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Geometric characterizations of freely
quasiconformal mappings in real Banach spaces

Manzi Huang, Xiantao Wang∗ and Zhiqiang Yang

Abstract. In this paper, we establish a characterization of freely quasiconformal mappings in

real Banach spaces. This characterization is in terms of the geometric moduli of rings which was

introduced by Tukia and Väisälä in 2021. As an application, we obtain a generalization of geometric

characterizations of quasiconformal mappings in Rn obtained by Gehring and Väisälä.

Reaalisen Banachin avaruuden vapaasti kvasikonformisten kuvausten

yhtäpitäviä geometrisia määritelmiä

Tiivistelmä. Tässä työssä löydetään reaalisen Banachin avaruuden vapaasti kvasikonformi-

sille kuvauksille yhtäpitävä määritelmä Tukian ja Väisälän vuonna 2021 esittelemän geometrisen

rengasvakion avulla. Tämän sovelluksena yleistetään Gehringin ja Väisälän todistamia avaruuden

Rn kvasikonformisten kuvausten yhtäpitäviä geometrisia määritelmiä.

1. Introduction

A domain (nonempty, open and connected set) A in a normed space X with
dimension at least 2 is called a ring or a ring domain if its complement X \ A has
exactly two components, a bounded C0 and an unbounded C1. Also, we say that A
is a ring with components C0 and C1. For a domain G in X , a ring A is called a ring

in G if its closure is contained in G, where the closure of A is taken in X .
For a ring A in Rn, its modulus is defined as follows:

M(A) =

(
ωn−1

mod(ΓA)

)1/(n−1)

,

where ωn−1 is the (n− 1)-measure of the unit sphere in Rn, ΓA denotes the family of
all curves in A joining the two components of its complement, and mod(ΓA) stands
for the n-modulus of ΓA.

It is known that the modulus M(A) can be estimated by Euclidean quantities
(cf. [11, Lemma 2.1]), and every self-homeomorphism of Rn is strictly ring-preserving
(see Appendix for the definition). Based on these facts, in 1997, Rohde obtained
a geometric characterization for bilipschitz self-homeomorphisms of Rn. That is, a
self-homeomorphism f of Rn is bilipschitz if and only if there is a constant L such
that |M(f(A))−M(A)| ≤ L for all rings A in Rn (see [11, Theorem 1.1]). A natural
problem is whether there is an analogue of [11, Theorem 1.1] in the setting of more
general metric spaces. To study this problem, there are at least two difficulties.
First, the moduli of curve families is not well defined even in the setting of Banach
spaces (cf. [22, 1.4]). Second, by [13, Example 2.12], there is a self-homeomorphism
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f of E = ℓ2 which satisfies that for each i > 1 and t ≥ 2, f(t~ei) = it~ei. By letting
A = B(0, 3)\B(0, 2), we see that A is a ring in E, but f(A) is not a ring in E since the
closures of both f(B(0, 2)) and f(E \B(0, 3)) are unbounded, and therefore, E \f(A)
consists of two unbounded component. Thus f is not strictly ring-preserving, even
not ring-preserving (i.e., maps a ring to a ring). To overcome these deficiencies, in
[13], Tukia and Väisälä raised the concept of the so-called geometric modulus of a
ring (see (1.1) below). The obvious advantage is that this concept does not depend
on the families of curves, and no measure is required either. Also, they focused their
investigation on a special class of self-homeomorphisms of normed spaces, namely
set-bounded self-homeomorphisms (see Appendix for the definition). Based on these
preparations, they established an analogue of [11, Theorem 1.1] in the setting of
normed spaces (see [13, Theorems 2.4 and 2.5]).

From early 1990s onwards, with the help of the quasihyperbolic metric, Väisälä de-
veloped the theory of (dimension) freely quasiconformal (briefly, FQC in the follow-
ing) mappings in real Banach spaces (see [18, 19, 20, 21, 22]) (see Section 2 for the
definition of FQC mappings). It is known that, in Rn, FQC mappings coincide with
quasiconformal (briefly, QC) mappings (cf. [18, Remark 3.5]). See Section 2 for the
definition of QC mappings, and [1, 10, 17] for the basic properties of QC mappings.

By comparing with the theory of QC mappings, one will realize that still there is
no characterization for FQC mappings like the geometric definition of QC mappings
in Rn. In this paper, we consider this problem. Our main purpose is to establish a
characterization of FQC mappings in terms of geometric moduli of rings. The moti-
vation of this study mainly comes from new ideas of Tukia and Väisälä in [13] and the
discussions on the conceptually different but equivalent definitions of quasiconformal
mappings (see, e.g., [3, 7, 15, 16, 17] for the case of Rn and [9, 14, 23] for the case of
metric spaces).

For convenience, in the following, we use E and E ′ to denote real Banach spaces
with dimension at least 2, and G ⊂ E and G′ ⊂ E ′ are domains. It is possible that
G = E and G′ = E ′. When we require that G or G′ must be a proper subdomain of E
or E ′, we shall use the notation G  E or G′  E ′. Also, we use B(x, r) to denote the
open ball with center x ∈ E and radius r > 0, that is, B(x, r) = {y ∈ E : |y−x| < r},
and B(x, r) means its closure, where | · | denotes the norm on Banach spaces. Unless
stated otherwise, the notions and notations appeared in the rest of the section will
be defined in Section 2.

As in [13], the geometric modulus of a non-degenerate ring A with components
C0 and C1 is defined by the number

GM(A) = log

(
1 +

2d(C1, C0)

min{d(C0), d(C1)}

)
,(1.1)

where d(C1, C0) denotes the distance between C1 and C0, that is, d(C1, C0) = inf{|x−
y| : x ∈ C1 and y ∈ C0}, and d(Ci) stands for the diameter of Ci for i ∈ {0, 1}, that
is, d(Ci) = sup{|x − y| : x, y ∈ Ci}. Here a ring with components C0 and C1 being
non-degenerate means that min{card{C0}, card{C1}} > 1, where card{Ci} denotes
the cardinality of Ci for i ∈ {0, 1}. For a non-degenerate ring A with components C0

and C1, obviously, one of the two quantities d(C0) and d(C1) is finite and the other
is infinite.

Note that FQC mappings are not always strictly ring-preserving (see Example 4.1
in the appendix). This fact indicates that, in order to characterize FQC mappings
in terms of geometric moduli of rings, we need to consider a class of mappings which
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is more general than strictly ring-preserving mappings, that is, strictly Whitney
spherical ring-preserving mappings. To state the definition of this class of mappings,
let us introduce the following class of rings. For any point x ∈ G and any reals r and
R with 0 < r < R < δG(x), we easily see that B(x,R) \ B(x, r) is a ring in G, which
is called an (R, r)-Whitney spherical ring with centre x, where δG(x) stands for the
distance from x to ∂G, the boundary of G (for the case when G = E, we assume that
δG(x) = ∞ for any x ∈ G). In the rest of this paper, we use the notation Sx(R, r)
to denote B(x,R) \ B(x, r). When the center is not important for the discussion, we
use briefly S(R, r) to denote an (R, r)-Whitney spherical ring.

Definition 1.2. A homeomorphism f : G→ G′ between two domains G and G′

in normed spaces is called strictly semi-Whitney spherical ring-preserving if for any
Whitney spherical ring S(R, r) in G, its image f(S(R, r)) under f is also a ring in

G′ and the bounded component C ′

0 of f(A) satisfies C ′

0 = f(B(x, r)). If both f and
its inverse f−1 are strictly semi-Whitney spherical ring-preserving, then we say that
f is strictly Whitney spherical ring-preserving.

The relationship between strictly Whitney spherical ring-preserving mappings
and freely quasiconformal mappings will be discussed in the appendix, and the main
result is Theorem 4.2. Also, from Theorem 4.2, we see that for any Whitney spherical
ring S(R, r), the geometric modulus GM(f(S(R, r))) of the image of S(R, r) under
an FQC mapping f is meaningful. The following geometric characterization of FQC
mappings is the main result of this paper.

Theorem 1.3. Suppose that f : G→ G′ is a homeomorphism. Then the follow-

ing statements are quantitatively equivalent:

(1) f is ϕ-FQC.

(2) f is (K,L)-FQC.

Here, a strictly Whitney spherical ring-preserving mapping f : G→ G′ is called

(i) freely (K,L)-semi-quasiconformal (briefly, (K,L)-FSQC) if there are con-
stants K ≥ 1 and L ≥ 0 such that for any (R, r)-Whitney spherical ring
S(R, r) in G,

1

K
GM(S(R, r))− L ≤ GM(f(S(R, r))) ≤ K ·GM(S(R, r)) + L.

(ii) freely (K,L)-quasiconformal (briefly, (K,L)-FQC) if both f and its inverse
f−1 are (K,L)-FSQC.

For two conditions Φ and Ψ, we say that Condition Φ quantitatively implies
Condition Ψ if Condition Φ implies Condition Ψ and the data of Condition Ψ depends
only on that of Condition Φ. If Condition Ψ also quantitatively implies Condition
Φ, then we say that Condition Φ is equivalent to Condition Ψ, quantitatively.

As an application of Theorem 1.3, we have the following equivalence relations.

Theorem 1.4. Suppose that G,G′ ⊂ Rn with n ≥ 2 are domains and f : G→ G′

is a homeomorphism. Then the following are quantitatively equivalent:

(1) f is K1-QC.

(2) There is a constant K2 ≥ 1 such that for any (R, r)-Whitney spherical ring

S(R, r) in G,

1

K2
M(S(R, r)) ≤ M(f(S(R, r))) ≤ K2 ·M(S(R, r)).(1.5)
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(3) There is a constant K3 ≥ 1 such that for any (R, r)-Whitney spherical ring

S(R, r) in G,

M(f(S(R, r))) ≥
1

K3
M(S(R, r)).(1.6)

(4) f is (K4, L)-FQC.

(5) f is ϕ-FQC.

Theorems 1.3 and 1.4 will be shown in Section 3. In Section 2, some necessary
preliminaries will be introduced, and several auxiliary lemmas will be proved.

2. Preliminaries

This section consists of two subsections. In the first subsection, some necessary
terminology will be introduced, some known results will be recalled, and in the second
subsection, several auxiliary lemmas will be proved.

2.1. Freely quasiconformal mappings, quasisymmetric mappings and

weakly geometrically freely quasiconformal mappings. Suppose that G  E
is a domain and γ is a rectifiable curve in G. Then the quasihyperbolic length of γ is
defined as

lk,G(γ) =

ˆ
γ

|dx|

δG(x)
.

The quasihyperbolic distance between the points x, y ∈ G is

kG(x, y) = inf
γ
{lk,G(γ)},

where the infimum is taken over all rectifiable curves γ in G connecting x and y. See
[5, 6] for basic properties of the quasihyperbolic metric kG.

Next, we introduce several classes of homeomorphisms.

Definition 2.1. Let 0 < t0 ≤ 1, and let G  E and G′  E ′ be domains.
Suppose that f : G→ G′ is a homeomorphism, ϕ is a self-homeomorphism of [0,∞),
and θ : [0, t0) → [0,∞) is an embedding with θ(0) = 0. Then f is called

(1) ϕ-semisolid if for all x, y ∈ G,

kG′(f(x), f(y)) ≤ ϕ(kG(x, y)),

(2) ϕ-solid if both f and its inverse f−1 are ϕ-semisolid,
(3) (θ, t0)-relative if for all x, y ∈ G with |x− y| < t0δG(x),

|f(x)− f(y)|

δG′(f(x))
≤ θ
( |x− y|

δG(x)

)
.

In particular, if t0 = 1, then we say that f is θ-relative.

Here and in the following, we say that a homeomorphism f : G→ G′ has fully a

given property if for each subdomain D ⊂ G, the restriction f |D has this property.
Especially, if G = E or G′ = E ′, then we say that a homeomorphism f : G → G′

has fully a given property if for each proper subdomain D  G, the restriction f |D
has this property. We thus obtain the classes of fully ϕ-semisolid, fully ϕ-solid, fully
(θ, t0)-relative and fully θ-relative mappings, respectively.

Suppose that f : G→ G′ is a homeomorphism, ϕ and η are self-homeomorphisms
of [0,∞), and K ≥ 1 and q ∈ (0, 1) are constants. Then f is called

(1) freely ϕ-quasiconformal (briefly, ϕ-FQC) if f is fully ϕ-solid,
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(2) K-quasiconformal (briefly, K-QC) if for every x ∈ G,

H(x, f) = lim sup
r→0

sup{|f(x)− f(y)| : |x− y| ≤ r}

inf{|f(x)− f(y)| : |x− y| ≥ r}
≤ K,

(3) η-quasisymmetric (briefly, η-QS) if for all distinct points a, b, x ∈ G,

|f(a)− f(x)|

|f(b)− f(x)|
≤ η

(
|a− x|

|b− x|

)
,

(4) q-locally η-QS (briefly, (q, η)-LQS) if for each x ∈ G, the restriction f |B(x,qr)
is η-QS whenever B(x, r) ⊂ G.

We remark that, when G = E, f is (q, η)-LQS for a fixed q ∈ (0, 1) if and only if
it is η-QS.

The following known results are useful for us.

Theorem A. [18, Theorem 5.10] For a homeomorphism f : G→ G′, the follow-
ing statements are quantitatively equivalent:

(1) f is ϕ-FQC.
(2) Both f and f−1 are (q, η)-LQS for some q ∈ (0, 1).
(3) For every p ∈ (0, 1), there is a self-homeomorphism ηp of [0,∞) such that

both f and f−1 are (p, ηp)-LQS.

Theorem B. [18, Remark 3.9.1] For a homeomorphism f : G→ G′, the follow-
ing statements are quantitatively equivalent:

(1) f is fully ϕ-semisolid.
(2) f is fully θ-relative.
(3) f is fully (θ, t0)-relative.

In particular, when t0 = 1, θ can be chosen as follows:

θ(t) = eϕ(t/(1−t)) − 1

(cf. the proof of [18, Theorem 3.7]).

Theorem C. [18, Theorem 5.20] If f : G → G′ is ϕ-FQC, then f is ϕ1-FQC,
where ϕ1(t) = Cmax{tα, t}, and the constants C ≥ 1 and 0 < α ≤ 1 depend only on
ϕ.

Theorem D. [4, Theorem 4] and [18, Remark 3.5] Suppose that G, G′ ⊂ Rn

are domains and f : G → G′ is a homeomorphism. Then the following statements
are quantitatively equivalent:

(1) f is ϕ-FQC.
(2) f is fully θ-relative.
(3) f is K-QC.

We end this subsection with the following definitions.

Suppose that G and G′ are domains in normed spaces and f : G→ G′ is a strictly
Whitney spherical ring-preserving mapping. It is called

(1) weakly (φ1, φ2)-semi-geometrically freely quasiconformal (briefly, (φ1, φ2)-
WSGFQC ) if there are two embeddings φ1, φ2 : [0,∞) → R such that

lim
t→∞

φ1(t) = lim
t→∞

φ2(t) = ∞,

and for any (R, r)-Whitney spherical ring S(R, r) in G,

φ1(GM(S(R, r))) ≤ GM(f(S(R, r))) ≤ φ2(GM(S(R, r))).
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Also, the embeddings φ1 and φ2 are called control functions of f .
(2) weakly (φ1, φ2)-geometrically freely quasiconformal (briefly, (φ1, φ2)-WGFQC)

if both f and its inverse f−1 are (φ1, φ2)-WSGFQC.

Obviously, every (K,L)-FQC mapping is (φ1, φ2)-WGFQC with φ1(t) = t/K−L
and φ2(t) = Kt + L. It follows from Theorem 1.3 and Lemma 3.3 below that the
converse is true as well.

2.2. Auxiliary results. The following elementary properties of geometric mod-
uli of rings directly follows from the definition of geometric moduli.

Proposition 2.2. (i) For any point x ∈ G and any reals r and R with

0 < r < R < δG(x), we have

d
(
B(x, r)

)
= 2r and d

(
B(x, r), E \ B(x,R)

)
= R− r.

(ii) For any Whitney spherical ring S(R, r), we have

GM(S(R, r)) = log
R

r
.

Lemma 2.3. Suppose that D ⊂ E is a bounded set and x ∈ D. Then for any

M > 2, there is y ∈ D such that

|x− y| ≥
1

M
d(D).

Proof. Let M be a constant such that M > 2. Suppose that for any y, z ∈ D,

|x− y| <
1

M
d(D) and |x− z| <

1

M
d(D).

Then we get

d(D) = sup
y,z∈D

{|y − z|} ≤
2

M
d(D) < d(D).

This is the desired contradiction. �

Lemma 2.4. Suppose that G ⊂ E is a domain, y ∈ G and R ∈ (0, δG(y)). Then
for any s ∈ (0,∞), there is an (R, r)-Whitney spherical ring Sy(R, r) in G such that

GM(Sy(R, r)) = s.

Proof. For s ∈ (0,∞), let r = Re−s. Then 0 < r < R < δG(y). Obviously,
Sy(R, r) ⊂ G and

GM(Sy(R, r)) = s.

This proves the lemma. �

Lemma 2.5. Suppose that G ⊂ Rn is a domain with n ≥ 2. Then there is a

constant C > 0 such that for any ring A in G,

|GM(A)−M(A)| ≤ C.(2.6)

Proof. By [11, Lemma 2.1], we see that there is a constant τ > 0 such that for
any ring A in G with components C0 and C1,∣∣∣∣M(A)− log

(
1 +

d(C0, C1)

min{d(C0), d(C1)}

)∣∣∣∣ ≤ τ.

Then it follows from the fact

0 ≤ GM(A)− log

(
1 +

d(C0, C1)

min{d(C0), d(C1)}

)
≤ log 2
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that

|GM(A)−M(A)| ≤ τ + log 2.

By taking C = τ + log 2, we see that the inequality in (2.6) is true. �

We remark that the constant C in Lemma 2.5 may depend on the dimension n.

3. Geometric characterizations of freely quasiconformal mappings

In this section, we shall prove Theorems 1.3 and 1.4. We start the proofs with
several auxiliary lemmas.

Lemma 3.1. Suppose that f : G → G′ is strictly Whitney spherical ring-pre-

serving. Let x ∈ G, R ∈ (0, δG(x)) and {rn} be a sequence such that 0 < rn < R <
δG(x) for each n and limn→∞ rn = R. Then

lim
n→∞

GM(f(Sx(R, rn))) = 0.

Proof. Since f is strictly Whitney spherical ring-preserving, we see that f(Sx(R,
rn)) is a ring in G′. Choose b ∈ E be such that |b − x| = R. For n ≥ 1, let
xn = x + (rn/R)(b − x). Then |xn − x| = rn. Thus b, xn ∈ G. On the other hand,
let 0 < ε < δG(x) − R and y ∈ ∂B(x,R + ε) be such that y, x, and b are collinear.
For n ≥ 1, take yn = y − (1 − 1/n)(y − b), and then, yn ∈ (E \ B(x,R)) ∩ G as
B(x,R + ε) ⊂ G. Therefore

lim
n→∞

xn = b = lim
n→∞

yn.

It follows from the fact

lim
n→∞

f(xn) = f(b) = lim
n→∞

f(yn)

that
lim
n→∞

GM(f(Sx(R, rn))) = 0,

as required. �

Lemma 3.2. Suppose that f : G → G′ is (φ1, φ2)-WSGFQC. Then φ1(0) ≤ 0
and φ2(0) ≥ 0.

Proof. Let x ∈ G, R ∈ (0, δG(x)) and {rn} be a sequence such that 0 < rn <
R < δG(x) for each n and limn→∞ rn = R. Obviously,

lim
n→∞

GM(S(R, rn)) = 0.

Since f is strictly Whitney spherical ring-preserving, we know from Lemma 3.1
that

lim
n→∞

GM(f(S(R, rn))) = 0.

Then the assumption that f is (φ1, φ2)-WSGFQC ensures that

φ1(GM(S(R, rn))) ≤ GM(f(S(R, rn))) ≤ φ2(GM(S(R, rn))),

which implies that φ1(0) ≤ 0 and φ2(0) ≥ 0. �

Lemma 3.3. Let f : G → G′ be a strictly Whitney spherical ring-preserving

mapping. Suppose that there is an embedding φ1 : [0,∞) → R such that limt→∞ φ1(t)
= ∞, and such that for any (R, r)-Whitney spherical ring S(R, r) in G,

GM(f(S(R, r))) ≥ φ1(GM(S(R, r))).(3.4)
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Then there is a self-homeomorphism ϕ of [0,∞) depending only on φ1 such that f is

fully ϕ-semisolid.

Proof. From the proof of Lemma 3.2, we see that φ−1
1 (0) exists. Let κ =

e−φ−1
1 (0)/2. Then κ ≤ 1/2. By Theorem B, to prove the lemma, we only need to

show that f is fully (θ, κ)-relative. Let D be a subdomain such that D 6= G if G = E
or G′ = E ′, and let D′ = f(D). For x ∈ D, let y ∈ B(x, κδD(x)), R = 1

2
δD(x)

and r = |x − y|. Then Sx(R, r) is a (R, r)-Whitney spherical ring in G with the
complementary components C0 = B(x, r) and C1 = E \ B(x,R).

Since f is strictly Whitney spherical ring-preserving, we know that f(Sx(R, r))
is a ring with the bounded component C ′

0 = f(C0) and the unbounded component
C ′

1 = E ′ \ f(B(x,R)). This implies that

min{d(C ′

0), d(C
′

1)} = d(C ′

0).

Moreover, since the fact y ∈ C0 implies

|f(x)− f(y)| ≤ d(C ′

0),

and the fact ∂B(x,R) ⊂ C1 ∩ D implies f(∂B(x,R)) ⊂ C ′

1 ∩ D′, it follows from
Lemmas 4.4 and 4.8 in the appendix that

∂f(B(x,R)) ⊂ C ′

1 ∩D
′.

Then the fact f(x) ∈ C ′

0 ensures that

δD′(f(x)) ≥ d(C ′

1, C
′

0).

These lead to

δD′(f(x))

|f(x)− f(y)|
≥
d(C ′

1, C
′

0)

d(C ′

0)
=

1

2

(
eGM(f(Sx(R,r))) − 1

)
,

and thus, by (3.4), we have

δD′(f(x))

|f(x)− f(y)|
≥
d(C ′

1, C
′

0)

d(C ′

0)
=

1

2

(
eφ1(GM(Sx(R,r))) − 1

)
.

Then the fact

GM(Sx(R, r)) = log
δD(x)

2|x− y|

gives

δD′(f(x))

|f(x)− f(y)|
≥

1

2

(
eφ1

(
log

δD(x)

2|x−y|

)
− 1

)
.

As the choice of y implies that

e
φ1

(
−log 2|x−y|

δD(x)

)
> 1,

we get

|f(x)− f(y)|

δD′(f(x))
≤ 2

(
e
φ1

(
−log 2|x−y|

δD(x)

)
− 1

)
−1

=: θ1

(
|x− y|

δD(x)

)
.

Since limt→∞ φ1(t) = ∞, we know that limt→0 θ1(t) = 0. Let

θ(t) =

{
0 for t = 0,

θ1(t) for t ∈ (0, κ).
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Then θ : [0, κ) → [0,∞) is an embedding with θ(0) = 0. This proves that f is (θ, κ)-
relative in D. Then we conclude from the arbitrariness of D in G that f is fully
(θ, κ)-relative, and hence, the proof of the lemma is complete. �

Lemma 3.5. Suppose that f : G → G′ is ϕ-FQC. Then for any (R, r)-Whitney

spherical ring S(R, r) in G,

GM(f(S(R, r))) > 0.

Proof. Let 0 < r < R < δG(x), where x ∈ G. Since GM(f(S(R, r))) > 0 if and
only if d(∂f(B(x, r)), ∂f(B(x,R))) > 0, to prove the lemma, it suffices to show that

d(∂f(B(x, r)), ∂f(B(x,R))) > 0.(3.6)

For this, take y ∈ ∂B(x, r) and z ∈ ∂B(x,R). We may assume that G ( E
since the proof for the case of G = E is similar. By Theorem A, we see that f is
(q, ηq)-LQS, where R/δG(x) < q < 1. Let A = {y, z} and B = B(x,R). Then [12,
Theorem 2.5] ensures that

|f(y)− f(z)|

d(f(B(x,R)))
≥

1

2
ηq

(
d(B(x,R))

|y − z|

)
−1

≥
1

2
ηq

(
2R

R− r

)
−1

.

This leads to

|f(y)− f(z)| ≥
1

2
ηq

(
2R

R − r

)
−1

d(f(B(x,R))),

which implies that

d(∂f(B(x, r)), ∂f(B(x,R))) ≥
1

2
ηq

(
2R

R− r

)
−1

d(f(B(x,R))) > 0.

This proves (3.6), and hence, the lemma is true. �

Lemma 3.7. Suppose that both f : G → G′ and f−1 : G′ → G are fully θ-
relative. Then f is (φ1, φ2)-WGFQC, where

φ1(t) = log

(
2 +

1

θ(e−t)

)
− log 3 and φ2(t) = log

(
4

θ−1(e−t)
− 3

)
.

Proof. Under the assumption of the lemma, we see that there is an embedding
θ : [0, 1) → [0,∞) with θ(0) = 0 such that for any w ∈ G and r0 ∈ (0, δG(w)), f and
f−1 are θ-relative in B(w, r0) and f(B(w, r0)), respectively.

Let x ∈ G and 0 < r < R < δG(x). Then Theorem C, together with Theorem 4.2
in the appendix, ensures that f(Sx(R, r)) is a ring in G′ with components C ′

0 =
f(B(x, r)) and C ′

1 = E ′ \ f(B(x,R)). It follows that

min{d(C ′

0), d(C
′

1)} = d(C ′

0).

Let U = f(B(x,R)) and ε0 = d(C ′

0, C
′

1)/2. Then by Lemma 3.5, ε0 > 0, and so,
there is b ∈ ∂B(x,R) such that

|f(x)− f(b)| ≤ δU(f(x)) + ε0.

Obviously, the intersection of the segment [f(x), f(b)] and the boundary of f(B(x,
r)) is nonempty. Let a′ ∈ [f(x), f(b)] ∩ ∂f(B(x, r)). Then there must exist a ∈
∂B(x, r) such that a′ = f(a). Since

|f(a)− f(b)| ≥ d(C ′

0, C
′

1),



154 Manzi Huang, Xiantao Wang and Zhiqiang Yang

it follows from the fact

|f(x)− f(b)| = |f(x)− f(a)|+ |f(a)− f(b)|

that

δU(f(x)) ≥ |f(x)− f(a)|+
1

2
d(C ′

0, C
′

1).

Then the fact |f(x)− f(a)| ≤ d(C ′

0) leads to

d(C ′

1, C
′

0)

d(C ′

0)
≤

d(C ′

1, C
′

0)

|f(x)− f(a)|
≤

2δU(f(x))

|f(x)− f(a)|
− 2.(3.8)

Moreover, the assumption that f−1 is θ-relative in U gives

δU(f(x))

|f(x)− f(a)|
≤

(
θ−1

(
|x− a|

δB(x,R)(x)

))
−1

,

and thus, we obtain from (3.8), together with the facts δB(x,R)(x) = R and |x−a| = r,
that

d(C ′

1, C
′

0)

d(C ′

0)
≤ 2

(
θ−1

((
δB(x,R)(x)

|x− a|

)
−1
))

−1

− 2 = 2

(
θ−1

((
R

r

)
−1
))

−1

− 2.

Further, it follows from Proposition 2.2(i) that

d(C ′

0, C
′

1)

d(C ′

0)
≤ 2

(
θ−1

((
1 +

2d(B(x, r), E \ B(x,R))

d(B(x, r))

)−1
))

−1

− 2

≤
2

θ−1
(
e−GM(Sx(R,r))

) − 2,

and thus, we get

GM(f(Sx(R, r))) ≤ φ2(GM(Sx(R, r))),

where

φ2(t) = log

(
4

θ−1(e−t)
− 3

)
.

To obtain a lower bound for the quantity GM(f(Sx(R, r))), we still need to find
three points in G. First, by Lemma 2.3, there must be a point y ∈ ∂B(x, r) such that

(3.9) |f(x)− f(y)| ≥
1

3
d(C ′

0).

Second, by Theorem B, we know that f is ϕ-FQC, where ϕ can be chosen to
depend only on θ. Then the proof of Lemma 3.5 shows that d(C ′

1, C
′

0) > 0, and thus,
there are two points y∗ ∈ ∂B(x, r) and z ∈ ∂B(x,R) such that

(3.10) |f(y∗)− f(z)| ≤ 2d(C ′

1, C
′

0).

To continue the discussions, we consider two cases.

Case 3.1. Suppose that |f(y∗) − f(x)| ≥ |f(y)− f(x)|. Under this assumption,
we get from (3.9) that

|f(y∗)− f(x)| ≥
1

3
d(C ′

0).



Geometric characterizations of freely quasiconformal mappings in real Banach spaces 155

Then we have

d(C ′

0, C
′

1)

d(C ′

0)
≥

|f(y∗)− f(z)|

6|f(y∗)− f(x)|
(by (3.10))

≥
|f(x)− f(z)|

6|f(y∗)− f(x)|
−

1

6
(by the triangle inequality)

≥
δU (f(x))

6|f(y∗)− f(x)|
−

1

6
(since f(z) ∈ ∂U ).

Since f is θ-relative in B(x,R), we know that

δU(f(x))

|f(y∗)− f(x)|
≥
(
θ
((δB(x,R)(x)

|y∗ − x|

)
−1
))

−1

,

and thus, we obtain

d(C ′

0, C
′

1)

d(C ′

0)
≥

1

6

(
θ
((δB(x,R)(x)

|y∗ − x|

)
−1
))

−1

−
1

6
.

Hence it follows from Proposition 2.2(i) that

d(C ′

1, C
′

0)

d(C ′

0)
≥

1

6

(
θ
((

1 +
2d(B(x, r), E \ B(x,R))

d(B(x, r))

)
−1))−1

−
1

6
,

which gives

GM(f(Sx(R, r))) ≥ φ1(GM(Sx(R, r))),

where φ1(t) = log
(
2 + 1

θ(e−t)

)
− log 3.

Case 3.2. Suppose that |f(y∗)− f(x)| < |f(y)− f(x)|. We first have

d(C ′

0, C
′

1)

d(C ′

0)
≥

|f(y∗)− f(z)|

6|f(y)− f(x)|
(by (3.9) and (3.10))

≥
|f(x)− f(z)|

6|f(y)− f(x)|
−

1

6
(since |f(y∗)− f(x)| < |f(y)− f(x)|)

≥
δU(f(x))

6|f(y)− f(x)|
−

1

6
(since f(z) ∈ ∂U).

Since f is θ-relative in B(x,R), the similar reasoning as in the discussion in
Case 3.1 guarantees that

GM(f(Sx(R, r))) ≥ φ1(GM(Sx(R, r))).

Now, we have proved that f is (φ1, φ2)-WSGFQC. Similarly, we can demonstrate
that f−1 is (φ1, φ2)-WSGFQC as well. These prove that f is (φ1, φ2)-WGFQC. �

Lemma 3.11. If f : G→ G′ is ϕ-FQC, then f is (ψ1, ψ2)-WGFQC, where

ψ1(t) = log

((
eC max

{
(et−1)−1, (et−1)−α

}
− 1

)
−1

+ 2

)
− log 3,

ψ2(t) = log

(
C

1
α

(
log(e−t + 1)

)
−

1
α +

1

4

)
+ log 4,

and the constants C ≥ 1 and 0 < α ≤ 1 depend only on φ1 and φ2.
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Proof. By Theorem C, f is ϕ1-FQC with

ϕ1(t) = Cmax{t, tα},

where we can choose C ≥ 1 and 0 < α ≤ 1 to depend only on ϕ.
Further, by Theorem B, we know that both f and f−1 are fully θ-relative with

θ : [0, 1) → [0,∞) being the following homeomorphism:

(3.12) θ(t) = eϕ1

(
t

1−t

)
− 1 = eC max

{
t

1−t
,
(

t
1−t

)α}
− 1,

and so, it follows from Lemma 3.7 that f is (φ′

1, φ
′

2)-WGFQC with

(3.13) φ′

1(t) = log

(
1

θ(e−t)
+ 2

)
− log 3 and φ′

2(t) = log

(
4

θ−1(e−t)
− 3

)
.

Let ψ1 = φ′

1. Then (3.12) and (3.13) ensure that for every (R, r)-Whitney spher-
ical ring S(R, r) in G,

GM
(
f(S(R, r))

)
≥ ψ1

(
GM(S(R, r))

)
.(3.14)

Next, let us find the explicit expression for φ′

2. Obviously, it suffices to get the
explicit expression for θ−1(e−t) with t > 0. By letting s = e−t, we see that we only
need to find the explicit expression for θ−1(s) with 0 < s < 1. For this, let

u = (log 2)1/α/(C1/α + (log 2)1/α).

Since C ≥ 1 > log 2, we know that u < 1/2. As u/(1 − u) = (log 2/C)1/α, we get
that θ(u) = 1. Hence θ−1(1) = u < 1/2, and then, we only need to consider the case
of t ≤ 1/2.

When t ≤ 1/2, we see that

θ(t) = eC
(

t
1−t

)α
− 1,

which implies

θ−1(s) =
(log(s+ 1))

1
α

C
1
α + (log(s+ 1))

1
α

(3.15)

for s ∈ [0, 1). Let λ = (log(s+ 1))
1
α/
(
C

1
α + (log(s+ 1))

1
α

)
. Then θ−1 : [0, 1) → [0, λ)

is increasing and continuous, and thus, θ−1 is an embedding.
Let ψ2 = φ′

2. Then we infer from (3.13) and (3.15) that for every (R, r)-Whitney
spherical ring S(R, r) in G,

GM
(
f(S(R, r))

)
≤ ψ2

(
GM(S(R, r))

)
.(3.16)

Now, we conclude from (3.14) and (3.16) that the lemma is true. �

Lemma 3.17. Let ψ1 and ψ2 : [0,∞) → R be the functions defined in Lem-

ma 3.11. Then

lim
t→∞

ψ1(t)

t
= α and lim

t→∞

ψ2(t)

t
=

1

α
.

Proof. First, we find the limit limt→∞ ψ1(t)/t. For this, let λα(t) = eC(et−1)−α

−1.
Since for sufficiently large t,

log
(
(λα(t))

−1
)
− log 3 ≤ ψ1(t) = log

(
(λα(t))

−1 + 2
)
− log 3 ≤ log

(
2(λα(t))

−1
)
,

we see from the fact

lim
x→+0

log(ex − 1)

log x
= 1
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that

lim
t→∞

ψ1(t)

t
= lim

t→∞

log(λα(t))
−1

t
= α.

Next, we find the limit limt→∞ ψ2(t)/t. For this, let µα(t) =
(
log(e−t + 1)

)
−

1
α .

Since for sufficiently large t,

log
(
C

1
αµα(t)

)
≤ ψ2(t) ≤ log

(
5C

1
αµα(t)

)
,

we obtain that

lim
t→∞

ψ2(t)

t
= lim

t→∞

log
(
C

1
αµα(t)

)

t
=

1

α
.

The lemma is proved. �

3.1. Proof of Theorem 1.3. (1) ⇒ (2). Assume that f is ϕ-FQC. By Theo-
rem B and Lemma 3.7, f is (φ1, φ2)-WGFQC. Then it follows from Lemma 3.11 that
f is (ψ1, ψ2)-WGFQC with ψ1 and ψ2 defined in Lemma 3.11. Further, Lemma 3.17
shows that

lim
t→∞

ψ1(t)

t
= α and lim

t→∞

ψ2(t)

t
=

1

α
.

We see that there is a constant M > 0 such that for all t ∈ (M,∞),

ψ1(t) ≥
α

2
t and ψ2(t) ≤

2

α
t.

Since both ψ1 and ψ2 are increasing, we know that for all t ∈ [0,M ],

ψ1(t) ≥ ψ1(0) ≥ log
2

3
and ψ2(t) ≤ ψ2(M).

These show that for all t ∈ [0,∞),

ψ1(t) ≥
α

2
t+ log

2

3
−M and ψ2(t) ≤

2

α
t + ψ2(M).(3.18)

Let K = 2/α and L = max{log(3/2) +M,ψ2(M)}. Then (3.18) guarantees that
f is (K,L)-FQC.

(2) ⇒ (1). Assume that f is (K,L)-FQC. Obviously, both f and f−1 are (φ1, φ2)-
WSGFQC with φ1(t) = t/K − L and φ2(t) = Kt + L. By Lemma 3.3, both f and
f−1 are fully ϕ-semisolid. This implies that f is ϕ-FQC. �

Remark 3.19. (1) In terms of moduli of curve families, in [9], Heinonen, Koskela,
Shanmugalingam and Tyson introduced the metric definition, the analytic definition,
and the geometric definition of quasiconformality in the setting of metric measure
spaces with locally Q-bounded geometry, and then, they proved that these three def-
initions are equivalent to each other (see [9, Theorem 9.8]). In terms of the moduli of
rings, in [23], Williams obtained a geometric characterization of quasiconformality in
the setting of doubling and locally linearly locally connected metric measure spaces
(see [23, Theorem 1.2 and Remark 4.3]). It is known that every metric measure space
with locally Q-bounded geometry is of finite dimension (cf. [8, §8.7]), and each dou-
bling metric measure space is of finite dimension as well (cf. [2, page 66]). However,
our main result, Theorem 1.3, is independent of the dimensions of the underlying
spaces. Also, in Theorem 1.3, no measure is required.

(2) The mappings studied in [11] and [13] are self-homeomorphisms of the under-
lying spaces. But the domains G of the mappings involved in Theorem 1.3 include
the possibilities of G = E and G  E.



158 Manzi Huang, Xiantao Wang and Zhiqiang Yang

(3) In [20] or [21], Väisälä proved that FQC mappings can be characterized by
a geometric condition involving spherical rings, that is, (M,α, β)-ring condition (see
[20, Corollary 2.21] or [21, Corollary 5.5]). But this condition is much different from
the characterization obtained in Theorem 1.3.

3.2. Proof of Theorem 1.4. (1) ⇒ (2). Assume that f isK1-QC. Then by [17,
Theorem 13.2(3) and Remark 34.2], the converse f−1 of f is K ′

1-QC with K ′

1 depend-
ing only on K1 and n, and thus, the implication follows from [17, Corollary 36.2].

(2) ⇒ (3). This implication holds for K3 = K2.
(3) ⇒ (4). Assume that there is K3 ≥ 1 such that for every (R, r)-Whitney

spherical ring S(R, r) in G,

M(f(S(R, r))) ≥
1

K3
M(S(R, r)).(3.20)

Then we have

GM(f(S(R, r))) ≥ M(f(S(R, r)))− C (by Lemma 2.5)

≥
1

K3
M(S(R, r))− C (by (3.20))

≥
1

K3
GM(S(R, r))− C

( 1

K3
+ 1
)

(by Lemma 2.5).

Let φ1(t) =
1
K3
t − C( 1

K3
+ 1). By Lemma 3.3, f is fully ϕ-semisolid, and hence,

f is ϕ1-FQC by Theorems C and E. Then it follows from Theorem 1.3 that the
implication is true.

Obviously, the implication (4) ⇒ (5) follows from Theorem 1.3, and the im-
plication (5) ⇒ (1) follows from Theorem D. Hence the proof of the theorem is
complete. �

Remark 3.21. (1) In [7], Gehring and Väisälä proved that a homeomorphism
of a domain in C is K-QC if and only if the modulus condition (1.6) is satisfied by
all rings in G (cf. [7, Theorem 3]). Notice that a ring in C is conformally equivalent
to a Whitney spherical ring in C by the Riemann mapping theorem, and hence, the
equivalence between (1) and (3) in Theorem 1.4 coincides with [7, Theorem 3] in C.

(2) As one of the main purposes, in [3], Gehring proved that a homeomorphism
of a domain G in R3 is K-QC if and only if the modulus condition (1.5) is satisfied
by all bounded rings in G (see [3, Corollary 4]). See [17, Corollary 36.2] for the
analogue of [3, Corollary 4] in Rn for all n ≥ 3. Since in Theorem 1.4(2), only a
part of spherical rings in G, i.e., Whitney spherical rings, is involved, we see that the
equivalence between (1) and (2) in Theorem 1.4 is a generalization of [3, Corollary 4]
and [17, Corollary 36.2].

(3) The proofs of [7, Theorem 3] and [17, Corollary 36.2] rely on the dimension
and the measure of the underlying space. However, our proof of Theorem 1.4 is based
on the geometric modulus, which is independent of the dimension and the measure
of the underlying space.

(4) It is well known that the moduli of rings in Rn are conformally invariant
(cf. [17, Theorem 8.1]). However, the geometric moduli of rings do not possess this
property. Let u : G → G with u(x) = x/|x|2, where G = R2 \ {0}, and A =
(B(0, 3) \ [2, 3]) \ B(0, 1). Then both A and u(A) = B(0, 1) \ (B(0, 1/3) ∪ [1/3, 1/2])

are rings in G since A = B(0, 3) \ B(0, 1) ⊂ G and u(A) = B(0, 1) \ B(0, 1/3) ⊂ G.
However, GM(u(A)) 6= GM(A) as GM(u(A)) = log(11/5) and GM(A) = log 2.
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4. Appendix

We start the appendix with the definitions of several classes of mappings.
Suppose that G and G′ are domains in normed spaces and f is a homeomorphism

from G to G′. It is called

(1) strictly semi-ring-preserving if for any ring A in G with the bounded com-
ponent C0, its image f(A) under f is also a ring in G′ and the bounded
component C ′

0 of f(A) satisfies f(C0 ∩ G) = C ′

0 ∩ G′. If both f and its
inverse f−1 are strictly semi-ring-preserving, then we say that f is strictly

ring-preserving.
(2) set-bounded if the image of a bounded set and the pre-image of a bounded

set are still bounded. Obviously a self-homeomorphism f of a normed space

X is set-bounded if and only if f extends to a self-homeomorphism f̂ of

X̂ = X ∪ {∞} with f̂(∞) = ∞. From this, we see that a set-bounded
self-homeomorphism of a normed space is strictly ring-preserving.

(3) ball-bounded if for any x ∈ G, x′ ∈ G′, 0 < r < δG(x) and 0 < r′ < δG′(x′),
both the image f(B(x, r)) and the pre-image f−1(B(x′, r′)) are bounded.

The following example shows that there is no implication from FQC mapping to
strictly ring-preserving mapping or set-bounded mapping.

Example 4.1. For n ≥ 2, let h : Rn \ {0} → Rn \ {0} be the mapping defined
by h(x) = x/|x|2. Then

(1) h is ϕ-FQC.
(2) h is neither set-bounded nor strictly ring-preserving.

But the following result illustrates that the implication from FQC mapping to
strictly Whitney spherical ring-preserving mapping exists.

Theorem 4.2. Every ϕ-FQC mapping is strictly Whitney spherical ring-pre-

serving, and the converse is invalid.

To prove Theorem 4.2, we introduce the following definition.

Definition 4.3. For a homeomorphism f : G→ G′, we say that f has the semi-

closure-property (briefly, S-C-Property) if for any point x ∈ G and any number R
with 0 < R < δG(x),

f(B(x,R)) = f(B(x,R)).

If both f and its inverse f−1 have the S-C-Property, then f is called the closure-
property (briefly, C-Property).

The following lemma shows that all FQC mappings and all strictly Whitney
spherical ring-preserving mappings have the C-Property.

Lemma 4.4. Suppose that f : G→ G′ is an FQC mapping or a strictly Whitney

spherical ring-preserving mapping. Then f has the C-Property.

Proof. Obviously, it suffices to show that f has the S-C-Property since similarly
we can prove that f−1 has the S-C-Property as well. For this, let x ∈ G and R be a
number with 0 < R < δG(x). Then the continuity of f guarantees that

f(B(x,R)) ⊂ f(B(x,R)).(4.5)

In the following, we check the converse inclusion relation in (4.5). We first con-
sider the case when f is an FQC mapping. Let q be a number with q > R/δG(x).
Then Theorem A guarantees that the restriction f |B(x,R) is ηq-QS. Since B(x,R) is
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complete, [12, Theorem 2.24] implies that the image f(B(x,R)) is complete as well,
and thus, f(B(x,R)) is closed. Then

f(B(x,R)) ⊂ f(B(x,R)) = f(B(x,R)).(4.6)

For the case when f is strictly Whitney spherical ring-preserving, let r > 0 be a

number with r < R < qδG(x) and f(B(x, r)) ⊂ G′. Since

f(B(x,R)) = f(B(x,R) \ B(x, r)) ∪ f(B(x, r)),

and since the assumption of f being strictly Whitney spherical ring-preserving implies

that f(B(x,R) \ B(x, r)) ⊂ G′, we see that

f(B(x,R)) ⊂ G′.

Let y′ ∈ f(B(x,R)), y = f−1(y′) and yn = (y−x)(1−1/n)+x. Then yn ∈ B(x,R)
and yn → y as n → ∞. This ensures that y ∈ B(x,R), and thus, y′ ∈ f(B(x,R)).
Hence

f(B(x,R)) ⊂ f(B(x,R)).(4.7)

By combining (4.5), (4.6) and (4.7), we see from the arbitrariness of x in G and R
in (0, δG(x)) that f has the S-C-Property, and hence, the proposition is proved. �

Lemma 4.8. Suppose that f : G→ G′ is a homeomorphism. Then f has the S-
C-Property if and only if for any point x in G and any number R with 0 < R < δG(x),

f(∂B(x,R)) = ∂f(B(x,R)).

Proof. For any point x in G, let R be a number such that 0 < R < δG(x). Then
the following facts are obvious:

f(∂B(x,R)) = f(B(x,R))\f(B(x,R)) and f(B(x,R)) = f(B(x,R))∪f(∂B(x,R)).

These ensure that the proposition is true. �

Still, the proof of Theorem 4.2 needs the following example.

Example 4.9. For any integer n ≥ 1, let In = [2−n, 21−n) × (−1, 1) and I ′n =

[2−n2
, 2−(n−1)2) × (−1, 1) be two subsets in R2, and let gn : In → I ′n be the homeo-

morphism defined by

gn(x) = (an + kn(x1 − bn), x2)

for x = (x1, x2) ∈ I, an = 2−(n−1)2 , bn = 21−n and kn = (22n−1 − 1)2−n(n−1).
Let I = (0, 1) × (−1, 1), and define a homeomorphism g : I → I by setting

g|In = gn for each n ≥ 1. Then

(1) g is strictly Whitney spherical ring-preserving.
(2) g is not ϕ-FQC for any self-homeomorphism ϕ of [0,∞).

Proof. The boundedness of I and the construction of g guarantee that g is
strictly Whitney spherical ring-preserving. For the proof of the statement (2), let

yn = (2−n, 0) and zn = (2n
2
, 0) with n ≥ 2. Since for any x ∈ [2−n, 21−n]× {0}, the

distance δI(x) from x to the boundary of I is x1, we get

kI(yn, yn−1) ≤

ˆ 21−n

2−n

|dx1|

x1
= log 2.(4.10)
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Moreover, we know from [18, Lemma 2.2(1)] that

kI(zn, zn−1) ≥ log
2n

2

2(n−1)2
= (2n− 1) log 2.(4.11)

Suppose on the contrary that there is a self-homeomorphism ϕ of [0,∞) such
that g is ϕ-FQC. Then we know from the assumption

kI (g(yn), g(yn−1)) ≤ ϕ (kI(yn, yn−1)) ,

together with (4.10) and (4.11), that for all n ≥ 2,

(2n− 1) log 2 ≤ ϕ(log 2).

This is the desired contradiction. �

Now, we are ready to prove Theorem 4.2.

4.1. Proof of Theorem 4.2. Suppose first that f is ϕ-FQC. We know from
Theorem A that both f and f−1 are (p, ηp)-LQS for every 0 < p < 1. Then it follows
from [12, Corollary 2.6] that f is ball-bounded. This, together with Lemma 4.4,
shows that the first part is true. The second part follows from Example 4.9. �
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[12] Tukia, P., and J. Väisälä: Quasisymmetric embeddings of metric spaces. - Ann. Acad. Sci.
Fenn. Ser. A I Math. 5, 1980, 97–114.
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