β ′(0)) = (0, V )}

cannot contain any points (p1, p2, p3, p4) where the sign of p4 is different from the
sign of b. In particular, it cannot be a neighborhood of exp(bX2) = (0, b, 0, 0). Hence
bX2 is not pliable. �

Theorem 4.1 implies that every vector in the set O = V1 \ span{X2} is pliable.
Combining this fact with Theorem 1.1 gives the following.

Corollary 4.2. The Engel group has the C1
H Whitney extension property on

V1 \ span{X2}.

Combining Corollary 4.2 with ideas from [8], we prove the following Lusin ap-
proximation result in the Engel group. As we were unable to fill in the details of the
related proof from [8], we provide an original proof below.

Theorem 4.3. Let γ : [a, b] → R4 be a horizonal curve in the Engel group.

Suppose

S := {t ∈ [a, b] : γ′(t) /∈ Span(X2)}

satisfies m(S) > 0. Then for any ε > 0 there exists a C1 horizontal curve Γ: [a, b]→
R4 such that

m{t ∈ [a, b] : Γ(t) = γ(t)} > m(S)− ε.

Proof. Recall that horizontal curves are, by definition, absolutely continuous. By
choosing an arc length parameterization [1, Lemma 1.1.4], there is T > 0, a Lipschitz
curve φ : [0, T ] → G (using the CC distance in G), and an absolutely continuous,
nondecreasing function F : [a, b]→ [0, T ] such that γ = φ ◦ F . Let

P := {t ∈ [a, b] : F ′(t) exists and is strictly positive},

Z := {t ∈ [a, b] : F ′(t) exists and is zero}.

Claim. The map γ is Pansu differentiable almost everywhere with derivative γ′

given by γ′(t) = 0 for every t ∈ Z and γ′(t) = φ′(F (t))F ′(t) which is horizontal for

almost every t ∈ P .

Proof of Claim. First suppose t ∈ Z. Then

d(φ(F (s)), φ(F (t)))

|s− t|
≤ Lip(φ)

|F (s)− F (t)|

|s− t|
→ 0 as s→ t,

which shows γ is Pansu differentiable at t with derivative 0.
We next show φ is differentiable at F (t) for almost every t ∈ P . Let D ⊂ [0, T ]

be the set of points where φ is not Pansu differentiable or φ′ /∈ V1. Then m(D) = 0 by
Pansu’s theorem (Theorem 2.10) which also implies that D is Lebesgue measurable.
By a change of variables formula [17, Special Case of 7.2.6 Theorem], we have

0 = m(D) =

ˆ T

0

χD =

ˆ b

a

(χD ◦ F )F
′.



Directional pliability, Whitney extension, and Lusin approximation for curves in Carnot groups 681

It follows that (χD ◦ F )F
′ = 0 almost everywhere in [a, b]. Hence χD ◦ F = χF−1(D)

is zero at almost every point of P , which implies m(P ∩ F−1(D)) = 0. That is, φ is
Pansu differentiable at F (t) and φ′(F (t)) ∈ V1 for almost every t ∈ P .

Now fix t ∈ P such that F is differentiable at t and φ is Pansu differentiable at
F (t) with derivative φ′(F (t)) ∈ V1. Since also F is continuous, it follows that

lim
s→t

d(φ(F (s)), φ(F (t)) exp((F (s)− F (t))φ′(F (t))))

|F (s)− F (t)|
= 0.

Since F is differentiable at t, we obtain

lim
s→t

d(φ(F (s)), φ(F (t)) exp((F (s)− F (t))φ′(F (t))))

|s− t|

= lim
s→t

d(φ(F (s)), φ(F (t)) exp((F (s)− F (t))φ′(F (t))))

|F (s)− F (t)|

|F (s)− F (t)|

|s− t|
= 0.

To prove the claim, it suffices to show

(4.1)
d(φ(F (t)) exp((F (s)− F (t))φ′(F (t))), φ(F (t)) exp((s− t)F ′(t)φ′(F (t))))

|s− t|

vanishes as s → t. It is not difficult to show that, for any V ∈ V1 and λ1, λ2 ∈
R, we have d(exp(λ1V ), exp(λ2V )) = c(V )|λ1 − λ2| where c(V ) is a real number
depending on V but not λ1 or λ2. This is indeed the case since exp(−λ1V ) exp(λ2V ) =
exp((λ2 − λ1)V ) using the BCH formula, and so (assuming λ1 ≤ λ2, otherwise a
similar argument applies) t 7→ exp(tV ) for 0 ≤ t ≤ λ2 − λ1 is a curve joining 0 to
exp((λ2 − λ1)V ) with length c(V )(λ2 − λ1). The result then follows by combining
this fact with the left invariance of d to bound (4.1) by the following:

lim
s→t

d(exp((F (s)− F (t))φ′(F (t))), exp((s− t)F ′(t)φ′(F (t))))

|s− t|

= c(φ′(F (t))) lim
s→t

|F (s)− F (t)− (s− t)F ′(t)|

|s− t|
= 0.

Proof of Theorem from Claim. For almost every t ∈ [a, b] we have

lim
s→t

d(γ(s), γ(t) exp((s− t)γ′(t)))

|s− t|
= 0.

Since t 7→ γ′(t) is measurable, an elementary measure theory argument gives for any
ε > 0 a compact set K ⊂ S with m(S \K) < ε such that

lim
η↓0

sup
s,t∈K

0<|s−t|<η

d(γ(s), γ(t) exp((s− t)γ′(t)))

|s− t|
= 0

and γ′ is continuous on K. By definition of S, it follows γ′(t) /∈ Span(X2) for
all t ∈ K. Hence the pair (γ|K , γ

′|K) satisfies the hypotheses of the C1
H Whitney

extension theorem on O := V1 \ Span(X2) (Definition 2.11). Hence by Corollary 4.2,
γ|K extends to a C1 horizontal curve which agrees with γ on K. Since m(S \K) < ε,
this gives the required approximation. �

We are now ready to prove Theorem 1.2, our second main result.

Theorem. (Restatement of Theorem 1.2) Let γ : [a, b]→ R4 be a horizonal curve

in the Engel group. Then there exists a C1 horizontal curve Γ: [a, b]→ R
4 such that

m{t ∈ [a, b] : Γ(t) = γ(t)} > 0.
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Proof. If m{t ∈ [a, b] : γ′(t) /∈ Span(X2)} > 0, then the result follows by Theo-
rem 4.3 with any choice of sufficiently small ε.

Suppose this set has zero measure. Then there exists a Borel measurable function
c : [a, b] → R such that γ̇(t) = c(t)X2(γ(t)) for almost every t ∈ [a, b]. Using left
translations we may assume γ(a) = 0. Working in second exponential coordinates,
by Lemma 2.13 we have γ̇(t) = (0, c(t), γ1(t)c(t),

1
2
(γ1(t))

2c(t)) for almost every t ∈
[a, b]. Examining the first component, γ̇1(t) = 0 for almost every t ∈ [a, b], so, by
absolute continuity, γ1(t) = 0 for every t ∈ [a, b]. A similar argument with the other
components yields γ(t) = (0, γ2(t), 0, 0) for every t ∈ [a, b], where γ̇2(t) = c(t) for
almost every t ∈ [a, b].

Focusing on the second component, we have

lim
s→t

γ2(s)− γ2(t)− (s− t)γ̇2(t)

|s− t|
= 0

for almost every t ∈ [a, b]. By discarding a set of arbitrarily small Lebesgue measure
and using Lusin’s theorem and elementary measure theory, we find a compact set
K ⊂ [a, b] of strictly positive measure such that γ2|K , γ̇2|K are uniformly continuous
and

lim
δ↓0

sup
0<|s−t|<δ

s,t∈K

γ2(s)− γ2(t)− (s− t)γ̇2(t)

|s− t|
= 0.

These are the hypotheses of the classical Whitney extension theorem for C1 extension
from K. Therefore, there exists a C1 function W : [a, b]→ R that agrees with γ2 on
K. However, this implies that the curve t 7→ Γ(t) := (0,W (t), 0, 0) is a C1 horizontal
curve that agrees with γ on K. Since K has strictly positive measure, the result
follows. �

5. Appendix

In this appendix we briefly derive the expressions for the horizontal vector fields
in the Engel group E. These were stated in (2.3) and used throughout Section 4.
They seem to be well known in the literature, but we were unable to find an explicit
justification.

Recall that if X, Y are elements of the Lie algebra associated to a Lie group, then
the Baker Campbell Hausdorff formula (BCH formula) [2] gives an expression for Z
such that exp(X) exp(Y ) = exp(Z). In a step 3 Carnot group such as the Engel
group, the BCH formula reduces to

Z = X + Y +
1

2
[X, Y ] +

1

12
[X, [X, Y ]]−

1

12
[Y, [X, Y ]].

Recall the definition of E from Definition 2.12. In second exponential coordinates,
E is identified with R4 via a diffeomorphism ψ : E → R4 defined as follows: if x =
exp(x4X4) exp(x3X3) exp(x2X2) exp(x1X1) ∈ E, then ψ(x) := (x1, x2, x3, x4) ∈ R4.

For i = 1, 2 let Zi := dψ(Xi) be the push forward of Xi into T0R
4 via ψ. We show

how to compute the formula for each Zi. Fix a point (x1, x2, x3, x4) = ψ(x) ∈ R4.
Then Zi(ψ(x)) =

d
dt
ψ(x exp(tXi))

∣∣
t=0

. Here we recall that t 7→ x exp(tXi) is a curve
through x with derivative Xi(x) at t = 0. To compute this we divide into cases.

If i = 1,

x exp(tX1) = exp(x4X4) exp(x3X3) exp(x2X2) exp(x1X1) exp(tX1)

= exp(x4X4) exp(x3X3) exp(x2X2) exp((x1 + t)X1).
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Hence ψ(x exp(tX1)) = (x1 + t, x2, x3, x4). Differentiating with respect to t yields
Z1(ψ(x)) = (1, 0, 0, 0).

If i = 2, a short calculation with the BCH formula gives

x exp(tX2) = (exp(x4X4) exp(x3X3) exp(x2X2))(exp(x1X1) exp(tX2))

= exp(x2X2 + x3X3 + x4X4) exp
(
x1X1 + x2X2 +

tx1

2
X3 +

tx2

1

12
X4

)

= exp

(
x1X1 + (x2 + t)X2 +

(
x3 +

tx1
2
−
x1x2
2

)
X3

+
(
x4 +

tx21
12

+
x21x2
12
−
x1x3
2

)
X4

)
.(5.1)

To compute ψ(x exp(tX2)) = (y1, y2, y3, y4), we must first rewrite the expression for
exp(tX2) in the form exp(y4X4) exp(y3X3) exp(y2X2) exp(y1X1). To do so first notice

exp(y4X4) exp(y3X3) exp(y2X2) exp(y1X1)

= exp

(
y1X1 + y2X2 +

(
y3 −

y1y2
2

)
X3 +

(
x4 +

y21y2
12
−
y1y3
2

)
X4

)
.(5.2)

This follows immediately from (5.1) by replacing t with 0 and x with y. Since exp
is a diffeomorphism, we can equate coefficients in (5.1) and (5.2) to conclude that

y1 = x1, y2 = x2 + t, y3 = x3 + tx1, and y4 = x4 +
tx2

1

2
. Hence ψ(x exp(tX2)) =

(x1, x2 + t, x3 + tx1, x4 +
tx2

1

2
). Differentiating gives Z2(ψ(x)) = (0, 1, x1,

x2

1

2
), and this

verifies (2.3).
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[2] Bonfiglioli, A., E. Lanconelli, and F. Uguzzoni: Stratified Lie groups and potential
theory for their sub-Laplacians. - Springer Monogr. Math., Springer, Berlin, 2007.

[3] Capolli, M., A. Pinamonti, and G. Speight: A Cm Lusin approximation theorem for
horizontal curves in the Heisenberg group. - Calc. Var. Partial Differential Equations 60:49,
2021.

[4] Capolli, M., A. Pinamonti, and G. Speight: A Ck Lusin approximation theorem for
real-valued functions on Carnot groups. - Indiana Univ. Math. J. 72:4, 2023.

[5] De Philippis, G., A. Marchese, A. Merlo, A. Pinamonti, and F. Rindler: On the
converse of Pansu’s theorem. - Arch. Ration. Mech. Anal. 249, 2025, Art. 3.

[6] Federer, H.: Geometric measure theory. - Grundlehren Math. Wiss. 153, Springer, New
York, 1969.

[7] Folland, G., and E. Stein: Hardy spaces on homogeneous groups. - Princeton Univ. Press,
1982.

[8] Juillet, N., and M. Sigalotti: Pliability, or the Whitney extension theorem for curves in
Carnot groups. - Anal. PDE 10, 2017, 1637–1661.

[9] Le Donne, E., and G. Speight: Lusin approximation for horizontal curves in step 2 Carnot
groups. - Calc. Var. Partial Differential Equations 55:5, 2016, Art. 111.

[10] Liu, F., and W. Tai: Approximate Taylor polynomials and differentiation of functions. -
Topol. Methods Nonlinear Anal. 3, 1994, 189–196.

[11] Magnani, V.: Towards differential calculus in stratified groups. - J. Aust. Math. Soc. 95:1,
2013, 76–128.



684 Gareth Speight and Scott Zimmerman

[12] Menne, U.: Pointwise differentiability of higher order for sets. - Ann. Global Anal. Geom.
55:3, 2019, 591–621.

[13] Montgomery, R.: A tour of subriemannian geometries, their geodesics and applications. -
Math. Surveys Monogr. 91, Amer. Math. Soc., 2006.

[14] Monti, R.: Distances, boundaries and surface measures in Carnot–Carathéodory spaces. -
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