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On the fiber product of
noncompact Riemann surfaces

John A. Arredondo, Sail Quispe and Camilo Ramirez Maluendas

Abstract. For every pair of non-constant holomorphic maps 5;: S; — Sy between noncompact
Riemann surfaces, where i € {1,2}, there exists an associated fiber product S1 x (g, g,)S52 that has the
structure of a singular Riemann surface, endowed with a canonical map /3 to Sy satisfying g;om; = 3,
where 7; is coordinate projection onto S;. This paper explores the relationship between the space of
ends of this fiber product and the space of ends of its normal fiber product. In addition, we establish
conditions on the maps $; and P2 that ensure connectivity in the fiber product. Upon examination
of these conditions, we establish a connection between the space of ends of the fiber product and
the topological characteristics of the Riemann surfaces S; and S5. Finally, we investigate the fiber
product of infinite superelliptic curves by analyzing its connectedness and the space of ends.

Ei-kompaktien Riemannin pintojen sdietulosta

Tiivistelm&. Jokaista ei-kompaktien Riemannin pintojen vilisten holomorfisten ei-vakioku-
vausten f3;: S; — So paria (i € {1,2}) kohti on olemassa séietulo Sy X (g, 3,) S2, jolla on singulaarisen
Riemannin pinnan rakenne, ja sen kanoninen kuvaus £ pinnalle Sy, jolla pétee 5;0m; = 3, missé m; on
koordinaattiprojektio pinnalle S;. Téssé tyossa tutkitaan tdmén sédietulon ja sen normaalin séietulon
padtyavaruuksien vélistd suhdetta. Lisdksi esitetdén kuvauksille 81 ja fs ehdot, jotka takaavat
sdietulon yhtendisyyden. Néitd ehtoja tarkastelemalla saadaan yhteys sdietulon pédtyavaruuden
ja Riemannin pintojen S7 ja S5 topologisten ominaisuuksien vélille. Lopuksi tutkitaan dérettémien
ylielliptisten kayrien sédietuloa tarkastelemalla sen yhtendisyytté ja padtyavaruutta.

1. Introduction

According to Kerékjarté’s classification theorem of noncompact surfaces, the
topological type of any surface S is given by the following [7, 16]: (i) its genus
g € NU{oo} and (ii) a couple of nested, compact, metrizable and totally discon-
nected spaces Ends,.(S) C Ends(S). The set Ends(S) (respectively, Ends.(.5)) is
known as the space of ends (respectively, the space of non-planar ends) of S. On
the other hand, it is well known that in the category of topological spaces, the fiber
product is the unique solution to a certain universal problem [10]. In the case of Rie-
mann surfaces (unnecessary compact) Sy, S; and Sy with non-constant holomorphic
maps 1: S; — Sop and fa: Sy — Sp, one defines the fiber product Sy X (g, g,) S2 as a
new object with maps to S; and Sy which creates a commutative diagram. At this
stage, the fiber product of noncompact surfaces is a singular Riemann surface, and
it could be disconnected [9].
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In this paper, we study the space of ends of the fiber product of noncompact
Riemann surfaces, its connectedness, and the construction of fiber product mod-
els from infinite superelliptic curves. Therefore, let us consider the fiber product
S1 X (8,,8,) S2 of the pairs (S, 1) and (Ss, B2), where Sy, S and S, are noncompact
Riemann surfaces and f;: S; — Sy and (B5: Sy — Sy are non-constant holomorphic
maps. It is well known that the fiber product S; x(g, 3,) S2 is a singular Riemann
surface [9], where the singular locus Sing C S; X(g,,3,) S2 consists of those points
that have a neighborhood not isomorphic to the unit disc (see Section 2.2). The
space S1 X (8,,8,) S2 \ Sing, consists of a collection of connected Riemann surfaces,

say R], where each surface R has a collection of punctures, associated to the points
in Sing, and by filling in these points, we obtain a unique Riemann surface R;, up
to biholomorphism, called an irreducible component of the surface S x (g, g,) S2. We

denote by S X (3, 8,) S2 the union of all the irreducible components of the surface
S1 X (8y,82) S2, which is called the normal fiber product.

Based on the elements presented above, in Theorem 3.1, we describe the space
of ends of the fiber product in terms of the space of ends of its respective irreducible
components when its locus of singular points is finite. More precisely, the result
states that the space of ends of the fiber product S; X (g, ,) S2 is homeomorphic to

the space of ends of the normal fiber product S; x (g, g,) S2 if the locus of singular
points of the surface S X (g, 3,) S2 is finite.

By studying when Sj is the Riemann sphere C and the other two Riemann
surfaces S; and Sy are compact, Fulton and Hansen proved that the fiber product
S1X(8,,8,) S2 is connected [4, p. 160]. However, if Sy is a compact Riemann surface of
genus at least one, then the fiber product could be disconnected: see examples 2 and
3 [9]. Therefore, one can be asked about the connectedness of the fiber product of
noncompact Riemann surfaces. For this, if we consider noncompact Riemann surfaces
St and S5, as well as branched covering maps (;: S; — C with finite degree p; for each
i € {1,2}, we prove the connectedness of Sy x g, 3,) S2 in two cases: In Theorem 3.3
by assuming that the fiber product possesses a singular point in each of its irreducible
components, and in Theorem 3.4 when the degree of the branched covering maps [,
and [, satisfying either pi,ps are coprime, or p; = po = 2. Connectedness also
occurs if the Riemann surfaces 57, S5 are not biholormorphically equivalent. Also, in
Theorem 3.8 we observe that the space of ends of the fiber product S; X (g, g,) S2 is
homeomorphic to the fiber product Ends(S1) X (gnds(8,),Ends(2)) Ends(S2).

Finally, in Section 4, we restrict ourselves to the case of infinite superelliptic
curves (see [1]). It is well known that if (w;)en is a sequence of different complex
numbers such that its norm sequence (|w;|)en diverges, then there is a Weierstrass
theorem ensuring the existence of an entire map f: C — C whose only zeros are the
points of this sequence and, each one of them is simple. Therefore, for n > 2 the
affine plane curve

S(f) ={(z1,22): 23 = f(21)}
is called infinite superelliptic curve. If n = 2, the affine curve S(f) is known as
infinite hyperelliptic curve.

Now if we consider an infinite superelliptic curve S(f) and a suitable finite or
infinite superelliptic curve S(g); and the projection maps onto the first coordinate
p1: S(f) = Cand 5y: S(g) — C, we take the (singular Riemann surface) fiber prod-
uct S(f, g) := S(f) X(8,,8,)5(g). In Theorem 4.6, we describe the connectedness and
the space of ends of the surface S(f, ¢g). In addition, in Theorem 4.8 we determine the
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necessary and sufficient conditions that guarantee that these two singular Riemann
surfaces S(f, g) and S(f, h) are isomorphic.

The paper is organized as follows. In Section 2, we recall the definition of ends
and the space of ends of topological spaces, singular Riemann surfaces, and the fiber
product. Sections 3 and 4 are devoted to proving our main results.

2. Preliminaries

2.1. Space of ends of topological spaces. The objects that we now call ends
were introduced by Freudenthal in [5]. Geometrically, an end of a suitable topological
space is a point at infinity. We will briefly describe the concept of ends for certain
topological spaces and surfaces.

Definition 2.1. [5, 1. Kapitel] Let X be a locally compact, locally connected,
connected Hausdorff space, and let (U, ),en be an infinite nested sequence Uy D Uy D
... of non-empty connected open subsets of X such that the following holds.

(1) For each n € N, the boundary 9U,, of U, is compact.
(2) The intersection [,y Un = 0.
(3) For each compact K C X there is m € N such that K NU,, = 0.

Two nested sequences (Uy,)nen and (U] ),en are equivalent if for each n € N there
exist j,k € N such that U, D U}, and U] D U;. The corresponding equivalence
classes [Up|nen of these sequences are called the ends of X, and the set of all ends of
X is denoted by Ends(X).

Remark 2.2. If the ends [Uy, ]| en and [V, ],en of X are different, then there are
I,m € N such that U; NV, = (. We can suppose without loss of generality that
U1 N ‘/1 - (Z)

The space of ends of X is the topological space with the ends of X as elements and
endowed with the following topology: for every non-empty connected open subset U
of X with a compact boundary, we define

U* :={[Up]nen € Ends(X) | U; C U for some j € N}.

Then we consider the set of all such U*, with U open with a compact boundary in
X, as a basis for the topology of Ends(X). Afterwards, we check that if U C V are
open subsets of X with a compact boundary, then U* C V*.

Theorem 2.3. [15, Theorem 1.5] The space Ends(X) is Hausdorfl, totally dis-
connected, and compact. In other words, the space of ends Ends(X) is a closed
subset of the Cantor set.

Lemma 2.4. [17, §5.1, p. 320] The space X has exactly n € N ends if and only if
for all compact subsets K C X there is a compact subset K C X such that K C K
and X \ K are n components connected.

2.1.1. Space of ends of surfaces. Topologically orientable and connected
surfaces S are classified up to homeomorphisms by their genus g(5) € NoU {co}, the
space of ends Ends(S), and the subspace Ends..(S) C Ends(S) for all non-planar
ends of S (or ends accumulated by genus). In addition, any pair of nested closed
subsets of the Cantor set can be performed as the space of ends of a connected
orientable topological surface. For more details, we refer the reader to [16].

Theorem 2.5. (Classification of topological surfaces, [7, §7], [16, Theorem 1])
Two orientable surfaces S; and So with the same genus are topologically equivalent
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if and only if there exists a homeomorphism f: Ends(S;) — Ends(Sy) such that
f(Endss(S51)) = Ends(S2).

2.2. Singular Riemann surfaces. In this subsection, we will explore some
elements of the theory of singular Riemann surfaces as the locus of singular points,
irreducible components, isomorphism, and the group of automorphisms of a singular
Riemann surface. The Poincaré disk will be denoted by A.

Definition 2.6. [9, Subsection 2.2] A singular Riemann surface' is a complex
analytic surface of one dimension S such that for each point p of S there exists a
neighborhood holomorphically equivalent to a subspace of the form

Vom ={(z,w) e A X A: 2" =w™} C A X A,

for some integers n, m > 1 where p corresponds to the point (0,0) € V,, ..

If n=1o0rm =1, then V, , is holomorphically equivalent to A. Now if n,m > 2
and d > 1 is the greatest common divisor of n and m, then we write n = dn and
m = dm, where ,m > 1 are relatively prime integers. Thus, the space V,,,, can be
written as

d—1
Vn,m - {(Z,w) c A X A: H(Zﬁ — wkwm) = O} ,

k=0

and it is homeomorphic to a collection of d cones with a common vertex at (0,0) (as
seen in Figure 1), where w is a d"® primitive root of unity. In particular, if d = 1,
then the space V,, ., is holomorphically equivalent to A.

If d > 2, then the point p € S is called singular. The locus of singular points
of S, denoted by Sing(5), is a discrete subset of S. It follows that each connected
component R of S\ Sing(S) has a Riemann surface structure, and the points in
Sing(.S) define the punctures in R. By adding these punctures, we obtain another
Riemann surface R, that contains é, which is called an irreducible component of S.
If S has only one irreducible component, then it is called irreducible; otherwise, it is
called reducible.

Remark 2.7. If S is a compact singular Riemann surface, then it follows the
properties below:

(1) The locus of singular points Sing(.S) of S is a finite set.
(2) S\ Sing(S) has finitely many irreducible components.
(3) Each irreducible component R of S\ Sing(S) is a compact Riemann surface,

and R is also a Riemann surface with a finite number of punctures.
Definition 2.8. [9, Subsection 2.2] Consider two singular Riemann surfaces S;

and S. A homeomorphism f: S; — S is called isomorphism if it satisfies the
properties below:

(1) The homeomorphism f sends the locus singular points of S; onto the locus
singular points of Sy: f(Sing(S;)) = Sing(.Sz).
(2) The restriction f: Sy \ Sing(S;) — 53 \ Sing(Ss) is holomorphic.

1t means a Riemann surface that allows singularities.
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Case d = 2. Case d = 4.

Figure 1. Neighborhood of a singular Riemann surface.

Two singular Riemann surfaces S; and Sy are isomorphic if there exists an iso-
morphism f: S — Sy. An automorphism of a singular Riemann surface S is an
isomorphism of S to itself. The automorphism set of a singular Riemann surface
S, which will be denoted by Aut(S), has a group structure with the composition
operation.

2.3. Fiber product of Riemann surfaces. Now we introduce the concept
of the fiber product of Riemann surfaces. Furthermore, we explore the irreducible
components associated with the fiber product and define the normal fiber product.

Definition 2.9. [9, Subsection 2.3] Fix three Riemann surfaces (not necessarily
compact) Sy, S; and 59, as well as the surjective holomorphic maps f: S; — S
and fo: So — Sp. The fiber product associated with the pair (57, 1) and (Ss, f2) is
defined as

Si X (B1,B2) Sy 1= {(21722> €51 X Sy 51(21) = 52(22)}

and is endowed with the topology induced by the product topology of S; x S5. There
is a natural continuous map 3: Sy X3, g,) S2 — Sp such that

(1) B =prom = Byom,
where 7;: S1 X (3, ,8,) S2 — S; is the projection map 7;(z1, 22) = 2;, for j € {1,2}.

The fiber product of the pairs (S7, 51) and (S, B2) enjoys the following universal
property. If S is a topological space and there are continuous maps p;: S — S; and
po: S — Sy such that 81 o p1 = (B2 o po, then there exists a unique continuous map
F: S — 51 X(3,,)S2 as in the diagram (2), that satisfies p; = m; 0 F', for j € {1,2}.

p2

X (B1,82) So > Sy

| \l@

Sl—)S()
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The fiber product is, up to homeomorphisms, the unique topological space that
satisfies the above property. For more details on the fiber product of topological
spaces, we refer the reader to [6, p. 30].

The following result ensures that the fiber product is a singular Riemann surface.

Proposition 2.10. [9, Proposition 2.3] The fiber product Sy X g, g,) S2 is a
singular Riemann surface. Moreover, if p = (z1,22) € S1 X3, 8,) S2, n; is the local
degree of §; at z; (for j = 1,2), and d is the greatest common divisor of ny and ns,
then the point p is a singular point if and only if d > 2. Thus, it has a neighborhood
of the form V,, ,,.

The locus of singular points Sing(S1 X3, 8,) S2) of the fiber product corresponds
to the pairs (21, 22), in which z; is a ramification point of S;, with ¢ € {1,2}. On the
other hand, the space

S X (B1,B2) Sa \ Slng(Sl (B1,82) SQ)

consists of a collection {ﬁa: a € A} of connected Riemann surfaces for a suitable
set of indices A. These surfaces satisfy the properties below.

(1) If the locus Sing(Sy X (s,,3,) S2) is a finite set, then the collection of Riemann
surfaces {E’a: o€ .A} is finite.

(2) The map [ described in (1) restricted to R, is not necessarily a surjective
holomorphic map. B

(3) The Riemann surface R, has a collection of punctures associated with the
points in Sing(Sy X(s,,3,) S2). Furthermore, by filling in these points, we
obtain a unique irreducible component R,, up to biholomorphism, of the
fiber product S7 X (g, 3,) S2 and a surjective holomorphic map 3: R, — S,
which extends the one given in item (2).

Definition 2.11. The union of all the irreducible components of the fiber prod-

uct Sy X(s,,8,) S2 is called the normal fiber product, which is denoted by S1 X (g, g,) Sa.
This is the normalization of the fiber product Sy x (g, s,) S when it is considered a
complex algebraic variety.

From the previous definition, there is a one-to-one correspondence between the
components of the normal fiber product and the irreducible components of the fiber
product.

Note that if B C S is the discrete subset consisting of the union of the branch
values of 3, and 3y, as well as S; = Sp\ B, S; = S\ 87 '(B) and S5 = S, \ 85 1(B),
then

ST X (B1,82) U R C Sl X (B1,B2) S \ Slng(sl X (B1,82) 52 = U Ea - U R,
acA acA acA

where R? is a connected Riemann surface.
The following fact is a consequence of the universal property of the fiber product
and the above description.

Lemma 2.12. [9, Lemma 2.5] If S is a connected Riemann surface and p;: S —
S% are surjective holomorphic maps such that [y o p; = (33 0 py, then there exist an
irreducible component R}, and a holomorphic map h: S — R}, so that p; = 7j o h,
where 7;: S1 X3, 8,) S2 — S; is the projection map (21, z2) = z;, for j € {1,2}.
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For the case in which both holomorphic maps ; are of finite degree, the following
result provides an upper bound on the number of irreducible components of the fiber
product.

Proposition 2.13. [9, Proposition 2.6] If 51 and (3 both have a finite degree,
then the number of irreducible components of the fiber product of the pairs (S, 31)
and (Ss, o) is at most the greatest common divisor of the degrees of 51 and (3.

Note that in Proposition 2.13 if the degrees of #; and 5 are coprime, then the
fiber product has exactly one irreducible component.

3. Space of ends of the fiber product of Riemann surfaces

Let Sy, S1, and Sy be Riemann surfaces (not necessarily compact), and let
B1:S1 — Sp and fo: Sy — Sy be surjective holomorphic maps. The fiber prod-
uct S1 X (g,,8,) S2 is a subspace of the product space S x Sy inheriting the following
properties: Hausdorff, second countable, locally compact and locally connected. So
we can associate the respective end spaces with each connected component of the
fiber product S7 X (g, ,) S2. Recall that if the locus of singular points of S} x (g, 5,) S2
is finite, it has finite irreducible components Ri,..., R, for some £ € N. Given
that such irreducible components are Riemann surfaces, the space of ends of the
normalization of the fiber product is

Ends(5; x 51 By) S2) = UEnds

The following result describes the space of ends of a connected fiber product of
Riemann surfaces S1 X (g, g,) S when its locus of singular points is finite.

Theorem 3.1. Suppose that the fiber product Sy X (g, g,) S2 is connected and its
locus of singular points is finite; the space Ends(S; x (g, g,) S2) is then homeomorphic

to the space Ends(S1 X3, 8,) S2)-
The following remark is necessary for the proof of the result above.
Remark 3.2. Assume that the locus Sing(S) X (s, 8,) S2) of the fiber product
S1 X (8,,8,) S2 is finite. The following properties hold.
(1) The subset
Sing(R;) := R; \ éz C R,
is a finite compact space for each i € {1,...,k}.
(2) If we consider the end [U,],en in the irreducible component R; and the com-

pact space Sing(R;), by using Definition 2.1, there exists s € N such that
Sing(R;) N U, = (. We can suppose Wlthout loss of generality that s = 1.
This implies that Sing(R;) NU,, = 0 or, equivalently, U,, C R; = R, \ Sing(R;)
for all n € N. B

(3) Given that the Riemann surface R; is a subspace of the fiber product S X3, 5,

Sa, the infinite nested sequence (U,)nen of R; is then also an infinite nested
sequence of the fiber product S1 X (g, g,) S2, which defines the common end

[ﬁn]neN S EndS(Sl X (B1,82) SQ)a

so the sequence (U, )nen belongs to the class [ﬁn]neN. The nomenclature for
the common end appears in [14] Remark 3.6.
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(4) If the infinite nested sequences (V},)neny and (U, )nen of R; are equivalent, then,
by the construction above, these infinite sequences define their respective
common ends [V, ],en and [Un]neN in the fiber product Sy X3, g,) S2 such that

[‘771] neN — [ﬁn] neN-

3.1. Proof of Theorem 3.1. Let us start defining the map

k
F: UEnds ;) — Ends(S1 x g, 8,) 52)

i=1

such that it sends the end [Uy]nen € UL, Ends(R;) to the common end [UnJnen €
Ends(S1 x(g,,8,) S2); see (3) in Remark 3.2. The map F is a well-defined map by (4)
in Remark 3.2.

Injectivity. Let us consider the different ends [U,,],eny and [V}, ]nen in UleEnds(Ri).
We must prove that [Uy,]nen = F([Uplnen) is different from F([V,]nen) = [Vilnen-
Therefore, we study the cases below.

Case 1. The ends are in different irreducible components: there are ki # ko €
{1,...,k} such that [U,|,en € Ends(Ry,) and [V,],en € Ends(Ry,). From (1) in
Remark 3.2, we hold that Sing(Ry,) is a finite compact subset of Ry,, for each i €
{1,2}, and, from (2) in Remark 3.2, we obtain that for all n € N

Sing(Ry,) NU, =0 and Sing(Ry,) NV, = 0.

By hypothesis, the classes [U,],en and [V, ],en are different, and by using Remark 2.2
we obtain that U; NV} = (). As infinite nested sequences (U, ),en and (V},)nen belong

to the class [Up]nen and [V, ]pen of Ends(S; x (81,82) S2), respectively, there are then
m,l € N such that U;NV,, = 0.
Case 2. The ends are in the same irreducible component: there is k' € {1,... k}

such that the ends [U,]nen, [Vi]neny € Ends(Ry/). Since these ends are different, from
Remark 2.2 it follows that

(3) U nvy=0.

From (1) in Remark 3.2, we state that Sing(Ry/) is a finite compact subset of Ry.
By using (2) in the preceding remark, we obtain that for all n € N

(4) Sing(Ryp)NU, =0 and Sing(Ry) NV, = 0.

Because infinite nested sequences (U, )nen and (V},)nen belong to the class [ﬁn]neN
and [V,]nen of Ends(S; X (8,,82) S2), respectively, from (3) and (4) it follows that there
are [,m € N such that (71 N Vm = (). This shows that the map F is injective.
Surjectivity. We consider an end [ﬁn]neN of S1 X(g,,3,) S2, then we must prove
that there exists at least one end [U,],en € Ends(Ry) for any k' € {1,...,k} such
that F([Un]neN) [U]nen. From Definition 2.1, we can assume that Sing(S; X (81,82)
S9) N U, = 0 for all n € N. Because the open subset U, C S x X (81,85) O2 is connected,
the infinite nested sequence (Un)neN then belongs to any connected component of

k
S1 X (81,82) Sy/Sing (.S X (B1,82) Sy) = U R;.
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In other words, there is k' € {1,...,k} such that (U,),en is an infinite nested se-
quence of Ek/, which defines the end [U,] of Ry such that (ﬁn)neN is in the class
[Unlnen; see (32 in Remark 3.2. Finally, by the definition of the map F', we obtain
F([Un]neN) = [Un]neN-

Continuity. We consider an end [U,|,en € Ends(Ry), for any £ € {1,...,k},
and the open subset W* of Ends(S1 X (g,,8,) S2) such that F([Up|nen) = [U,]nen for
any non-empty connected open subset W of 51 X (g, 3,) S2 with compact boundary.
Thus, we must prove that there is an open subset V* C Ends(Ry) with the end
[Up]nen such that F(V*) C W*.

From the surjectivity of the map F, it follows that (U, )nen is an infinite nested
sequence of Ry, which belongs to the class [U,]n,en € Ry, for any &' € {1,... k}. By
hypothesis, the class [ﬁn]nest in the open W*: ﬁm C W for any m € N. Because

the infinite nested sequence (U, )nen is in the class [Uy|,en, then there exists a natural

number p(m) € N such that W O U,, D Upum). Hence, the connected open subset
Upmy C Ends(Ry) contains the end [Uy]nen and satisfies that F(Uy,,) C W*.

As the continuous map F' is defined from a compact space to a Hausdorff space,
from [3, Theorem 2.1, p. 226, it follows that the function map F' is closed. Thereby,
we conclude that F'is a homeomorphism. O

3.2. Branched covering maps. We will consider the fiber product coming
from covering branched maps, and we will establish conditions regarding such maps
to guarantee the connectedness of the fiber product. Recall that a topological surface
is of infinite-type if it has an infinitely generated group. Let S; and S; be Riemann
surfaces such that S is of infinite-type and Sy has p > 2 ends and genus g € NoU{oo}.
Let 8;: S; — C be a branched covering map of degree p; > 2 for each i € {1,2}.
Within this setting for the fiber product 57 X3, g,) S2, we have the following.

Theorem 3.3. Assume that there is a singular point of the fiber product that
belongs to each of its irreducible components. Then, the fiber product is connected.

Proof. Take a point ¢ € Sing (51 X (81,8s) Sg), which belongs to each connected
component of the fiber product. As each component is connected, their union is
connected. 0J

The following result is a consequence of [9, Proposition 2.6].

Theorem 3.4. Let us assume that the degree p, of 5,: S; — Sy and the degree
po of By: So — Sy are either

(i) coprime or
(ii) p1 = pe = 2, and S, is not biholomorphically equivalent to S,.

Then, the fiber product Si X (g, 3,) S2 is connected.

Proof. (i) From [9, Proposition 2.6], it follows that there is exactly one irreducible
component, so it is connected.

(ii) From [9, Proposition 2.6], we obtain that the number of irreducible compo-
nents is at most two. If there are two, then necessarily each of them is isomorphic
for both S; and S5, which is a contradiction. O

Now we consider the general case when [3;: S; — 5y is a branched covering map
for each i € {1,2} such that Sy is a noncompact Riemann surface. Therefore, such a
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branched covering map can be extended to a surjective map Ends(f;) from the space

of ends Ends(S;) of S; to the space of ends Ends(Sy) of Sp.

Theorem 3.5. FEach one of the branched covers [3;: S; — Sy induces a surjective
continuous map Ends(5;): Ends(S;) — Ends(S)).

The following remark is necessary for proving the result above.

Remark 3.6. Recall that a Riemann surface is a o-compact space. Thus, for
each i € {1,2} the surface S; can be represented as the union

neN

where each K7, is a compact subset of S; and K C Kj_, for each n € N. The
complements of such compact subset define the space of ends of the surface 5;. More
precisely, we can write

Si\K, =Upu.. .uU,yU...uU;

Tn

so that the following hold.
(1) For each k(n) € {1,...,r,}, the set Uy, is a connected component with a
closure in S; that is noncompact but has the compact boundary U, k(n)
(2) For every k(n+1) € {1,..., 741}, there exists k(n) € {1,...,7,} such that
K(n) Ui?(jiu
Thus, the space Ends(S;) is the set of all the classes defined by the nested sequences

(Ukn)) nen

3.3. Proof of Theorem 3.5. We shall define the surjective continuous map
Ends(8;): Ends(S;) — Ends(Sp) from the map 5;: S; — Sp. We take the nested
sequence ( l?(n))neN of S; (as in Remark 3.6); therefore,

Ends(3;) (Ul?(n))neN = (V:(Ln))neN’

where ( s’(‘n))neN is a nested sequence of Sy, as detailed below.
As (; is a surjective continuous map and Sy is a o-compact space, the surface Sy
can then be represented as the union
- U L,

neN

where each 3;(K}) = L is a compact subset of Sp, and L! C L, for each n € N
and where each K' is a compact subset of S;. In addition, the connected component
of the complement

So\ L, =Viu..uVi,u...uve
satisfies both items described in Remark 3.6. We note the following.

(1) For each k(n) € {1,...,7,}, there exists a unique connected component V,
of Sy \ L! containing the connected ﬁi(U,?(n)). In other words, BZ( ,?(n)) C
Ve L.

s(n)

(2) Given that Uy, D U n+l | the connected components Vit and V’(LJr ) satisfy

) k(n+1)° +1)
n n+
that ‘/;( V; (n+1)°
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By preceding both conditions, each nested sequence (U;‘(n))n N of .S;, has an associ-

ated unique nested sequence ( ST(Ln))nEN of Sy. Thus, we define

Ends(ﬁl) (U]?(n))neN = (‘/;(Ln))neN '

The surjectivity and continuity are immediate, from the definition of Ends(3;). O

As the singular Riemann surfaces are also o-compact spaces, the ideas of the
previous proof can then be extended, and one can prove that a surjective continuous
map between singular Riemann surfaces induces a surjective continuous map between
its respective space of ends.

Corollary 3.7. The surjective continuous map f: S; — S, between singu-
lar Riemann surface induces a surjective continuous map Ends(f): Ends(S;) —

Ends(Sz).

As a consequence of these last results, the following result guarantees that the
end space of the fiber product Ends(S; x (g, g,) S2) is homeomorphic to the fiber
product Ends(.S1) X (gnds(8,),Ends(8,)) Ends(S2).

Theorem 3.8. The spaces Ends(S1 X g, g,) S2) and Ends(S1) X (gnds(8:),Ends(8s))
Ends(S2) are homeomorphic.

Proof. By Theorem 3.5, we attain the surjective continuous maps Ends(f;):
Ends(S;) — Ends(Sp) for i = 1,2. We then consider the diagram

(5) S X (81,62) S2 ——= S
7T1l lﬁQ
51 B1 5o

and we have the commutative diagram

(6) Ends(S1 X3, 4,) SQ)E&(M)EndS(SQ)
Ends(m) l lEHdS(ﬁﬁ
Ends(5;) TR Ends(Sp)

On the other hand, by considering the surjective continuous maps Ends(5;): Ends(S;)
— Ends(Sp), we have the following commutative diagram:

(7) Ends(Sl) X(Ends(ﬁl),Ends(ﬁg)) Ends(SQ) L Ends(SQ)
%ll lEnds(ﬁg)
Ends(5;) ERREN] Ends(.Sp)

The universal property of the fiber product (as seen in Section 2.3) implies that
the space Ends (S} X (g, ,)52) is heomeomorphic to the space Ends(S1) X (gnds(s,),Ends(8s)
Ends(.Sz). O

4. Fiber product of infinite superelliptic curves

Let (w;);en be a sequence of different complex numbers such that lim; . |w;| =
00. By the Weierstrass theorem in [12, p. 498], there then exists a meromorphic
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function f: C — C (called the Weierstrass map) with simple zeroes that are given
by the points wq,ws,.... Moreover, f is uniquely determined (by multiplication)
by a zero-free entire map (for example the map e*). Such functions as f admit the
representation

s =ne I (1-2) B

wq
I=1,w;7#0

where h is a zero-free entire function (m = 0 if w; # 0 for every [ € N. In the other
case, m = 1 if w; = 0 for some ), and Ej(z) is a function of the form

d(l)

Ei(2) = exp Zé (wil)

s=1

for a suitably large no-negative integer d(l). We observe that by choosing the function
f(z) one may take h(z) = 1 without loss of generality.

Now if we consider the holomorphic function F: C?* — C given by F(z1,2) =
28 — f(z1), for n € N such that n > 2, we then obtain the affine plane curve

S(f) = {(2172’2) eC? 2y = f(Zl)}'
Definition 4.1. [1, Subsection 6.3] The affine curve S(f) is a Riemann surface

called an infinite superelliptic curve. Furthermore, if n = 2, the affine curve S(f) is
known as an infinite hyperelliptic curve.

Let us observe that the curves S(f) admits a conformal automorphism ¢, of
order n given by

<Pf(2’1, 22) = (2’1, GQM/NZQ)-

Moreover, if G := (py), then the quotient space S(f)/Gy is equal to the complex
plane C, and that G is the Galois group of the cyclic branched covering 7, : S(f) —
C given by (21, 22) = z1. Additionally, if 6 C C\ {w;: | € N} is a simple loop, then
it lifts under 7,, to exactly n simple loops when such a loop surrounds a multiple of
n punctures.

Below, the following result describes the topology type of an infinite superelliptic
curve.

Theorem 4.2. [1, Theorem 6.12] The infinite superelliptic curve S(f) is a con-
nected Riemann surface homeomorphic to the Loch Ness monster.

The following result details the conditions when two infinite hyperelliptic curves
are biholomorphically equivalent.

Theorem 4.3. [1, Theorem 6.13] If n = 2, i.e., for the hyperelliptic case, the
pairs (S(f),Gy) and (S(g),G,) are biholomorphically equivalent if and only if there
exists a holomorphic automorphism of the complex plane C carrying the zeros of f
onto the zeros of g.

4.1. Fiber product of infinite superelliptic curves. We consider a sequence
of different complex numbers (w;);en such that lim; . |w;| = co. Let f denote the
Weierstrass map with simple zeros at the points of the sequence (w;)en. Now we fix
a subset A of the set of points {w;: [ € N}. Such a set might be finite or finite.
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(1) If A is a finite set, then we assume that its cardinality is a multiple of ¢ > 2,
and we define the map

9(z1) = H(z1 —a).

acA

(2) If Ais an infinite set, then we let g be a Weierstrass map associated with the
set A.

Associated with the holomorphic functions above, we have the following affine
plane curves:

(8) S(f) ={(z1.22) € C*: 25 = f(=1)},
(9) S(9) = {(21,23) € C*: 2§ = g(z1)},

such that p,q > 2. The following observation describes the topological type of S(f)
and S(g), respectively.

Remark 4.4. From Theorem 4.2, it follows that the infinite superelliptic curve
S(f) described in (8) is a Riemann surface topologically equivalent to the Loch Ness
monster. Moreover, as a consequence of the implicit function theorem [8], [11, p. 10,
Theorem 2.1], the affine plane curve S(g) defined in (9) admits a Riemann surface
structure with the topological types described below.

(a) If the subset A C C is finite and |A| = gk, with k& > 1 because S(g) is
defined, every simple loop in C \ A that lifts to exactly ¢ loops is when it
surrounds a multiple of ¢ points of A. By the Riemann—Hurwitz’s theorem
[11, Theorem 4.16], the affine plane curve S(g) has ¢ non-planar ends and a
genus equal to (¢ — 1)(kq — 2)/2.

(b) If A is asubsequence of (w;);en, then, by Theorem 4.2, it follows that the affine
plane curve S(g) is an infinite superelliptic curve topologically equivalent to
the Loch Ness monster.

Now we consider ;: S(f) — C and f2: S(g) — C the projection maps onto the
first coordinate and obtain the fiber product

(10) S(f) X182 S(9) = {(21, 22, 23) € C*: 2§ = f(=1), 2§ = g(=1)},

such that p,q > 2. For convenience in this section, we will denote the above fiber
product by

(11) 8<f7 g) = S(f) X (B1,82) S(Q)
Thus, we consider the projection map §: S(f,g) — C as defined in (1), where
(12) B = pBiom = By 0my,

and the maps m1: S(f, g) — S(f) and ma: S(f, g) — S(g) are given by m (21, 22, 23) =
(21, 22) and 7o (21, 22, 23) = (21, 23), respectively.

Remark 4.5. The projection maps [3; and [y are proper branched covering
maps. Moreover, for each z € C\ {w;: | € N}, the fiber 5;*(z) consists of p > 2
points; moreover, for each z € C\ A, the fiber 3,'(2) consists of ¢ > 2 points. As a
consequence, the map [ is proper because 37 }(K) is a closed subset of the compact

K x h' [f(K)] x hg'[g(K)], where hy(w) = e™/*w.

On the fiber product S(f, g), the implicit function theorem does not apply every-
where: on the points (21, 22, 23) such that z; € A. By Proposition 2.10, we conclude



140 John A. Arredondo, Sail Quispe and Camilo Ramirez Maluendas

that the fiber product S(f,g) is a singular Riemann surface with a locus of singular
points that is the discrete set

(13) Sing(S(f, 9)) = {(z1,22,23) € S(f,9): 21 € A},
and the subspace
(14) S(f.9) \ Sing(S(f, 9))

of the fiber product S(f, g) is a Riemann surface.

From the Remark 4.5 and Theorems 3.3, 3.8 the following results, which describe
the connectedness and the space of ends of the fiber product S(f,g), immediately
hold.

Theorem 4.6. The singular Riemann surface S(f,g) is connected. Moreover,
the space of ends of S(f, g) has

(i) one end, if A is infinite,

(ii) and q ends, if A is finite.

Corollary 4.7. For each k € {1,...,q}, the irreducible component Ry of the
fiber product S(f, g) is biholomorphically equivalent to the Loch Ness monster S(f).

Now we give necessary and sufficient conditions for the isomorphisms of arbitrary
singular Riemann surfaces coming from infinite hyperelliptic curves.

We consider an arbitrary subset B of {w;: [ € N}, which can be finite or infinite
by satisfying the same conditions of the set A, such a subset also defines a Weierstrass
function or a polynomial map h, depending on the cardinality of B, with simple zeros
that are the complex numbers in B. Hence, as in (9) we define the affine plane curve

(15) S(h) = {(z1,23) € C*: 25 = h(z1)} .

Now we consider the hyperelliptic curve S(f) defined in (8) and the projection maps
onto the first coordinate f;: S(f) — C and f3: S(h) — C. Thus, we hold another

singular Riemann surface as the fiber product
(16) S(f,h) = {(21722723) e C*: Z'g = f(z1), 292, = h(zl)} .

Let G4 (respectively, Gy,) be the group isomorphic to the group Z, @ Z, which
is generated by the involutions «;: S(f,g9) — S(f,g) (respectively, a;: S(f,h) —
S(f,h)) given by

(21, 22, 23) = (21, 22, —23) and (21, 22, 23) = (21, —22, 23).
With all the above, the next result holds.

Theorem 4.8. There is an isomorphism between the singular Riemann surfaces
S(f.g) and S(f,h) that conjugates Gy, in Gy if and only if the sets A and B
have the same cardinality and there exists a biholomorphism of the complex plane

T : C — C such that it renders the points of the sequence (w;),eny and T(A) = B
invariant.

Proof. One direction is clear if there exists an isomorphism

T:S8(f,g9) = S(f,h),

by conjugating G, in Gy, then it descends to an isomorphism 7' of the quotient
spaces S(f,9)/Gyq and S(f, h)/Gyy. These quotient spaces are the complex plane
with cone points that are the points in the sequence (w;);en. The points in A (respec-
tively, in B) are exactly those cone points of S(f, g)/Gy,, (respectively, S(f,h)/Gyn)
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that are the projections of those points with a stabilizer that is the full group Gy,
(respectively, G.p).

Let us now assume there is the map 7: C — C as in the theorem statement. As
foT (respectively, hoT) is a Weierstrass function for (w;);en (respectively, A), there
are then nonzero holomorphic maps ey, es: C — C such that

foT(z)=-e1(2)f(z) and hoT(z)=-es(2)g(2).
Now because, as e; has no zeroes in C, there exists a holomorphic map b;: C — C
such that b7 = e;. The map T,: S(f,g) — S(f, h), given by

(21, 22, 23) = (T'(21), b1(21) 29, ba(21) 23),

is an isomorphism as desired. O

4.2. Double covering of infinite hyperelliptic curves. We consider the
fiber product of surfaces (as seen in (10)):

S(f,9) = {(21,22,23) eC 23 = [(z1), 232, = 9(21)},

which admits two automorphisms «; and «s of order 2 that are given by

(17) o (21, 29, 23) = (21, 22, —23) and  ao(z1, 29, 23) = (21, —22, 23).

The group Gy, = (a1, as) is a subgroup of Aut(S(f, g)) that is isomorphic to Zy®Zs.
Therefore, the cyclic subgroup (a;) acts on the singular Riemann surface S(f, g) for
each i € {1,2}.

On the other hand, if S; is a surface (singular or not) and G is a finite group,
a Galois cover of Sy with group G, shortly a G-cover of Sy, is a finite morphism
7 Sy — Sy, where Sy is a surface (singular or not) with an effective action by G
such that 7 is G-invariant and induces an isomorphism Sy /G = S;.

With all the above, the following result ensures that the quotient surface S(f, g) /()
is a Riemann surface and describes its topological type.

Lemma 4.9. The quotient surfaces S(f, g)/{a:1) and S(f,g)/(as) are Riemann
surfaces biholomophic to S(f) and S(g), respectively.

Proof. We consider the (aq)-cover p: S(f,g9) — S(f,g9)/{a1). If we consider
the projection function m;: S(f,g) — S(f) as in (12), we then have the following
diagram

S(f.9) —— S(f,9)/{a)

(18) l %

where 7 o p; ! is constant in the fibers. Furthermore, by the transgression theorem
described in [3, p. 123], it follows that 7, o p;! is a biholomorphism. Therefore, the
surface S(f,g)/(a1) is a Riemann surface biholomorphic to the Loch Ness monster
S(/).

Analogously, by considering the (as)-cover po: S(f,g) — S(f,g)/{az), and the
projection function my: S(f,g9) — S(g) as in (12), we observe that the map ms o
Py S(f,9)/{as) — S(g) is constant in the fibers. Thus, by the transgression the-
orem, it follows that 7 o p, ' is a biholomorphism. So, the surface S(f, g)/{as) is a
Riemann surface biholomorphic to the Riemann surface S(g). U
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Let S be a singular Riemann surfaces that is a Zy & Zs-covering of the complex
plane with Zy @ Zy = (o1, ag) = Gy,4. Moreover, from Lemma 4.9 and the universal
property of the fiber product, it holds that S is isomorphic to the surface S(f,g).

Theorem 4.10. Let S be a singular Riemann surfaces that is a Zo & Zy-covering
of the complex plane C, with Zy ® Zy = (a1, 00) = Gpgy. If 1,0 S = S; = S/{),
B1: 81— S/Zy ®Zy and By: Sy — S/Zy ® Zo are the obvious projection maps, then
the singular Riemann surface S is isomorphic to the fiber product S(f, g) defined by
the following commutative diagram

s "2 .,

(19) ml 12

Sl 61 S/ZQ@Z2

From the result above, we hold the following observation.

Remark 4.11. The singular Riemann surface S(f, g) is an unramified double
cover of the Loch Ness monster S(f) and the surface S(g).

5. Conclusions

The fiber product is a fundamental concept in studying problems in algebraic
geometry. In general, it is obtained or constructed by properly gluing two spaces
(geometric-topological) through specific functions. This process allows capturing
and analyzing the geometric and topological properties from the perspective of the
objects involved in its construction.

In this work, the fiber product Si x(g, g,y S2 of interest to us is derived from
the (not necessarily compact) Riemann surface S;, with j € {0, 1,2}, and the non-
constant holomorphic function g;: S; — Sy, With i € {1,2}. In this setting, the
fiber product Sy X (g, ,) S2 turns out to be a topological space admitting a singular
Riemann surface structure. Note that the topological type of a Riemann surface is
determined by its genus, its end spaces, and its ends of infinite genus. From this
perspective, we have been able to determine the end spaces of the fiber product
S1 X(8,,8,) S2 as a finite union of end spaces of Riemann surfaces, which arises by
considering the normal fiber product of S; X (s, g,) Sa.

In the case that the mapping 5;: S; — Sy = C is a branched covering function
where S; is a noncompact Riemann surface for each i € {1,2}, we have established
suitable conditions on the ;’s functions to guarantee the connectedness of the fiber
product S; X (g, 8,) S2. As a possible line of research, one could consider Sy to be an
arbitrary infinite-type Riemann surface and explore the conditions necessary for the
connectedness of the fiber product Sy X g, g,) Sa.

There are very few explicit models of noncompact Riemann surfaces described
as zero loci of holomorphic (transcendental) functions. Using the fiber product, we
aimed to provide new models of (singular) noncompact Riemann surfaces starting
from certain previously known models (infinite superelliptic curves). Also, Bishop
and Rempe [2] proved that there exist Belyi functions mapping non-compact Riemann
surfaces onto the Riemann sphere. This raises the question of whether explicit Belyi
functions can be found from infinite superelliptic curves to the Riemann sphere.
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