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Compactness of commutators
of rough singular integrals

Aapo Laukkarinen and Jaakko Sinko

Abstract. We study the two-weighted off-diagonal compactness of commutators of rough

singular integral operators TΩ that are associated with a kernel Ω ∈ Lq(Sd−1). We establish a

characterisation of compactness of the commutator [b, TΩ] in terms of the function b belonging

to a suitable space of functions with vanishing mean oscillation. Our results expand upon certain

previous compactness characterisations in that the results do not require smoothness from the kernel

of the singular integral operator. Additionally, we prove a matrix-weighted compactness result for

[b, TΩ] by applying the so-called matrix-weighted Kolmogorov–Riesz theorem.

Karkeiden singulaari-integraalien kommutaattorien kompaktius

Tiivistelmä. Tutkimme karkeiden singulaari-integraalioperaattorien kommutaattorien kom-

paktiutta kahden painon ja kahden eksponentin tilanteessa. Karkea singulaari-integraalioperaattori

TΩ liittyy ytimeen Ω ∈ Lq(Sd−1). Muodostamme kommutaattorin [b, TΩ] kompaktiudelle karakteri-

saation ehdolla, jossa funktio b kuuluu sopivaan keskioskillaatioltaan katoavien funktioiden avaruu-

teen. Tuloksemme laajentavat tiettyjä aikaisempia kompaktiuden karakterisaatioita siinä mielessä,

että tuloksemme eivät vaadi singulaari-integraalioperaattorin ytimeltä sileyttä. Todistamme lisäksi

kommutaattorin [b, TΩ] kompaktiustuloksen matriisipainoilla soveltamalla niin sanottua matriisipai-

notettua Kolmogorovin–Rieszin lausetta.

1. Introduction

The commutator [b, T ] is defined by

[b, T ]f = bTf − T (bf),

where T : L2(Rd) → L2(Rd) is a singular integral operator and b is a locally inte-
grable complex-valued function on Rd. The characterisation of the compactness of
[b, T ] : Lu(µ) → Lv(λ), where µ ∈ Au and λ ∈ Av, via the membership of b in some
function space has steadily seen more results in recent years. We mention here the
1 < u = v < ∞ case of [16], the 1 < u < v < ∞ case of [14] and the unweighted
1 < v < u < ∞ case of [13]. When it comes to the first two papers, they give
their characterisations for T that are associated to what might be called standard
kernels or Calderón–Zygmund kernels: they are kernels that satisfy standard size and
smoothness estimates.

For rough homogeneous kernels

KΩ(x, y) = Ω

(
x− y

|x− y|

)
1

|x− y|d
,
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where Ω has vanishing integral over the unit sphere Sd−1, the corresponding singular
integral operator TΩ is formally defined as

TΩf(x) = lim
ε→0

ˆ
y∈Rd : |x−y|>ε

KΩ(x, y)f(y) dy.

The characterisation result of the paper [13] handles both standard kernels and ho-
mogeneous kernels. The word “rough” indicates that Ω is not assumed to have
continuity, and it only satisfies some integrability condition.

For rough kernels, the compactness characterisation has more parts missing than
the corresponding boundedness characterisation. Let us briefly consider some recent
advances for the characterisation of boundedness of [b, TΩ]. Although the present
paper is more about the compactness, the study of boundedness shares some meth-
ods with the study of compactness. Both a proof of the suitable upper bound for
‖[b, TΩ]‖Lu(µ)→Lv(λ) and the suitable lower bound have garnered interest, often in
separate papers. When it comes to the upper bound, Li [20] sketched the proof of

(1) ‖[b, TΩ]‖Lu(µ)→Lu(λ) . ‖b‖BMOν .

The quantity ‖b‖BMOν is finite if and only if b has bounded mean oscillation with
respect to the weight ν = µ1/uλ−1/u. Later, in [19], the authors revisited (1) and
extended it to all 1 < u, v < ∞, with BMOν replaced by a suitable function space
when u 6= v. A common assumption to both [20] and [19] is that Ω ∈ L∞(Sd−1).

The scheme in [19] is that the boundedness of Ω allows one to control a certain
grand maximal function related to TΩ, and this implies a sparse domination result
for the commutators of TΩ, which is then used as the main ingredient in the proof
of the off-diagonal two-weighted boundedness. The grand maximal control of TΩ is
not known when Ω is unbounded, and it seems to be a difficult problem. However,
in [17] it was shown that the vector-valued technique called convex body domination
also implies the aforementioned sparse domination of commutators. Subsequently,
in a recent preprint [18] convex body domination was proven for singular integrals
TΩ with Ω ∈ Lq,1 logL(Sd−1) (see Definition 2.10), 1 < q < ∞, which then led to the
u ≤ v upper bound

(2) ‖[b, TΩ]‖Lu(µ)→Lv(λ) . ‖b‖BMOα
ν
,

where µ ∈ Au ∩RH( q
u)

′, λ ∈ Av ∩RH( q
v )

′ , α/d = 1/u− 1/v and ν1+α/d = µ1/uλ−1/v.

Also, one assumes that 1 < u, v < q and thus the integrability parameter q of Ω
limits the allowed exponent range for u and v.

The main result of this paper is a characterisation for the u ≤ v compactness of
[b, TΩ]; this result can be seen as a sequel to [18]. In particular, we show that if λ, µ
and α are as in (2) and Ω ∈ Lq(Sd−1) is not zero, then

(3) [b, TΩ] : L
u(µ) → Lv(λ) is compact if and only if b ∈ VMOα

ν (R
d).

For standard kernels, this result was proven in [14]. For rough Ω the missing piece
in [14] was a suitable sparse domination for [b, TΩ], and thus the direction “b ∈
VMOα

ν ⇒ [b, TΩ] : L
u(µ) → Lv(λ) compact” could not be stated for rough kernels

in that paper. The idea of the proof of this direction is to approximate [b, TΩ] with
compact commutators [b, Tε] and use (2) to prove that the error commutator term
has operator norm that converges to zero. An Lq(Sd−1) version of the inequality (2)
and a density argument reduces the problem to showing compactness of commutators
with Lipschitz functions Ω, which follows from the standard kernel result of [14]. For
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the other direction “[b, TΩ] : L
u(µ) → Lv(λ) compact ⇒ b ∈ VMOα

ν ”, the methods of
[14] work directly.

For the sake of comparison with an existing result, we say a few words regard-
ing the quite general sparse domination result of [19, Theorem 3.2]. The authors
of [19] successfully applied their sparse domination to prove boundedness of com-
mutators [b, TΩ] : L

u(µ) → Lv(λ) under the assumption Ω ∈ L∞(Sd−1). However,
since Lip(Sd−1) is not dense in L∞(Sd−1), one can not pair their sparse domination
with the same density argument that we use. This is the benefit of the assumption
Ω ∈ Lq(Sd−1). It allows us to reduce our proof associated to rough homogeneous
kernels to the analogous proof associated to standard kernels via a density argument.

We will also study compactness of commutators in a matrix-weighted space. The
main tool we will use to tackle matrix-weighted compactness is the matrix-weighted
Kolmogorov–Riesz theorem of [21] (see Theorem 5.1). In particular, we will show
that for b ∈ VMO, 1 < q < ∞, q′ < p < ∞, Ω ∈ Lq+ε(Sd−1), ε > 0, the commutator
[b, TΩ] is L

p(W ) → Lp(W ) compact.
The rest of the paper is organised as follows. In Section 2 we gather the relevant

definitions and some preliminary results that will be used later in the paper. In
Section 3 we will prove the main result of this paper, that is, b ∈ VMOα

ν is a suffi-
cient condition for Bloom-type compactness. Then in Section 4 we will see that the
methods of [14] can be used to prove that b ∈ VMOα

ν is also a necessary condition.
Lastly, in Section 5 we will consider matrix-weighted compactness.

1.1. Notation. Some of the used notation is summarized in the following table:

µ Au and RH( q
u)

′ weight in Rd.

λ Av and RH( q
v )

′ weight in R
d.

u′ Conjugate exponent of u ∈ (1,∞): 1
u
+ 1

u′
= 1.

α Exponent defined by α
d
= 1

u
− 1

v
.

ν Bloom weight defined by ν1+α/d = µ1/uλ−1/v.

1E Indicator function of the set E ⊂ Rd.
〈f〉E Average: 〈f〉E = 1

|E|

´
E
f(x) dx.

w(E) Weighted measure w(E) =
´
E
w(x) dx.

Q A cube in Rd with sides parallel to the coordinate axes.
ℓ(Q) The side length of a cube Q.
Sd−1 The unit sphere {x ∈ Rd : |x| = 1}.

‖b‖BMOα
w

‖b‖BMOα
w
=‖b‖BMOα

w(Rd)=supQ
1

w(Q)1+α/d

´
Q
|b(x)− 〈b〉Q| dx.

‖f‖Lp(w) ‖f‖Lp(w) =
(´

Rd |f(x)|
pw(x) dx

)1/p
.

A .P B Inequality with an implicit constant CP > 0 that depends
at most on parameters P , i.e. A ≤ CPB.

A hP B Indicates that both A .P B and B .P A hold.

2. Preliminaries

Throughout, unless specified otherwise, all function spaces (BMOα
w(R

d),
VMOα

w(R
d), Lp(w), Lip(Sd−1), Lq,1 logL(Sd−1), Lq(Sd−1), . . .) are allowed to contain

complex-valued measurable functions.
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By a positive weight we mean a locally integrable function w that satisfies w > 0
almost everywhere.

Definition 2.1. Let w be a positive weight and α ∈ R. We define the space
BMOα

w(R
d) to consist of the locally integrable functions b that satisfy

sup
Q

1

w(Q)1+α/d

ˆ
Q

|b− 〈b〉Q| dx < ∞,

where the symbol Q denotes any cube in Rd.

Definition 2.2. Let w be a positive weight and α ∈ R. We define the space
VMOα

w(R
d) to consist of the locally integrable functions b that satisfy

lim
s→0

sup
Q : ℓ(Q)≤s

1

w(Q)1+α/d

ˆ
Q

|b− 〈b〉Q| dx = 0,

lim
s→∞

sup
Q : ℓ(Q)≥s

1

w(Q)1+α/d

ˆ
Q

|b− 〈b〉Q| dx = 0,

lim
s→∞

sup
Q : dist(Q,0)≥s

1

w(Q)1+α/d

ˆ
Q

|b− 〈b〉Q| dx = 0,

where the symbol Q denotes any cube in Rd.

Often in the definition of a VMO function, one assumes a priori that the function
is a BMO function. We show that in our setting, even if one assumes only local
integrability, it will a posteriori hold that the function is a BMO function.

Lemma 2.3. VMOα
w(R

d) ⊂ BMOα
w(R

d) for all positive weights w and α ∈ R.

Proof. For any cube Q ⊂ Rd, we denote

Oα
w(b;Q) :=

1

w(Q)1+α/d

ˆ
Q

|b− 〈b〉Q| dx.

First choose a large s > 0 so that if l(Q) ≤ 1/s, l(Q) ≥ s or dist(Q, 0) ≥ s, we
have Oα

w(b;Q) ≤ 1. Let us turn our attention to the remaining cubes Q that satisfy
1/s < l(Q) < s and dist(Q, 0) < s. Because l(Q) < s and dist(Q, 0) < s, all such
cubes Q are contained in some cube Q0 centred at origin with side length l(Q0).
Thereforeˆ

Q

|b− 〈b〉Q| ≤ 2

ˆ
Q

|b− 〈b〉Q0
| ≤ 2

ˆ
Q0

|b− 〈b〉Q0
| = 2w(Q0)

1+α/dOα
w(b;Q0)

for the remaining cubes Q. Let us choose a positive integer k = k(s) so that
2−kl(Q0) ≤

1
2s
. Let {P1, . . . , P2kd} consist of the 2kd kth level dyadic subcubes Pj of

Q0. We denote m := min{w(P1), . . . , w(P2kd)} > 0. Let Q be one of the remaining
cubes. Then there exists an index j such that the centre point of Q is in Pj . Since
l(Q) > 1/s and 2−kl(Q0) ≤

1
2s
, it holds that Pj ⊂ Q. Therefore m ≤ w(Pj) ≤ w(Q)

and
1

w(Q)1+α/d
≤ max

{
1

m1+α/d
,

1

w(Q0)1+α/d

}
.

Note that whether or not 1 + α/d ≥ 0 affects the proof of the above estimate and
combining it with the earlier estimate, we get

Oα
w(b;Q) ≤ 2max

{
w(Q0)

1+α/d

m1+α/d
, 1

}
Oα

w(b;Q0)
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for the remaining cubes Q. Thus

‖b‖BMOα
w(Rd) ≤ max

{
1, 2max

{
w(Q0)

1+α/d

m1+α/d
, 1

}
Oα

w(b;Q0)

}
< ∞. �

Remark 2.4. For our purposes, we study the spaces BMOα
w(R

d) and VMOα
w(R

d)
only for α ≥ 0.

Definition 2.5. (Muckenhoupt classes of weights) Let 1 < u < ∞ and let w be
a positive weight. Then we say that w ∈ Au if

sup
Q

〈w〉Q〈w
1−u′

〉u−1
Q < ∞,

where the symbol Q denotes any cube in Rd.

Definition 2.6. (Reverse Hölder classes of weights) Let 1 < u < ∞ and let w
be a positive weight. Then we say that w ∈ RHu if

sup
Q

〈wu〉
1

u
Q〈w〉

−1
Q < ∞,

where the symbol Q denotes any cube in Rd.

Definition 2.7. Suppose Ω: Sd−1 → C. We say that Ω ∈ Lip(Sd−1), if there
exists M > 0 so that

|Ω(x)− Ω(y)| ≤ M |x− y| ∀x, y ∈ S
d−1.

Definition 2.8. Let 1 < q ≤ ∞. Suppose that Ω ∈ Lq(Sd−1). Suppose also that
the integral of Ω over Sd−1 is zero, or in other words, that Ω has zero average. We
formally define

TΩf(x) := lim
ε→0

ˆ
|y|>ε

Ω(y/|y|)

|y|d
f(x− y) dy.

We call the kernel KΩ defined by KΩ(x, y) := Ω((x−y)/|x−y|)
|x−y|d

a rough homogeneous

kernel.

We record the well-known boundedness of TΩ. For the proof, see [7, Theo-
rem 4.12].

Lemma 2.9. Let 1 < q ≤ ∞ and suppose that Ω ∈ Lq(Sd−1) has zero average
over Sd−1. Then the linear operator TΩ defined by

TΩ(f) = lim
ε→0

ˆ
|y|>ε

Ω(y/|y|)

|y|d
f(· − y) dy

is bounded on Lp(Rd) for every 1 < p < ∞.

We will consider a kernel that is connected to the following Orlicz–Lorentz type
space.

Definition 2.10. Let 1 < q < ∞. Following [18], we define

‖Ω‖Lq,1 logL(Sd−1) := inf{λ > 0: [Ω/λ]Lq,1 logL(Sd−1) ≤ 1},

where

[Ω]Lq,1 logL(Sd−1) := q

ˆ ∞

0

log(e+ t)|{θ ∈ S
d−1 : |Ω(θ)| > t}|

1

q dt.

We say that Ω ∈ Lq,1 logL(Sd−1), if ‖Ω‖Lq,1 logL(Sd−1) < ∞.
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One key property of Lq,1 logL(Sd−1) is that it is between Lq(Sd−1) and Lq+ε(Sd−1)
for any ε > 0. This might be well-known to experts, but we could not find a proof
and record it here for completeness. The following definition will help with the proof
of this fact.

Definition 2.11. The decreasing rearrangement f ∗ of a measurable function f
is defined by

f ∗(t) = inf{τ > 0: |{|f | > τ}| ≤ t}.

We also find the following special case of Lemma 6.1 from [1] very helpful.

Lemma 2.12. Suppose 0 < a, b < ∞. Let φ be a non-negative decreasing
function on (0,∞). Then for each t ∈ (0,∞), we have

sup
0<s≤t

sbφ(s) ≤

(
ab

ˆ t

0

[
sbφ(s)

]a ds
s

) 1

a

.

Note that in [1] the above result was formulated only for non-negative decreasing
functions φ on (0, 1) and t ∈ (0, 1), but an inspection of the proof shows that the
above is also true.

Lemma 2.13. Suppose that 1 < q < ∞. Then for any ε > 0 we have

Lq+ε(Sd−1) ⊂ Lq,1 logL(Sd−1) ⊂ Lq(Sd−1).

Furthermore, there is a number C > 0 that depends only on d, q and ε so that

‖f‖Lq(Sd−1) ≤ ‖f‖Lq,1 logL(Sd−1) ≤ C‖f‖Lq+ε(Sd−1).

Proof. The first inequality is quite straightforward. We have

‖f‖Lq(Sd−1) ≤ ‖f‖Lq,1(Sd−1) ≤ [f ]Lq,1 logL(Sd−1).

Scaling this inequality with λ < ‖f‖Lq(Sd−1) yields

[f/λ]Lq,1 logL(Sd−1) ≥
‖f‖Lq(Sd−1)

λ
> 1,

which by Definition 2.10 implies λ < ‖f‖Lq,1 logL(Sd−1). Letting λ → ‖f‖Lq(Sd−1) we
get the first inequality

‖f‖Lq(Sd−1) ≤ ‖f‖Lq,1 logL(Sd−1).

To prove the second inequality we will first estimate [f ]Lq,1 logL(Sd−1). By calcu-

lating the integral of the function log(e + t)r
1

q
−1 over the subset {|{|f | > t}| > r} =

{f ∗(r) > t} of (0,∞)× (0,∞) in two different ways, we get that

[f ]Lq,1 logL(Sd−1) = q

ˆ ∞

0

log(e+ t)|{θ ∈ S
d−1 : |f(θ)| > t}|

1

q dt

=

ˆ ∞

0

t
1

q (e + f ∗(t))(log(e+ f ∗(t))− 1)
dt

t
.

Note that if f ∗(t) vanishes, then the whole integrand vanishes. In particular, this
happens when t ≥ |Sd−1| =: Cd. Fix δ(ε) := δ > 0 to be chosen later and denote
r := q + δ. Then we estimateˆ Cd

0

t
1

q (e+ f ∗(t))(log(e + f ∗(t))− 1)
dt

t

≤ sup
0<t≤Cd

t
1

r (e+ f ∗(t))(log(e + f ∗(t))− 1)

ˆ Cd

0

t
1

q
− 1

r
−1 dt.
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Since r > q the integral satisfiesˆ Cd

0

t
1

q
− 1

r
−1 dt = C

1

q
− 1

r

d

qr

r − q
hd,q,ε 1.

An application of Lemma 2.12 yields that

sup
0<t≤Cd

t
1

r (e + f ∗(t))(log(e+ f ∗(t))− 1)

≤

(ˆ Cd

0

[
t
1

r (e+ f ∗(t))(log(e+ f ∗(t))− 1)
]r dt

t

) 1

r

=

(ˆ Cd

0

[(e+ f ∗(t))(log(e+ f ∗(t))− 1)]r dt

) 1

r

.

By Minkowski’s inequality the last expression is bounded by

e

(ˆ Cd

0

[log(e+ f ∗(t))− 1]r dt

) 1

r

+

(ˆ Cd

0

[f ∗(t)(log(e+ f ∗(t))− 1)]r dt

) 1

r

For any 0 < a ≤ 1 and x ≥ 0 there holds log(e+ x)− 1 ≤ Cax
a, where

Ca := sup
x>0

log(e+ x)− 1

xa
.

This with a = 1 and x = f ∗(t) lets us estimate

(ˆ Cd

0

[log(e+ f ∗(t))− 1]r dt

) 1

r

. ‖f‖Lq+δ(Sd−1).

For the second integral we use the same estimate with a = δ
r
and x = f ∗(t), which

yields

(ˆ Cd

0

[f ∗(t)(log(e+ f ∗(t))− 1)]r dt

) 1

r

.q,ε

(ˆ Cd

0

[f ∗(t)]r+δ dt

) 1

r

= ‖f‖
1+ δ

r

Lr+δ(Sd−1)
= ‖f‖

1+ δ
q+δ

Lq+2δ(Sd−1)
.

Choosing δ = ε
2
and combining all the estimates we have now shown that there exists

a constant C := C(d, q, ε) such that

[f ]Lq,1 logL(Sd−1) ≤ C
(
‖f‖Lq+ε(Sd−1) + ‖f‖

1+ ε
2q+ε

Lq+ε(Sd−1)

)
.

We scale this inequality with λ = 2C‖f‖Lq+ε(Sd−1) to get

[f/λ]Lq,1 logL(Sd−1) ≤ C
(
‖f/λ‖Lq+ε(Sd−1) + ‖f/λ‖

1+ ε
2q+ε

Lq+ε(Sd−1)

)

= C

(
1

2C
+

1

(2C)1+
ε

2q+ε

)
≤ 1.

By Definition 2.10 the above implies

‖f‖Lq,1 logL(Sd−1) ≤ λ = 2C‖f‖Lq+ε(Sd−1).

This concludes the proof of the lemma. �
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3. Sufficiency for Bloom-type compactness

In this section we will prove the main result, that is, the Bloom-weighted com-
pactness of commutators of TΩ with Ω ∈ Lq(Sd−1). The first step towards this result
is the following Theorem 3.1, which says that Bloom-type boundedness for the com-
mutator of rough singular integrals holds with Ω ∈ Lq,1 logL(Sd−1). As a corollary,
we obtain that Bloom-type boundedness holds also with Ω ∈ Lq(Sd−1). The proof will
use Lemma 2.13 and the self-improvement properties of the reverse Hölder classes.

Theorem 3.1. [18, Corollary 7.2] Suppose that Ω ∈ Lq,1 logL(Sd−1) for some
1 < q < ∞ with zero average over Sd−1. Let also 1 < u ≤ v < q, µ ∈ Au∩RH( q

u)
′ and

λ ∈ Av∩RH( q
v )

′, and define the Bloom weight ν1+α
d := µ

1

uλ− 1

v , where α := d
(
1
u
− 1

v

)
.

Then we have

‖[b, TΩ]‖Lu(µ)→Lv(λ) .d,q,u,v,µ,λ ‖Ω‖Lq,1 logL(Sd−1) ‖b‖BMOα
ν
.

We are unsure if dropping the reverse Hölder conditions is possible in Theo-
rem 3.1. The sparse domination of the commutators produces an exponent q′ > 1 in
the averages. This exponent comes directly from the convex body domination result
of [17], which extends the best known sparse domination for rough singular integrals
with Ω ∈ Lq(Sd−1) from [5]. In turn, in their argument for the weighted estimate
for the sparse forms, [19] show that the exponent q′ > 1 produces a reverse Hölder
condition.

Therefore, removing the reverse Hölder condition would likely need either a
sharper sparse domination result for rough singular integrals or a fundamentally
different method that avoids sparse domination.

Corollary 3.2. Theorem 3.1 holds with Lq(Sd−1) in place of Lq,1 logL(Sd−1).
The conclusion is then naturally replaced by

‖[b, TΩ]‖Lu(µ)→Lv(λ) .d,q,u,v,µ,λ ‖Ω‖Lq(Sd−1) ‖b‖BMOα
ν
.

Proof. We will begin by showing that for any µ ∈ RH( q
u
)′ and any λ ∈ RH( q

v
)′

there exists a δ ∈ (0, q − v) such that µ ∈ RH( q−δ
u

)′ and λ ∈ RH( q−δ
v

)′ .

We choose δλ = min{ q−v
2
, (q−v)2

2v
η}, where η is the number in Gehring’s Lemma

(see [8, Lemma 3]) for λ. A simple calculation shows that
(
q − δλ

v

)′

=
(q
v

)′
+ δλ

v

(q − v − δλ)(q − v)
≤
(q
v

)′
+ δλ

2v

(q − v)2
≤
(q
v

)′
+ η,

and hence by Gehring’s Lemma we have λ ∈ RH
(
q−δλ

v
)′
. A similar argument for µ

with some δµ ∈ (0, q − u) gives µ ∈ RH
(
q−δµ

u
)′
. Thus δ = min{δµ, δλ} has all the

wanted properties.
We note also that δ depends only on d, q, u, v, µ and λ, and it satisfies q− δ > v.

Thus Theorem 3.1 and Lemma 2.13 yields that

‖[b, TΩ]‖Lu(µ)→Lv(λ) .d,q,u,v,µ,λ ‖Ω‖Lq−δ,1 logL(Sd−1) ‖b‖BMOα
ν

.d,q,u,v,µ,λ ‖Ω‖Lq(Sd−1) ‖b‖BMOα
ν
,

which concludes the proof. �

We aim to use a result of [14] for Calderón–Zygmund operators as a black box.
In order to do this, we note that if Ω is smooth enough, it actually induces a standard
kernel KΩ of a Calderón–Zygmund operator. This is recorded as the following lemma.
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We believe that its proof is definitely known. However, we could not find a direct
reference. For the interested reader, we wrote the rest of the details of its proof in
Appendix A.

Lemma 3.3. Suppose that Ω ∈ Lip(Sd−1) has zero average over Sd−1. Then TΩ

is a Calderón–Zygmund operator in the sense of [14, Definition 1.2].

Proof. Denote KΩ(x, y) := Ω((x− y)/|x− y|)|x− y|−d for all x, y ∈ Rd such that
x 6= y. Suppose then that f is a Schwartz function and that x is outside the support
of f . When ε is less than the distance d between x and the support of f , we haveˆ

|y|>ε

Ω(y/|y|)

|y|d
f(x− y) dy =

ˆ
|y−x|>ε

KΩ(x, y)f(y) dy =

ˆ
Rd

KΩ(x, y)f(y) dy.

This guarantees the desired off-support representation for TΩ with the kernel KΩ.
Moreover, by Lemma 2.9, the associated singular integral operator TΩ is bounded on
L2. The rest of the required properties are checked in Appendix A. �

Lemma 3.4. Suppose that Ω ∈ Lip(Sd−1) has zero average over Sd−1. Let
also 1 < u ≤ v < ∞, µ ∈ Au and λ ∈ Av. Define the Bloom weight ν by
ν1+α/d := µ1/uλ−1/v, where α := d( 1

u
− 1

v
). If b ∈ VMOα

ν (R
d), then the commu-

tator [b, TΩ] : L
u(µ) → Lv(λ) is compact.

Proof. By Lemma 3.3, TΩ is a Calderón–Zygmund operator in the sense of
[14, Definition 1.2]. Thus by [14, Theorem 2.4], the proof is done. (One does not
need the non-degeneracy assumption of [14] when one applies this “direction” of the
theorem.) �

The following Theorem combines Lemma 3.4 with the Bloom-type boundedness
of Corollary 3.2. The point in applying Lemma 3.4 is that Lip(Sd−1) is dense in
Lq(Sd−1) (for a similar proof strategy using the density of Lipschitz functions, see
[13]).

Theorem 3.5. Let 1 < q < ∞. Suppose that Ω ∈ Lq(Sd−1) has zero average
over Sd−1. Let also 1 < u ≤ v < q, µ ∈ Au ∩ RH( q

u
)′ and λ ∈ Av ∩ RH( q

v
)′ . Define

the Bloom weight ν by ν1+α/d := µ1/uλ−1/v, where α := d( 1
u
− 1

v
). If b ∈ VMOα

ν (R
d),

then the commutator [b, TΩ] : L
u(µ) → Lv(λ) is compact.

Proof. Suppose that ε > 0, and let Ωε ∈ Lip(Sd−1) such that ‖Ωε−Ω‖Lq(Sd−1) < ε.
Then the sequence

Ωε,0 := Ωε −

 
Sd−1

Ωε

clearly satisfies Ωε,0 ∈ Lip(Sd−1) and
´
Sd−1 Ωε,0 = 0. Furthermore, we have

‖Ω− Ωε,0‖Lq(Sd−1) ≤ ‖Ω− Ωε‖Lq(Sd−1) + ‖

 
Sd−1

Ωε‖Lq(Sd−1)

= ‖Ω− Ωε‖Lq(Sd−1) + |Sd−1|
1

q
−1 |

ˆ
Sd−1

Ωε − Ω|

≤ ‖Ω− Ωε‖Lq(Sd−1) + |Sd−1|
1

q
−1+ 1

q′ ‖Ω− Ωε‖Lq(Sd−1)

= 2‖Ω− Ωε‖Lq(Sd−1) ≤ 2ε.

We decompose the commutator

[b, TΩ] = [b, TΩ−Ωε,0+Ωε,0 ] = [b, TΩ−Ωε,0 ] + [b, TΩε,0 ],
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and it suffices to show that [b, TΩε,0 ] is compact and [b, TΩ−Ωε,0 ] is arbitrarily small
in the Lu(µ) → Lv(λ) norm. By Lemma 3.4, we only need to show the latter. By
Corollary 3.2 we have that

‖[b, TΩ−Ωε,0 ]‖Lu(µ)→Lv(λ) .d,q,u,v,µ,λ ‖Ω− Ωε,0‖Lq(Sd−1)‖b‖BMOα
ν
. ε ‖b‖BMOα

ν
,

which is the desired control. Note that ‖b‖BMOα
ν
< ∞ by Lemma 2.3. �

4. Characterisation for Bloom-type compactness

By combining our result on the compactness of a commutator [b, TΩ] with earlier
research [14], we get a characterisation of the compactness. We state the result next
but a few words are in place after that to explain its proof.

Theorem 4.1. Let 1 < q < ∞. Suppose that Ω ∈ Lq(Sd−1)\{0} has zero average
over Sd−1. Let also 1 < u ≤ v < q, µ ∈ Au ∩RH( q

u
)′ and λ ∈ Av ∩RH( q

v
)′ . Define the

Bloom weight ν by ν1+α/d := µ1/uλ−1/v, where α := d( 1
u
− 1

v
). Let b ∈ L1

loc(R
d). Then

the commutator [b, TΩ] : L
u(µ) → Lv(λ) is compact if and only if b ∈ VMOα

ν (R
d).

Proof. One direction of the equivalence is a consequence of Theorem 3.5. The
other direction essentially follows from the proofs of [14, Proposition 5.7] and [12,
Theorem 2.4.1]: see the remarks below. �

In [14], the authors do not state their results for T associated to a rough homo-
geneous kernel KΩ. Rather, they work with kernels that satisfy a certain smoothness
condition. However, their result on the necessary condition for the compactness of
the commutator [14, Proposition 5.7] is also valid for rough homogeneous kernels KΩ.
This validity is what suffices to show that Theorem 4.1 is true. In fact, the proof of
[14, Proposition 5.7] works as such for the rough homogeneous kernels. We explain
this next.

In the context of [14, Proposition 5.7], non-degeneracy of T = TΩ is interpreted
to mean that Ω is non-zero in a set of positive measure, that is, Ω ∈ Lq(Sd−1) \ {0}.

Arguably, the least trivial part of why the proof of [14] works for non-degenerate
TΩ is that a method called approximate weak factorisation is valid for the non-
degenerate kernels of the rough homogeneous kind as well, as demonstrated in [12,
Lemma 2.3.3]. Therefore, if one follows the proof of [12, Theorem 2.4.1], then one
gets the following lemma that resembles [14, Proposition 4.2], as a consequence of
the approximate weak factorisation:

Lemma 4.2. Let 1 < q < ∞. Suppose that Ω ∈ Lq(Sd−1) \ {0} has zero average

over Sd−1 and b ∈ L1
loc(R

d). Let Q be a fixed cube. Then there exists a cube Q̃ such

that dist(Q, Q̃) h ℓ(Q) = ℓ(Q̃) and for any γ-major subsets E ⊂ Q and Ẽ ⊂ Q̃ (that

is, |E| ≥ γ|Q| and |Ẽ| ≥ γ|Q̃|) we have

(4)

ˆ
E

|b− 〈b〉E | dx . |〈[b, TΩ]hE , gẼ〉|+ |〈[b, TΩ]gE, hẼ〉|,

where the auxiliary functions satisfy

gE = 1E, gẼ = 1Ẽ, hE . 1E, hẼ . 1Ẽ.

All the above implicit constants depend at most on the kernel of TΩ, the dimension
d and γ.

Thus the black box (the approximate weak factorisation) that is used in the proof
of [14, Proposition 5.7] is also valid for non-degenerate rough homogeneous kernels.
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In addition to this part, the other parts of the proof are easily seen to be independent
of which type of kernel is in consideration.

Remark 4.3. Note: The conclusion of [14, Proposition 4.2] contains a typo
that does not affect the main results of [14]. The typo has been corrected above in
(4). Indeed, the commutator should be applied to the auxiliary functions that are

supported in E (as is the case in (4)), not to the ones supported in Ẽ. In the paper
[14], a trivial modification is required in the proof of [14, Proposition 4.3] but the
typo has no other implications.

Remark 4.4. By an inspection of the proof in [14], we see that in the implication
“[b, TΩ] is compact⇒ b ∈ VMOα

ν (R
d)” of Theorem 4.1, the reverse Hölder assumption

of the weights is not necessary. Furthermore, the exponents u, v do not have to be
bounded by q.

5. Matrix-weighted compactness

A matrix weight is a locally integrable function W : Rd → C
n×n that is almost

everywhere positive definite -valued. The space Lp(W ) consists of all measurable
~f : Rd → Cn such that W

1

p ~f ∈ Lp(Rd,Cn), and ‖~f‖Lp(W ) := ‖W
1

p ~f‖Lp(Rd,Cn). For

a matrix weight W : Rd → Cn×n and 1 < p < ∞, we use the definition of Ap that
appeared for the first time in [22], i.e.,

[W ]Ap
:= sup

Q

 
Q

( 
Q

∣∣∣W
1

p (x)W− 1

p (y)
∣∣∣
p′

op
dy

) p
p′

dx

and say that W ∈ Ap if [W ]Ap < ∞. We will use the matrix-weighted maximal
function MW of Goldberg and Christ [4, 9], which is defined by

(5) MW
~f(x) := sup

Q∋x

 
Q

|W
1

p (x)W− 1

p (y)~f(y)| dy.

The main property of MW that will be used is the boundedness of MW on Lp(Rd)
when W ∈ Ap. See [9, Theorem 3.2] and [15, Theorem 1.3] for more details on this
fact.

In this section we will strive to prove a matrix-weighted compactness result for
[b, TΩ]. The main ingredient of the proof of this result is the following matrix-weighted
Kolmogorov–Riesz compactness theorem due to [21, Corollary 3.2].

Theorem 5.1. Let 1 < p < ∞ and let W be a matrix weight. A subset F of
Lp(W ) is totally bounded if the following conditions hold:

(a) F is bounded, that is,

sup
~f∈F

‖~f‖Lp(W ) < ∞;

(b) F uniformly vanishes at infinity, that is,

lim
R→∞

sup
~f∈F

‖~f 1B(0,R)∁‖Lp(W ) = 0;

(c) F is equicontinuous, that is,

lim
r→0

sup
~f∈F

sup
z∈B(0,r)

‖τz ~f − ~f‖Lp(W ) = 0,
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where τz is the translation operator defined by

τz ~f(x) := ~f(x+ z).

Now we will prove that the commutator [b, TΩ] of a rough singular integral TΩ

with b ∈ VMO(Rd) is Lp(W ) → Lp(W ) compact. The proof has similar elements
with the scalar-valued proofs in [10, 11].

Theorem 5.2. Let W be a matrix weight and b ∈ VMO(Rd). Let also 1 < q <
∞, q′ < p < ∞, W ∈ A p

q′
and Ω ∈ Lq+ε(Sd−1), ε > 0, has zero average over Sd−1.

Then the commutator [b, TΩ] : L
p(W ) → Lp(W ) is compact.

Proof. Due to [18, Corollary 6.3] and Lemma 2.13, we may assume Ω ∈ Lip(Sd−1).
Furthermore, a result proved in [23] says that VMO(Rd) is the closure of C∞

c (Rd)
under the BMO(Rd) norm, so we may also assume that b ∈ C∞

c (Rd).
Let φδ(x) := φ(x/δ), where 0 ≤ φ ≤ 1 is a smooth function supported on

B(0, 1) and equal to one on B(0, 1/2). Then we define TΩ,δ to be the operator with
kernel KΩ,δ(x, y) := (1− φδ(x− y))KΩ(x, y). By the mean value theorem and kernel
estimates, we have

|W
1

p (x)([b, TΩ]~f(x)− [b, TΩ,δ]~f(x))|

=

∣∣∣∣p.v.
ˆ
Rd

(b(x)− b(y))φδ(x− y)KΩ(x, y)W
1

p (x)~f(y) dy

∣∣∣∣

.b,Ω

ˆ
|x−y|≤δ

1

|x− y|d−1
|W

1

p (x)~f(y)| dy

=

ˆ
|x−y|≤δ

1

|x− y|d−1
|W

1

p (x)W− 1

p (y)W
1

p (y)~f(y)| dy.

Then we decompose the last integral and estimate
∞∑

j=0

ˆ
2−j−1δ<|x−y|≤2−jδ

1

|x− y|d−1
|W

1

p (x)W− 1

p (y)W
1

p (y)~f(y)| dy

. δ

∞∑

j=0

2−j

 
|x−y|≤2−jδ

|W
1

p (x)W− 1

p (y)W
1

p (y)~f(y)| dy

. δMW (W
1

p ~f)(x),

where MW is the matrix-weighted maximal function (5). Due to the boundedness of
the matrix-weighted maximal function we get

‖[b, TΩ]~f − [b, TΩ,δ]~f‖Lp(W ) .b,Ω δ ‖MW (W
1

p ~f)‖Lp(Rd) .W δ ‖~f‖Lp(W ).

Since δ can be arbitrarily small, it suffices to show that [b, TΩ,δ] : L
p(W ) → Lp(W ) is

compact. We note that the truncated kernel satisfies

(6) |KΩ,δ(x, y)−KΩ,δ(x
′, y)| .

|x− x′|

|x− y|d+1
, 2|x− x′| ≤ |x− y|.

By [18, Corollary 6.3] we have that [b, TΩ] is Lp(W ) → Lp(W ) bounded, and
hence

‖[b, TΩ,δ]~f‖Lp(W ) ≤ ‖[b, TΩ,δ]~f − [b, TΩ]~f‖Lp(W ) + ‖[b, TΩ]~f‖Lp(W )

.b,W,Ω ‖~f‖Lp(W ) < ∞,

which takes care of the first part of Theorem 5.1.



Compactness of commutators of rough singular integrals 189

Considering the second part, we suppose that Q is a cube centered at the origin
such that supp b ⊂ Q. Then for x sufficiently far away from the origin we have

|W
1

p (x)[b, TΩ,δ]~f(x)|
p =

∣∣∣∣W
1

p (x)

ˆ
Rd

b(y)KΩ,δ(x, y)~f(y) dy

∣∣∣∣
p

.b,Ω |W
1

p (x)|pop
1

|x|dp

(ˆ
Q

|~f(y)| dy

)p

≤ |W (x)|op
1

|x|dp

(ˆ
Q

|~f(y)| dy

)p

,

where the last inequality is true due to the Cordes inequality. Moreover, an applica-
tion of Hölder’s inequality and another application of the Cordes inequality yields

ˆ
Q

|~f(y)| dy ≤

ˆ
Q

|W− 1

p (y)|op|W
1

p (y)~f(y)| dy ≤

(ˆ
Q

|W− p′

p (y)|op dy

) 1

p′

‖~f‖Lp(W ).

Thus for sufficiently large N > 0 we have

(ˆ
(B(0,2N ))∁

|W
1

p (x)[b, TΩ,δ]~f(x)|
p dx

) 1

p

.b,Ω ‖~f‖Lp(W )

(ˆ
Q

|W− p′

p (y)|op dy

) 1

p′
(ˆ

(B(0,2N ))∁

|W (x)|op
|x|dp

dx

) 1

p

.

We estimate the last term of the product on the right-hand side as follows
ˆ
(B(0,2N ))∁

|W (x)|op
|x|dp

dx ≤

∞∑

k=⌊N⌋

ˆ
B(0,2k+1)\B(0,2k)

|W (x)|op
|x|dp

dx

≤

∞∑

k=⌊N⌋

2−dkp

ˆ
B(0,2k+1)\B(0,2k)

|W (x)|op dx.

We note that for any w ∈ Ap we have the doubling property

w(B(0, r)) .
rdp

sdp
[w]Apw(B(0, s)), r ≥ s > 0,

and there exists a γ > 0 such that w ∈ Ap−γ. Applying these facts with w := |W |op ∈
Ap yieldsˆ

B(0,2k+1)\B(0,2k)

w(x) dx . [w]Apw(B(0, 2k)) . [w]Ap2
dkp2−dkγ[w]Ap−γw(B(0, 1)),

and hence ˆ
(B(0,2N ))∁

w(x)

|x|dp
dx . [w]Ap[w]Ap−γw(B(0, 1))

∞∑

k=⌊N⌋

2−dkγ

h 2−dNγ[w]Ap[w]Ap−γw(B(0, 1)).

Therefore, with

C(W ) := [|W |op]Ap[|W |op]Ap−γ

ˆ
B(0,1)

|W (y)|op dy

(ˆ
Q

|W− p′

p (y)|op dy

) p
p′

< ∞
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we have
(ˆ

(B(0,2N ))∁
|W

1

p (x)[b, TΩ,δ]~f(x)|
p dx

) 1

p

.b,Ω 2−
dNγ
p C(W )

1

p‖~f‖Lp(W )
N→∞
−−−→ 0,

which concludes the proof of the second item.
All that is left is the proof of the last item in Theorem 5.1. To this end, we take

z ∈ Rd with |z| ≤ δ/8 and write

[b, TΩ,δ]~f(x+ z)− [b, TΩ,δ]~f(x) = I(x, z) + II(x, z),

where

I(x, z) :=

ˆ
Rd

(b(x+ z)− b(y))(KΩ,δ(x+ z, y)−KΩ,δ(x, y))~f(y) dy

and

II(x, z) := (b(x+ z)− b(x))

ˆ
Rd

KΩ,δ(x, y)~f(y) dy.

Due to the fact that the terms KΩ,δ(x+ z, y) and KΩ,δ(x, y) vanish for |x− y| ≤ δ/4
and (6) we have

|W
1

p (x)I(x, z)| ≤ 2‖b‖∞

ˆ
|x−y|≥ δ

4

|KΩ,δ(x+ z, y)−KΩ,δ(x, y)| |W
1

p (x)~f(y)| dy

.b

ˆ
|x−y|≥ δ

4

|z|

|x− y|d+1
|W

1

p (x)~f(y)| dy

= |z|

∞∑

j=−2

ˆ
2j+1δ>|x−y|≥2jδ

1

|x− y|d+1
|W

1

p (x)~f(y)| dy

.
|z|

δ

∞∑

j=−2

2−j

 
|x−y|≤2j+1δ

|W
1

p (x)W− 1

p (y)W
1

p (y)~f(y)| dy

.
|z|

δ
MW

(
W

1

p ~f
)
(x).

This yields

(7) ‖I(·, z)‖Lp(W ) .b,δ |z|
∥∥∥MW

(
W

1

p ~f
)∥∥∥

Lp(Rd)
.W |z| ‖~f‖Lp(W ).

For the second term we apply the mean value theorem to get |b(x+ z)− b(x)| .b |z|,
and hence

|II(x, z)| .b |z|

(∣∣∣∣
ˆ
δ/2≤|x−y|≤δ

KΩ,δ(x, y)~f(y) dy

∣∣∣∣+
∣∣∣∣
ˆ
|x−y|>δ

KΩ(x, y)~f(y) dy

∣∣∣∣
)

=: |z|
(
|II1(x)|+ |II2(x)|

)
.

The first term can be estimated with the matrix-weighted maximal function in a
similar manner as before

|W
1

p (x)II1(x)| .

 
|x−y|≤δ

|W
1

p (x)W− 1

p (y)W
1

p (y)~f(y)| dy . MW (W
1

p ~f)(x),

and the second term is a truncated singular integral, which is bounded on Lp(W )
(see for instance [6, Corollary 1.6] together with [3, Theorem 1.4]). Thus we get

(8) ‖II(·, z)‖Lp(W ) .b,W |z|‖~f‖Lp(W ).
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Combining the estimates (7) and (8) shows that

‖τz[b, TΩ,δ]~f − [b, TΩ,δ]~f‖Lp(W ) → 0

as |z| → 0.
We have now checked that for a bounded set B ⊂ Lp(W ), the image [b, TΩ,δ]B

satisfies the conditions of Theorem 5.1. Thus by Theorem 5.1 it follows that [b, TΩ,δ]B
is totally bounded in Lp(W ), and this implies that [b, TΩ,δ] is a compact operator. �

Remark 5.3. A result of Bownik [2, Proposition 5.3] says that generally matrix-
weights do not enjoy the self-improvement property of Ap classes. Therefore, we are
not able to get the result of Theorem 5.2 for Ω ∈ Lq(Sd−1).

Remark 5.4. To the authors’ best knowledge this is the first matrix-weighted
compactness result for a commutator of a singular integral. With relatively small
changes to the proof, one can prove matrix-weighted compactness for a Calderón–
Zygmund operator with a standard kernel like those studied for example in [14].

Remark 5.5. It is known in the scalar-valued setting that b ∈ VMO is necessary
for the compactness of [b, TΩ] when Ω 6= 0 (see Theorem 4.1). The scalar-valued case
is a special case of the matrix-valued case and thus in this sense b ∈ VMO is necessary
in the more general matrix-valued setting.

Appendix A. Lipschitz functions induce kernels that satisfy size

and smoothness estimates of standard kernels

For easy reference for the interested reader, we recall the missing pieces of the
proof of Lemma 3.3 that says that Lipschitz-functions Ω induce standard kernels KΩ

of Calderón–Zygmund operators, when we define

KΩ(x, y) := Ω

(
x− y

|x− y|

)
1

|x− y|d

for all x, y ∈ Rd such that x 6= y.
Because we extend Ω from Sd−1 to Rd keeping it constant on each ray starting

from the origin, we see what the Lipschitz condition of Ω transforms into in the
following lemma.

Lemma A.1. Suppose that Ω ∈ Lip(Sd−1) with Lipschitz constant M . Let us
extend Ω to the domain Rd \ {0} by setting Ω(x) := Ω(x/|x|). Then

|Ω(x)− Ω(y)| ≤ 2M min

{
|x− y|

|x|
,
|x− y|

|y|

}
, ∀x, y ∈ R

d \ {0}.

Proof. Let x, y ∈ Rd \ {0}. Then

|Ω(x)− Ω(y)| = |Ω(x/|x|)− Ω(y/|y|)| ≤ M

∣∣∣∣
x

|x|
−

y

|y|

∣∣∣∣ .

Note that ∣∣∣∣
x

|x|
−

y

|y|

∣∣∣∣ =
||y|x− |x|y|

|x||y|
=

{
||y|(x−y)+(|y|−|x|)y|

|x||y|
,

|(|y|−|x|)x+|x|(x−y)|
|x||y|

.

Applying the triangle inequality to both expressions we get
∣∣∣∣
x

|x|
−

y

|y|

∣∣∣∣ ≤
{
2 |x−y|

|x|
,

2 |x−y|
|y|

.
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�

We are now to ready to prove the size and smoothness conditions for KΩ. This
provides the missing argument in the proof of Lemma 3.3.

Lemma A.2. Suppose that Ω ∈ Lip(Sd−1). Then

|KΩ(x, y)| ≤
‖Ω‖L∞

|x− y|d
(∀x, y ∈ R

d, x 6= y).

Furthermore,

|KΩ(x
′, y)−KΩ(x, y)|+ |KΩ(y, x

′)−KΩ(y, x)| ≤ ω

(
|x− x′|

|x− y|

)
1

|x− y|d

whenever |x− x′| ≤ 1
2
|x− y|, x 6= y. We may choose ω so that it satisfies ω(t) h (t)

for all t ∈ [0, 1].

Proof. Denote KΩ(x, y) := Ω((x − y)/|x − y|)|x − y|−d for all x, y ∈ Rd such
that x 6= y. Because Ω ∈ Lip(Sd−1), there exists a constant M > 0 such that
|Ω(x) − Ω(y)| ≤ M |x − y| for all x, y ∈ Sd−1. Note that the assumed Lipschitz
continuity implies that

|Ω(x)− Ω((1, 0, . . . , 0))| ≤ M |x− (1, 0, . . . , 0)| ≤ 2M (∀x ∈ S
d−1).

Thus Ω(Sd−1) is bounded and

|KΩ(x, y)| =
|Ω((x− y)/|x− y|)|

|x− y|d
≤

‖Ω‖L∞

|x− y|d
(∀x, y ∈ R

d, x 6= y).

For the purpose of clarity, let us extend Ω to the domain Rd \ {0} by setting
Ω(x) := Ω(x/|x|). Whenever x, x′, y ∈ Rd are such that |x − x′| ≤ 1

2
|x − y| (and

x 6= y), we have that

|KΩ(x
′, y)−KΩ(x, y)|+ |KΩ(y, x

′)−KΩ(y, x)|

=

∣∣∣∣
Ω(x′ − y)

|x′ − y|d
−

Ω(x− y)

|x− y|d

∣∣∣∣ +
∣∣∣∣
Ω(y − x′)

|y − x′|d
−

Ω(y − x)

|y − x|d

∣∣∣∣

=

∣∣∣∣
|x− y|dΩ(x′ − y)− |x′ − y|dΩ(x− y)

|x′ − y|d|x− y|d

∣∣∣∣+
∣∣∣∣
|y − x|dΩ(y − x′)− |y − x′|dΩ(y − x)

|y − x′|d|y − x|d

∣∣∣∣
=: I + II.

Here

I ≤ 2d
∣∣∣∣
|x− y|dΩ(x′ − y)− |x′ − y|dΩ(x− y)

|x− y|2d

∣∣∣∣ ,

because

|x− y| ≤ |x− x′|+ |x′ − y| ≤
1

2
|x− y|+ |x′ − y|

and hence |x− y| ≤ 2|x′ − y|. We write further that

I ≤ 2d
∣∣∣∣
(|x− y|d − |x′ − y|d)Ω(x− y)

|x− y|2d

∣∣∣∣+ 2d
∣∣∣∣
|x− y|d(Ω(x′ − y)− Ω(x− y))

|x− y|2d

∣∣∣∣
=: J + JJ.

Note that

J = 2d|Ω(x− y)||x− y|−2d||x− y|d − |x′ − y|d|

≤ 2d‖Ω‖L∞|x− y|−2d||x− y|d − |x′ − y|d|.
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By the mean value theorem applied to the function z 7→ zd, we get

||x− y|d − |x′ − y|d| ≤ dmax{|x− y|, |x′ − y|}d−1|x− x′| ≤ 2d−1d|x− y|d−1|x− x′|,

where in the last step we used that

|x′ − y| ≤ |x− x′|+ |x− y| ≤ 2|x− y|.

Thus

J ≤ 22d−1d‖Ω‖L∞|x− y|−d |x− x′|

|x− y|
.

On the other hand, note that by Lemma A.1 we have that

JJ = 2d|x− y|−d|Ω(x′ − y)− Ω(x− y)|

≤ 2d+1M |x− y|−dmin

{
|x− x′|

|x′ − y|
,
|x− x′|

|x− y|

}

≤ 2d+2M |x− y|−d |x− x′|

|x− y|
.

Thus we get that

I ≤ ωI

(
|x− x′|

|x− y|

)
|x− y|−d,

where the modulus of continuity ωI satisfies

ωI(t) h t.

In particular ωI is increasing, subadditive and satisfies ωI(0) = 0 as well as the Dini
condition ˆ 1

0

ωI(t)
dt

t
< ∞.

The estimate for II is similar. In particular, one estimates

II ≤ 2d
∣∣∣∣
(|x− y|d − |x′ − y|d)Ω(y − x)

|x− y|2d

∣∣∣∣+ 2d
∣∣∣∣
|x− y|d(Ω(y − x′)− Ω(y − x))

|x− y|2d

∣∣∣∣
=: K + KK

and then continues with the same strategy as for I and ends up with the same modulus
of continuity. Combining the estimates for I and II, we get

|KΩ(x
′, y)−KΩ(x, y)|+ |KΩ(y, x

′)−KΩ(y, x)| ≤ ω

(
|x− x′|

|x− y|

)
|x− y|−d,

where ω := 2ωI is increasing, subadditive and satisfies ω(0) = 0 as well as the Dini
condition. �
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