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A step towards the tensorization of Sobolev spaces

Silvia Ghinassi, Vikram Giri and Elisa Negrini

Abstract. We prove that Sobolev spaces on Cartesian and warped products of metric spaces
tensorize, only requiring that one of the factors is a doubling space supporting a Poincaré inequality.

Kohti Sobolevin avaruuksien tulomuotoista esitysta

Tiivistelma. Tissd tyOssd osoitetaan, ettd metristen avaruuksien tulolla tai poimutulolla
médritellyt Sobolevin avaruudet voidaan esittda tulomuodossa, kunhan yksi tekijoistd on Poincarén
epayhtalolld varustettu tuplaava avaruus.

1. Introduction

The theory of first order Sobolev spaces in abstract metric measure spaces be-
came an independent field of study the late 90s. Hajtasz [Hajo6] defined the concept
of Hajlasz gradient and subsequently the so-called Sobolev—Hajlasz spaces. Heinonen
and Koskela introduced the concept of upper gradient to replace the distributional
gradient in more abstract spaces, [HK95, HK96, HK98]. Their definition requires an
inequality to hold true for every rectifiable curve in the underlying space. Shanmu-
galingam [Sha00] introduced the concept of weak upper gradients, and the relative
Newton—Sobolev spaces by allowing the requirement to fail for a null set of curves (in
the sense of modulus of a curve family). In his pioneering work on calculus on metric
measure spaces [Che99], Cheeger introduced a relaxation procedure of Heinonen and
Koskela’s notion of weak upper gradients.

More recently, in the interest of studying spaces that satisfy a lower Ricci cur-
vature bound, Lott and Villani [LV07] and (independently) Sturm [Stu06b, Stu06a]
introduced the celebrated curvature-dimension condition. In order to further study
these spaces, Ambrosio, Gigli and Savare [AGS14b] introduced the so-called RCD
spaces and a new notion of first order Sobolev spaces, suitable for a larger class of
metric measure spaces. There has been a flurry of activity in the last few years, due
to the interest in studying these general metric spaces with a lower curvature bound.
See the brief surveys [Hon20, Nab20] for more information.

Under sufficient geometric assumptions, the notions of weak upper gradient due
to Cheeger, Shanmugalingam and Ambrosio-Gigli-Savare are equivalent [AGS13,
Theorem 7.4], while Hajlasz gradients are not; one should think of them as the
Hardy—Littlewood maximal function of upper gradients.

The tensorization problem asks what is the relation between the Sobolev func-
tions on two metric measure spaces X and Y and the ones on their product space
(equipped with the product measure, and Cartesian product metric). The problem,
while basic, seems to not have been explored until recently; in fact it is still open for
the general case. Ambrosio, Gigli and Savare [AGS14b, Theorem 6.13], first proved
the result under some restrictive condition on the curvature of both spaces (namely
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the RCD(K, c0) condition). Ambrosio, Pinamonti and Speight [APS15, Theorem 3.4]
proved it for spaces that are doubling and support a Poincaré inequality, or under
certain quadracity assumptions. Ambrosio, Gigli and Savare [AGS14b] proved that,
for a general metric space, it is always true that we can control the Euclidean prod-
uct of the weak upper gradients in each factor by the weak upper gradient on the
product.

In this paper we prove that indeed we can control the Euclidean product of the
weak upper gradients in each factor by the weak upper gradient on the product,
provided one of the factors is doubling and has a Poincaré inequality. We also prove
that the same is true if one considers warped products of metric measure spaces.
Both results, Theorem 3 and Theorem 5, and their proofs, generalize the work of
Gigli and Han [GH18, Theorem 3.7 and Theorem 3.12], where the authors proved
the conjecture when one of the factors is an interval, both for Cartesian and warped
products. We remark that the proof we present is almost self contained, relying only
on earlier results concerning the density of Lipschitz functions by Ambrosio, Gigli
and Savare [AGS14al.

Independently, Eriksson-Bique, Rajala and Soultanis [ERS24a, Theorem 1.6]
proved similar results to ours, but only in the Cartesian case. Their proof relies
on techniques developed by the first and third author [ES21]. The same authors
[ERS24b, Theorem 1.2] then also proved tensorization where both factors are quasi-
Hilbertian metric spaces.

2. Preliminaries

For basic definitions on metric spaces, we refer the interested reader to [HeiO1].
We start with a few definitions and results, which we will need to introduce the
notion of Sobolev functions (Definition 7).

Definition 1. (Absolutely continuous curves) Let p € [1,4o00] and v € C([0, 1],
X) and indicate v, = «y(t) for t € [0,1]. We say that v € AC?([0, 1], X) if there exists
G € LP(]0,1]) such that

(1) d(vs, 7t) < /tG(r) dr Vt,s €[0,1], s <t.

For p = 1 the space AC*(]0,1], X) is denoted AC([0,1], X) and it is the space of
absolutely continuous curves.

Theorem 1. [AGS05, Theorem 1.1.2] For v € AC([0, 1], X) there exists an a.e.
minimal function G that satisfies (1) called the metric derivative, and it can be
computed for a.e. t € [0, 1] as

. . d(%a%)
= lim ———=.
h/t‘ SILI% ‘8 . t‘

Proposition 2. [BBIO1] The length of a curve v € AC([0,1], X) is given by

I = / 5] dt.

If (X, d) is a length space then for any x,y € X, then

1
d(z,y) = inf {/ |44 dt; v € AC([0,1], X') connecting x and y} :
0
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Definition 2. (Metric doubling) Given a measure space (X,d, ), we say that
X is metric doubling if there exists a constant C'xy > 1 such that, for all » > 0 every
ball of radius r can be covered by Cx balls of radius r/2.

Definition 3. (Measure doubling) A measure space (X, d, p1) is said to be mea-
sure doubling if there exists a constant Dy > 1 such that, for all x € X and r > 0
we have u(B(z,2r)) < Dxu(B(z,r)).

Remark 1. Every metric space X that carries a doubling measure with constant
Dx is metric doubling with constant Cx, with C'x < D%. For a proof of this fact we
refer the reader to [HKST15, Section 4.1].

Definition 4. (Local and global Lipschitz constants) Given f: X — R, the local
Lipschitz constant of f is the function lipy (f) : X — [0, +00c] defined as

limsup, , % if z is not isolated,

0 otherwise.

(2) lipx (f)(x) = {
Analogously, the global Lipschitz constant is defined as

. . [f(x) = f(¥)|
3 Lip(f) = lim sup ————————,
( ) ( ) y#x dx(l’, y)
and if X is a length space, Lip(f) = sup, lipx (f)(x). We denote by Lip(X) the space
of all Lipschitz functions f: X — R.

Definition 5. (Test plan) Let (X, d, m) be a metric measure space and 7 a prob-
ability measure on C([0,1], X'). The measure 7 is said to have bounded compression
if there exists a constant C' > 0 such that for all ¢ € [0, 1]

(er)pm < Cm,

where the evaluation map e, is given by e;(7) = ;. 7 is said to be a test plan if it
has bounded compression, it is concentrated on AC?([0,1], X') and

1
/ /|%|2d7r(7) dt < +oo.
0

Definition 6. (Sobolev class) Let (X,d,m) be a metric measure space. A
Borel function f: X — R belongs to the Sobolev class S?(X,d,m) (respectively
S2.(X,d,m) ) if there exists a non-negative function G € L*(X,m) (respectively

loc

G e LIOC(X ,m)) such that for all test plans 7

1560 = sl dnty //G%mmsdw()

In this case the function G is called a 2-weak upper gradient of f, or simply a weak
upper gradient of f.

Remark 2. Among all weak upper gradients of f there exists a minimal function
G in the m-a.e. sense. Such minimal function is called minimal weak upper gradient
and we denote it by |Df|. Notice that if f is Lipschitz, then |Df| < lipy(f) m-a.e.
since lip(f) is a weak upper gradient of f.

We will use that minimal weak upper gradients are lower semicontinuous in the
following sense: if f, € S*(X,d,m) is a sequence converging m-a.e. to some f such
that the sequence given by the functions |Df,| is bounded in L?*(X,m), then f €



724 Silvia Ghinassi, Vikram Giri and Elisa Negrini

S%(X,d,m) and for all G that are the L?*-weak limit of some subsequence of |Df,|
we have

(4) IDff<G.

Finally, we will later use the fact that space S2 (X, d, m)N L2 (X, d, m) is an algebra
and the following inequalities hold:
(5) [D(fo)l < |fIIDgl+1g||Df| m-a.e. for all f,g € Sp.(X,d,m)N L, (X,d,m),

(6) |D(af + Bg)| < |a||Df| +18||Dg| m-a.e. for all f,g € SE.(X,d,m)
and a, 8 € R.

For additional details on the properties of minimal weak upper gradients, see
[AGS14a).

Definition 7. (Sobolev space) The Sobolev space W?(X, d, m) is defined as
WX, d,m) := S*(X,d,m) N L*(X,m).
The space W12(X,d, m) endowed with the norm
1wz = /1122 m) + D2t m)

1

is a Banach space.

Lemma 1. (Density in energy of Lipschitz functions, [AGS14a]) Let Y be a
complete and separable metric measure space, and f € WY2(Y'). Then there exists a
sequence of Lipschitz functions f,, that converges to f in L? and such that lipy (f,)
converges in L* to |Df].

Assumption 1. We will have, unless otherwise specified, the following set of
assumptions for the metric measure space (X, dx, mx):

e (X,dy) is a complete and separable length space,

e my is a non-negative Borel measure with respect to dx and it is finite on
bounded sets,

e supp(my) = X.

In the following we may denote this space simply by X.

Assumption 2. We will have, unless otherwise specified, the following set of
assumptions for the metric measure space (Y, dy,my):

e (Y,dy,my) is complete, and Cy-measure doubling length space,

e my is a non-negative Borel measure with respect to dy and it is finite on
bounded sets,

e supp(my) =Y,

e Y supports a (2,2)-Poincaré inequality, that is, for every r > 0, there exists
constants A > 1 and C), such that for any metric ball B C Y of radius smaller
than r, we have

][ lu — ug|*dmy < Cp rad(B)Q/ lg]?,
B AB
where ¢ is any weak upper gradient for u, and ug = fB udmy.

In the following we may denote this space simply by Y.

INote that in general it is not an Hilbert space.



A step towards the tensorization of Sobolev spaces 725

Remark 3. Note that since Y is measure doubling, it is also separable, see
[HKST15], Lemma 4.1.13. The most restrictive assumption (on Y') is the existence
of a Poincaré inequality. This fact will be used exclusively to obtain (22) in Lemma 4.

3. Cartesian products

The product space X x Y is given the Euclidean product metric

(7) dxxy ((2,1), (y,)) = Vdx(z,y)* + dy (t, 5)%,

and the measure on it is the usual product measure and is denoted simply by m.

Definition 8. (Beppo Levi space) The Beppo Levi space BL(X,Y) is the space
of functions f € L?(X x Y;R) such that

1. f(z,) € WH(Y) for mx-a.e. z,
2. f(-,t) € W (X) for my-a.e. t,
3. the function

(8) [Dfleu(z.t) = /IDf(z, 4+ Df( 1) x ()
belongs to L*(X x Y; R).
The Beppo Levi norm is defined as

(9) 1 llse = /12 + 11Dl )2

We will use the following property of minimal weak upper gradients on Cartesian
products. If f: X xY — R, then for any ' C Y,

(10) ([ fena) < [Iprteply

In fact, this follows from Definition 6 and Remark 2, since for any test plan 7 on

C([0,1], X) we have
s~ [ foun) o] dxts f Cio. ) dy| dn ()

[/,
//If Y1,9) — f(v0,9)| dy dr(y /// |D f(7e, y)|x|Ys| ds dm(y) dy
</ / ( / |Df(%,y)|xdy) (5] ds dm (),

so [ |Df(z,y)|x dy is a weak upper gradient for [}, f(z,y) dy and (10) consequently
follows.

Remark 4. In this section, we will be considering functions on the Cartesian
product space X x Y. To avoid cumbersome notation, from now on we will denote by
|Df| the minimal weak upper gradient on X x Y, while we will write |D f(z, )|y (t)
as |0f/0t|(x,t), and |Df(-,t)|x(x) as |0f /Ox|(x,1).

Our main theorem for this section is:

Theorem 3. The sets W'?(X x Y') and BL(X,Y) coincide and for every f €
Wh2(X xY) =BL(X,Y) we have

(11) ‘Df|BL S ‘Df| S CO‘Df|B|_ Mmxxy-a.e.,

where Cy is a constant that depends only on Cy and Cp.
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Proposition 4. [AGS14b, Prop. 6.18] We have W'?(X x Y) C BL(X,Y) and
(12) ‘Df|BL S |Df‘ Mxxy-a.e.,

In light of the proposition, it is enough to show that BL(X,Y) C W'?(X x Y)
by establishing that the second inequality in (11) holds. To prove this we will need
the following lemmas.

Lemma 2. Let N > 0 be a fixed natural number. Let f: X xY — R be of the
form f(x,t) = El]il hi(t)g;(x) where g; € Lip(X) and h; € Lip(Y') for all 1 <i < N.
Then
(13) lipx ey (f)* (2, 8) < 2 (lipx ((- ))*(2) +lipy (f(2,))*(1)) -
for every (z,t) € X x Y

This lemma replaces Lemma 3.3 in [GH18|. The key difference between the two
is the use of triangle inequality instead of Cauchy—Scwhartz inequality.

Proof. We have

| ey @5 = FbP
o V0 = o e (), (2, )

1
< 2 limsup
we)—.t) Dxxy (Y, 8), (2,1))7

2| f(y, s) = flx,s)?

— fl@, )P
- d d t2|f<x7s) f(xu
( X(y7x> dX(ZJ,SU)z =+ Y(S7 ) dy(S,t)2
N 2 N 2

<91 ’Zi:1 hi(s)(9i(y) — gi(x)) Lol > it (Ri(s) = hi(t))gi(z)
< 2 limsup im sup

(v:5) = (.0) dx (y, z)? (5)—(.8) dy (s, t)2

where in the last step we used the continuity of h;. 0

In order to proceed, we need to introduce a suitable partition on Y. One option
would be to use generalization of dyadic cubes in metric measure spaces (such as
the ones constructed in [Chr90]). However, since we will not be using the tree-like
structure, we can work with a simpler construction, such as the one in the following
lemma.

Lemma 3. [ACD15, Lemma 37] For every k € N there exists a collection of
open subsets of Y, QQ; and points t; (the “centers” of the “cubes”), and i € I,
where I, is a countable set, such that

o my (Y \U,Qir) =0 for all k € N;

e for every i,j € I, either Q;r = Qi or Q;x N Qi =D (i.e. the sets Q;  form
a partition);

o ifg 7£ 7, then dy(ti,k,tjk) > %,’

e cach (), is comparable to a ball centered at t;, of radius roughly %,

11 51
B\ tik 57 ik CB\tig, 77 |-
(,k 3k)CQ,kC (k 4k)

Remark 5. We say that ); , and @), are neighbors, and we write Q; ; ~ Q;j, if
their distance is less than % If that is the case, then it must be that dy (¢; 5, ;1) < %.

. . 101 , 1 _ 141 4
Given Qi ~ Qjr, we have that their centers are at most -7 + ¢ = ;¢ < 1 where
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% Comes from the fact that both cubes are contained in a ball with radius 2 - While
the 7 is from the definition of @Q;x ~ Q. This implies that each Q);; has at most
C§ neighbors. In fact, we can cover B(t;x, 1) with Cy balls of radius 5+, but the
condition dy (t;x,tjx) > % means each ball can only contain one of the points ¢; .
Definition 9. For every k € N, let {x;x}ier, be a (fixed) partition of unity
subordinate to the partition of ¥ by “cubes” @);; as above. That is, x;x = 1 on
B (tm, 3k) and supp xix C B ( ik %%) Each x; is cik-Lipschitz, where ¢; =

¢1(Cy). See for instance the construction in [KLO02J.
Now, we are ready for our main technical lemma.

Lemma 4. There exists a constant C; > 0 depending only on Cy and Cp so
that for any f € BL(X,Y") there exists a sequence (fi) such that fi € Lip(X xY)nN
BL(X,Y) with f, — f in L*(X x Y), | D fi|gL uniformly bounded in L*(X xY'), and
for any weak limit G of | D fy|gL in L*(X x Y'), we have

(14) G < C1|DflgL.

Proof. By approximating f with max{min{f, A}, —=A} for A > 0, we can assume
that f is bounded. Moreover, by multiplying with a sequence of Lipschitz functions
supported on an exhausting sequence of balls in X x Y, and employing (5) to ensure

convergence in the Beppo Levi space, we can also assume that f has bounded support
contained in B((z,y), R), for some (z,y) € X x Y and R > 1. Given f € BL(X,Y),
we define a sequence of functions Fj, as

(15) Fi(x,t) = in,k(t)fk,i(x)

where f(z fQ (z,t)dt. For a fixed (z,t) at most C3 terms in the sum are

non-zero since, by Lemma 3, the support of x; can intersect only the support of
the neighbours of the @;; and, by Remark 5, each @, has at most C} neighbors.
Moreover, it is enough to consider cubes that intersect supp f, and since they are
bounded sets, supp f and all cubes that intersect it are contained in B(y,2R), for
some y € Y.
Moreover, by Jensen’s inequality,
Sz, t) dmy (1)

il = /
Qik

/][ $t|2dtdl‘—][ /|f |2d dt < HfHL WS NL2(X % Qik)
Qi Qik mY(sz)

2
HFK‘H%Q(XXY) SJCY Z |’Xi,k<t)fk7i<x)”LQ(XXY)

i€},

51
Sy Zmy (B <tz‘,k‘7 ZE)) ”fk,i”i2(X)

i€l

dmx ()

and so

SCYyDY Z ||f||%2(X><Qik) SC%DY ||f||%2(X><Y)'
i€},

Thus, we see that the linear map Tj: L*(X x Y) — L*(X x Y) that takes f with
bounded support to Fy is Lipschitz, uniformly in k. Note now that, if g € Lip(X xY")
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with bounded support then Ty (g) — ¢ in L*(X x Y'), since then

2
ITk(9) = gl 72000y Scv D || xan(t) ][ (9(z, s) — g(z,t)) dmy (s)
icly Qik L2(XXY)
2
) Xi k(T
D DI L
el L2(XxY)

Qi,xNsupp g#0

Thus, because Lip(X x Y) is dense in L?*(X x Y, see Proposition 4.3 in [AGS13],
we get

(16) F, — f in L*(X xY).

Note now that fi.; € Wh?(X), since by convexity and (10),

2 < (]ék 0f(2,1)/0x| dmy(t))2

D flaLlliz
mY(Qik)

Thus, by Lemma 1, we have a sequence of Lipschitz functions f;';: X — R such that
J&i = friin L*(X,myx) and lipx (ffi) = |D frilx in L?(X,myx). Now define

(17) Fr(,t) =Y xir() fl(@).

i€},

otisfosl = |5 (f flot)dmo)

< ]im 0f (x,t)/0z|* dmy (t) <

Let n(k) be the least number n such that, for all i, we have

1
S kszxY<B(<x7 y)? QR))

n(k . n(k
(18) 1% — frallzzco) + Nipy Fr — 0 fs/ 0|2 0x)

Now, we define f := F,?(k). Observe that fi, € Lip(X x Y)NBL(X,Y) and note also
that we get

(19) fe = f in L*(X xY).

It remains to show (14). Since myx X my is a Borel measure and any open set in
X XY can be written as a countable union of sets of the form E x F' where £ C X
and F' C Y are open, by lower semi-continuity it suffices to show that for every k € N
and every such open subsets F, F,

(20) limsup/EXFHipX fel?(z,t) dm(z, t) g/ 0f J0x*(x,t) dmy (t) dmx(x).

k—o0 EXF

and that

(21)  limsup / [lipy ful?(z, ) dm(a, 1) S / O /042, 1) dmy (t) dmx ().
k—o0 ExF ExXF

To prove (20), we first notice that by convexity and (10), we have

/E\afm/axf(az)dmx(x)S/E]é 0f 0z (x, 5) dmy (s) dmx(x).
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Also, by sublinearity of lipy

lipy (Z Xk (t )
7=0
. n(k
oy Y xan(®lipg [P (x).
1=0

[lipy fil*(z,t) =

(Z Xik(t

2
mxwwﬂ

Thus, using sublinearity again, we have

/EXF|1ipX fel*(x,t) dm(z,t) = //\hpx Ful2(x, t) dmy (t) dmy (2)
oy / / szk lipx S5 (x) dmy (1) dmx (x)

//Zsz 0 fin/0x)?(x) dmy () dmx (x) + k13
/GZ]/XZk dmy |8fzk/8l‘| ( )de( ) k:s
/;|Q2k||Qz | Qin |8f/8$|2(x’ s) dmy(s) de(x)+%

1

:/ ( )\8f/8x|2(:c,t)dmy(t)de(:c)+E,

where in the second inequality we have used (18) and By (F') denotes the union of all
the Q. for ¢ € I}, such that Q;z N F # (0. Now sending & — oo and noting that F' is
open gives us (20).

It remains to show (21). First, recall that x;x(t) =1 — >, xix(t) for j € N,
and so we have that, for any t,s € Y, and j € N,

F]?(.T,t) ans ZXZ/C fkl lek sz

i€l 1€l
= XarOFL @) + GO F2 () = xiu() (@) =D Xin(s) fili(x
i€l i€l
i#] i#£]
= X)) =D Xaw®F5 @)+ xaw($)fiy (@) =Y xiw(s) fili(@)
i€}, i€}, 1€y 1€l
i#j i#j i#j i#]
=3 (in(t) = xik(s) (fra(@) = fiy(2)).
i€},
i#)

Note that the sum above is locally finite, as only finitely many of the x;, are
nonzero for any fixed values of ¢, s € Y. Assume ¢ € ); ;. Dividing this by ¢t — s, and
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then taking a limit we obtain

iy (B () (1) = limsup [ 30 X Xk (g oy g )

s—t itj t—
< > Liny () [fia@) — £i(2)
i€l
i#]
Qi x~Qjk
Se Y kIfl) = fis(@)]
i€l
i#]
Qi k~Qjk
Set Bjj, := B(t;, k) and note that if Q); x and Qj, k are neighbors, then they are both
contained in Bjj. Defining fp, = fp, (v fB (z,t) dmy(t), we have

f(x,t)dmy(t) — f(z,t) dmy(t)

Qi k Qj,k

2

][ (F(t) — f,) dmy (t) — f (F(t) — fa,) dmy ()
Qik Qjk

<2(|f U0~ fr)dmy®) +|f (@0~ fr)dmr()

Qi k Qjok
<2{ gy [, 600 = fa 6+ 0.V “’”_fB“‘deY(t))
<2 g [, @0 =t am 5o jk»f<x,t>—f3jk»2dmy<t>>

<py ][ F@.t) — fo, | dmy ().

Hence, using Poincaré inequality, putting the above estimates together, we obtain

[ by (w0 dma. )
Sova [ ], B3 10 - BP0t

#J
Q; kNQ] k

50)/761 / Z/ dmy(t)
E j Qjk

YR F(z,s)dmy(s) — 4 f(z,s)dmy(s)| dmx(z) +%
1#£] sz Qj,k:
szNQ]k
NCY c1,Dy / Z|Q]k| ; kj2][ ka} dmy( )dmx(l‘)+%

Q; kNQj k
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SCY,CI,DY7CP/Z|QJIC| Z k rad jk;

i#j
Q; kNQj k

1
(22) ][ |0f /0s|? dmy (s) dmx(x)+E
ABjk
1
Sevarnver | S1Qul f 105/05P diy(s) dm(a) +
B ABj
Severvvens | 3 [ 10r/0t dmy(t) dms(x) + 3
B JABj

1
SCy,Cl,D%CP,)\ / ~ |af/at|2 dm(ff, t) + E,
ExB(F)

where By(F) denotes the union of all the ABj; such that Q;, N F # (. Now, as
before, taking the lim sup for £ — oo concludes the proof. O

We are now ready to prove the main theorem.

Proof of Theorem 3. We already observed that W1?(X x Y) C BL(X,Y). Let
f €BL(X,Y) and let {fr} € BL(X,Y)NLip(X x Y) be as in Lemma 4. Lemma 2
says that

thxY(fk)Q <2 (hpx(fk)Q + hpy(fk)Z) .

By Lemma 4, since f,, — f in L2, the lower semicontinuity of weak upper gradi-
ents (4) implies that f € W?(X x Y) and

IDflxxy <G
where G is any weak limit of lip v,y (fx). So,

|Dflxxy <2C1[Dflg,
which together with Proposition 4 concludes the proof. O

4. Warped products

Definition 10. Let (X, dy) and (Y, dy) be length spaces, and wy: Y — [0,00) a
continuous function. Let v = (7%, ~v") be a curve such that X and ¥ are absolutely
continuous. Then the wy-length of 7 is defined as

7) =tim > /B () +wdOL ) (7,27,
i=1

where 7 is a partition of [0,1] and the limit is taken over refinement ordering of
partitions.

The limit exists and

/ IR+ w215 de.

Definition 11. Let (X,dx) and (Y, dy) be length spaces, and wy: Y — [0, 00)
a continuous function. We define a pseudo-metric d,, on on the space X x Y by

dy(p, q) = inf{l,,(v) | v* € AC([0,1], X), ¥ € AC([0,1],Y), and 7o = p, 11 = q},
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for any p,q € X xY.

The pseudo-metric induces an equivalent relation on X x Y given by (x,y) ~
(', y) if dy((z,y), (z'y’)) = 0 and hence a metric on the quotient. We denote the
completion of such quotient by (X X, Y,d,). If both X and Y are separable, so is
X XV, Let m: X XY — X %, Y be the quotient map.

Definition 12. Let (X,dx,mx) and (Y,dy,my) be complete separable and
length metric spaces equipped with non-negative Radon measures. Assume that
mx(X) < oo and let wg, w,,: Y — [0,00) be continuous functions. Then the warped
product (X x, Y,d,) is defined as above and the Radon measure m,, is defined as

My = Tu((Wrymy ) X my).

Note that the assumption that mx is a finite measure is needed to ensure that
m,, is Radon (it is always Borel). See [GH18]| after Definition 2.9 for more details.
Following the notation conventions in [GH18], with a slight abuse, we will denote an
element of X x,, Y by (z,y).

Definition 13. As a set, the Beppo Levi space BL,(X,Y) is the subset of
L*(X X, Y, m,) of all functions f such that

o for my-a.e. x € X, we have f(® = f(x,-) € W"2(Y, wpmy);
e for w,my-a.e. t €Y, we have f) = f(-,t) € Wh2(X);
e the function

IDflew, = \Jwg?[DFOR(2) + [ DO (1)

belongs to L?(X X, Y, m,).
On BL,(X,Y) we put the norm

1 lletuceyy = /17122 + 11D flov 2

To handle the warped case we need to introduce an auxiliary space:

Definition 14. Let V C BL,(X,Y) be the space of functions f which are iden-
tically 0 on X x €, where 2 is an open set that satisfies {w,, = 0} C Q C Y.
BLo.w(X,Y) C BL,(X,Y) is defined as the closure of V in BL,,(X,Y).

We want to compare the Beppo Levi space with the Sobolev space on the warped
product, and the respective notions of minimal upper gradients. The main result of
this section is the following.

Theorem 5. Let X and Y satisfy Assumption 1 and 2, and let wg, wy,: Y —
[0,00) be continuous functions such that {ws = 0} C {w,, = 0}. Then

BLo.(X,Y) C WH(X x,, Y) C BL,(X,Y),
and, for every f € WH(X x,Y) C BL,(X,Y), the inequalities
[DfleL, < [Dfl|xx.,y < Co|lDflpL,
hold my,-a.e., with Cy > 0 is as in Theorem 3.

The proof of Theorem 5 is decomposed into Propositions 6, 7, 8 below. We will
continue denoting the minimal weak upper gradient on the Cartesian product X xY
simply by | D f|, while we will denote the minimal weak upper gradient on the warped
product by [ Df|xv-

Proposition 6. We have W'?(X X, Y) C BL,(X,Y).
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Proof. Let f € W?(X x,, Y). Then by Lemma 1, we can find a sequence f,
of Lipschitz functions on X x,, Y such that f, — f and lipyx, v(fa) = |Df]|xx.y
in L?(X x, Y). Passing to a subsequence, which we do not relabel, we can assume
that an - fHLQ(XXwY,mw) < n~ 2. Then

L2(Y,wmmy)

SOIIA0 - f(t)HLQ(X,mX) <> HHfét) _ f(t)HLQ(XW)
n=1 n=1

L2(Y,wmmy)

o
= Z 1 = Fllz2(x 0 yima) < -
n=1

Passing to a subsequence, which we do not relabel, we can assume that || f, —
2 (x xwYime) < n~4. Then

Z Hf,?) o f(t)HLQ(X,mX)
n=1

L2(Y,wmmy)
(3] 2 1/2
- /Y (Z%Hfr(zt)_f(t)HLZ(X,mx)> Wi (t) dimy (1)
n=1
(Cauchy—Schwarz) i 1 0 ) ® ® : 1/2
= /y ;ﬁ ;n 170 =1 HLQ(X,mX) Wiy (t) dimy (1)

> > 1/2
) <Z %> </Y ZnQ/x 137 = JOP dnX (@) wa(?) de(t>>

2 (& 1/2
= % <Z nZ/Y /X‘f,(})(x) — f(t)(x)‘Z Ay X () Wiy (1) dmy(t)>

1/2
2 [ 2
g E ZTLQ ||fn - f||L2(XXwY7mw) < OO'
n=1

This shows that for w,,my-a.e. t € Y we have S-°° || — FON 2 (xmy) < 00
and so in particular f,gt) — f® in L2(X,mx). Similarly for my-a.e. * € X, we have
f,(f) — f@ in L2(Y, wmy).

Now observe that for (x,t) € X x,, Y we have:

. . |faly, s) — fulz,t)]
li w)(x,t) = limsu
prwY(f )(z,t) (y,s)a(xg) dw((y, 5), (z,1))

C falws) = Ll t)]
(23) = s = (o) (@,0)

: 1£7(s) = £27)]
= limsu
s—t P dY<S7 t)

— lipy (/) (1)
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Then, by Fatou’s lemma:

/Xliminf/ylipy(fr(f))Z(t)wm(t) dmy (t) dmx(x)

n—oo

< lim inf / lipy (£)2(2) dimy (x, )
XXuwY

n—oo

<timinf [ iy ()06 dma(2.)
XXuwY

n—oo

:/X 1D S ey (1) < o0
Xaw

Since fy(f) — f@ in L2(Y, wy,my) for my-a.e. * € X, the last inequality together
with the lower semicontinuity of minimal weak upper gradients gives that f(®) ¢
W2(Y, w,,my) for my-a.e. z € X and

@) [ IDMORO et < [ Dy dnule ),
X XY X XY

With an analogous argument we can get conditions on f®. Starting from the
bound:

; — lim [y, ) = ful,1)]
lexwY<fn><x7 t) - (31/,8)—?862) dw<<y’ S), (x’ f;))

26 > lim sup
(26) NN )
(t) (t)
n - Jn 1
_ limsup [fn (y) = fn (@)
y—T wd(t)dX (l‘, y) wd(t)
This inequality, valid for every ¢t € Y such that wg(t) > 0, grants that f® ¢

Wh2(X) for w,my-a.e. t €Y (here we are using the assumption that {wy = 0} C
{w,, = 0}) and that

lipx (f{”) ().

Df®]2
(27) / DI (1) < / Dy dimu(, ).
Xy Wi(t) XxwY
The bounds (25) and (27) ensure that f € BL,(X,Y) so that the desired inclusion

is proved. O]

Lemma 5. [GHI8, Lemma 3.11] Let X be a set, dy, dy two distances on X and
my, my two measures. Assume also that (X, dy, m1) and (X, ds, my) are metric spaces
that satisfy Assumption 1 and that for some C' > 0 we have my < Cm; and that
for some L > 0 we have dy < Ldy. Then, denoting by S(X;) and S(X3) the Sobolev
classes relative to (X, dy,my) and (X, da, ma) respectively and by |Df|, and |Df|s
the associated minimal weak upper gradients, we have S(X;) C S(X3) and for every
f € S(X1) the inequality |Df|a < L|D f|, holds my-a.e.

Proposition 7. Let f € W'?(Xx,Y) C BL,(X,Y). Then |DflgL, < |Df|xx.,y
< Co|Df|gL, Mu-a.e., where Cy is as in Theorem 3.

Proof. Fix e > 0. Let ty be such that w,,(ty) > 0, and hence wy(ty) > 0. By
continuity we can find 6 > 0 such that

t

wq(s)

<1l+e forallt,se B(tg,3).
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Let x: Y — [0,1] be a Lipschitz function such that y = 1 on B(ty,0), and x = 0

outside of B(tg,30). Define two continuous functions (in order to have the product
being warped only around ty) as follows:

(wa(t) if dy (,t0) < 26,

(29) Wy(t) = { Db, () 4 2=Delblodyy (1) i 26 < dy (2, t) < 36,
\wd(to) if dy(t,to) Z 35,
(W (t) if dy (¢, to) < 2,

(30)  Wy(t) = { WL, () Rl ()i 26 < dy (¢, t) < 36,
\wm(to) if dy(t,to) Z 35,

and let (X x5 Y, dz, mg) be the corresponding product space. Consider the function
f: X X, Y — R defined by f(z,t) = x(t)f(t,x). Clearly f € Wh?(X x,,Y), and
hence to BL,(X,Y’). Since minimal upper gradients are local we know that

IDf|xx,y = |D?|X><wy and |DflgL, = |D?|3Lw my-a.e. on X x B(ty,0).

Because f is supported on B(ty,35) x X, where wy is positive we can think of f as
a function on X Xz Y. With this identification we have

|Df|xxuy = |Dflxx,y and |DflgL, = |DfleL, mu-a.e. on X x B(tg,20).

We now want to use this “localized warped space” to utilize the results for the
Cartesian product we have obtained in the previous section.

Consider first the space X = (X, wq(to) dx,wn(to)mx). This is simply our
original metric measure space (X, dx,mx) which has been re-scaled. Now consider
(X x Y,d, m) where with a slight abuse of notation we denote by d and m are the
appropriate Cartesian metric and measure, respectively. Set ¢ = Mg 55 Wi and
C= MAXF 357 Wn- From the definition of m,, we immediately have

0,36)
cm < mgp < Cm,
and, recalling (28), we have
(31) (1+e)'d<dy <(1+e)d.
Let us denote by BL := BL(X,Y). Using Lemma 5, recalling that X xzY and X xY
coincide as sets, we obtain
(L +2) 7D flxxy < [Dflxxay < (1+€)|Dflxy
and
(L+e) 7D flsr < [Dflers < (1 +€)|Dflgr-

We now exploit the Cartesian results applied to the pair (X,Y): by Theorem 3,
we know that

IDfler < [Dflxuy < Col Dflgr m-ace..
Putting everything together we obtain
(1+8)|Dflety < [Dflxxmy < (14+€)°Col Df oLy

my-a.e. on X X B(tg,d). Because t, was arbitrary, and because every cover of {w,, >
0} C Y has a countable subcover, the conclusion holds by letting ¢ — 0. OJ

Proposition 8. We have BLg,,(X,Y) C Wh*(X x,, Y).
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Proof. Thanks to Proposition 7, it is sufficient to prove that V C W'?(X x,Y),
where V is defined as in Definition 14. Fix k € N, let t; € Y, and let

(32) Un (1) = > X,
supp Xj,kﬁ]B(to,n#@

where the functions x;j are the partition of unity subordinate to the covering by
“cubes” from Lemma 3. Observe that ¢, = 1 inside B(ty, n—1). With a slight abuse
of notation we will denote 1, ; simply as 1, as k will remained fixed throughout
the proof. For f € BL,(X,Y) we define f,(x,t) := ¥,(t)f(x,t), and note that
by definition f, € BL,(X,Y), while by the dominated convergence theorem and
inequality (5) we obtain f,, — f in BL,(X,Y).

The idea of the proof is as follows: we show that any f € V with support
contained in Y N B(ty, R) for R > 0 and ¢; € Y belongs to W'?(X x,, Y). This
together with Proposition 7, which ensures BL-convergence implies W ?-convergence,
will complete the proof.

Accordingly, fix such f € V and for r € (0,1) let 2, C Y be the r-neighborhood
of {w,, = 0}. Now, find r € (0,1) such that f is my-a.e. zero on X x Q.. Then,
recalling that {wg = 0} C {w,, = 0} and by continuity and compactness we have
that there exist constants 0 < ¢ < C' < 0o such that

c <wy(t), wn(t) <C, VteY NDB(t,R)\ Q.

We now use a comparison argument similar to the one used in Proposition 7. Let
wy and wy, two continuous functions which agree with wy and w,, on B(t, R) \ Q=
and such that ¢ < wj(t), w],(t) < C on the whole Y. Consider now the warped
product (X X, Y, dy,m,) and Cartesian product of (X x Y,d,m) of X and Y.
Then by Lemma 5 and the properties of w/,, w!, we have the following equalities of

sets:

(33) BL,(X,Y)=BL(X,Y) and W'"(X x,Y)=W"X xY).
Moreover by Theorem 3 the following equality of sets also holds:

(34) BL(X,Y)=W"(X xY).

Finally, putting together (33) and (34) we obtain:

(35) BLy(X,Y)=BL(X,Y) =W"(X xY) = W"(X X Y).

By construction of w/,, w!, we have that f € BL,/(X,Y’) so that, by equation (35),
f € WH(X x, Y). By density in energy of Lipschitz functions (Lemma 1) there
exists a sequence of d,,-Lipschitz functions f, that converges to f in L*(X X, Y)
and we also have

Sup/lipwa,y(fn)Qdmw' <00

neN

uniformly bounded in n. From now on we assume f,, is bounded for every n € N. This
is possible up to replacing the original f,, with min(max(f,, —C,,), C,) for sufficiently
large C,.

Now, similarly to the beginning of the proof, we find a Lipschitz function ¢»: ¥ —
[0, 1] which is identically 0 on Q,U(Y '\ B(t;, R+1)) and identically 1 on YNB(t1, R)\
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Qy, and set f,(t, ) := ¥(t) fu(t,x). By construction the functions f, are still dy-
Lipschitz, they converge to f € L*(X X, Y) and satisfy

(36) sup/lipXXw,Y(jil)2 dm,, < oo.

neN

To conclude the proof we need to show that the functions fn are also d,,-Lipschitz,
converge to f € L*(X x,, Y) and satisfy

(37) sup/lipXXwY(fn)2 dm,, < oo.

neN

First, f, converges to f € L*(X %, Y) since the functions fn and f are concen-
trated on X x (B(t1, R) \ ,) and on this set the measures m,, and m,, agree by
definition. Moreover, since wy and wg agree on X x (B(t1, R) \ €2,), by definition we
also have

i LelW ) @D) g e X (B, R\ 9,
(y,5)—(z.t) Ay ((y, 8), (2,1))
so that, in particular, lipy, (fn) = thxw/Y(fn)- This, together with (36), proves
(37).

It remains to prove that f, are d,-Lipschitz, that is, we need to prove that
Lip( fn) < 00. Recall that, since we are on a length space, the Lipschitz constant
of a function is equal to the supremum of the local Lispchitz constants. Then, by
denoting Lip'( fn) the d,,-Lipschitz constant and recalling that by construction of f,,
Lip/(f,) < oo, we have

Lip(fn) = Xsqu thxwY<fn) = Xsqu thxw,Y<JEn) = Lip,(fn) < 00.
Xw Xw/

Now, the conclusion follows from the lower semicontinuity of weak upper gradients
(4), and the bound |Df,|xx,v <lipyxy,y(fn) that is valid m,-a.e. O

By adding a few extra assumptions on the function w,, we can improve the
previous result and show that, with these additional assumptions, the inclusions
above are all equalities.

Proposition 9. Assume that w,, satisfies

(38) {w,, =0} C Y is discrete;
(39) w,, decays at least linearly near its zeros, i.e.
wp(t) < C ‘ h%f),o dy(t,s), VteY.

Also assume that my is an upper regular measure, that is, there exists a constant
¢ such that my(B(y,r)) < c¢r fory € Y, and 0 < r < 1. Then Bl (X,Y) =
Wh2(X %, Y) =BL,(X,Y).

Proof. 1t is easy to see that BL,(X,Y) N L>®(X X, Y) is dense in BL,(X,Y),
using a standard truncation argument, so that it is enough to show that for any
f € BLu(X,Y) N L®(X x, Y) there is a sequence in V that converges to it in
BL,(X,Y).

Pick f € BL,(X,Y) N L*(X x, Y) and define D(t) = mingu,,(s)=o0 dy (¢, s). For
m,n € N, withn > 1, fix 1y € X and ¢, € Y, and let v, x(¢) be as in (32). Moreover,
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define

om(x) = max{0, min{m — dx(z,z0), 1}},

ls(D(1)
o)

Define fomri(z,t) = Yo p(®)m(t)om(x)f(x,t). Because the product of the three
auxiliary functions is Lipschitz and bounded for all n,m, k,l, fumr: € BL,(X,Y),
and because 7; is 0 in a neighborhood of {w,, = 0}, we also have f,, ,,x; € V, for all
n,m,k,l.

By construction, the function (z,t) — ), x(t)n:(t)0., () is uniformly bounded by
1, and hence by the dominated convergence theorem we have that f, ,x; — f in
L*(X x,Y), as n,m,l — oo, for every k.

Now, recalling (5), and because o, is 1-Lipschitz, for m,-a.e. (z,1)

10/02(f = fampd) (@, 1)] < ok (O)m(t)om(x) — 1/|0f/02|(x,t)
+ ‘f(xv t>|1{dx(-,az0)2m—1}<x>'

Applying the dominated convergence theorem again we get that, as n,m,l — oo,

/ |8/0:c(f - fn,m,k,l)(x, t>|2 dmw — 0.

m(t) = max{0, min{1 + ———

Using again Lipschitzness and the product rule we have

10/0t(f = fompet) (@, )] < [Unx(O)m(t)om () — 1]|0f ) 0t|(2,t)
+ 1Ok f (2, 1) L{ay (t0)2n-13 (1)
+ |f<.§lf, t)‘l{dx(-,xo)ﬁm} <x>1{dy(~,t0)§n} (t)‘anl/aﬂ(t)?
for my-a.e. (x,t). Once again by the dominated convergence theorem, the first
two terms go to 0 in L? as m,m,l — oo. For the last term, observe first that
|Om/0t|(t) < % Now we can use both the additional assumptions on w,:
if y1,...,yy are the finite number of zeroes of w,, inside B(ty,n — 1), and recalling
that f is bounded, we have

/); v |f<.§lf, t)‘Ql{dx(~,m0)§m} ('r)l{dy(,to)ﬁn}‘anl/atP(t) dmw<$, t)
X

[z mx (B0, m)) 1
S oy Dl
Bl(to,n)ND=1([I=1 1])

%me(B(:co,m))/ 1

(log1)? B(to,n)nD~1(jn-1,17) D (t)
1112 mx (B(zo,m)) o
(log1)?

ol

dmy (t)

1

<C / 1
{t\dy(yi ey dy (L, i)

dmy (t)

i=1

HJ ”I/CO !X '/‘!07 /
< -

=1 j=1 7 {tldy (yi,t)€[277,277+1]} dy (t, ;)

1112 mx (B(z0,m)) o ;
<C o] z ZZ  2dmy(t)
=1

j=1 7 {tldy (ys,t)€[277,277H1]}
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N J
< oM e S 3 (B, 2°)

N J
113 (Blao.m i
< Cec E g 272~

(logl)? pr
o em (B, m)
- logl '

where we defined J as the smallest integer such that 27 > [. The last term goes to 0
as [ — oo for every m, m, k € N, and so we have proved the desired result. O
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