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On Lp
→ Lq infinitesimal relative boundedness

of Schrödinger operators (−∆)α/2 + v

Naoya Hatano, Ryota Kawasumi, Hiroki Saito and Hitoshi Tanaka

Abstract. By analyzing the trace inequality for Bessel potentials, some Morrey-type sufficient

conditions are given for which Lp → Lq, 1 < p, q < ∞, infinitesimal relative boundedness of the

Schrödinger operators (−∆)α/2 + v holds. These results provide new aspects of Morrey spaces and

a nice application of weight theory.

Schrödingerin operaattorien (−∆)α/2 + v suhteellinen

Lp
→ Lq -rajallisuus häviävän kertoimen kanssa

Tiivistelmä. Tutkimalla Besselin potentiaalien jälkiepäyhtälöä saadaan Morreyn-tyyppisiä

riittäviä ehtoja Schrödingerin operaattorien (−∆)α/2 + v suhteelliselle Lp → Lq -rajallisuudelle

häviävän kertoimen kanssa, kun 1 < p, q < ∞. Nämä tulokset tarjoavat sekä uusia näkökulmia

Morreyn avaruuksiin että näppärän painoteorian sovelluksen.

1. Introduction

The purpose of this paper is to study Lp → Lq, 1 < p, q < ∞, infinitesimal
relative boundedness of the Schrödinger operators (−∆)α/2 + v. Following [1], we
clarify the notion of the relative boundedness.

Let A and B be two linear operators in the Banach space X . A basic problem in
the perturbation theory of linear operators seeks to extend properties of A to A+B
[7]. In many situations, one needs the perturbation B to be relatively A-bounded, i.e.
there exist nonnegative constants C1 and C2 such that, for any ϕ ∈ D(A) ⊆ D(B),

‖Bϕ‖X ≤ C1‖Aϕ‖X + C2‖ϕ‖X ,
where the infimum of such C1 is called the relative bound of B with respect to A.

In their nice paper [1], Cao, Deng and Jin proved the following.

Theorem. [1, Theorem 1.1] Let p ∈ (1,∞), α ∈ (0, n) and a ∈ (−n/p,∞).
Then for any ε > 0, there exists C(ε) > 0 such that, for any ϕ ∈ C∞

c (Rn),

‖|x|aϕ‖Lp(dx) . ε‖(−∆)
α
2ϕ‖Lp(dx) + C(ε)‖ϕ‖Lp(dx)

holds if and only if a ∈ (−α, 0].

Their proof relies on the following two facts.

• For 0 < α < n and 0 < λ < ∞, the identity I can be decomposed as

I = (λ2I −∆)−
α
2 ◦ (λ2I −∆)

α
2 (λαI + (−∆)

α
2 )−1 ◦ (λαI + (−∆)

α
2 )

=: Jα,λ ◦ Tm ◦ (λαI + (−∆)
α
2 );
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• The weighted norm inequality

‖|x|aϕ‖Lp(dx) . ‖Jα,λ‖Lp(dx)→Lp(|x|ap dx)
[

‖(−∆)
α
2ϕ‖Lp(dx) + λα‖ϕ‖Lp(dx)

]

holds.

Using these two facts, they verify that if a ∈ (max(−n/p, −α), 0], then for any
ε > 0, there exists λ0 > 0 such that the operator norm ‖Jα,λ0‖Lp(dx)→Lp(|x|ap dx) < ε,
and thereby obtain the theorem. In this paper, under their nice scheme, we establish
the following theorems (Theorems 1.1–1.3). For the positive Borel measure µ on R

n,
we must, a priori, assume the following condition to hold the theorems.

Condition (A). Let Q ∈ Q(Rn). For all positive number a ≥ 1 and all sparse
family S ⊂ D(Q), we assume that the positive Borel measure µ on R

n satisfies the

condition (A):

(1.1)
1

µ(Q)a

∑

S∈S
µ(S)a ≤ Ca,µ,n < ∞,

where the finite positive constant Ca,µ,n is independent of the choices of Q.1

Theorem 1.1. Let 0 < α < n, 1 < p ≤ q < ∞ and µ be a positive Borel
measure on R

n satisfying Condition (A). Then for any ε > 0, there exists C(ε) > 0
such that, for any ϕ ∈ C∞

c (Rn),

‖ϕ‖Lq(dµ) . ε‖(−∆)
α
2ϕ‖Lp(dx) + C(ε)‖ϕ‖Lp(dx)

holds if

(1.2) max









sup
Q∈Q(Rn): ℓQ≤1

|Q|αn− 1
pµ(Q)

1
q ,

sup
Q∈Q(Rn): ℓQ>1

µ(Q)
1
q

|Q| 1p









< ∞

and

(1.3) lim
λ→∞

sup
Q∈Q(Rn): ℓQ≤1/λ

|Q|αn− 1
pµ(Q)

1
q = 0.

Theorem 1.2. Let 0 < α < n, 1 < p ≤ q < ∞ and v be a weight (nonnegative
locally integrable function in R

n). Then for any ε > 0, there exists C(ε) > 0 such
that, for any ϕ ∈ C∞

c (Rn),

‖vϕ‖Lq(dx) . ε‖(−∆)
α
2ϕ‖Lp(dx) + C(ε)‖ϕ‖Lp(dx)

holds if, for some r ∈ (1,∞),

(1.4) max













sup
Q∈Q(Rn): ℓQ≤1

|Q|αn+ 1
q
− 1

p

(

−
ˆ
Q

vqr dx

)
1
qr

,

sup
Q∈Q(Rn): ℓQ>1

|Q| 1q− 1
p

(

−
ˆ
Q

vqr dx

)
1
qr













< ∞

and

(1.5) lim
λ→∞

sup
Q∈Q(Rn): ℓQ≤1/λ

|Q|αn+ 1
q
− 1

p

(

−
ˆ
Q

vqr dx

)
1
qr

= 0.

1If w ∈ A∞, the measure µ = w(x) dx satisfies the Condition (A) (see Remark 5.1).
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Remark. That (1.4) was known as Fefferman–Phong condition first due to Fef-
ferman in [3].

Theorem 1.3. Let 0 < α < n, 1 < q < p < ∞ and µ be a positive Borel
measure on R

n satisfying Condition (A). Then for any ε > 0, there exists C(ε) > 0
such that, for any ϕ ∈ C∞

c (Rn),

‖ϕ‖Lq(dµ) . ε‖(−∆)
α
2ϕ‖Lp(dx) + C(ε)‖ϕ‖Lp(dx)

holds if, for r defined by 1/p + 1/r = 1/q and for any sparse family S ⊂ D(Q) for
some Q ∈ Q(Rn) large enough (allowing the side length ℓQ to tend to infinity),

(1.6) max























∥

∥

∥

∥

∥

∥

∥





∑

S∈S: ℓS≤1

(

ℓαS

(

µ(S)

|S|

)
1
p

)p′

1S





1
p′

∥

∥

∥

∥

∥

∥

∥

Lr(dµ)

,

∥

∥

∥

∥

∥

∥

∥





∑

S∈S: ℓS>1

(

µ(S)

|S|

)
p′

p

1S





1
p′

∥

∥

∥

∥

∥

∥

∥

Lr(dµ)























< ∞

and

(1.7) lim
λ→∞

∥

∥

∥

∥

∥

∥

∥





∑

S∈S: ℓS≤1/λ

(

ℓαS

(

µ(S)

|S|

) 1
p

)p′

1S





1
p′

∥

∥

∥

∥

∥

∥

∥

Lr(dµ)

= 0.

In the last section (Section 6), we give results for the power weights (Theorems 6.2
and 6.3). We have used (and will use) the following notation.

(1) Denote by Q = Q(Rn) the family of all cubes in R
n with sides parallel to the

axes. Given a cube Q ∈ Q, denote by cQ and ℓQ its center and its side length
of Q, respectively, and |Q| stands for the volume of Q.

(2) We define the set of all dyadic cubes in R
n by

D = D(Rn) := {2−k(m+ [0, 1)n) : k ∈ Z, m ∈ Z
n}.

That D satisfies the following nested property :

(1.8) P,Q ∈ D −→ P ∩Q ∈ {P,Q, ∅}.
(3) For a cube Q ∈ D, denote by Q(1) its dyadic parent, the minimal dyadic cube

that strictly contains Q.
(4) Given Q ∈ D and G ⊂ D, we write

G|Q := {Q′ ∈ G : Q′ ⊆ Q},
that is, the restriction to Q of G.

(5) For a cube Q ∈ Q(Rn), let D(Q) be the collection of all dyadic subcubes of
Q, that is, all those cubes obtained by dividing Q into 2n congruent cubes of
half its length, dividing each of those into 2n congruent cubes, and so on. By
convention, Q itself belongs to D(Q).

(6) Given a measurable set E ⊂ R
n, 1E denotes the characteristic function of E.

(7) The barred integral −́
S
f(y) dy stands for the usual integral average of f over

the set S.
(8) Given 1 < p < ∞, p′ = p/(p− 1) denotes the conjugate exponent number of

p.
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(9) For a rapidly descreasing function f , define its Fourier transform and its
inverse Fourier transform as

f̂(ξ) :=

ˆ
Rn

f(x)e−2πix·ξ dx and f∨(x) :=

ˆ
Rn

f(ξ)e2πix·ξ dξ.

(10) The letter C will be used for constants that may change from one occurrence
to another. Constants with subscripts, such as C1, C2, do not change in
different occurrences. By A ≈ B we mean that c−1B ≤ A ≤ cB with some
positive finite constant c independent of appropriate quantities. We write
X . Y , Y & X if there is a independent constant c such that X ≤ cY .

2. Preliminaries

In what follows we recall some notions and preliminary facts on Bessel potentials
and sparse families. We will also introduce bilinear embedding theorems.

2.1. Bessel potentials. Let us begin with the definition of Bessel potentials.
We follow the argument in the book [5].

Definition 2.1. Let 0 < α < n and 0 < λ < ∞. The Bessel potential of order
α is the operator Jα,λ = (λ2I −∆)−α/2 given by

Jα,λ(f) :=
(

f̂ ˆGα,λ

)∨
= f ∗Gα,λ,

where
Gα,λ(x) =

(

(λ2 + 4π2|ξ|2)−α
2

)∨
(x).

If λ = 1, we omit the subscript 1 and simply write Jα and Gα, respectively.

By the definition, one sees that

(2.1) Gα,λ(x) = λn−αGα(λx), x ∈ R
n.

We show the exponential decay for Gα at infinity.

Lemma 2.2. Let 0 < α < n. Then Gα is a smooth function on R
n \ {0} that

satisfies Gα(x) > 0, x ∈ R
n, and there exist positive finite constants Cα,n and cα,n

such that

Gα(x) ≤
{

Cα,ne
− |x|

2 , when |x| > 1,

cα,n|x|α−n, when |x| ≤ 1.

Proof. For A > 0, we set

Γ
(α

2

)

=

ˆ ∞

0

e−tt
α
2
dt

t
= A

α
2

ˆ ∞

0

e−tAt
α
2
dt

t
.

This implies

A−α
2 =

1

Γ(α
2
)

ˆ ∞

0

e−tAt
α
2
dt

t
.

We use this to obtain
(

1 + 4π2|ξ|2
)−α

2 =
1

Γ(α
2
)

ˆ ∞

0

e−te−π(2
√
πt|ξ|)2t

α
2
dt

t
.

Take the inverse Fourier transform in ξ and use the fact that the function e−π|ξ|2 is
equal to its Fourier transform to obtain

(2.2) Gα(x) =
(2
√
π)−n

Γ(α
2
)

ˆ ∞

0

e−te−
|x|2

4t t
α−n
2

dt

t
.
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This proves that Gα(x) > 0, x ∈ R
n, and that Gα is smooth on R

n \ {0}.
Now suppose |x| > 1. Then we have that t+ |x|2

4t
≥ t+ 1

4t
and that t+ |x|2

4t
≥ |x|,

and hence,

t+
|x|2
4t

=
t+ |x|2

4t

2
+

t+ |x|2
4t

2

≥ t

2
+

1

8t
+

|x|
2
.

It follows from this and (2.2) that

Gα(x) ≤
(2
√
π)−n

Γ(α
2
)

(ˆ ∞

0

e−
t
2 e−

1
8t t

α−n
2

dt

t

)

e−
|x|
2

= Cα,ne
− |x|

2 .

Now suppose |x| ≤ 1. It follows from (2.2) that, by letting t = s|x|2,

Gα(x) =
(2
√
π)−n

Γ(α
2
)

(ˆ ∞

0

e−s|x|2e−
1
4s s

α−n
2

ds

s

)

|x|α−n

≤ (2
√
π)−n

Γ(α
2
)

(ˆ ∞

0

e−
1
4s s

α−n
2

ds

s

)

|x|α−n

= cα,n|x|α−n.

Combining two estimates we obtain the required conclusion. �

2.2. Sparse families.

Definition 2.3. (See [8]) Let 0 < η < 1. We say that a family S ⊂ D is η-sparse
if for every Q ∈ S, there exists a measurable set EQ ⊂ Q such that |EQ| ≥ η|Q|, and
the sets {EQ}Q∈S are pairwise disjoint.

We now present two technical lemmas of sparse families.

Lemma 2.4. [2, Lemma 4.2] Let µ be a positive Borel measure on R
n. Suppose

that 0 < α1 < ∞ and 0 ≤ α2 < ∞ satisfying α1+α2 ≥ 1. Then for any sparse family
S ⊂ D and any cube Q ∈ D,

∑

Q′∈S|Q

|Q′|α1µ(Q′)α2 . |Q|α1µ(Q)α2 .

For each Q ∈ S, let chS(Q) denote the collection of all maximal Q′ ∈ S such that
Q′ ⊆ Q. The Pythagoras’ theorem for functions adapted to a sparse family is given
as follows.

Lemma 2.5. [6, Lemma 4] Let 1 < p < ∞ and S ⊂ D be a sparse family. For
each Q ∈ S, if fQ is a nonnegative function that is supported on Q and is constant
on each Q′ ∈ chS(Q), then

∥

∥

∥

∥

∥

∑

Q∈S
fQ

∥

∥

∥

∥

∥

p

Lp(dx)

.
∑

Q∈S
‖fQ‖pLp(dx).
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2.3. Bilinear embedding theorems. We first introduce bilinear embedding
problem.

Bilinear embedding problem. Let K : D → [0,∞) be a map and let σ and
ω be positive Borel measures on R

n. We give a necessary and sufficient condition
under which the inequality

(2.3)
∑

Q∈D
K(Q)

∣

∣

∣

∣

ˆ
Q

f dσ

∣

∣

∣

∣

∣

∣

∣

∣

ˆ
Q

g dω

∣

∣

∣

∣

≤ c1‖f‖Lp(dσ)‖g‖Lq(dω)

holds when 1 < p, q < ∞.

Bilinear embedding problem can be characterized by two ways. The division line
is whether the exponents p and q are in the super-dual range 1/p+1/q ≥ 1 or in the
strictly sub-dual range 1/p+ 1/q < 1.

Lemma 2.6. [12] Let the exponents p and q be in the super-dual range 1/p +
1/q ≥ 1. Then the necessary and sufficient condition for the inequality (2.3) to hold
is as follows: For all dyadic cubes Q ∈ D,







ˆ
Q





∑

Q′∈D|Q

K(Q′)σ(Q′)1Q′





q′

dω







1
q′

≤ c2σ(Q)
1
p ,







ˆ
Q





∑

Q′∈D|Q

K(Q′)ω(Q′)1Q′





p′

dσ







1
p′

≤ c2ω(Q)
1
q .

Moreover, the least possible constants c1 and c2 are equivalent.

These conditions are called the Sawyer testing condition, since this was first
introduced by Eric Sawyer.

Lemma 2.7. [11] Let the exponents p and q be in the strictly sub-dual range
1/p + 1/q < 1. Then the necessary and sufficient condition for the inequality (2.3)
to hold is as follows:

∥

∥

∥
Wq′

K;ω[σ]
1
q′

∥

∥

∥

Lr(dσ)
≤ c2 < ∞,

∥

∥

∥
Wp′

K;σ[ω]
1
p′

∥

∥

∥

Lr(dω)
≤ c2 < ∞,

for r defined by 1/p+ 1/q + 1/r = 1. Here,


































Wq′

K;ω[σ](x) :=
∑

Q∈D
K(Q)ω(Q)





1

ω(Q)

∑

Q′∈D|Q

K(Q′)σ(Q′)ω(Q′)





q′−1

1Q(x),

Wp′

K;σ[ω](x) :=
∑

Q∈D
K(Q)σ(Q)





1

σ(Q)

∑

Q′∈D|Q

K(Q′)σ(Q′)ω(Q′)





p′−1

1Q(x).

Moreover, the least possible constants c1 and c2 are equivalent.

Wq′

K;ω[σ](x) andWp′

K;σ[ω](x) are called two weight dyadic discrete Wolff potentials.
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3. Dyadic discrete representation of Bessel potentials

In what follows we introduce the so-called Pérez dyadic decomposition of Bessel
potentials, which was first due to Pérez in [9] for Riesz potentials.

3.1. Pérez decomposition. Let, cf. (2.2),

gα(u) :=
(2
√
π)−n

Γ(α
2
)

ˆ ∞

0

e−te−
u2

4t t
α−n
2

dt

t
, u > 0.

Then one sees that

(3.1) gα(au) ≤ aα−ngα(u) for all a ≥ 1 and u > 0.

Indeed,

gα(au) =
(2
√
π)−n

Γ(α
2
)

ˆ ∞

0

e−te−
(au)2

4t t
α−n
2

dt

t

= aα−n (2
√
π)−n

Γ(α
2
)

ˆ ∞

0

e−(a2−1)se−se−
u2

4s s
α−n
2

ds

s

≤ aα−n (2
√
π)−n

Γ(α
2
)

ˆ ∞

0

e−se−
u2

4s s
α−n
2

ds

s

= aα−ngα(u).

The Bessel potential Jα has the following representation.

Proposition 3.1. Let 0 < α < n. Then for the nonnegative function f we have
that

(3.2) Jαf(x) =

ˆ
Rn

Gα(x− y) f(y) dy ≈
∑

Q∈D
gα(ℓQ)

ˆ
3Q

f(y) dy 1Q(x), x ∈ R
n.

Proof. Rewrite by using characteristic functions

∑

Q∈D
gα(ℓQ)

ˆ
3Q

f(y) dy 1Q(x) =

ˆ
Rn

(

∑

Q∈D
gα(ℓQ)1Q(x)13Q(y)

)

f(y) dy.

For x 6= y, let

S(x, y) := {Q ∈ D : Q ∋ x, 3Q ∋ y}.
Then by the nested property (1.8) one sees that there exists a minimal dyadic cube
Q(x, y) ∈ S(x, y), and it satisfies

ℓQ(x,y)

2
< |x− y| < 2

√
nℓQ(x,y).

By (3.1) we obtain

∑

Q∈S(x,y)
gα(ℓQ) ≈ gα(ℓQ(x,y)) ≤ Gα

(

x− y

2
√
n

)

,

which yields the equivalence (3.2) by Fubini’s theorem. �
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3.2. The dyadic grid argument. For τ ∈ {0,±1
3
}n, we define the dyadic grid

by
Dτ := {2−k(m+ τ + [0, 1)n) : k ∈ Z, m ∈ Z

n}.
Claim 3.2. We claim that for any dyadic cube Q ∈ D, there exist τ ∈ {0,±1

3
}n

and τ -shifted dyadic cube P ∈ Dτ such that 3Q ⊂ P and ℓP = 8ℓQ.

Proof. We need only verify the one-dimensional case n = 1. (The claim for n > 1
holds after n steps.) We may assume further k = 0.

Let Q = [m,m+1), m ∈ Z. Then 3Q = [m− 1, m+2). We cover 3Q by disjoint
dyadic intervals of D(R) with the same length 8. If 3Q is covered by such an interval
P , then we choose τ = 0 and have P ∈ Dτ(R). We assume that 3Q is covered by
such two intervals as P1 ∋ (m − 1) and P2 ∋ (m + 2). If |3Q ∩ P1| ≥ 3

2
, then we

choose τ = 1
3
and let P = 8

3
+ P1. If |3Q ∩ P2| > 3

2
, then we choose τ = −1

3
and let

P = −8
3
+ P2. �

This claim implies for f ≥ 0 and x ∈ R
n that

Jαf(x) ≈
∑

Q∈D
gα(ℓQ)

ˆ
3Q

f(y) dy 1Q(x)

≈
∑

τ∈{0,± 1
3
}n

∑

Q∈Dτ

gα(ℓQ)

ˆ
Q

f(y) dy 1Q(x).

In the last step we may have used gα(u) . e−u/16 instead of gα(u) . e−u/2 for u > 1
(cf. Lemma 2.2). Thus, for the positive cases, we need only estimate the simple linear
positive operator

(3.3) Tαf(x) :=
∑

Q∈D
gα(ℓQ)

ˆ
Q

f(y) dy 1Q(x), x ∈ R
n.

3.3. The sparse domination argument. We further reduce the simple linear
positive operator Tα to the sparse operator Sα.

Proposition 3.3. Let 0 < α < n. We have that, for some appropriate sparse
family S ⊂ D,

Tαf(x) . Sαf(x), f ≥ 0, x ∈ R
n.

Here,

(3.4) Sαf(x) :=
∑

S∈S

min(ℓαS, 1)

|S|

ˆ
S

f(y) dy 1S(x), f ≥ 0, x ∈ R
n.

Proof. For simple notation we let µ be a measure µ = f dx. Let Q ∈ D be taken
large enough and be fixed. We shall estimate the quantity

(3.5)
∑

Q′∈D|Q

gα(ℓQ′)µ(Q′)1Q′ =
∑

Q′∈D|Q

gα(ℓQ′)|Q′|µ(Q
′)

|Q′| 1Q′.

We define the collection S of principal cubes to obtain the η-sparse family. Namely,

S :=

∞
⋃

k=0

Sk,

where S0 := {Q},
Sk+1 :=

⋃

S∈Sk

chS(S)
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and chS(S) is defined by the set of all maximal dyadic cubes Q′ ⊂ S such that

µ(Q′)

|Q′| >
µ(S)

(1− η)|S| .

We write

ES(S) := S \
⋃

S′∈chS(S)

S ′.

Then it is easy to see that the collection {ES(S) : S ∈ S} is pairwise disjoint. Observe
that

∑

S′∈chS(S)

|S ′| ≤ (1− η)|S|
µ(S)

∑

S′∈chS(S)

µ(S ′) ≤ (1− η)|S|,

and, hence,

|ES(S)| =

∣

∣

∣

∣

∣

∣

S \
⋃

S′∈chS(S)

S ′

∣

∣

∣

∣

∣

∣

≥ η|S|.

Thus, S is a η-sparse family.
For Q′ ∈ D|Q, we further define the stopping parent πS(Q

′) by

πS(Q
′) := min{S ⊃ Q′ : S ∈ S}.

Then we can estimate the series in (3.5) as follows:

∑

Q′∈D|Q

gα(ℓQ′)|Q′|µ(Q
′)

|Q′| 1Q′ =
∑

S∈S

∑

Q′ : πS(Q′)=S

gα(ℓQ′)|Q′|µ(Q
′)

|Q′| 1Q′

≤
∑

S∈S

µ(S)

(1− η)|S|
∑

Q : πS(Q)=S

gα(ℓQ′)|Q′|1Q′

. A0

∑

S∈S

min(ℓαS, 1)

|S| µ(S)1S,

where, letting

A0 :=
∞
∑

k=1

e−2k−1

2nk,

we have used

(3.6)
∑

Q : πS(Q)=S

gα(ℓQ′)|Q′|1Q′ . A0min(ℓαS, 1)1S.

That (3.6) can be verified as follows. Recalling Lemma 2.2, using the nested property
(1.8), we have that

∑

Q : πS(Q)=S

gα(ℓQ′)|Q′|1Q′ ≤ 1S





min(log2 ℓS , 1)
∑

k=−∞
(2k)α +

log2 ℓS
∑

k=2

e−2k−1

2nk





. A0 min(ℓαS, 1)1S. �

It follows from (2.1) and (3.6) that

∑

Q : πS(Q)=S

gα,λ(ℓQ′)|Q′|1Q′ = λ−α
∑

Q : πS(Q)=S

gα(λℓQ′)(λℓQ′)n1Q′ .
A0

λα
min((λℓS)

α, 1)1S.
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From this we define the final target operator Sα,λ, λ > 0, by

(3.7) Sα,λf(x) :=
∑

S∈S

min((λℓS)
α, 1)

λα|S|

ˆ
S

f(y) dy 1S(x), f ≥ 0, x ∈ R
n,

which controls Jα,λ.

4. Trace inequalities for Sα

In what follows we analyze the trace inequalities for Bessel potentials in the two
cases.

4.1. Trace inequality for measure. It suffices to estimate, for the nonnegative
function f and the η-sparse family S ⊂ D,

Sαf(x) =
∑

S∈S

min(ℓαS, 1)

|S|

ˆ
S

f(y) dy 1S(x), x ∈ R
n.

Let 0 < α < n, 1 < p ≤ q < ∞ and µ be a positive Borel measure on R
n. We

consider the trace inequality for Sα:

(4.1) ‖Sαf‖Lq(dµ) ≤ c1‖f‖Lp(dx).

We use Lemma 2.6, letting a map K : D → [0,∞) be

K(Q) =







min(ℓαQ, 1)

|Q| , Q ∈ S,
0, Q ∈ D \ S,

and letting σ = dx and ω = µ. Then the trace inequality (4.1) holds if and only if
for all dyadic cubes S ∈ S

I1(S) :=
1

|S| 1p





ˆ
S





∑

S′∈S|S

min(ℓαS′, 1)1S′





q

dµ





1
q

≤ c2 < ∞,

I2(S) :=
1

µ(S)
1
q′







ˆ
S





∑

S′∈S|S

min(ℓαS′, 1)

|S ′| µ(S ′)1S′





p′

dx







1
p′

≤ c2 < ∞.

Moreover, the least possible constants c1 and c2 are equivalent.
Hence, to estimate the operator norm

c1 = ‖Sα‖Lp(dx)→Lq(dµ) ≈ c2,

we analyze I1(S) and I2(S).

4.2. The estimation of I1(S). It follows that

I1(S) =
1

|S| 1p





ˆ
S





∑

S′∈S|S

min(ℓαS′, 1)1S′





q

dµ





1
q

. max







|S|αn− 1
pµ(S)

1
q , ℓS ≤ 1,

µ(S)
1
q

|S| 1p
, ℓS > 1






.
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4.3. The estimation of I2(S). Let S1 := {S ∈ S : ℓS ≤ 1} and S2 := {S ∈
S : ℓS > 1}. It follows from Lemma 2.5 that

ˆ
S





∑

S′∈S1|S

ℓαS′

|S ′|µ(S
′)1S′





p′

dx .
∑

S′∈S1|S

(

ℓαS′

|S ′|

)p′

µ(S ′)p
′|S ′|

=
∑

S′∈S1|S

(ℓαS′)p
′|S ′|1−p′µ(S ′)p

′

=
∑

S′∈S1|S

[

|S ′|αn− 1
pµ(S ′)

1
q

]p′

µ(S ′)
p′

q′

≤
[

sup
S′∈S1|S

|S ′|αn− 1
pµ(S ′)

1
q

]p′
∑

S′∈S1|S

µ(S ′)
p′

q′ .

Deep thanks to Condition (A): (1.1), we have that
∑

S′∈S1|S

µ(S ′)
p′

q′ . µ(S)
p′

q′ ,

which leads us to conclude that

1

µ(S)
1
q′







ˆ
S





∑

S′∈S1|S

ℓαS′

|S ′|µ(S
′)1S′





p′

dx







1
p′

. sup
Q∈D: ℓQ≤1

|Q|αn− 1
pµ(Q)

1
q .

similarly, we have that

1

µ(S)
1
q′







ˆ
S





∑

S′∈S2|S

ℓαS′

|S ′|µ(S
′)1S′





p′

dx







1
p′

. sup
Q∈D: ℓQ>1

µ(Q)
1
q

|Q| 1p
.

Thus, by (3.7) we have the following proposition.

Proposition 4.1. Let 0 < α < n, 1 < p ≤ q < ∞ and µ be a positive Borel
measure on R

n satisfying Condition (A). Then for λ ∈ (1,∞), the operator norm
‖Sα,λ‖Lp(dx)→Lq(dµ) is majorized by

max









sup
Q∈D: ℓQ≤1/λ

|Q|αn− 1
pµ(Q)

1
q ,

λ−α sup
Q∈D: ℓQ>1/λ

µ(Q)
1
q

|Q| 1p









.

4.4. Trace inequality for weight. Let 0 < α < n, 1 < p ≤ q < ∞ and v be a
weight on R

n. We consider the trace inequality for Sα:

(4.2) ‖vSαf‖Lq(dx) . ‖f‖Lp(dx).

4.5. Fefferman–Phong inequality. We shall estimate (4.2) by way of a dual-
ity argument. To this end we take a nonnegative function g with ‖g‖Lq′(dx) = 1 and
evaluate

(i) :=

ˆ
Rn

g(x)v(x)Sαf(x) dx =
∑

S∈S

min(ℓαS, 1)

|S|

ˆ
S

f(y) dy

ˆ
S

v(x)g(x) dx.
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It follows that

(i) =
∑

S∈S
min(ℓαS, 1)−

ˆ
S

f(y) dy−
ˆ
S

v(x)g(x) dx|S|

≤ η
∑

S∈S
min(ℓαS, 1)−

ˆ
S

f(y) dy−
ˆ
S

v(x)g(x) dx|ES(S)|.

For some r ∈ (1,∞), letting u = rq we have that by Hölder’s inequality

−
ˆ
S

v(x)g(x) dx ≤
(

−
ˆ
S

v(x)u dx

)
1
u
(

−
ˆ
S

g(x)u
′

dx

)
1
u′

,

which yields

(i) .

[

sup
S∈S

min(ℓαS, 1)

ℓαS
· |S|αn+ 1

q
− 1

p

(

−
ˆ
S

vu dx

) 1
u

]

×
[

∑

S∈S
−
ˆ
S

f(y) dy

(

|S|u
′

p
−u′

q −
ˆ
S

g(x)u
′

dx

)
1
u′

|ES(S)|
]

.

Letting β = u′/p− u′/q,

∑

S∈S
−
ˆ
S

f(y) dy

(

|S|u
′

p
−u′

q −
ˆ
S

g(x)u
′

dx

)
1
u′

|ES(S)| ≤
ˆ
Rn

Mf(x)Mβ [g
u′

](x)
1
u′ dx

≤ ‖Mf‖Lp(dx)‖Mβ [g
u′

]
1
u′ ‖Lp′(dx)

. ‖f‖Lp(dx)‖g‖Lq′(dx),

where we have used the Hardy–Littlewood maximal inequality for M and the Hardy–
Littlewood–Sobolev maximal inequality for Mβ, noticing that u′/p′ = u′/q′ − β.

Thus, we obtain

(4.3) ‖vSαf‖Lq(dx) .

[

sup
Q∈D

min(ℓαQ, 1)

ℓαQ
· |Q|αn+ 1

q
− 1

p

(

−
ˆ
Q

vqr dx

) 1
qr

]

‖f‖Lp(dx).

Thus, by (3.7) and (4.3) we have the following proposition.

Proposition 4.2. Let 0 < α < n, 1 < p ≤ q < ∞ and v be a weight on R
n.

Then for λ ∈ (1,∞) and for some r ∈ (1,∞), the operator norm ‖Sα,λ‖Lp(dx)→Lq(vq)

is majorized by

max













sup
Q∈D: ℓQ≤1/λ

|Q|αn+ 1
q
− 1

p

(

−
ˆ
Q

vqr dx

)
1
qr

,

λ−α sup
Q∈D: ℓQ>1/λ

|Q| 1q− 1
p

(

−
ˆ
Q

vqr dx

)
1
qr













.

4.6. Trace inequality for measure, revisited. Let 0 < α < n. For the
nonnegative function f and the η-sparse family S ⊂ D, let

Sαf(x) =
∑

S∈S

min(ℓαS, 1)

|S|

ˆ
S

f(y) dy 1S(x), x ∈ R
n.
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In the range 1 < q < p < ∞, we consider the trace inequality (4.1) for Sα. Letting
S1 := {S ∈ S : ℓS ≤ 1} and S2 := {S ∈ S : ℓS > 1}, we first decompose

Sαf(x) =
∑

S∈S1

ℓα−n
S

ˆ
S

f(y) dy 1S(x)+
∑

S∈S2

ℓ−n
S

ˆ
S

f(y) dy 1S(x) =: Sα,1f(x)+Sα,2f(x).

For Sα,1 and Sα,2 we use Lemma 2.7. Then the necessary and sufficient condition for
the trace inequality (4.1) to hold is as follows:

∥

∥

∥
Wq

α,i;µ[dx]
1
q

∥

∥

∥

Lr(dx)
≤ c2 < ∞,

∥

∥

∥
Wp′

α,i;dx[µ]
1
p′

∥

∥

∥

Lr(dµ)
≤ c2 < ∞,

for i = 1, 2 and for r defined by 1/p+ 1/r = 1/q. Here,

Wq
α,1;µ[dx](x) :=

∑

S∈S1

ℓα−n
S µ(S)





1

µ(S)

∑

S′∈S1|S

ℓαS′µ(S ′)





q−1

1S(x),

Wq
α,2;µ[dx](x) :=

∑

S∈S2

ℓ−n
S µ(S)





1

µ(S)

∑

S′∈S2|S

µ(S ′)





q−1

1S(x),

Wp′

α,1;dx[µ](x) :=
∑

S∈S1

ℓαS





1

|S|
∑

S′∈S1|S

ℓαS′µ(S ′)





p′−1

1S(x),

Wp′

α,2;dx[µ](x) :=
∑

S∈S2





1

|S|
∑

S′∈S2|S

µ(S ′)





p′−1

1S(x).

Moreover, the least possible constants c1 and c2 are equivalent.
Hence, to estimate the operator norm

‖Sα‖Lp(dx)→Lq(dµ) ≈ c2,

we analyze the norms of Wolff’s potentials.
By Lemma 2.4 and using Condition (A), we can reduce

Wq
α,1;µ[dx](x) .

∑

S∈S1

(ℓαS)
q µ(S)

|S| 1S(x),

Wq
α,2;µ[dx](x) .

∑

S∈S2

µ(S)

|S| 1S(x),

Wp′

α,1;dx[µ](x) .
∑

S∈S1

(ℓαS)
p′
(

µ(S)

|S|

)p′−1

1S(x),

Wp′

α,2;dx[µ](x) .
∑

S∈S2

(

µ(S)

|S|

)p′−1

1S(x).

Claim 4.3. For i = 1, 2, we claim that
∥

∥

∥
Wq

α,i;µ[dx]
1
q

∥

∥

∥

Lr(dx)
.
∥

∥

∥
Wp′

α,i;dx[µ]
1
p′

∥

∥

∥

Lr(dµ)
.
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Proof. Since the same proof is valid, we only treat the case i = 1. It follows from
Lemma 2.5 that, recalling 1/q = 1/p− 1/r,

∥

∥

∥
Wq

α,1;µ[dx]
1
q

∥

∥

∥

r

Lr(dx)
.
∑

S∈S1

(

(ℓαS)
q µ(S)

|S|

)
r
q

|S|

=
∑

S∈S1

(

(ℓαS)
q µ(S)

|S|

)
r
q |S|
µ(S)

µ(S)

=
∑

S∈S1

(ℓαS)
r

(

µ(S)

|S|

)
r
p

µ(S)

=

ˆ
Rn

(

∑

S∈S1

(ℓαS)
r

(

µ(S)

|S|

) r
p

1S

)

dµ

≤
ˆ
Rn

(

∑

S∈S1

(ℓαS)
p′
(

µ(S)

|S|

)p′−1

1S

) r
p′

dµ

≤

∥

∥

∥

∥

∥

∥

∥





∑

S∈S1

(

ℓαS

(

µ(S)

|S|

)
1
p

)p′

1S





1
p′

∥

∥

∥

∥

∥

∥

∥

Lr(dµ)

,

where we have used p′ − 1 = p′/p. �

Thus, by (3.7) we have the following proposition.

Proposition 4.4. Let 0 < α < n, 1 < q < p < ∞ and µ be a positive Borel
measure on R

n satisfying Condition (A). Then for λ ∈ (1,∞), the operator norm
‖Sα,λ‖Lp(dx)→Lq(dµ) is majorized by

max























∥

∥

∥

∥

∥

∥

∥





∑

S∈S: ℓS≤1/λ

(

ℓαS

(

µ(S)

|S|

)
1
p

)p′

1S





1
p′

∥

∥

∥

∥

∥

∥

∥

Lr(dµ)

,

λ−α

∥

∥

∥

∥

∥

∥

∥





∑

S∈S: ℓS>1/λ

(

µ(S)

|S|

)
p′

p

1S





1
p′

∥

∥

∥

∥

∥

∥

∥

Lr(dµ)























.

5. Proof of Theorems 1.1–1.3

In what follows we shall prove Theorems 1.1–1.3. Thanks to Propositions 4.1–4.4,
we need only verify Theorem 1.1.

By the argument in Introduction, we shall prove that, for any ε > 0, there exists
λ0 > 0 such that

(5.1) ‖Sα,λ0‖Lp(dx)→Lq(dµ) < ε,

when

(5.2) max









sup
Q∈D: ℓQ≤1

|Q|αn− 1
pµ(Q)

1
q ,

sup
Q∈D: ℓQ>1

µ(Q)
1
q

|Q| 1p









= C0 < ∞
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and

(5.3) lim
λ→∞

sup
Q∈D: ℓQ≤1/λ

|Q|αn− 1
pµ(Q)

1
q = 0

hold.
Take an ε > 0. First we choose an integer N1 ∈ N so that

(5.4)
C0

(2N1)α
< ε.

Next, thanks to (5.3), we choose an integer N0 > N1 so that

(5.5) sup
Q∈D: ℓQ≤2N1−N0

|Q|αn− 1
pµ(Q)

1
q < ε.

Let us use Proposition 4.1 with λ0 = 2N0. We must verify that

max

















sup
Q∈D : ℓQ≤1/λ0

|Q|αn− 1
pµ(Q)

1
q ,

sup
Q∈D : 1/λ0<ℓQ≤1

(λ0ℓQ)
−α · |Q|αn− 1

pµ(Q)
1
q , 2

(λ0)
−α sup

Q∈D : ℓQ>1

µ(Q)
1
q

|Q| 1p

















< ε.

Indeed, it follows from (5.5) that

sup
{

|Q|αn− 1
pµ(Q)

1
q : Q ∈ D, ℓQ ≤ 2−N0

}

≤ sup
{

|Q|αn− 1
pµ(Q)

1
q : Q ∈ D, ℓQ ≤ 2N1−N0

}

< ε,

again from (5.5) that

sup
{

(2N0ℓQ)
−α · |Q|αn− 1

pµ(Q)
1
q : Q ∈ D, 2−N0 < ℓQ ≤ 2N1−N0

}

≤ sup
{

|Q|αn− 1
pµ(Q)

1
q : Q ∈ D, 2−N0 < ℓQ ≤ 2N1−N0

}

< ε,

from (5.2) and (5.4) that

sup
{

(2N0ℓQ)
−α · |Q|αn− 1

pµ(Q)
1
q : Q ∈ D, 2N1−N0 < ℓQ ≤ 1

}

≤ 1

(2N1)α
sup

{

|Q|αn− 1
pµ(Q)

1
q : Q ∈ D, 2N1−N0 < ℓQ ≤ 1

}

≤ C0

(2N1)α
< ε,

and from (5.2), (5.4) and N0 > N1 that

λ−α
0 sup

{

µ(Q)
1
q

|Q| 1p
: Q ∈ D, ℓQ > 1

}

≤ C0

(2N1)α
< ε.

Thus, the operator norm ‖Sα,λ0‖Lp(dx)→Lq(dµ) < ε. This completes the proof.

Remark. We remark that then C(ε) ≈ (2N0)αε.

2We notice that (λ0ℓQ)
−α · |Q|αn−

1

pµ(Q)
1

q = λ−αµ(Q)
1

q

|Q| 1p
.
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Remark 5.1. We remark that, if w ∈ A∞, the measure dµ = w(x) dx satisfies
the Condition (A). This fact can be verified as follows:

Take a sparse family S ⊂ D(Q), Q ∈ Q. It follows that

∑

S∈S
µ(S)a =

ˆ
Q

∑

S∈S
µ(S)a−11S dµ

.

ˆ
Q

∑

S∈S
µ(S)a−1(M1ES(S))

η dµ3

.

ˆ
Q

∑

S∈S
µ(S)a−1µ(ES(S))

≤ µ(Q)a−1
∑

S∈S
µ(ES(S)) ≤ µ(Q)a.

This is the desired inequality.

6. Applications

In what follows we will consider the particular case dµ(x) = |x|aq dx in Theo-
rems 1.1 and 1.3 to obtain a sufficient condition on the power a under which the
infinitesimal relative bounds hold. We use the following simple and nice lemma.

Lemma 6.1. [10, Example 113] Let Q ∈ Q(Rn). If β > −n, thenˆ
Q

|x|β dx ≈ max(ℓQ, |cQ|)β|Q|.

Hereafter, we write waq(x) = |x|aq. For its local integrability, one needs aq+n ≥ 0
and then waq satisfies the condition (A) because it belongs in A∞ (see Remark 5.1).
Considering ϕ ∈ C∞

c (Rn) with its support goes to infinity, one needs also a ≤ 0.

6.1. Application of Theorem 1.1. We investigate the conditions (1.2) and
(1.3). Thanks to a ≤ 0, it suffices to estimate only the cubes Q ∈ Q containing the
origin. Then we have

|Q|αn− 1
pwaq(Q)

1
q ≈ ℓ

α−n
p
+a+n

q

Q → 0, ℓQ → 0,

whenever a > −α + n(1/p− 1/q), and

waq(Q)
1
q

|Q| 1p
≈ ℓ

a−n
p
+n

q

Q < ∞,

whenever a ≤ n(1/p− 1/q). Thus, we obtain the following theorem.

Theorem 6.2. Let 0 < α < n and 1 < p ≤ q < ∞. For any ε > 0, there exists
C(ε) > 0 such that, for any ϕ ∈ C∞

c (Rn),

‖|x|aϕ‖Lq(dx) . ε‖(−∆)
α
2ϕ‖Lp(dx) + C(ε)‖ϕ‖Lp(dx)

holds if

max(−n/q, −α + n(1/p− 1/q)) < a ≤ 0, 1 < p ≤ q < ∞.

3Since w ∈ A∞, we can take an η > 1 large enough so that w ∈ Aη. Then we apply the
vector-valued Hardy–Littlewood maximal theorem (see [4]).
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6.2. Application of Theorem 1.3. We investigate the conditions (1.6) and
(1.7). We assume that −n/q < a < −n/r = n(1/p − 1/q) and that S ⊂ D(Q) for
some sufficiently large Q ∈ Q(Rn) containing the origin.

Letting S1/λ := {S ∈ S : ℓS ≤ 1/λ}, λ ≥ 1, we have that

(I) :=

∥

∥

∥

∥

∥

∥

∥





∑

S∈S1/λ

(

ℓαS

(

waq(S)

|S|

)
1
p

)p′

1S





1
p′

∥

∥

∥

∥

∥

∥

∥

r

Lr(dwaq)

.

∥

∥

∥

∥

∥

∥

∥





∑

S∈S1/λ

(

ℓαS

(

waq(S)

|S|

) 1
p

)p′

(M1ES(S))
η





1
p′

∥

∥

∥

∥

∥

∥

∥

r

Lr(dwaq)

4

.

∥

∥

∥

∥

∥

∥

∥





∑

S∈S1/λ

(

ℓαS

(

waq(S)

|S|

)
1
p

)p′

1ES(S)





1
p′

∥

∥

∥

∥

∥

∥

∥

r

Lr(dwaq)

=
∑

S∈S1/λ

(

ℓαS

(

waq(S)

|S|

)
1
p

)r

waq(ES(S))

≈
∑

S∈S1/λ

max(ℓS, |cS|)ar|S|
αr
n
+1

.
∑

S∈S1/λ

max(ℓS, |cS|)arℓαrS |ES(S)|.

There hold
∑

S∈S1/λ : |cS |≤1

max(ℓS, |cS|)arℓαrS |ES(S)|5

≤ (1/λ)(a+α)r
∑

S∈S1/λ : |cS |≤1

|ES(S)| → 0, λ → ∞,

whenever −α < a, and

∑

S∈S1/λ : |cS|>1

max(ℓS, |cS|)arℓαrS |ES(S)| ≤ (1/λ)αr
ˆ
{|y|>1}

|x|ar dx → 0, λ → ∞,

whenever a < −n/r. Thus, if max(−n/q, −α) < a < −n/r, then (I) → 0, λ → ∞.
In a similar fashion, Letting S2 := {S ∈ S : ℓS > 1}, we observe that
∥

∥

∥

∥

∥

∥

∥





∑

S∈S2

(

waq(S)

|S|

)
p′

p

1S





1
p′

∥

∥

∥

∥

∥

∥

∥

r

Lr(dwaq)

.

∥

∥

∥

∥

∥

∥

∥





∑

S∈S2

(

waq(S)

|S|

)
p′

p

1ES(S)





1
p′

∥

∥

∥

∥

∥

∥

∥

r

Lr(dwaq)

=
∑

S∈S2

(

waq(S)

|S|

)
r
p

waq(ES(S))

4Since waq ∈ A∞, we can take an η > 1 large enough so that waq ∈ Aηr/p′ . Then we apply the

vector-valued Hardy–Littlewood maximal theorem.
5Since ar < 0, one has that max(ℓS , |cS |)arℓαrS . (1/λ)(a+α)r.
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≈
∑

S∈S2

max(ℓS, |cS|)ar|S|

.
∑

S∈S2

max(ℓS, |cS|)ar|ES(S)|

. 1 +

ˆ
{|y|>1}

|x|ar dx < ∞,

whenever a < −n/r. Thus, we obtain the following theorem.

Theorem 6.3. Let 0 < α < n and 1 < q < p < ∞. For any ε > 0, there exists
C(ε) > 0 such that, for any ϕ ∈ C∞

c (Rn),

‖|x|aϕ‖Lq(dx) . ε‖(−∆)
α
2ϕ‖Lp(dx) + C(ε)‖ϕ‖Lp(dx)

holds if
max(−n/q, −α) < a < n(1/p− 1/q), 1 < q < p < ∞.
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