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On the uniqueness of the Norton–Sullivan
quasiconformal extension

Jose A. Barrionuevo, Felipe Gonçalves,
Jose Victor Medeiros and Lucas Oliveira

Abstract. We show that the extension map

ENS(f)(z) =
f(x+ y) + f(x− y)

2
+ i

f(x+ y)− f(x− y)

2
for all z = x + iy ∈ H, defined by Norton and Sullivan in 1996, is the only locally linear extension

map taking bi-Lipschitz functions on R to quasiconformal functions on H, modulo the action of a

group isomorphic to the linear group. In fact, we discovered many other extensions like this one

(lying in the orbit of such group action), such as f(x) 7→ f(x) + i(f(x)− f(x− y)).

Nortonin–Sullivanin kvasikonformijatkeen yksikäsitteisyys

Tiivistelmä. Tässä työssä osoitetaan, että Nortonin ja Sullivanin vuonna 1996 arvoilla z =
x+ iy ∈ H määrittelemä jatkemuunnos

ENS(f)(z) =
f(x+ y) + f(x− y)

2
+ i

f(x+ y)− f(x− y)

2

on lineaariryhmän kanssa isomorfisen ryhmän vaikutusta vaille ainoa paikallisesti lineaarinen jatke,

joka kuvaa lukusuoran R kaksisuuntaiset Lipschitzin funktiot ylemmän puolitason H kvasikonformi-

kuvauksiksi. Kyseisen ryhmävaikutuksen radalta löydetään muita vastaavanlaisia jatkemuunnoksia

kuten f(x) 7→ f(x) + i(f(x)− f(x− y)).

1. Introduction

1.1. Background. Around the fifties, one important question in the theory of
quasiconformal mappings was to decide the regularity of such mappings when acting
on the boundary of a domain. In the complex plane, the simplest situation can be
reduced, by the Riemann Mapping Theorem, to the boundary value of quasiconfor-
mal automorphisms of the upper half-plane H or the unit disk D, depending on the
framework . The goal was to characterize boundary homeomorphisms of the real line
induced by quasiconformal homeomorphisms of the upper half-plane. In their influ-
ential article [1], Ahlfors and Beurling completely classified the class of homeomor-
phisms of the real line that preserves orientation and that could appear as boundary
values of quasiconformal mappings: such mappings are now called quasisymmetric,
and they admit the following characterization in terms of the M-condition: We say
that a homeomorphism f : R → R verifies the M-condition if there is M ≥ 1 such
that

1

M
≤
f(x+ t)− f(x)

f(x)− f(x− t)
≤M, x ∈ R and t > 0.
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We denote by QS(R) the class of all homeomorphisms that verify the M-condition,
and we denote by QC(H) the collection of all quasiconformal1 automorphisms of
the upper half-plane H := {z = x + iy : x ∈ R, y > 0}. In fact, as part of their
characterization, Ahlfors and Beurling showed that any f ∈ QS(R) can be extended
to a quasiconformal mapping EAB(f) : H → H given by

EAB(f)(z) =
1

2

ˆ 1

−1

f(x+ ty) dt+
i

2

ˆ 1

−1

f(x+ ty) sign(t) dt.

In light of the above results, one could go further and ask if it is possible to
produce an extension process that has extra properties, often needed in applications.
We let Aff(H) denote the set of affine transformations f(z) = az + b with a > 0.
Then a simple computation shows that EAB(f |R) = f for all f ∈ Aff(H) and that

EAB(f ◦ g) = EAB(f) ◦ EAB(g) if f ∈ Aff(H) or g ∈ Aff(H).

For applications in complex dynamics, for example, it is desirable to have an extension
process that extends quasisymmetric homeomorphisms to quasiconformal homeomor-
phisms acting on the unit disk. This is given by the Douady and Earle extension
process [2]. In precise terms, they construct an extension map EDE : QS(S) → QC(D)
such that EDE(m|S) = m for any Möbius automorphism and

EDE(f ◦ g) = EDEf ◦ EDEg if f or g is a Möbius transformation.

An extension with this property is called conformally natural. Precisely, EDE(f)(z) =
w exactly when ˆ

S1

w − f(ζ)

1− wf(ζ)

|dζ |

|ζ − z|2
= 0

(it can be shown that for any z ∈ D the above equation has a unique solution w ∈ D).
More details about such extensions can be found in [7, 6, 3].

We can go one step further and ask if we could impose that the group operation
is preserved by the extension process, that is, composition in the domain is mapped
into composition in the image; this is what Sullivan called the Dream Problem, stated
explicitly in [9]:

Dream Problem. Is it possible to construct an extension E : QS → QC such
that E(f ◦ g) = E(f) ◦ E(f) for all f, g ∈ QS?

The answer was shown to be in the negative by Epstein and Markovic [4], their
Stop Dreaming Theorem, by employing a combination of diverse techniques (ranging
from the Baire Category Theorem and intricate computations involving the affine
group and earthquake functions) to obtain a beautiful proof by contradiction. Besides
the negative answer to the Dream Problem, one could perhaps continue dreaming
by replacing the QS class, by some smaller group of functions. For instance, by
the results of Hinkkanen [5] and Markovic [8], if we restrict ourselves to uniformly

quasisymmetric groups, that is, subgroups G ⊆ QS(R) for which each member verifies
the same M-condition, the Dream Problem has a positive solution. The reason
for such extension to exist is that any uniformly quasisymmetric group G is quasi-
symmetrically conjugated to some Möbius group.

On another direction, if we drop the uniform control of the quasisymmetric con-
stant and replace QS(R) by another subgroup of QS(R), for instance the group

1A homeomorphism F : H → H is quasiconformal if F ∈ W
1,2
loc (H) and if supz∈H

|∂zF (z)|
|∂zF (z)| < 1.
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BLip(R) ( QS(R) of bi-Lipschitz homeomorphisms of the real line2, then we have a
positive result: Norton and Sullivan [9] provides us with an explicit extension that
does the job

ENS(f)(z) =
f(x+ y) + f(x− y)

2
+ i

f(x+ y)− f(x− y)

2
for all z = x+ iy ∈ H.

It is not hard to verify that ENS : BLip(R) → QC(H) and ENS(f ◦ g) = ENSf ◦ENSg.
These results, when combined with the negative results of Epstein and Markovic, and
with the fact that there are examples of homeomorphisms f ∈ QS(R)\BLip(R) for
which ENS(f) /∈ QC(H) (a simple counter-example is provided by f(x) = x3) leave
open the following simple question:

Is there any group G with BLip(R) ( G ( QS(R) such that ENS : G→ QC?

Surprisingly the answer is no! To be precise, if f : R → R is a homeomorphism
such that ENS(f) is in QC(H) then f is bi-Lipschitz. Besides, it is in general false
that quasiconformality of mappings F : H → H implies absolute continuity of their
boundary values; this is true only in our special case. The proof is quite simple:

• By hypothesis ENS(f) is K-quasiconformal for some K ≥ 1;
• The quasiconformality ensures that ENS(f) is absolutely continuous on almost
every horizontal and vertical line. Due to the simple nature of ENS this
immediately implies that f is absolutely continuous. We may assume f to
be increasing and that f(±∞) = ±∞. Thus, there is c0 > 0 such that
|{s ∈ R : |f ′(s)− c0| < ǫ}| > 0 for all ε > 0.

• We now claim that f ′ ∈ L∞(R). The proof is by contradiction: if the claim is
false, either 0 or +∞ are in the essential range of f ′. In the first case we choose
0 < ǫ0 < c0/2, let A0 = {s ∈ R : |f ′(s)− c0| < ǫ0} be of positive measure, and
for δ > 0, to be chosen later, we set Bδ = {t ∈ R : 0 < f ′(t) < δ}, which also
has positive measure. For (s, t) ∈ A0 × Bδ there exist unique x and y such
that x− y = t, x+ y = s. If δ is sufficiently small we can make

∣∣∣∣
f ′(x+ y)− f ′(x− y)

f ′(x+ y) + f ′(x− y)

∣∣∣∣ >
K − 1

K + 1

for (x, y) on a set of positive measure, contradicting the K-quasiconformality
hypothesis. The case when the function assumes arbitrarily large values can
be treated similarly.

The curious answer to the question above lead us to speculate if there is any
other extension process similar to the extension of Norton and Sullivan:

Problem. (Main Question) Is there any other homomorphic extension E :
BLip(R) → QC(H) distinct from ENS?

It turns out, as our main result is going to prove, that if one assumes the extension
E has the main properties that ENS has, that is, E is similar to ENS in some way (to
be defined below), then the answer is no! That is, after symmetry, E coincides with
ENS.

1.2. Main results. We are now about to enunciate a classification result which
states (roughly) that any extension E satisfying certain properties must be, after
symmetries, equal to ENS. Thus, the smaller the domain where E is defined and

2A homeomorphism f : R → R is bi-Lipschitz if there is c ≥ 1 such that c−1|x−y| ≤ |f(x)−f(y)| ≤
c|x− y| for all x, y ∈ R
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the larger the codomain of E, the stronger our results. This is why below we define
certain spaces, which might not be usual to work with in the literature, but never-
theless, represent the extent to which our results hold true (compare Theorem 1 and
Corollary 3).

We fix orientation and let BL+(R) denote the class of bi-Lipschitz increasing
C1-functions. That is, f ∈ BL+(R) if and only if f ∈ C1(R) and there are b, B > 0
such that b ≤ f ′(x) ≤ B for all x ∈ R. Note BL+(R) ⊂ BLip(R). Let {fn} be a

sequence in BL+(R) and f ∈ BL+(R). We write fn
BL+(R)
−−−−→ f if fn → f and f ′

n → f ′

uniformly in compact sets of R, and there are b, B > 0 such that b ≤ f ′
n(x) ≤ B

for all n ≥ 1 and x ∈ R. Note that if fn
BL+(R)
−−−−→ f then f ∈ BLip(R) and fn → f

uniformly in compact sets of R. Let Hom(H) be the class of homeomorphisms of the
upper half-space H := {z = x+ iy : y > 0}.

Definition 1. We say a map E : BL+(R) → Hom(H) is an admissible extension

if:

(P1) limy→0Ef(x+ iy) = f(x) uniformly in compact sets of R;
(P2) E(aId + b)(z) = az + b for every a > 0 and b ∈ R;
(P3) E(f ◦ g) = Ef ◦ Eg for all f, g ∈ BL+(R);

(P4) If fn
BL+(R)
−−−−→ f then Efn(z) → Ef(z) for all z ∈ H.

We write E ∈ A.

These are, in a way, the minimal conditions for an extension E to satisfy the
Dream Problem with QS(R) replaced by BL+(R). Consider the non-commutative
group G = R× R+ with the following group operation

(a, α) · (b, β) = (a+ αb, αβ).

Observe that (a, α)−1 = (−a/α, 1/α) and that (0, 1) is the neutral element of G and
that

(a, α) ∈ G 7→ a+ αz ∈ Aff(H)

is an isomorphism. There is an action of G over A given by

(a, α)Ef(x+ iy) = S
1/α
−a/α ◦ Ef ◦ Sαa (z)

for any E ∈ A, where Sαa (z) = x+ ay + iαy. Routine calculations show that

(a, α)E ∈ A, (a, α)((b, β)E) = ((a, α)(b, α))E, and (0, 1)E = E,

for any E ∈ A. Using this action, we can generate an entire family of extensions
in the spirit of Norton and Sullivan [9]; in particular, the construction below shows
directly that ENS is member of a family of transformations, which we define below. It
seems that this group action was not noticed before, nor the existence of the family
of transformations we define below.

Definition 2. Consider the two-parameter family of extensions Ea,α : BL+(R) →
Hom(H) defined for each f ∈ BL+(R) by

Ea,αf(z) = (1−a/α)f(x+ay)+(a/α)f(x−(α−a)y)+
i

α
f(x+ay)−

i

α
f(x−(α−a)y),

for a ∈ R and α > 0. When α = 0 we interpret the above family of operators as
taking the limiting case α→ 0 in the above expression, which gives us the formula

Ea,0f(z) = f(x+ ay)− ayf ′(x+ ay) + iyf ′(x+ ay).
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It is straightforward to show that Ea,α ∈ A. Observe that

Ea,α = (a, α)E0,1

where

E0,1f(z) = f(x) + i(f(x)− f(x− y)).

Note that E1,2 = ENS. Observe also that Ea,0 = (a, 0)E0,0, where E0,0 = f(x)+ iyf ′(x).
In fact, Ea,α is not only an admissible extension, but F (z) = Ea,αf(z) is always a
quasiconformal map of H for α > 0. Indeed, quasiconformality follows from the
computation

∣∣∣∣
∂zF (z)

∂zF (z)

∣∣∣∣ =
∣∣∣∣

1− θ

1− eiσθ

∣∣∣∣ ,

where θ = f ′(x− (α− a)y)/f ′(x+ ay) and

eiσ =
(−i+ a)(i+ a− α)

(i+ a)(−i+ a− α)
.

Since θ ∈ [1/c, c] for some c > 1 and eiσ = 1 only happens when α = 0, we have∣∣ 1−θ
1−eiσθ

∣∣ < 1 − ε, hence quasiconformality follows. On the other hand, the transfor-

mation F = E0,0f is not quasiconformal (assuming f ∈ C2) since

sup
z∈H

∣∣∣∣
∂zF (z)

∂zF (z)

∣∣∣∣ = sup
z∈H

|f ′′(x)y|

|2f ′(x) + if ′′(x)y|
= 1

when f is not affine.3

In what follows, C∞
c (R) is the class of infinitely differentiable functions ϕ : R → R

with compact support and C1
0(R) is the class of C1-functions ϕ : R → R such that

both ϕ and ϕ′ converge to zero at ±∞. It is classical that C1
0 (R) is a Banach space

with the norm ‖ϕ‖1,∞ = ‖ϕ‖∞+‖ϕ′‖∞. We also let B∞(ε) = {ϕ ∈ C∞
c (R) : ‖ϕ′‖∞ <

ε}.
The following are the two main results of this article.

Theorem 1. Let E ∈ A. Assume there is z0 ∈ H, ε0 ∈ (0, 1) and a linear
functional Λ: C∞

c (R) → C such that

(1) E(Id + ϕ)(z0) = z0 + Λ(ϕ)

for any ϕ ∈ B∞(ε0). Then E = Ea,α for some a ∈ R and α ≥ 0.

Theorem 2. Let E ∈ A. Assume there is z0 ∈ H, ε0 ∈ (0, 1) and a bounded
linear functional Λ: C1

0(R) → C such that

E(Id + ϕ)(z0) = z0 + Λ(ϕ) +R(ϕ),(2)

for any ϕ ∈ B∞(ε0), where R : B∞(ε0) → C is a function satisfying the following
property: For any c > 0 there is ε ∈ (0, ε0) such that if ϕ ∈ B∞(ε), then

|R(ϕ)| ≤ c‖ϕ′‖2∞.

Then Λ = Ea,α for some a ∈ R and α ≥ 0.

3It is interesting to observe that such extensions are quasiconformal for α > 0 if and only if f is
bi-Lipschitz.
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The reason we use the ball B∞(ε0) and not a ball in C1
0(R), is that it makes the

theorem stronger.
One way to think about both results above is that, in the first, we ask the

extension to be identically linear in a neighborhood of the identity map, while in the
second, we only ask that the extension has a continuous (variational) derivative at
the identity map, with a vanishing second derivative. Indeed, the condition we ask
on the remainder R in Theorem 2 can be interpreted heuristically as:

DE|Id is continuous & D2E|Id ≡ 0.

We then proceed to show that DE|Id = Ea,α

Corollary 3. Let E : BLip(R) → QC(H) be an extension verifying (P1), (P2)
and (P3), and the following condition

(P4)∗ If fn → f uniformly in compact sets of R, then Efn(z) → Ef(z) for all z ∈ H.

Assume also that E verifies condition (1) or (2). Then the conclusions of Theorem 1
or Theorem 2 follow (respectively).

Proof. We have BL+(R) ⊂ BLip(R) and QC(H) ⊂ Hom(H). Moreover, if

fn
BL+(R)
−−−−→ f then fn → f uniformly in compact sets. We conclude that E ∈ A. We

can now apply Theorems 1 and 2 respectively. �

Remark 1. In Theorems 1 and 2, we can always assume that z0 = i. Indeed,
define the operators Tx0f(x) = f(x−x0) and Sy0f(x) = f(y0x). Let f(x) = x+ϕ(x)
for ϕ ∈ B∞(ε0). Observe that by properties (P2) and (P3) we have

Ef(i) = E(Tx0S1/y0f)(z0) = E[(Tx0S1/y0Id) ◦ (Id + y0Tx0S1/y0ϕ)](z0)

= y−1
0

(
E[Id + y0Tx0S1/y0ϕ](z0)− x0

)

= Λ(Tx0S1/y0ϕ) + i.

Notice the functional ϕ 7→ Λ(Tx0S1/y0ϕ) still is linear.

Despite many efforts, we were unable to employ our techniques to prove the
following conjecture, which we believe is true:

Conjecture 1. (The Brazilian Dream Problem) Let E : BL+(R) → QC(H)
be an extension satisfying properties (P1), (P2), (P3) and (P4). Then

E = Ea,α

for some a ∈ R and α > 0.

1.3. About the proof of the main results. The proof of our main results
will take several steps and, besides using classical techniques, they might be unusual
for this field, so we will make an effort to explain them as best as possible.

(i) We will obtain, using a limiting process and some classical arguments, that
any E ∈ A admits a representation at the identity in terms of two Radon
measures µ and ν (see (3)), to be specified later;

(ii) Using properties (P2) and (P3) together with some perturbations of the iden-
tity in BL+(R), we get that µ and ν must satisfy a functional identity (see
(5)), which lead us to conclude (crucially) that µ and ν have to be supported
in at most 2 points;

(iii) Finally, after several considerations on the equations, the support and weights
that the measures µ and ν are allowed to have, we will conclude that E = Ea,α.
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In the third section we will give a walk-through explanation of the main results
assuming that the extension is itself linear: this captures many of the important
steps and serves to motivate the general case.

1.4. Organization. In Section 2 we will show how to reduce the proof of the
Theorem 1 to the proof of Theorem 2; In Section 3 we will sketch a proof of a special
case of our results (assuming that the extension is linear) in order to motivate the
general line of reasoning; In Section 4 we present the full proof; Finally in Section 5
we will collect some remarks, comments and questions about such extensions .

2. Reduction of Theorem 1 to Theorem 2

The lemma below seems to be known, though perhaps not in this exact form.
Since we were unable to find a direct reference for it, we have included a proof for
clarity.

Lemma 4. Let E1, E2 ∈ A and assume there is ε0 ∈ (0, 1) such that E1(f) =
E2(f) for all f ∈ BL+(R) such that ‖f ′ − 1‖∞ < ε0. Then E1 = E2.

Proof. It is enough to show that for every f ∈ BL+(R) there is f1, f2, ..., fN ∈
BL+(R) such that ‖f ′

j − 1‖∞ < ε0 for each j and f = f1 ◦ f2 ◦ · · · ◦ fN . Given

f ∈ BL+(R), we know that there is L ≥ 1 such that L−1 ≤ ‖f ′‖∞ ≤ L. We can
assume that L > 1 + ε0, otherwise there is nothing to prove. Moreover, we can also
assume that f(0) = 0 (the general case being reduced to this one by a translation).
Choose ε < ε0 so small that ε0 > ε/(1− ε) and define α1 = log(1 + ε)/ logL. If we
consider

f1(x) =

ˆ x

0

f ′(t)α1 dt,

we see by the construction of f1 that (1 + ε)−1 ≤ ‖f ′
1‖ ≤ 1 + ε what gives, in

particular, that ‖f ′
1 − 1‖ < 1 + ε0. Define g1 = f ◦ f−1

1 and observe that by the
chain rule L−1

1 ≤ ‖g′1‖∞ ≤ L1, where L1 = L/(1 + ε). Repeat this process until
LN = L/(1 + ε)N < (1+ ε0) to obtain a decomposition f = fN+1 ◦ fN ◦ · · · ◦ f1 (with
fN+1 = gN) where fj verifies ‖f

′
j − 1‖∞ < ε0 �

Proof of Theorem 1. This proof is done via classical approximation arguments
to show that Λ extends to C1

0 (R) and it is bounded (by the Uniform Boundedness
Principle). This way, we can apply Theorem 2. By Remark 1 we can assume that
z = i. We claim that Λ extends to a bounded linear functional on C1

0(R) with
respect to the norm ‖ · ‖1,∞. To this end, let η ∈ C∞

c (R) with 1 ≥ η ≥ 0,
´
η = 1,

supp(η) = [−1, 1], η(t) = 1 for |t| < 1/4, and let ηT (x) = Tη(Tx) be a standard
approximation of identity for T > 0. Consider the linear functionals ΛT : C

1
0(R) → C

defined by

ΛT (ϕ) = Λ((ϕ ∗ ηT )Tη1/T ).

We first claim that ΛT is a bounded functional on C1
0(R) for each fixed T > 0. Indeed,

if ϕn
C1

0 (R)−−−→ ϕ then

(ϕn ∗ ηT )η1/TT → (ϕ ∗ ηT )η1/TT in C1
0(R).
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Let M > ε−1
0 supn ‖[(ϕn ∗ ηT )η1/TT ]

′‖∞, and notice Id + (ϕn ∗ ηT )η1/TT/M
BL+(R)
−−−−→

Id + (ϕ ∗ ηT )η1/TT/M . We can now apply (1) and property (P4) to obtain

lim
n→∞

ΛT (ϕn) = lim
n→∞

MΛT (ϕn/M) = lim
n→∞

M [E(Id + (ϕn ∗ ηT )η1/TT/M)(i)− i]

=M [E(Id + (ϕ ∗ ηT )η1/TT/M)(i)− i]

= ΛT (ϕ).

We concluded that not only ΛT is bounded, but the following representation holds
true

ΛT (ϕ) =M [E(Id + (ϕ ∗ ηT )η1/TT/M)(i)− i],

for any M > ε−1
0 ‖[(ϕ ∗ ηT )η1/TT ]

′‖∞. Now let Λ̃ : C1
0(R) → C be defined by

Λ̃(ϕ) = lim
T→∞

ΛT (ϕ).

Again, since we have (ϕ ∗ ηT )η1/TT
C1

0
(R)

−−−→ ϕ and Id + (ϕ ∗ ηT )η1/TT/M
BL+(R)
−−−−→

Id + ϕ/M as T → ∞, for any ϕ ∈ C1
0 (R), the same procedure now shows that

Λ̃(ϕ) = M [E(Id + ϕ/M)(i) − i] for any ϕ ∈ C1
0(R) and M > ε−1

0 ‖ϕ′‖∞. By the

Uniform Boundedness Principle, Λ̃ is a bounded functional on C1
0(R) and

E(Id + ϕ)(i) = i+ Λ̃(ϕ)

for any ϕ ∈ C1
0(R) with ‖ϕ′‖∞ < ε0.

We can now apply Theorem 2 to obtain that Λ̃ = Ea,α, for some a ∈ R and α ≥ 0.
The argument above shows that E(Id + ϕ) = Ea,α(Id + ϕ) if ϕ ∈ C1

0 (R) is such that
‖ϕ′‖∞ < ε0. Let now ψT ∈ C∞

c (R) be such that ψT (x) = 1 for −T < x < T ,
‖ψT‖∞ ≤ 1, supp(ψT ) ⊂ [−2T, 2T ] and |ψ′

T (x)| ≤ 1/T for T ≤ |x| ≤ 2T . Let f ∈
BL+(R) be arbitrary such that ‖f ′−1‖∞ < ε0/10, and consider fT = Id+(f−Id)ψT .

As before, we have fT
BL+(R)
−−−−→ f . Since (f − Id)ψT ∈ C1

0 (R) and ‖f ′
T − 1‖∞ < ε0 for

large T , we obtain E(fT ) = Ea,α(fT ) for large T , which, by property (P4), implies
that E(f) = Ea,α(f). The result now follows from Lemma 4. �

3. Sketch of the proof of Theorem 2 in the linear case

In order to make the proof of the main theorem easier to understand we will start
presenting a sketch for the case of linear extensions. The strategy of the proof can
be stated as follows: (A) Obtain a good representation formula for the extension;
(B) Use this formula to obtain a functional equation that should be verified by our
extension; (C) Perform a variational analysis in this functional equation in order to
obtain extra information about the structure of the supporting set of our extension;
(D) Combine the information contained in the previous steps to obtain our rigidity
result.

It is important to observe that if we start assuming that the extensions are
linear, that is, if we assume that there are Radon measures {µy}y>0 such that

´
R
(1+

|t|) d|µy|(t) <∞ for all y > 0 and

E(f)(z) = (f ∗ µy)(x)

for z = x + iy ∈ C, the proof is much easier to digest. The admissibility conditions
of the class A reduce to:

(L1) limy→0 f ∗ µy(x) = f(x);
(L2) (aId + b) ∗ µy(x) = a(x+ iy) + b;
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(L3) (f ◦ g) ∗ µy = (f ∗ µIm [g∗µy ](x))(Re [g ∗ µy](x)) for any f, g ∈ BL+(R);

Step 1. First we claim that dµy(x) = dµ(x/y). Indeed, letting f(x) = x + ϕ(x)
with compactly supported smooth ϕ such that ‖ϕ′‖∞ < 1, (L3) implies that

ax+ aiy + ϕ(a·) ∗ µy(x) = (x+ iy + ϕ ∗ µy(x)) ◦ (ax+ aiy) = ax+ iay + ϕ ∗ µay(ax)

for a > 0. This implies that for any such test function ϕ we haveˆ
R

ϕ(ax− t) dµy(t/a) =

ˆ
R

ϕ(ax− t) dµay(t).

Replacing x by x/a and y = 1, this shows that dµ1(t/a) = dµa(t). Note also that
(L2) is now equivalent to

1 =

ˆ
R

dµ(t) and − i =

ˆ
R

t dµ(t).

If we write µ = α− iβ, then we must have
´
R
(1, t) dα(t) = (1, 0) and

´
R
(1, t) dβ(t) =

(0, 1).

Step 2. Considering fj(x) = x + ϕj(x) for j = 1, 2 and, as before, ϕj ∈ C∞
c

with ‖ϕ′
j‖∞ < 1, just note that Efj = x + ϕj ∗ αy(x) + i(y − ϕj ∗ βy(x)) and

f1 ◦ f2 = x+ ϕ2(x) + ϕ1(x+ ϕ2(x)). From Ef1 ◦ Ef2 = E(f1 ◦ f2) we obtain

x+ ϕ2 ∗ αy(x) + ϕ1 ∗ αy−ϕ2∗βy(x)(x+ ϕ2 ∗ αy(x))

+ i(y − ϕ2 ∗ βy(x)− ϕ1 ∗ βy−ϕ2∗βy(x)(x+ ϕ2 ∗ αy(x)))

= x+ ϕ2 ∗ αy(x) + ϕ1 ◦ f2 ∗ αy(x) + i(y − ϕ2 ∗ βy(x)− ϕ1 ◦ f2 ∗ βy(x)).

After some simple computations, this reduces to

ϕ1 ∗ γy−ϕ2∗βy(x)(x+ ϕ2 ∗ αy(x)) = ϕ1 ◦ f2 ∗ γy(x)

for any γ which is a linear combination of α and β.

Step 3. Now replace ϕ2 by sϕ2 and differentiate at s = 0 to obtainˆ
R

ϕ′
1(x− ty)ϕ2 ∗ (αy + tβy)(x) dγ(t) =

ˆ
R

ϕ′
1(x− ty)ϕ2(x− ty) dγ(t).

Put x = 0 and y = 1 to conclude thatˆ
R

ϕ′
1(t)ϕ2 ∗ (α− tβ)(0) dγ(−t) =

ˆ
R

ϕ′
1(t)ϕ2(t) dγ(−t).

This implies that there is c ∈ R such that ϕ2(−t) = ϕ2∗(α+tβ)(0)+c for t ∈ supp(γ),
that is, ϕ2 is linear in supp(γ). Since ϕ2 is essentially an arbritary test function, we
conclude that #supp(γ) ≤ 2.

Step 4. Finally, we find that the measures should be Dirac masses supported at
two different points and the constraints in the problem will force that E = Ea,α.

4. Proof of Theorem 2

Proof. Step 1. (Integral representation) By Remark 1 we can assume z0 = i.
A routine application of Riesz’s Representation Theorem (the vector-valued form)
shows that any bounded linear functional L : C1

0 (R) → C is given4 by

L(ϕ) =

ˆ
ϕ dν + i

ˆ
ϕ′ dµ,

4Integration by parts show that the measures ν and µ are not unique. For instance, replacing
(dν, dµ) by (dν + idw, dµ+ wdt) would represent the same functional.
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where ν and µ are complex-valued measures of finite total variation. In particular,
since Λ is bounded in C1

0(R), we have that

E(Id + ϕ)(i) = i+

ˆ
R

ϕ dν + i

ˆ
R

ϕ′ dµ+R(ϕ) for all ϕ ∈ B∞(ε0).(3)

Properties (P2) and (P3) now imply that for z = x+ iy we have

E(Id + ϕ)(z) = z +

ˆ
R

ϕ(x+ ty) dν(t) + iy

ˆ
R

ϕ′(x+ ty) dµ(t) + yR(ϕz)(4)

for ϕ ∈ B∞(ε0), where we define ϕz(t) := y−1ϕ(x+ yt).

Step 2. (Functional equation derivation) Now let ϕ, ψ ∈ C∞
c (R)\{0} and consider

fs(x) = x+sϕ(x) and gr(x) = x+rψ(x) for r, s ∈ (−δ, δ), with δ = ε0
10max{‖ϕ′‖∞,‖ψ′‖∞}

.

Property (P3) implies the identity E(fs ◦gr)(i) = E(fs)(E(gr)(i)), where fs ◦gr(x) =
x+ rψ(x) + sϕ ◦ gr(x). We obtain

E(fs ◦ gr)(i) = i+

ˆ
R

[rψ(t) + sϕ ◦ gr(t)] dν(t)

+ i

ˆ
R

[rψ′(t) + sϕ′ ◦ gr(t)(1 + rψ′(t))] dµ(t) +R(rψ + sϕ ◦ gr)

= Egr(i) + s

ˆ
R

ϕ(Re [Egr(i)(1− it)]) dν(t)

+ isIm [Egr(i)]

ˆ
R

ϕ′(Re [Egr(i)(1− it)]) dµ(t) + Im [Egr(i)]R(rϕz)

= E(fs)(Egr(i)).

Using that Egr(i) = i+ r
´
R
ψdν + ir

´
R
ψ′dµ+R(rψ) we obtain

R(rψ)− R(rψ + sϕ ◦ gr)− Im [Egr(i)]R(rϕz)

rs

=

ˆ
R

1
r
[ϕ ◦ gr(t)− ϕ(Re [Egr(i)(1− it)])] dν(t) + i

ˆ
R

1
r
[ϕ′ ◦ gr(t)(1 + rψ′(t))

− Im [Egr(i)]ϕ
′(Re [Egr(i)(1− it)])] dµ(t).

We can now set s = r → 0 and use the condition (2) to obtain thatˆ
R

ϕ′(t)[ψ(t)− (A+Bt)] dν(t)

+ i

ˆ
R

[ϕ′′(t)ψ(t) + ϕ′(t)ψ′(t)− ϕ′′(t)(A+Bt)−Bϕ′(t)] dµ(t) = 0,

where, if we write ν = ν1 + iν2 and µ = µ1 + iµ2, we have A = A(ψ) =
´
ψ dν1 −´

ψ′ dµ2 and B = B(ψ) =
´
ψ dν2+

´
ψ′ dµ1. An equivalent form of the last equation

is ˆ
R

ϕ′η dν + i

ˆ
R

(ϕ′η)′ dµ = 0,(5)

where η(t) = ηψ(t) = ψ(t)−A(ψ)−B(ψ)t.

Step 3. (µ and ν are supported in two-points, modulo integration by parts) Let
now I be a bounded open interval centered at the origin. Select ψ ∈ C∞

c (R) such
that ψ(t) = t2 for t ∈ I and supp(ψ) ⊂ 2I. Let Ω = {ηψ 6= 0}, and note that there
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are u, v ∈ R such that I \ {u, v} ⊂ Ω ∩ I. We claim that µ is absolutely continuous
on Ω′ = I \ {u, v}. Indeed, if we let dσ = η dν + iη′ dµ, then identity (5) shows that

0 =

ˆ
R

ϕ′ dσ + i

ˆ
R

ϕ′′η dµ =

ˆ
R

ϕ′′(−σ dt + iη dµ)

for all ϕ ∈ C∞
c (R). Hence there are constants c1 = c1(ψ) and c2 = c2(ψ) such that

iη dµ = σ dt + (c1 + c2t) dt. Thus µ ∈ C1(Ω′) and µ′(t) = −i(σ(t) + c1 + c2t)/η(t) is
of locally bounded variation in Ω′. A calculation shows that

dν − i d(µ′) = −
c2
η
dt

on Ω′. We claim that c2 = 0. Indeed, since the left hand side above is independent
of ψ, if c2(ψ) 6= 0 we can select another similar function ψ0, but now with ψ0(t) = t3

in I, to conclude that
t3 − A(ψ0)−B(ψ0)t

t2 −A(ψ)−B(ψ)t
=
c2(ψ0)

c2(ψ)

for all t ∈ I, except, possibly, at 5 points. But this is impossible. We obtain that
dν = i d(µ′) in Ω′. Since I is arbitrary, we conclude that there are 2 points u and v
such that

dν = i d(µ′) in R \ {u, v}.

This is equivalent to the existence of complex numbers zj for j = 1, 2, 3, 4 such that

dν = z1δu + z2δv + i d(κ′),

dµ = z3δu + z4δv + κ′ dt

for some κ : R → C of class C1, with κ′ of bounded total variation. Identity (4) now
shows that

E(Id + ϕ)(z)− z = z1ϕ(x+ uy) + z2ϕ(x+ vy) + iyz3ϕ
′(x+ uy)

+ iyz4ϕ
′(x+ vy) + yR(ϕz)

for all ϕ ∈ B∞(ε0).

Step 4. (µ and ν have supports and weights related by a linear equation) Let

E(f)(z) := z1f(x+ uy) + z2f(x+ vy) + iyz3f
′(x+ uy) + iyz4f

′(x+ vy).

Note that E|C1
0
(R) = Λ and that

E(Id + ϕ)(z) = z + E(ϕ) + yR(ϕz)

for ϕ ∈ B∞(ε0). We claim that

1 = z1 + z2,(6)

i = z1u+ z2v + iz3 + iz4.

Notice the above equations are equivalent to E(aId+ b)(z) = az + b for any a, b ∈ R,
which implies that E(Id + ϕ)(z) = E(Id + ϕ) + yR(ϕz) for ϕ ∈ B∞(ε0). To this end,
first notice that by repeating the approximation procedure employed in the proof of
Theorem 1, we obtain that for any f ∈ BL+(R) with ‖f ′ − 1‖∞ < ε0/10 there is

fn ∈ Id+B∞(ε0) such that fn
BL+(R)
−−−−→ f as n→ ∞. By condition (2), there is r0 > 0

such that∣∣∣∣
E(Id + r(fn − Id))(z)− z

r
− E(fn − Id)(z)

∣∣∣∣ = |r−1yR(r(fn − Id)z)| ≤ ry
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if r ∈ (0, r0), where r0 is independent of n, z and f . Letting n → ∞ we conclude
that ∣∣∣∣

E(Id + r(f − Id))(z)− z

r
− E(f − Id)(z)

∣∣∣∣ ≤ ry.

Letting f(x) = (1 + θ)x + b for b ∈ R and |θ| < ε0/10, and using property (P2), we
obtain

|θz + b− E(θId + b)(z)| ≤ ry.

Finally, letting r → 0 we obtain E(θId+b)(z) = θz+b. The desired equations follow.

Step 5. (We conclude that Λ = Emax(u,v),|u−v|.) Assume first that u = v. In this
case we deduce straightforwardly that

Ef(z) = f(x+ uy) + y(i− u)f ′(x+ uy) = Eu,0f(z).

Assume now that u 6= v. We claim that z3 = z4 = 0. If this is the case, equations
z1 + z2 = 1 and uz1 + vz2 = i immediately imply that

E = Emax(u,v),|u−v|.

To this end, going back to equation (5), we conclude that

ϕ′(u)(z1η(u) + iz3η
′(u)) + ϕ′(v)(z2η(v) + iz4η

′(v)) + iz3ϕ
′′(u)η(u) + iz4ϕ

′′(v)η(v) = 0

for all ϕ, ψ ∈ C∞
c (R) where η = ψ − A − BId. Since u 6= v, we can prescribe the

values ϕ′(u), ϕ′(v), ϕ′′(u), ϕ′′(v) freely. Thus, the above equation can only hold if
z3η(u) = z4η(v) = 0 for all ψ. Observe that if we let zj = aj + ibj then

[
−η(u)
−η(v)

]
=

[
a1 + b1u− 1 a2 + b2u −b3 + a3u −b4 + a4u
a1 + b1v − 1 a2 + b2v −b3 + a3v −b4 + a4v

]



ψ(u)
ψ(v)
ψ′(u)
ψ′(v)


 .

We claim that it is not possible that a row in the matrix above is identically zero. For
instance, if the second row is zero then b3 + b4 = a3v + a4v, but the second equation
in (6) implies that b3 + b4 = a1u + a2v and b1u + b2v + a3 + a4 = 1. These together
imply that a1u + a2v = v(1 − b1u − b2v). The first equation in (6) is a2 = 1 − a1
and b2 = −b1. Since a1 + b1v = 1 we get a2 = b1v = −b2v. We conclude that
a1u = v − b1vu = v − (1 − a1)u. Hence, u = v; a contradiction. We conclude that
z3 = z4 = 0 as desired. This finishes the proof. �

5. Final remarks

5.1. Alternative version of the condition (P2) - Version 1. We start this
final section noting that under condition (P1), condition (P2) is equivalent to:

(P2*) E(f) is analytic whenever f is an affine;

Clearly (P2) implies (P2*). In the other direction, let f(x) = ax + b and F (z) =
Ef(z). Since ImF > 0, Poisson representation implies the existence of a finite
measure µ, satisfying ˆ

R

(1 + t2)−1 dµ(t) <∞,

such that

F (z) = pz + c+

ˆ
R

1 + tz

t− z

dµ(t)

1 + t2
,
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for some c ∈ R and p ≥ 0. We also have that

µ(t1)− µ(t2) = lim
y→0

ˆ t1

t2

ℑF (t+ iy) dt,

whenever t1 < t2 are points of continuity of µ. Since F (t + iy) → f(t) uniformly in
compact sets as y → 0, and f is real-valued, we conclude that dµ ≡ 0, hence p = a
and c = b, which shows F (z) = az + b.

5.2. Alternative version of the condition (P2) - Version 2. Another
useful observation is that, reasoning in the same way as Epstein and Markovic [4],
we could use the rigidity theorem for uniformly quasiconformal groups (obtained by
Sullivan [10] and Tukia [11]), in order to find a quasiconformal mapping F : C → C
that is the identity on the boundary, and that conjugates the affine group Aff(H)
and its image E(Aff(R)). More precisely,

(F ◦ E(αId+ a) ◦ F−1)(z) = αz + a.

for any α > 0 and a ∈ R. Since we know that E(Aff(R)) is uniformly quasiconformal
(exploring the Baire theorem for mappings close to the identity), one could simply
drop condition (P2) in Conjecture 1. We did not use this formulation in first place
because the conjugation by F : C → C could affect conditions (1) and (2), which are
crucial for our techniques to work.

5.3. Cauchy problem for Norton–Sullivan like extensions. Observe that
each map f 7→ Ea,αf solves a partial differential equation (other than the Beltrami
equation): if f ∈ C2(R) then F (x, y) = Ea,α(f)(x + iy) solves the following Cauchy
problem:





Tr(AHess(F )) = 0

F (x, 0) = f(x)

∂yF (x, 0) = if ′(x)

with A =

[
(α− a)a 1

2
(2a− α)

1
2
(2a− α) −1

]
.

Note that for (a, α) = (1, 2), that is, when E1,2 = ENS is the Norton–Sullivan exten-
sion, this is simply the linear wave equation.
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126 Jose A. Barrionuevo, Felipe Gonçalves, Jose Victor Medeiros and Lucas Oliveira

[5] Hinkkanen, A.: The structure of certain quasisymmetric groups. - Mem. Amer. Math. Soc.
83:422, 1990.

[6] Hubbard, J. H.: Teichmüller theory and applications to geometry, topology, and dynamics.
Vol. 1. - Matrix Editions, Ithaca, NY, 2006.

[7] Lehto, O., and K. I. Virtanen: Quasiconformal mappings in the plane. - Grundlehren Math.
Wiss. 126, Springer-Verlag, New York-Heidelberg, second edition, 1973.

[8] Markovic, V.: Quasisymmetric groups. - J. Amer. Math. Soc. 19:3, 2006, 673–715.

[9] Norton, A., and D. Sullivan: Wandering domains and invariant conformal structures for
mappings of the 2-torus. - Ann. Acad. Sci. Fenn. Math. 21:1, 1996, 51–68.

[10] Sullivan, D.: On the ergodic theory at infinity of an arbitrary discrete group of hyperbolic
motions. - In: Riemann surfaces and related topics, Proceedings of the 1978 Stony Brook Con-
ference (State Univ. New York, Stony Brook, N.Y., 1978), Princeton Univ. Press, Princeton,
NJ, 1981, 465–496.

[11] Tukia, P.: On quasiconformal groups. - J. Analyse Math. 46, 1986, 318–346.

Received 16 February 2025 • Accepted 13 January 2026 • Published online 9 February 2026

Jose A. Barrionuevo

Universidade Federal do Rio Grande do Sul

Departamento de Matemática
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