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Corrosion detection by identification of
a nonlinear Robin boundary condition

David Johansson

Abstract. We study an inverse boundary value problem in corrosion detection. The model

is based on a conductivity equation with nonlinear Robin boundary condition. We prove that the

nonlinear Robin term can be identified locally from Cauchy data measurements on a subset of the

boundary. A possible strategy for turning a local identification result into a global one is suggested,

and a partial result is proved in this direction. The inversion method is an adaptation to this

nonlinear Robin problem of a method originally developed for semilinear elliptic equations. The

strategy is based on linearization and relies on parametrizing solutions of the nonlinear equation on

solutions of the linearized equation.

Korrosionsdetektering genom identifiering av ett ickelinjärt Robinrandvillkor

Sammanfattning. Vi studerar ett inverst randvärdesproblem inom korrosionsdetektering.

Modellen är baserad p̊a en konduktivitetsekvation med ett ickelinjärt Robinrandvillkor. Vi be-

visar att den ickelinjära Robintermen lokalt kan identifieras fr̊an mätningar av Cauchydata p̊a

en delmängd av randen. En möjlig strategi för att omvandla ett lokalt identifieringsresultat till

ett globalt s̊adant föresl̊as, och ett delresultat i den riktning bevisas. Inverteringsmetoden är en

anpassning till det ickelinjära Robinproblemet av en metod som ursprungligen utvecklades för semi-

linjära elliptiska ekvationer. Strategin är baserad p̊a linjärisering och använder en parametrisering

av lösningarna av den ickelinjära ekvationen p̊a lösningarna av den linjäriserade ekvationen.

1. Introduction

We investigate the identifiability of corrosion on an object from voltage and
current measurements on the uncorroded part of the object. The mathematical
model is based on a differential equation for the electric potential in the object. If
there is corrosion on a subset of the boundary, this appears as a nonlinear Robin
boundary condition. The inverse Robin problem was introduced in [16] as a tool for
corrosion detection, with a linear Robin condition. In the present article we study the
identifiability of corrosion using a nonlinear Robin condition motivated by modeling
done in [25]. The Neumann–Robin model we use here corresponds to an experimental
setup where a current is prescribed, and the induced voltage is measured. One could
also prescribe the voltage and measure the current and this would lead to a mixed
Dirichlet–Robin problem. In order to simplify the analysis a bit, we only consider the
Neumann–Robin problem. Similar results should hold also for the Dirichlet–Robin
problem.

Let Ω ⊂ R
n be an open set representing the possibly corroded object. The

boundary ∂Ω is partitioned into an accessible region ΓA and an inaccessible region ΓI .
A current f is prescribed on ΓA and any corrosion occurs on ΓI . The conductivitity
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thoughout Ω is denoted by γ. For these quantities, we use the following running
assumptions:

(i) Ω ⊂ R
n is a bounded connected open set with C1 boundary ∂Ω,

(ii) ∂Ω = ΓI ∪ ΓA for ΓI ,ΓA ⊂ ∂Ω relatively open and nonempty with ΓI∩ΓA = ∅,
(iii) γ ∈ C0,1(Ω;Rn×n) is symmetric with eigenvalues uniformly bounded below on

Ω, that is, there exists C > 0 such that ξtγ(x)ξ ≥ C|ξ|2 for all x ∈ Ω, ξ ∈ R
n.

The electric potential is denoted by u and ∂ν,γu := (γ∇u) · ν denotes the conormal
derivative on ∂Ω where ν is the outward pointing unit normal vector. The governing
equations for the electric potential u are the following,

(1.1)











− div(γ∇u) = 0 in Ω,

∂ν,γu = f on ΓA,

∂ν,γu+ a(x, u) = 0 on ΓI .

We prove that voltage-current pairs (u|ΓA
, f) on the accessible boundary region ΓA

uniquely determine the term a(x, u) locally on the inaccessible boundary region ΓI . If
the function a is nonzero then there is corrosion and if the function is identically zero
then there is no corrosion. In particular the function a is allowed to be zero, meaning
that we can detect the presence of corrosion as well as the absence of corrosion.

Notation and conventions. For any real number p > 1 its Hölder conjugate is
denoted p′, 1

p
+ 1

p′
= 1. The symbol PX denotes a projection onto the Banach space

X . The symbol C denote constants, and may denote several different constants in
the same proof whenever the precise value of the constant is insignificant for the
proof.

1.1. Precise problem formulation and main results. The definition of the
parameter-to-measurement map is central to many inverse problem, as this is the map
we wish to invert. More specifically, we study the injectivity of this map. A typical
measurement for linear elliptic partial differential equations is the Cauchy data set,
which is guaranteed to exist for a large family of coefficients by the Fredholm alter-
native. Generalizing this to nonlinear equations turns out to be somewhat delicate.
On the one hand the measurements need to be well-defined, which cannot be settled
by the Fredholm alternative, and on the other hand the measurements need to be
useful. In the nonlinear setting, a natural idea is to approach the problem by local
arguments based on linearization. This might suggest that also the measurements
should somehow be local in order to be useful. But for the more established theory
of linear equations the Cauchy data is always global, so it is not immediately clear in
what sense the Cauchy data should be local. The goal of this subsection is to make
sense of both a local and a global version of the inverse nonlinear Robin problem.
The section ends with statements of the main results.

First, we define a set of admissible nonlinearities for which we solve the inverse
problem. This could be approached in at least two ways. One could impose structural
assumptions to ensure the equation is well-posed and then solve the inverse problem
in this subset of nonlinearities. Such structural assumptions could be the positivity
of the derivative ∂za(x, z) > c ≥ 0, as in [17]. This is not the approach taken in the
present article. Instead, we try to make minimal assumptions by simply assuming
that the nonlinearity a(x, z) must allow the equation to have at least one solution.
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Definition 1.1. (Admissible nonlinearity) Given a fixed p > n and its Hölder
conjugate p′, any function a ∈ C1,1

loc (R, L
∞(ΓI)) is said to be an admissible non-

linearity if and only if there exist f ∈ W 1−1/p′,p′(∂Ω)∗ with supp(f) ⊆ ΓA and
u ∈ W 1,p(Ω) satisfying (1.1). The set of all admissible nonlinearities is denoted
Aad ⊆ C1,1

loc (R, L
∞(ΓI)).

Remark 1.2. The integrability exponent p is fixed for the class of admissible
nonlinearities Aad.

Note that Aad is nonempty. Any function of the form a(x, z) = q(x)zk for k ∈ N

belongs to Aad and, more generally, any function a(x, z) which is locally C1,1 in z
and L∞ in x and whose derivative vanish at zero, ∂za(x, 0) = 0. For these examples
of nonlinearities, u(x) = 0 is a solution.

For some fixed p > n and any a ∈ Aad there exist solutions in W 1,p(Ω), meaning
that Cauchy data measurements are possible. In principle the global Cauchy data
set Ca can be defined as the Cauchy data of all solutions,

Ca := {(u|ΓA
, ∂ν,γu|ΓA

) : u ∈ W 1,p(Ω) solves (1.1) for some f ∈ W 1−1/p′,p′(∂Ω)∗

with supp(f) ⊆ ΓA}.

For a precise definition of the conormal derivative ∂ν,γu ∈ W 1−1/p′,p′(∂Ω)∗ and its

restriction ∂ν,γu|ΓA
∈ W

1−1/p′,p′

0 (∂Ω,ΓA)
∗, see Lemma A.3 and equations (A.6), (A.5)

in the appendix. The global Cauchy data Ca is a natural candidate for the parameter-
to-measurement map, as follows:

(1.2) Aad ∋ a 7→ Ca ⊆W 1−1/p,p(ΓA)×W
1−1/p′,p′

0 (∂Ω,ΓA)
∗.

We may then consider the inverse problem of determining the injectivity of this map:

IP1: For a1, a2 ∈ Aad, it is true that Ca1 = Ca2 =⇒ a1 = a2?

If this map is injective then the Cauchy data set Ca determines a in ΓI ×R. In other
words, injectivity of the map (1.2) leads to global identification of a.

The technique from [18] that we use to solve the inverse problems is local in
nature, and uses a form of local Cauchy data set. The local Cauchy data set Cw,δ

a

is defined to be the Cauchy data which is contained in a δ-ball around the Cauchy
data of some solution w, as follows

Cw,δ
a := {(u|ΓA

, ∂ν,γu|ΓA
) : u ∈ W 1,p(Ω) solves (1.1) for some f ∈ W 1−1/p′,p′(∂Ω)∗

with supp(f) ⊆ ΓA, ‖u|ΓA
− w|ΓA

‖W 1,p(ΓA) < δ,

and ‖∂ν,γu|ΓA
− ∂ν,γw|ΓA

‖W 1−1/p′,p′(∂Ω,ΓA)∗ < δ}.

Whenever a ∈ Aad then there exists at least one solution w and Lemma 2.3 implies
that there exists a neighborhood of solutions around w whose Cauchy data belong
to Cw,δ

a . In other words, Cw,δ
a contains measurements of infinitely many solutions.

Remark 1.3. This definition of local Cauchy data is somewhat different than
what is used other works on elliptic equations of semilinear type, such as [18]. In the
present article, the δ-neighborhood in the definition of Cw,δ

a is defined with norms
on the boundary ∂Ω, while in [18] it is defined with a norm in the interior of Ω.
It is desirable to use norms on the boundary ∂Ω since we wish to make boundary
measurements. But the δ-neighborhood is mainly used to ensure that the Cauchy
data of the solutions produced by the implicit function theorem belongs to Cw,δ

a . For
the equation treated in [18] this is more difficult to do. Hence the use of different
norms.
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The local version of IP1 is formulated as follows:
IP2: For a1, a2 ∈ Aad is it true that for some δ > 0

Cw1,δ
a1 = Cw2,δ

a2 =⇒ a1 = a2 locally,

where w1, w2 are solutions for a1, a2, respectively, with equal
Cauchy data?

The first main result of the present article is to adapt the method developed in [18]
to the nonlinear Robin problem. This provides an answer in the affirmative to IP2.

Remark 1.4. The local problem IP2 does not correspond to injectivity of a map
of the form a 7→ Cw,δ

a , since injectivity is equivalent to global identification. For the
identification stated in IP2 to be global we would need a ∈ Aad to only be defined
on the subset on which the local identification holds, but this subset is a priori not
known.

The second main result is related to the global inverse problem IP1. This part
of the article adds no new technical results, and is mainly intended to highlight the
role of the solutions of the equation when determining nonlinear terms. In partic-
ular it shows that insights about the the behaviour of solutions may lead to global
determination and therefore a solution of IP1.

The key observation is that the method from [18] used to solve IP2 essentially
identifies a1(x, z) = a2(x, z) at points x, z such that z = u(x) for some solution
u with Cauchy data in Cw1,δ

a1
. In other words, the nonlinearities are identified on

the graphs of solutions having Cauchy data in the local Cauchy data set. If the
global condition Ca1 = Ca2 implies the local Cauchy data condition Cw1,δ

a1 = Cw2,δ
a2

for arbitrary w1, w2 that have equal Cauchy data, then the same method from [18]
identifies the nonlinearities on the union of the graphs of all solutions. The union of
all such graphs is the so-called reachable set,

Ea := {(x, u(x)) ∈ ΓI × R : for any solution u with Cauchy data in Ca}.

If one can characterize the reachable set Ea and in particular show that Ea = ΓI ×R

then one would prove that a1 = a2 on ΓI ×R. We may therefore solve IP1 by solving
the following two problems,

IP3: Does the Cauchy data Ca uniquely determine the nonlinear-
ity a ∈ Aad on the reachable set Ea?

IP4: Characterize the reachable set Ea.

The second main result is a partial result on IP4. We show that Ea is an open subset
of ΓI × R, using a minor modification of the Runge approximation argument from
[18].

The following theorem provides an answer in the affirmative to IP2.

Theorem 1.5. Let n ≥ 2 and Ω, ∂Ω,ΓA,ΓI satisfy (i) and (ii). Assume that γ
satisfies (iii) and a1, a2 ∈ Aad. If there exists solutions w1, w2 corresponding to a1, a2
with equal Cauchy data on ΓA and constants δ, C > 0 such that

Cw1,δ
a1

= Cw2,δ
a2

then w1 = w2 on ΓI and it holds, for some λ > 0, that

a1(x, w1(x) + ε) = a2(x, w1(x) + ε) for a.e. x ∈ ΓI , |ε| ≤ λ.

The following theorem resolves IP3 and provides a partial result for IP4.
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Theorem 1.6. Let n ≥ 2 and Ω, ∂Ω,ΓA,ΓI satisfy (i) and (ii). Assume that γ
satisfies (iii) and a1, a2 ∈ Aad. Then

Ca1 = Ca2 =⇒

{

a1(x, z) = a2(x, z) for a.e. (x, z) ∈ Ea1 ,

Ea1 = Ea2 is an open subset of ΓI × R.

The article is organized as follows. In Section 2 we prove the solvability results
for the nonlinear equation, which are used both to justify the definition of the local
Cauchy data set and to solve the inverse problem. In Section 3 we prove the main
results, Theorem 1.5 and Theorem 1.6. In Appendix A, we establish for the sake of
completeness the necessary theory for weak solutions of the linear equation.

1.2. Historical overview. Some of the earliest attempts at studying corrosion
detection in the framework of inverse problems appear in [21] and [20]. Corrosion
leads to a loss of mass, which in turn leads to a change of shape. Starting with a
rectangular object with known dimensions they determine where the shape deviates
from a ractangle, thus identifying the corrosion. A new model is proposed in [25],
where the object has a known fixed shape and the presence of corrosion is modelled
by boundary conditions. If the corrosion is electrochemical, an electric current will
flow through the corroded area. Arguing based on Faraday’s law and electrochem-
ical principles, the authors conclude that this current is dependent on the electric
potential in a nonlinear way. The result is a nonlinear Robin boundary condition for
the electric potential. This is said to apply to electrochemical corrosion, which the
authors of [25] claim covers most corrosion.

The formulation of an inverse Robin problem for corrosion detection was first
given in [16] and the first identification result was proved in [6], where a smooth
coefficient in a linear Robin condition was identified from one boundary measurement.
The main ingredient in the proof is unique continuation from Cauchy data. A very
similar proof is applied to a nonlinear Robin condition in [12], where the nonlinearity
is real-analytic in the solution and independent of space. The result is limited to a 2-
dimensional square, but uses only a single boundary measurement. The identifiability
of an L∞ coefficient from a single measurement in the linear Robin problem was
studied in [4]. They show that the coefficient is identifiable in the 2-dimensional case
and provide a counterexample in 3 dimensions. It was shown in [10], however, that
the Dirichlet-to-Neumann map uniquely determines an L∞ coefficient in the linear
Robin condition. This was proved using an integral identity and density of solutions,
similar to the classical Calderón problem, but with the density coming from Runge
approximation rather than specialized families of solutions like complex geometric
optics solutions.

The Cafarelli–Silvestre extension provides a connection between the linear Robin
problem in a flat domain and the fractional Schrödinger equation on the boundary.
The inverse linear Robin problem is therefore related to inverse problems for the frac-
tional Schrödinger equation, such as the ones studied in [9]. The strong uniqueness
result in [6] for the inverse linear Robin problem using a single boundary measurement
has counterparts for the nonlocal fractional Schrödinger equation [13].

While the present article is focused on the question of identifiability, there are
several interesting variations of the problem. For the inverse linear Robin prob-
lem with one measurements, logarithmic stability estimates were established in [1]
and [7]. Similar logarithmic stability results are proved in [3] for an inverse Robin-
type problem for the stationary Navier–Stokes’ equations. With measurements given
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by the Neumann-to-Dirichlet map, Lipschitz stability is established for an inverse
transmission-type Robin problem in [14]. In [24] the inverse linear Robin problem is
reformulated in terms of integral equations on the boundary, and in [5] this integral
equation approach is used to solve an inverse problem for a transmission-type Robin
problem.

In the present article, we use ideas coming from the Calderón problem for a
semilinear Schrödinger-type equation to solve the inverse nonlinear Robin problem.
The original idea comes from [17], where a linearization strategy is used to reduce
the inverse problem for the semilinear equation to the corresponding problem for
the linearized equation. While their proof does not require much smoothness out
of the nonlinear term, it does require the linearized equation to satisfy a maximum
principle. Recently it was noticed that one can identify higher order derivatives by
solving inverse problems for higher order linearizations. In this way, the full Taylor
expansion can be reconstructed, see for example [22]. The higher order linearization
method has proved to be quite flexible and has been applied to a wide range of
equations, but has the drawback that the nonlinear term to be identified must be
real-analytic.

The method in [17] was generalized to ill-posed equations in [18]. In the present
article, we adapt the method in [18] to the inverse nonlinear Robin problem. In
this case, however, it is not necessary to solve an inverse problem for the linearized
equation. Instead it is enough to apply unique continuation to the nonlinear equa-
tion similar to [12] and then apply Runge approximation to the linearized equation.
When using Runge approximation on the linear equation, the goal is to gain some
information about the solutions of the nonlinear equation. The link to pass informa-
tion from the linear to nonlinear problem is a parametrization of the solutions of the
nonlinear equation on solutions of the linearized equation, as in [18].

Acknowledgements. This work is supported by the Research Council of Finland
(Centre of Excellence in Inverse Modelling and Imaging and FAME Flagship, 312121
and 359208). The author would like to thank Professor Mikko Salo for many helpful
discussions and in particular for helping to navigate the vast fields of PDEs and
inverse problems.

2. Solvability of the nonlinear equation

In this section we prove solvability results for the nonlinear equation (1.1), and
the purpose of these results is twofold. On the one hand the results ensure that
the Cauchy data measurements contain enough information. On the other hand the
results provide the link between linear and nonlinear theory which plays a crucial
role in the identification proof. We consider weak solutions of (1.1). More precisely,
u ∈ W 1,p(Ω) is said to be a weak solution of (1.1) if and only if it satisfies

ˆ
Ω

γ∇u · ∇ϕdx+

ˆ
ΓI

a(x, u)ϕds =

ˆ
ΓA

fϕ ds ∀ϕ ∈ W 1,p′(Ω).

This is justified in the usual way using integration by parts. Note that the composi-
tion ΓI ∋ x 7→ a(x, u(x)) is in L∞(ΓI) when a ∈ Aad and u ∈ W 1,p(Ω) with p > n.
Measurability follows from Theorem 4.51 in [2] since a is a Carathéodory function,
and it is bounded because the range of u is bounded and a is uniformly bounded on
bounded subsets of R. The above integral over ΓI is therefore well-defined.
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The kernel of the following linear equation appear throughout the article,

(2.1)











− div(γ∇v) = 0 in Ω,

∂ν,γv = f on ΓA,

∂ν,γv + qv = 0 on ΓI .

We use both the kernel N and the trace space of the kernel NΓA
defined as follows

N := {v ∈ W 1,p(Ω) : v is a weak solution of (2.1) with f = 0},

NΓA
:= {v|ΓA

: v ∈ N}.

The coefficient q used in the Robin condition in the definitions of these spaces is
always an L∞(ΓI) function, and everywhere in this section except Lemma 2.1 it is
given explicitly by ∂ua(x, w) where w is a function known from the context.

The following analysis relies on the decompositions

(2.2)

Lp(Ω) = N ⊕N⊥,

Lp(ΓA) = NΓA
⊕N⊥L

ΓA
,

W
1−1/p′,p′

0 (∂Ω,ΓA)
∗ = NΓA

⊕N⊥W
ΓA

,

where N⊥L
ΓA

and N⊥W
ΓA

denotes the subspaces of Lp(ΓA) and W
1−1/p′,p′

0 (∂Ω,ΓA)
∗, re-

spectively, that annihiliate NΓA
(For a definition ofW

1−1/p′,p′

0 (∂Ω,ΓA)
∗, see equations

(A.6), (A.5) in the appendix). In the remainder of the article, we write N⊥
ΓA

for both
of these spaces, as it is clear from the context when the objects are functions or
functionals. Corresponding to each decomposition, we have projections

(2.3)

PN : Lp(Ω) → N ,

PNΓA
: Lp(ΓA) → NΓA

,

PN ∗

ΓA
: W

1−1/p′,p′

0 (∂Ω,ΓA)
∗ → NΓA

.

The decompositions (2.2), as well as explicit formulas for the projections, are estab-
lished in Lemma A.8.

While the linear Robin problem is not assumed to be well-posed, we do require
some notion of well-posedness to hold. If one restricts attention to a suitable subspace
then one can establish a sufficiently strong well-posedness result. This is the content
of the next lemma. Using the well-posedness in this subspace we are able to solve a
nonlinear fixed point equation in Lemma 2.2. The solution of this fixed point equation
is then used to construct solutions of the nonlinear Robin problem in Lemma 2.3.

Lemma 2.1. Let 1 < p < ∞, n ≥ 2 and Ω, ∂Ω,ΓA,ΓI satisfy (i) and (ii).
Assume that γ satisfies (iii) and let q ∈ L∞(ΓI). For any f, g ∈ W 1−1/p′,p′(∂Ω)∗

satisfying supp(f) ⊆ ΓA, supp(g) ⊆ ΓI there exist a unique Φ = Φ(f, g) ∈ NΓA
given

by

(2.4) Φ(f, g) := PN ∗

ΓA
(f + g)

such that the equation










− div(γ∇u) = 0 in Ω,

∂ν,γu = f − Φ on ΓA,

∂ν,γu+ qu = g on ΓI ,
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admits weak solutions in W 1,p(Ω). Moreover, there is a unique solution whose trace

annihilates the kernel, u|ΓA
∈ N⊥

ΓA
, and this solution satisfies

(2.5) ‖u‖W 1,p(Ω) ≤ C(‖f‖W 1−1/p′,p′(∂Ω)∗ + ‖g‖W 1−1/p′,p′(∂Ω)∗).

Proof. By Lemma A.9, a solution exists if and only if the functional

(2.6) F (ϕ) := 〈 f, ϕ〉 −

ˆ
ΓA

Φ(f, g)ϕds+ 〈 g, ϕ〉

annihilates the kernel N . Let ψ1, . . . , ψN be a basis of N as in Lemma A.7, with
traces onto ΓA being an L2(ΓA)-orthonormal basis of NΓA

. By integrating Φ, as
given in (2.4), against an arbitrary ϕ = ΣN

i=1αiψi ∈ N over ΓA and using the L2(ΓA)-
orthonormality of ψi, we getˆ

ΓA

Φ(f, g)ϕds = 〈 f, ϕ〉+ 〈 g, ϕ〉.

In other words, the functional F in (2.6) annihilates N . To see uniqueness of
Φ ∈ NΓA

, suppose there are two Φ1,Φ2 and denote by F1, F2 their corresponding
functionals defined as in (2.6). Since Φ2 − Φ1 ∈ NΓA

, there exist a ϕ ∈ N with
ϕ|ΓA

= Φ2 − Φ1. Since both F1 and F2 annihilate N it follows that

0 = F1(ϕ)− F2(ϕ) = ‖Φ2 − Φ1‖
2
L2(ΓA)

which shows that Φ1 = Φ2. The remaining properties of the solution follow straight
from Lemma A.9. The estimate (2.5) follows from the same lemma, after noting that
the functional H ∈ W 1−1/p′,p′(∂Ω)∗ induced by Φ, H(ϕ) :=

´
ΓA

Φϕds, satisfies

‖H‖W 1−1/p′,p′ (∂Ω)∗ ≤ ‖Φ‖Lp(ΓA) = ‖PN ∗

ΓA
(f + g)‖Lp(ΓA)

≤ C(‖f‖W 1−1/p′,p′ (∂Ω)∗ + ‖g‖W 1−1/p′,p′ (∂Ω)∗). �

Lemma 2.2. (Fixed point equation) Let n ≥ 2, p > n, and Ω, ∂Ω,ΓA,ΓI satisfy

(i) and (ii). Assume that γ satisfies (iii) and a ∈ Aad. Define R : W 1,p(Ω) → Lp(ΓI)
by

R(h)(x) :=

ˆ 1

0

[∂ua(x, w(x) + th(x))− ∂ua(x, w(x))]h(x) dt, x ∈ ΓI

and let Φ(f, g) be given by (2.4). Assume that w, v ∈ W 1,p(Ω) and ‖v‖W 1,p(Ω) ≤ δ
for δ > 0 sufficiently small. Then there exists a unique solution r ∈ W 1,p(Ω) of

(2.7)











− div(γ∇r) = 0 in Ω,

∂ν,γr = Φ(0, R(v + r)) on ΓA,

∂ν,γr + ∂ua(x, w)r = −R(v + r) on ΓI ,

satisfying r|ΓA
∈ N⊥

ΓA
, ‖r‖W 1,p(Ω) ≤ δ and

(2.8) ‖r‖W 1,p(Ω) ≤ C‖v‖2W 1,p(Ω).

The map W 1,p(Ω) ∋ v 7→ r ∈ W 1,p(Ω) obtained in this manner is Lipschitz continu-

ous.

Proof. Let G : W 1−1/p′,p′(∂Ω)∗ × W 1−1/p′,p′(∂Ω)∗ → W 1,p(Ω) be the bounded
solution map from Lemma 2.1 which maps f, g to a solution u = G(f, g) with u|ΓA

∈
N⊥

ΓA
corresponding to the boundary data f − Φ(f, g) and g. For a fixed function

v ∈ W 1,p(Ω) define the map T : W 1,p(Ω) → W 1,p(Ω) by Tv(r) := G(0,−R(v + r)).
We prove existence of the solution r by proving existence of a fixed point for T ,
r = Tv(r)
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First, we show that T maps a small δ-ball in W 1,p(Ω) into itself, provided v
belong to the same δ-ball. We get from the boundedness of G that

‖Tv(r)‖W 1,p(Ω) ≤ C‖R(v + r)‖W 1−1/p′,p′(∂Ω)∗ ≤ C‖R(v + r)‖Lp(ΓI).

Since p > n the Sobolev embedding W 1,p(Ω) →֒ C(Ω) is bounded and w, v, r ∈ C(Ω).
By taking the supremum followed by using the Lipschitz property of ∂ua(x, w) we
get

(2.9)

‖R(v + r)‖Lp(Ω) ≤ C‖∂ua(x, w + t[v + r])− ∂ua(x, w)‖L∞(ΓI )‖v + r‖L∞(ΓI)

≤ C‖v + r‖2L∞(ΓI )

≤ C‖v + r‖2W 1,p(Ω).

Since ‖v‖W 1,p(Ω) ≤ δ and ‖r‖W 1,p(Ω) ≤ δ, it follows that

‖Tv(r)‖W 1,p(Ω) ≤ δ

for small enough δ.
We next prove the contraction property. For h1 = v + r1, h2 = v + r2 we have

R(v + r1)−R(v + r2) =

ˆ 1

0

[

∂ua(x, w + th1)− ∂ua(x, w)
]

(h1 − h2) dt

+

ˆ 1

0

[

∂ua(x, w + th1)− ∂ua(x, w + th2)
]

h2 dt.

By using the Lipschitz property of ∂ua we find that

|R(v + r1)− R(v + r2)| ≤ C(|v + r1|+ |v + r2|)|r1 − r2|

uniformly on ΓI . Using this, we estimate

‖Tv(r1)− Tv(r2)‖W 1,p(Ω) ≤ C‖R(v + r1)−R(v + r2)‖Lp(ΓI )

≤ C‖(|v + r1|+ |v + r2|)|r1 − r2|‖Lp(ΓI )

≤ C4δ‖r1 − r2‖W 1,p(Ω)

≤
1

2
‖r1 − r2‖W 1,p(Ω)

provided δ is small enough. So r 7→ Tv(r) is indeed a contraction and Banach’s fixed
point theorem ensures the existence of a fixed point r = Tv(r).

Let r be the fixed point r = Tv(r) corresponding to v. It follows from (2.9)
that ‖r‖W 1,p(Ω) ≤ C‖v+ r‖2W 1,p(Ω). By applying the triangle inequality and using the

smallness of v and r, all terms involving r can be absorbed on the left-hand side and
(2.8) follows.

Next we prove that the map v 7→ r is Lipschitz continuous. Almost identical
computations as above give the estimates

‖r1 − r2‖W 1,p(Ω) = ‖Tv1(r1)− Tv2(r2)‖W 1,p(Ω)

≤ C‖R(v1 + r1)− R(v2 + r2)‖Lp(ΓI )

≤ C‖(|v1 + r1|+ |v2 + r2|)|v1 + r1 − v2 − r2|‖Lp(ΓI )

≤ C(‖v1 + r1‖L∞(ΓI ) + ‖v2 + r2‖L∞(ΓI ))‖v1 + r1 − v2 − r2‖L∞(ΓI ).

Using the boundedness of the Sobolev embedding and smallness of v, r results in

‖r1 − r2‖W 1,p(Ω) ≤ 4Cδ(‖v1 − v2‖W 1,p(Ω) + ‖r1 − r2‖W 1,p(Ω)).
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Since δ is small, the term ‖r1 − r2‖W 1,p(Ω) can be absorbed on the left and we get

‖r1 − r2‖W 1,p(Ω) ≤ C‖v1 − v2‖W 1,p(Ω). �

Lemma 2.3. (Solution map) Let n ≥ 2, p > n, and Ω, ∂Ω,ΓA,ΓI satisfy (i) and
(ii). Assume that γ satisfies (iii) and a ∈ Aad. Let w ∈ W 1,p(Ω) be a weak solution

corresponding to Neumann data f = h, for h ∈ W 1−1/p′,p′(∂Ω)∗ with supp(h) ⊆ ΓA,

of the equation

(2.10)











− div(γ∇u) = 0 in Ω,

∂ν,γu = f on ΓA,

∂ν,γu+ a(x, u) = 0 on ΓI .

For δ > 0 sufficiently small, let Bδ := {v ∈ W 1,p(Ω) : ‖v‖W 1,p(Ω) ≤ δ} and letQ : Bδ 7→
W 1,p(Ω) be the Lipschitz solution map obtained in Lemma 2.2. Then S : Bδ →
W 1,p(Ω) given by S(v) := w+v+Q(v) is a Lipschitz continuous map. If, in addition,

v is a weak solution of the equation

(2.11)











− div(γ∇v) = 0 in Ω,

∂ν,γv = g on ΓA,

∂ν,γv + ∂ua(x, w)v = 0 on ΓI ,

for g ∈ W 1−1/p′,p′(∂Ω)∗ with supp(g) ⊆ ΓA then u = S(v) is a weak solution of (2.10)
with f = h+ g + Φ(0, R(v + r)).

Conversely, for any solution u of (2.10) with ‖u−w‖W 1,p(Ω) ≤ δ̃ for small enough

δ̃ < δ there exists a solution v ∈ Bδ of (2.11) with g ∈ W 1−1/p′,p′(∂Ω)∗ and supp(g) ⊆
ΓA such that u = w + v +Q(v).

Proof. Since Lemma 2.2 establishes existence and Lipschitz continuity of the
map Q(v), the map S(v) is well-defined and Lipschitz continuous. Denote r = Q(v),
then we need only verify that the function u = w + v + r satisfies the required
weak form equation when v is a weak solution of (2.11). Now w, v, r satisfy, for any
ϕ ∈ W 1,p′(Ω), the equationsˆ

Ω

γ∇w · ∇ϕdx+

ˆ
ΓI

a(x, w)ϕds = 〈 h, ϕ〉,

ˆ
Ω

γ∇v · ∇ϕdx+

ˆ
ΓI

∂ua(x, w)vϕ ds = 〈 g, ϕ〉,

ˆ
Ω

γ∇r · ∇ϕdx+

ˆ
ΓI

[∂ua(x, w)r +R(v + r)]ϕds =

ˆ
ΓA

Φ(v + r)ϕds.

By substituting u = w+ v+ r and using the first order Taylor expansion of a(x, w+
v + r) at w in direction v + r, we getˆ

Ω

γ∇u · ∇ϕdx+

ˆ
ΓI

a(x, u)ϕds =

ˆ
Ω

γ∇w · ∇ϕdx+

ˆ
ΓI

a(x, w)ϕds

+

ˆ
Ω

γ∇v · ∇ϕdx+

ˆ
ΓI

∂ua(x, w)vϕ ds

+

ˆ
Ω

γ∇r · ∇ϕdx+

ˆ
ΓI

[∂ua(x, w)r +R(v + r)]ϕds

= 〈 h, ϕ〉+ 〈 g, ϕ〉+

ˆ
ΓA

Φ(0, R(v + r))ϕds.



Corrosion detection by identification of a nonlinear Robin boundary condition 207

Hence, u is a weak solution of (2.10).

To prove the converse, let u be any solution with ‖w − u‖W 1,p(Ω) ≤ δ̃. Define
ψ := PN (u−w) to be the projection onto the kernel N (Recall PN , PN ∗

ΓA
from (2.3)).

Note that ‖ψ‖W 1,p(Ω) ≤ Cδ̃ since PN is bounded. Let ϕ be the unique function
satisfying ϕ|ΓA

∈ N⊥
ΓA

and solving










− div(γ∇ϕ) = 0 in Ω,

∂ν,γϕ = [Id−PN ∗

ΓA
](∂ν,γu− ∂ν,γw) on ΓA,

∂ν,γϕ+ ∂ua(x, w)ϕ = 0 on ΓI .

The existence of ϕ is ensured by Lemma 2.1. It follows from the boundedness of
PN ∗

ΓA
and the boundedness of the conormal derivative u 7→ ∂ν,γu that ‖ϕ‖ ≤ Cδ̃. Let

v := ψ + ϕ and define r := u − w − v. We require that r|ΓA
∈ N⊥

ΓA
. To prove this,

first note that

(2.12) u− w − ψ = [Id−PN ](u− w) ∈ N⊥.

Since u−w−ψ annihilateN their trace onto ΓA cannot belong toNΓA
, by Lemma A.7.

It then follows from (2.2) that

(u− w − ψ)|ΓA
∈ N⊥

ΓA
.

Since also ϕ ∈ N⊥
ΓA

we conclude that r ∈ N⊥
ΓA
. Before finding the weak form equation

for r, note that by using u = w + v + r and Taylor expansion around w we have

a(x, u)− a(x, w)− ∂ua(x, w)v = a(x, w + v + r)− a(x, w)− ∂ua(x, w)v

= ∂ua(x, w)r +R(v + r).

From the definition of ψ, ϕ we have

(∂ν,γu− ∂ν,γw − ∂ν,γv)|ΓA
= (∂ν,γu− ∂ν,γw − ∂ν,γψ − ∂ν,γϕ)|ΓA

= (∂ν,γu− ∂ν,γw − [Id−PN ∗

ΓA
](∂ν,γu− ∂ν,γw))|ΓA

= PN ∗

ΓA
(∂ν,γu− ∂ν,γw).

Using the previous two identities together with the weak form equations for u, w, v
we find the weak form equation for r,ˆ

Ω

γ∇r · ∇ρ dx =

ˆ
Ω

γ∇(u− w − v) · ∇ρ dx

=−

ˆ
ΓI

[a(x, u)− a(x, w)− ∂ua(x, w)v]ρ ds

+ 〈 ∂ν,γu, ρ〉 − 〈 ∂ν,γw, ρ〉 − 〈 ∂ν,γv, ρ〉

=−

ˆ
ΓI

[∂ua(x, w)r +R(v + r)]ρ ds

+

ˆ
ΓA

PN ∗

ΓA
(∂ν,γu− ∂ν,γw)ρ ds

for any ρ ∈ W 1,p′(Ω). Hence r is a weak solution of (2.7) with the Neumann data
on ΓA being PN ∗

ΓA
(∂ν,γu − ∂ν,γw) ∈ NΓA

. From the uniqueness of the function Φ in

Lemma 2.1, it follows that PN ∗

ΓA
(∂ν,γu − ∂ν,γw) = Φ(0, R(v + r)). Now r is a weak
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solution of

(2.13)











− div(γ∇r) = 0 in Ω,

∂ν,γr = Φ(0, R(v + r)) on ΓA,

∂ν,γr + ∂ua(x, w)r = −R(v + r) on ΓI .

Recall that ‖v‖W 1,p(Ω) ≤ Cδ̃ for some C > 0 which possibly depends on w and a but

does not depend on u. It follows from the definition of r that ‖r‖W 1,p(Ω) ≤ (1 +C)δ̃.

For δ̃ < δ
1+C

, this solution r belongs to the same small ball in which Lemma 2.2

establishes existence and uniqueness of solution to (2.13). Hence r = Q(v) and the
decomposition u = w + v +Q(v) is established. �

3. The inverse problem

In this section we prove Theorem 1.5 and Theorem 1.6. The proofs are very
similar to the proofs of the main results in [18]. Compared to [18], however, a couple
of steps are simplified in the present setting and the conclusions are stronger. In an
attempt to highlight these differences, we present the proofs in full detail.

Proof of Theorem 1.5. From Lemma 2.3 we get solutions u1,v = w1 + v + Q(v)

for the equation with nonlinearity a1, provided ‖v‖W 1,p(Ω) < δ̃ for some δ̃ > 0. After

possibly decreasing δ̃ the Cauchy data of u1,v belong to Cw1,δ
a1

. Using Cw1,δ
a1

= Cw2,Cδ
a2

we find solutions u2,v for the nonlinearity a2 and having Cauchy data equal to that
of u1,v. Then u1,v − u2,v ∈ W 1,p(Ω) satisfies











− div(γ∇(u1,v − u2,v)) = 0 in Ω,

u1,v − u2,v = 0 on ΓA,

∂ν,γ(u1,v − u2,v) = 0 on ΓA,

and it follows by unique continuation (Lemma A.4) that u1,v = u2,v on Ω. By
subtracting the two weak form equations for a1, a2 and using the equality u1,v = u2,v
we get ˆ

ΓI

[a1(x, u1,v(x))− a2(x, u1,v(x))]ϕ(x) ds = 0 ∀ϕ ∈ W 1,p′(Ω),

and hence

(3.1) a1(x, u1,v(x)) = a2(x, u1,v(x)) for a.e. x ∈ ΓI .

In other words, the nonlinearities are equal on the graphs of the solutions u1,v.
For any 0 < θ < 1, Runge approximation (Theorem A.10) ensures the existence

of Neumann data g and a weak solution vθ of










− div(γ∇vθ) = 0 in Ω,

∂ν,γvθ = g on ΓA,

∂ν,γvθ + ∂a1(x, w)vθ = 0 on ΓI ,

such that ‖vθ − 1‖C(ΓI) < θ. We have in particular that

(3.2) vθ(x) ≥ 1− θ ∀x ∈ ΓI .

For |t| < δ̃/‖vθ‖W 1,p(Ω), we get solutions u1,tvθ = w1 + tvθ +Q(tvθ) satisfying

(3.3) |Q(tvθ(x))| ≤ ‖Q(tvθ)‖C(Ω) ≤ ‖Q(tvθ)‖W 1,p(Ω) ≤ C|t|2‖vθ‖
2
W 1,p(Ω).
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Let 0 < β < 1− θ, τ := 1−θ−β
C‖vθ‖

2
W1,p(Ω)

and α := min{τ, δ̃/‖vθ‖W 1,p(Ω)}. For |t| < α, any

value in a possibly small interval can be attained by some solution u1,tvθ . To see this,
let x ∈ ΓI be arbitrary and consider the map [−α, α] ∋ t 7→ η(t) := u1,tvθ(x)−w1(x).
For 0 < t < α it follows from (3.2) and (3.3) that

η(t) = u1,tvθ(x)− w1(x) = tvθ(x) +Q(tvθ(x))

≥ t(1− θ − tC‖v‖2W 1,p(Ω))

≥ tβ

and by replacing t with −t we get

η(−t) = u1,−tvθ(x)− w1(x) = −tvθ(x) +Q(−tvθ(x))

≤ −t(1− θ) + t2C‖v‖2W 1,p(Ω)

= −t(1 − θ − tC‖v‖2W 1,p(Ω))

≤ −tβ.

In particular, η(α) ≥ αβ and η(−α) ≤ −αβ. Since η(t) is continuous it follows from
the intermediate value theorem that η is surjective onto [−αβ, αβ]. This show that for
any x ∈ ΓI and any |ε| ≤ λ := αβ there exist a solution u such that u(x) = w1(x)+ε.
Together with (3.1) this completes the proof. �

Proof of Theorem 1.6. Starting with any solution u1 corresponding to a1 we get
from Ca1 = Ca2 a solution u2 with nonlinearity a2 and having equal Cauchy data. As
in the proof of Theorem 1.5 we conclude that u1 = u2 on Ω by unique continuation.
Since the solutions are arbitrary, it now follows that the reachable sets are equal,

Ea1 = Ea2 .

Proceeding as in the proof of Theorem 1.5, it follows that

a1(x, z) = a2(x, z) for a.e. (x, z) ∈ Ea1 .

In other words, the nonlinearities are equal on the reachable sets.
It remains to show that the reachable set is open. Let (x′, z′) ∈ Ea1 be arbitrary

and let w be a solution with w(x′) = z′. As in the proof of Theorem 1.5 we may find
a λ > 0 such that

(3.4) {(x, w(x) + ε) : |ε| < λ, x ∈ ΓI} ⊆ Ea1 .

Let I = (z′ − λ
2
, z′ + λ

2
) ⊆ R. Since w is continuous, there exist a ball B centered at

x′ with radius small enough that |w(x)−w(x′)| < λ
2
for any x ∈ B and such that the

intersection U := B ∩ ∂Ω is contained in ΓI . Then U × I is a subset of the left-hand
side of (3.4) and U × I is therefore a neighborhood of (x′, z′) in Ea1 . Hence Ea1 is
open. �

Appendix A. Theory for the linear Robin problem

While the focus of the article is a nonlinear Robin problem, the developed theory
depends heavily on the theory of the linear Robin problem. The linear theory may be
considered standard but is scattered throughout the literature and may be difficult
to find. For the sake of completeness, the required W 1,p weak solution theory for
the linear Robin problem is developed in this appendix. We prove the Fredholm
alternative in W 1,p(Ω), give a rigorous interpretation of the conormal derivative of
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weak solutions, and establish Runge approximation and unique continuation from
Cauchy data.

For 1 < p <∞ and 0 < s < 1, we use Sobolev spaces defined as

W 1,p(Ω) := {u ∈ Lp(Ω) : ∂xj
u ∈ Lp(Ω) for j ∈ {1 . . . , n}},

W s,p(Γ) := {u ∈ Lp(Γ) : [u]W s,p(Γ) <∞},

where Γ ⊆ ∂Ω is a nonempty open subset and the Gagliardo seminorm is given by

[u]W s,p(Γ) :=

(ˆ
Γ

ˆ
Γ

|u(x)− u(y)|p

|x− y|n−1+sp
ds ds

)1/p

.

The usual norms are used,

‖u‖W 1,p(Ω) :=
(

‖u‖pLp(Ω) +
∑

|α|=1

‖∂αu‖
p
Lp(Ω)

)1/p

,

‖u‖W s,p(Γ) :=
(

‖u‖pLp(Γ) + [u]pW s,p(Γ)

)1/p

.

Let f ∈ W 1,p′(Ω)∗, g, h ∈ W 1−1/p′,p′(∂Ω)∗, with supp(g) ⊆ ΓA, supp(h) ⊆ ΓI and
consider the equation

(A.1)











− div(γ∇u) = f in Ω,

∂ν,γu = g on ΓA,

∂ν,γu+ qu = h on ΓI ,

The weak form of this equation isˆ
Ω

γ∇u · ∇ϕdx+

ˆ
ΓI

quϕ ds = 〈 f, ϕ〉+ 〈 g, ϕ|∂Ω〉+ 〈 h, ϕ|∂Ω〉 ∀ϕ ∈ W 1,p′(Ω).

Note, however, that the functionals g, h are composed with the boundary trace, and
these compositions are functionals in W 1,p′(Ω)∗. It is therefore no loss in generality
to replace the three functionals f, g, h by a single functional F ∈ W 1,p′(Ω)∗ in the
weak form. By doing this, we obtain the following weak form, which is the equation
we study,

(A.2)

ˆ
Ω

γ∇u · ∇ϕdx+

ˆ
ΓI

quϕ ds = 〈F, ϕ〉 ∀ϕ ∈ W 1,p′(Ω).

We rely on Fredholm theory and therefore need to understand the adjoint equation.
Consider the bilinear form B : W 1,p(Ω)×W 1,p′(Ω) → R and the bounded linear map
L : W 1,p(Ω) →W 1,p′(Ω)∗ defined by

(A.3)
B(u, v) :=

ˆ
Ω

γ∇u · ∇v dx+

ˆ
ΓI

quv ds,

[Lu](v) := B(u, v).

The Banach space adjoint L∗ is defined as a map W 1,p′(Ω)∗∗ → W 1,p(Ω)∗. The
Sobolev spaces are reflexive, so we may view it as a map W 1,p′(Ω) →W 1,p(Ω)∗. If we
abuse notation and identify ϕ ∈ W 1,p′(Ω) with its induced functional in W 1,p′(Ω)∗∗,
then

[L∗ϕ](u) := ϕ(Lu) = [Lu](ϕ).

By defining the adjoint bilinear form B∗(u, v) := B(v, u), we have

[L∗ϕ](u) = B∗(ϕ, u).
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Since the coefficient γ is symmetric, the adjoint operators L∗ and B∗ are given by
the same formulas as L and B but with the roles of W 1,p(Ω) and W 1,p′(Ω) swapped.

The kernel of L and its trace space onto the boundary are denoted by

(A.4)
N := {u ∈ W 1,p(Ω) : u solves Lu = 0},

NΓA
:= {u|ΓA

: u ∈ N}.

The conormal derivative is very important, but does not exist for generalW 1,p(Ω)
functions. By characterizing the conormal derivative as a functional, however, it can
be generalized to the space

E(L;Lp(Ω)) := {u ∈ W 1,p(Ω) : ∃f ∈ Lp(Ω)

s.t. Lu = f in the sense of distributions}.

This is proved in Lemma A.3. All solutions used in the study of the inverse Robin
problem belong to this space.

Let W
1−1/p,p
0 (∂Ω,Γ) be the subset of functions in W 1−1/p,p(∂Ω) which vanish

outside of Γ ⊂ ∂Ω,

(A.5) W
1−1/p,p
0 (∂Ω,Γ) = {u ∈ W 1−1/p,p(∂Ω): supp(u) ⊆ Γ}.

The restriction of a functional f ∈ W 1−1/p′,p′(∂Ω)∗ to the subset Γ is the functional

f |Γ ∈ W
1−1/p′,p′

0 (∂Ω,Γ)∗ defined by

(A.6) 〈 f |Γ, ϕ〉 := 〈 f, ϕ〉 ∀ϕ ∈ W
1−1/p′,p′

0 (∂Ω,Γ).

Lemma A.1. The space E(L;Lp(Ω)) is a Banach space when equipped with the

norm

‖u‖E(L;Lp(Ω)) := ‖u‖W 1,p(Ω) + ‖Lu‖Lp(Ω).

Proof. Let (un)n∈N ⊂ E(L;Lp(Ω)) be a Cauchy sequence, and let (fn)n∈N ⊂
Lp(Ω) be the sequence of functions such that Lun = fn in the sense of distributions.
Then fn is Cauchy in Lp(Ω) and un is Cauchy in W 1,p(Ω), hence the limits f ∈
Lp(Ω) and u ∈ W 1,p(Ω) exist. The convergence un → u in W 1,p(Ω) implies the
convergence Lun → Lu in W 1,p′(Ω)∗ by Hölder’s inequality and we get in particular
weak convergence Lun ⇀ Lu. For any ϕ ∈ C∞

c (Ω),ˆ
Ω

fϕ dx = lim
n

ˆ
Ω

fnϕdx = lim
n
[Lun](ϕ) = [Lu](ϕ).

This shows that u ∈ E(L;Lp(Ω)). �

Lemma A.2. [23, Theorem 18.40] Let 1 < p < ∞, n ≥ 2 and Ω ⊂ R
n be an

open bounded set with Lipschitz boundary ∂Ω. Then any function u ∈ W 1,p(Ω)
satisfies

‖u‖W 1−1/p,p(∂Ω) ≤ C‖u‖W 1,p(Ω)

for some C>0 independent of u. Moreover, the Sobolev traceW 1,p(Ω)→W 1−1/p,p(∂Ω)
has a bounded right inverse. In other words, for any g ∈ W 1−1/p,p(∂Ω) there exists

u ∈ W 1,p(Ω) with u|∂Ω = g such that

‖u‖W 1,p(Ω) ≤ C ′‖g‖W 1−1/p,p(∂Ω)

for some C ′ > 0 independent of g and u.
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Lemma A.3. (Conormal derivative) Let 1 < p < ∞, n ≥ 2 and Ω, ∂Ω satisfy

(i) and Γ ⊂ ∂Ω be a nonempty open subset. Assume that γ satisfies (iii). Let

L : W 1,p(Ω) →W 1,p′(Ω)∗ be the operator corresponding to − div(γ∇u),

[Lu](ϕ) =

ˆ
Ω

γ∇u · ∇ϕdx.

The notion of conormal derivative can be extended from W 2,p(Ω) to E(L;Lp(Ω)) in
the sense that if u ∈ E(L;Lp(Ω)) then there is a unique functional in W 1−1/p′,p′(∂Ω)∗

denoted by ∂ν,γu such that

(A.7) 〈 ∂ν,γu, ϕ〉 =

ˆ
Ω

γ∇u · ∇eϕ − feϕ dx

where eϕ ∈ W 1,p′(Ω) is any extension of ϕ into Ω and f ∈ Lp(Ω) is the function such

that Lu = f in the sense of distributions.

Proof. Since u ∈ W 1,p(Ω), we can integrate by parts and use the assumption
that − div(γ∇u) = f in the sense of distributions to getˆ

Ω

γ∇u · ∇ϕdx =

ˆ
Ω

u[− div(γ∇ϕ)] dx =

ˆ
Ω

fϕ dx ∀ϕ ∈ C∞
c (Ω).

The first and last expressions belong to W 1,p′(Ω)∗. By taking limits in W 1,p′(Ω) we
have

(A.8)

ˆ
Ω

γ∇u · ∇ϕdx =

ˆ
Ω

fϕ dx ∀ϕ ∈ W 1,p′

0 (Ω).

In other words, u is a weak solution of the Dirichlet problem
{

− div(γ∇u) = f in Ω,

u = g on ∂Ω,

for g := u|∂Ω ∈ W 1−1/p,p(∂Ω).
Clearly the right-hand side of (A.7) makes sense as a functional on eϕ ∈ W 1,p′(Ω).

Let eϕ, ẽϕ ∈ W 1,p′(Ω) be two extensions of ϕ ∈ W 1−1/p′,p′(∂Ω). Then eϕ − ẽϕ ∈

W 1,p′

0 (Ω) and it follows from (A.8) thatˆ
Γ

γ∇u · ∇(eϕ − ẽϕ) dx−

ˆ
Ω

f(eϕ − ẽϕ) dx = 0,

which shows that (A.7) is independent of the extension. Boundedness follows by
taking the extension eϕ to be given by the bounded right-inverse of the trace (Lem-
ma A.2).

Note that for u ∈ W 2,p(Ω) the conormal derivative ∂ν,γu exists as a function in
W 1−1/p,p(∂Ω) and integration against this function gives a functional inW 1−1/p′,p′(∂Ω)∗,

〈 ∂ν,γu, ϕ〉 =

ˆ
∂Ω

(∂ν,γu)ϕds.

The equality f = − div(γ∇u) holds in Lp(Ω), not only in the sense of distributions.
Integration by parts yields (A.7), which justifies the name conormal derivative. �

Lemma A.4. (Unique continuation from Cauchy data) Let n ≥ 2 and Ω, ∂Ω
satisfy (i) and Γ ⊂ ∂Ω be a nonempty open subset. Assume that γ satisfies (iii). Let
1 < p <∞. If u ∈ W 1,p(Ω) satisfies

(1) − div(γ∇u) = 0 in Ω in the sense of distributions,
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(2) u|Γ = 0,
(3) ∂ν,γu|Γ = 0 in the sense of (A.6),

then u = 0 on Ω.

Proof. Since γij ∈ C0,1(Ω) are Lipschitz, they can be extended to R
n as Lipschitz

functions γ̃ij ∈ C0,1(Rn). We wish to extend the equation into a slightly larger
domain. Since ∂Ω is C1, there exists a function φ : Rn → R such that

Ω = {x ∈ R
n : φ(x) > 0}, ∂Ω = {x ∈ R

n : φ(x) = 0},

and such that ∇φ 6= 0 on ∂Ω. Let x0 ∈ Γ and U ⊂ R
n be a neighborhood of x0

such that ∇φ 6= 0 in U . Let V ⊂ R
n be a neighborhood of Ω in which γ̃ is uniformly

elliptic. Let W ⊂⊂ Q ⊂⊂ U ∩ V be two neighborhoods of x0 and take ψ ∈ C∞
c (Rn)

satisfying 0 ≤ ψ ≤ 1, supp(ψ) ⊆ Q, and ψ|W = 1. Let ε = infx∈U{|∇φ(x)|} and
δ = supx∈U{|∇ψ(x)|}. Then ∇(φ+ ε

2δ
ψ) 6= 0 in U . Define

Ω0 =
{

x ∈ R
n : φ(x) +

ε

2δ
ψ(x) > 0

}

.

Since φ = 0 on ∂Ω and ψ|W = 1, it follows that φ(x)+ ε
2δ
ψ(x) > 0 in a neighborhood

of x0. Hence Ω ⊆ Ω0. Additionally, ∇(φ + ε
2δ
ψ) 6= 0 on ∂Ω0, and Ω0 is therefore a

C1 domain. Note that Ω0 is connected, ∂Ω ∩ Ω0 ⊆ Γ, and the operator − div(γ̃∇u)
is uniformly elliptic in Ω0.

Extend the solution u to

v(x) =

{

u(x), x ∈ Ω,

0, x ∈ Ω0 \ Ω.

Then v ∈ W 1,p(Ω0) since u|Γ = 0. We claim that v satisfies

(A.9)

ˆ
Ω0

γ̃∇v · ∇ϕdx = 0 ∀ϕ ∈ C∞
c (Ω0).

If the test function ϕ is supported in Ω then (A.9) hold because of (A.4). When ϕ is
supported in Ω0 \Ω then (A.9) is true since v|Ω0\Ω = 0. If the support of ϕ intersects

the boundary section Γ then ψ = ϕ|Ω belong to C∞(Ω) and has supp(ψ|∂Ω) ⊆ Γ.
Then it follows from (A.4) thatˆ

Ω0

γ̃∇v · ∇ϕdx =

ˆ
Ω

γ∇u · ∇ψ dx = 〈 ∂ν,γu, ψ〉 = 0.

So (A.9) is indeed valid. Note that when p < 2, interior regularity [19, Proposi-
tion A.1] implies that v ∈ W 1,2

loc (Ω0). It now follows from Theorem 2.4 in [15] that
v = 0 on Ω0 and hence also u = 0 on Ω. �

Lemma A.5. (Friedrichs’ inequality) Let Ω ⊂ R
n, n ≥ 2, be a bounded open

set with Lipschitz boundary ∂Ω and let Γ ⊂ ∂Ω be a subset with positive measure.

Then there exists a constant C > 0 depending only on Ω such that any u ∈ W 1,2(Ω)
satisfies

‖u‖L2(Ω) ≤ C(‖∇u‖L2(Ω) + ‖u‖L2(Γ)).

Proof. The proof is by contradiction, similar to the proof of the standard Poincaré
inequality [11, Theorem 1, Chapter 5.8]. Suppose to the contrary that for every n ∈ N

there exists un ∈ W 1,2(Ω) such that

(A.10) ‖∇un‖L2(Ω) + ‖un‖L2(Γ) ≤
1

n
‖un‖L2(Ω).
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If we normalize the sequence un so that ‖un‖L2(Ω) = 1 then the sequence is bounded
inW 1,2(Ω) and therefore has a subsequence (also denoted un) which converges weakly
in W 1,2(Ω) to some function u ∈ W 1,2(Ω). From (A.10) it follows that the partial
derivatives ∂αun converge strongly in L2(Ω) to 0, and hence also converges weakly
to 0. By uniqueness of weak limit in W 1,2(Ω) it follows that ∇u = 0 and u is
therefore constant. Next, by compactness, un|Γ converges strongly to u|Γ in L2(Γ).
From (A.10) we see that un|Γ converges to 0. By uniqueness of limit, u|Γ = 0 and
then u = 0 on Ω since it is constant. Finally, un converges strongly to u in L2(Ω)
by compactness and since ‖un‖L2(Ω) = 1 we also have ‖u‖L2(Ω) = 1, but this is a
contradiction. �

Lemma A.6. (Boundary regularity) Let Ω ⊂ R
n, n ≥ 2, be a bounded open set

with C1 boundary ∂Ω and let Γ ⊂ ∂Ω be a subset with positive measure. Assume

that γ satisfies (iii) and q ∈ L∞(Γ). Let F ∈ W 1,p′(Ω)∗, p ≥ 2, and suppose that

u ∈ W 1,2(Ω) satisfies

[Lu](ϕ) =

ˆ
Ω

γ∇u · ∇ϕdx+

ˆ
Γ

quϕ ds = F (ϕ) ϕ ∈ W 1,p′(Ω).

Then u ∈ W 1,p(Ω).

Proof. We establish the result by a reduction to interior regularity [19, Propo-
sition A.1], by straightening the boundary and reflecting across the straight part of
the boundary.

Step 1 - Localization: Let {Bxi
}Ni=1 be an open cover of ∂Ω of small enough sets

that each boundary section ∂Ω ∩ Bxi
can be flattened. Let {ψi}Ni=1 be a smooth

partition of unity subordinate to {Bxi
}Ni=1. We show that ψiu ∈ W 1,p(Ω) for each i,

from which the same conclusion follows for u =
∑N

i=1 ψiu. By using the test function
ϕψi for an arbitrary ϕ we obtain the equation for ψiu,

(A.11)

ˆ
Ω

γ∇(ψiu) · ∇ϕdx = 〈G, ϕ〉 ∀ϕ ∈ W 1,2(Ω)

where

(A.12) 〈G, ϕ〉 := 〈F, ψiϕ〉 −

ˆ
Γ

qψiuϕ ds+

ˆ
Ω

γu∇ψi · ∇ϕ− γϕ∇u · ∇ψi dx.

Step 2 - Flattening the boundary: Since the boundary is C1 there exists coordi-
nates Φ: Bxi

∩Ω → Vi ∈ R
n belonging to C1 which flattens the boundary. From the

precise definition of these coordinates (see e.g. [11, Appendix C]) it follows that

det(DΦ) = det(D[Φ−1]) = 1.

We apply the change of variables x 7→ Φ(x) to (A.11) in order to obtain an equation
for v := (ψiu) ◦ Φ−1. First note that

∂i[v ◦ Φ](x) =
∑

k

∂kv(y)|y=Φ(x)∂iΦk(x).

The terms ∂iΦk(x) are incorporated into the coefficient a(x) = aij(x) in the trans-
formed domain,

aij(x) =
∑

k

∑

l

[γkl(y)∂lΦj(y)∂kΦi(y)]|y=Φ−1(x).
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Then ˆ
Bxi∩Ω

γ∇(ψiu) · ∇ϕdx =

ˆ
Vi∩Rn

+

aij(x)∇v · ∇ϕ̃ dx.

In a similar way, the functional G is transformed into a functional on W 1,p′(Vi∩R
n
+).

The equation (A.11) is transformed into

(A.13)

ˆ
Vi∩Rn

+

aij(x)∇v · ∇ϕdx = 〈G, ϕ〉 ∀ϕ ∈ W 1,p′(Vi ∩ R
n
+).

The coefficients aij are uniformly continuous. In order to apply elliptic regularity,
we additionally need to verify uniform ellipticity. Let ξ ∈ R

n and ηT = ξTDΦ. Then
ηi =

∑

k ∂iΦkξk and

ξTa(x)ξ =
∑

i

∑

j

∑

k

∑

l

[γkl(y)∂lΦj(y)∂kΦi(y)]|y=Φ−1(x)ξiξj

=
∑

k

∑

l

γkl(y)|y=Φ−1(x)

(

∑

i

∂kΦi(y)|y=Φ−1(x)ξi

)(

∑

j

∂lΦj(y)|y=Φ−1(x)ξj

)

=
∑

k

∑

l

γkl(y)|y=Φ−1(x)ηkηl ≥ C‖η‖2
Rn.

From Φ(Φ−1(x)) = x it follows that DΦD[Φ−1] = Id. Therefore, ξ = ηTD[Φ−1] and
‖ξ‖Rn ≤ C‖η‖Rn. This implies that ξTa(x)ξ ≥ C‖ξ‖2

Rn.

Step 3 - Reflection across the boundary: We extend by even reflection every
function appearing in (A.13). More precisely, let Ṽi = {(x′,−xn) : (x′, xn) ∈ Vi∩R

n
+}

denote the extended domain and extend each function by the formula

v(x′, xn) = v(x′,−xn) for (x′, xn) ∈ Ṽi.

Note that the coefficient aij extended in this fashion is uniformly continuous. Apply-
ing the change of variables (x′, xn) → (x′,−xn) in (A.13) leads to the same equation

but in Ṽi. By adding the two equations we get

(A.14)

ˆ
Vi∪Ṽi

aij(x)∇v · ∇ϕdx = 〈G, ϕ〉 ∀ϕ ∈ W 1,p′(Vi ∪ Ṽi).

Note that the operator G is of the same form as in (A.12), except that some coeffi-
cients are multiplied by the L∞ functions ∂kΦl.

Step 4 - Improved regularity: We proceed by applying interior regularity [19,
Proposition A.1] to (A.14). Let us write the functional G as

〈G, ϕ〉 := 〈F, ψiϕ〉 −

ˆ
{xn=0}∩Vi

bϕ ds+

ˆ
Vi∪Ṽi

c · ∇ϕ− dϕ dx.

where b = qψiu, c = γu∇ψi and d = γ∇u · ∇ψi. Since b, c depend linearly on u,
we can increase the Lp regularity of b, c by applying the Sobolev embedding on u.
Since d depends on ∇u, we instead increase its regularity by applying the Sobolev
embedding to ϕ. In this way, we prove that G is a functional in a better space than
originally defined.

Let p1 = 2. By the Sobolev embedding, u ∈ Ls with s = p1n
n−p1

= 2n
n−2

and

u|{xn=0}∩Vi
∈ Lr with r = p1

n−1
n−p1

= 2n−1
n−2

. Integrating c · ∇ϕ therefore induces

a functional on ϕ ∈ W 1,s′, where s′ = np1
n(p1−1)+p1

= 2n
n+2

is the Hölder conjugate

exponent. Similarly, integrating bϕ induces a functional on Lr′({xn = 0} ∩ Vi),
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which in turn is a functional on W 1,t for any t such that the trace of W 1,t embeds
into Lr′({xn = 0} ∩ Vi). The smallest such t ensured by the Sobolev embedding is
t = np1

n(p1−1)+p1
= s′. For the term dϕ, we only have d ∈ L2 = Lp1 . We apply the

Sobolev embedding to find that integrating dϕ induces a functional on ϕ ∈ W 1,α′

where 2 = p′1 = nα′

n+α′
. By solving for α′ and substituting p′1 = p1

p1−1
, we find α′ =

np′1
n+p′1

= np1
n(p1−1)+p1

= s′. In other words, b, c, d all induce functionals on the same

space W 1,s′. By invoking interior regularity, we conclude that v ∈ W 1,p2 where
p2 = min{s, p}. Repeating this for every localized function ψiu yields u ∈ W 1,p2(Ω).

Replacing p1 by p2 in the above, we get an increasing sequence pk given by pk =
np1

n−(k−1)p1
= 2n

n−(k−1)2
. Eventually, either pk ≥ n in which case the Sobolev embedding

gives unrestricted exponent s in Ls, or we get pk > p. In both cases G is a functional
on W 1,p′, so that ψiu ∈ W 1,p by interior regularity. Hence, u ∈ W 1,p(Ω). �

Lemma A.7. Let n ≥ 2 and Ω, ∂Ω,ΓA,ΓI satisfy (i) and (ii). Assume that

γ satisfies (iii) and q ∈ L∞(ΓI). Let N ,NΓA
be given by (A.4). Then ψ1, . . . , ψN

form a basis of N if and only if ψ1|ΓA
, . . . , ψN |ΓA

form a basis of NΓA
. In particular,

if N is nontrivial then there exists a basis of N whose traces onto ΓA are L2(ΓA)-
orthonormal.

Proof. First suppose that {ψ1, . . . , ψN} is a basis of N . Then NΓA
is a subspace

of the linear span of {ψ1|ΓA
, . . . , ψN |ΓA

}. If NΓA
is a strict subspace then some ψi

and ψj have the same trace on ΓA and then it follows by Lemma A.4 that ψi = ψj

on Ω which contradicts that they are part of a basis of N . For the other direction,
suppose that ψ1, . . . , ψN form a basis of NΓA

. By definition of NΓA
, ψ1, . . . , ψN can

be extended to functions in N . If ψ1, . . . , ψN are not a basis of N , then there exist a
function ϕ ∈ N such that {ϕ, ψ1, . . . , ψN} are linearly independent in N . But since
ψ1, . . . , ψN form a basis of NΓA

, ϕ|ΓA
is a linear combination of ψ1|ΓA

, . . . , ψN |ΓA
. It

follows by Lemma A.4 that ϕ is a linear combination of ψ1, . . . , ψN in N too.
Finally, by taking a basis of NΓA

which is L2(ΓA)-orthonormal and applying the
first part of the lemma, we obtain a basis of N with the desired orthonormality. �

Lemma A.8. Let p, n ≥ 2 and Ω, ∂Ω,ΓA,ΓI satisfy (i) and (ii). Assume that γ
satisfies (iii) and q ∈ L∞(ΓI). Then

(A.15)

Lp(Ω) = N ⊕N⊥,

Lp(ΓA) = NΓA
⊕N⊥L

ΓA
,

W
1−1/p′,p′

0 (∂Ω,ΓA)
∗ = NΓA

⊕N⊥W
ΓA

,

where N⊥L
ΓA

, N⊥W
ΓA

denotes the subspaces of Lp(ΓA), W
1−1/p′,p′

0 (∂Ω,ΓA)
∗, respectively,

that annihiliate NΓA
. Moreover, there are projections PN , PNΓA

, PN ∗

ΓA
in Lp(Ω),

Lp(ΓA), W
1−1/p′,p′

0 (∂Ω,ΓA)
∗ onto N , NΓA

⊂ Lp(ΓA), NΓA
⊂ W

1−1/p′,p′

0 (∂Ω,ΓA)
∗,

respectively, given by

PNu =
N
∑

i=1

〈 u, ψi〉L2(Ω)ψi,

PNΓA
v =

N
∑

i=1

〈 v, ψ̃i〉L2(ΓA)ψ̃i|ΓA
,
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PN ∗

ΓA
f =

N
∑

i=1

〈 f, ψ̃i〉ψ̃i|ΓA
,

where ψ1, . . . , ψN is an L2(Ω)-orthonormal basis of the kernel N and ψ̃1, . . . , ψ̃N an

L2(ΓA)-orthonormal basis of NΓA
.

Proof. First note that, for any 2 < p < ∞, Lemma A.6 implies that the kernel
N and its trace space NΓA

are subspaces of Lp(Ω) and Lp(ΓA), respectively. Since
the sums are finite, the operators are clearly well-defined. Boundedness of PN and
PNΓA

follows from Hölder’s inequality and boundedness of PN ∗

ΓA
follows from the

boundedness of f . The fact that P 2
N = PN follows easily by verifying that PNu = u

for arbitrary u =
∑

i=1 αiψi ∈ N . Similarly, P 2
NΓA

= PNΓA
, and P 2

N ∗

ΓA

= PN ∗

ΓA
. The

decompositions (A.15) now follow from Theorem 13.2 in Chapter III in [8]. �

Lemma A.9. Let n ≥ 2, 1 < p < ∞, and Ω, ∂Ω,ΓA,ΓI satisfy (i) and (ii).
Assume that γ satisfies (iii) and q ∈ L∞(ΓI). Then there exists for any F ∈ W 1,p′(Ω)∗

a solution u ∈ W 1,p(Ω) of the weak form equation

[Lu](ϕ) =

ˆ
Ω

γ∇u · ∇ϕdx+

ˆ
ΓI

quϕ ds = F (ϕ) ϕ ∈ W 1,p′(Ω),

if and only if

(A.16) F (ϕ) = 0 ∀ϕ ∈ Ker(L∗).

Moreover, there is a unique solution with u|ΓA
∈ N⊥

ΓA
and this solution satisfies

‖u‖W 1,p(Ω) ≤ C‖F‖W 1,p′(Ω)∗ .

Proof. Step 1 - Perturbed problem, p = 2: Consider the perturbed problem

[Lλu](ϕ) :=

ˆ
Ω

γ∇u · ∇ϕdx+

ˆ
ΓI

(q + λ)uϕ ds = F (ϕ) ϕ ∈ W 1,p′(Ω),

where λ > ‖q‖L∞(ΓI ). Define Bλ : W
1,2(Ω)×W 1,2(Ω) → R by Bλ(u, ϕ) := [Lλu](ϕ).

By using Lemma A.5, the positivity of q+ λ and the uniform ellipticity we find that
Bλ is coercive,

‖u‖2W 1,2(Ω) ≤ C1(‖u‖
2
L2(ΓI )

+ ‖∇u‖2L2(Ω))

≤ C2Bλ(u, u).

From the trace inequality it follows that Bλ is bounded. Therefore, Lax–Milgram’s
lemma ensures, for any F ∈ W 1,2(Ω)∗, existence and uniqueness of solution u ∈
W 1,2(Ω) of

Bλ(u, ϕ) = 〈F, ϕ〉 ∀ϕ ∈ W 1,2(Ω).

Step 2 - Perturbed problem, p 6= 2: When p > 2 then W 1,p′(Ω)∗ ⊂ W 1,2(Ω)∗.
From Step 1 we get a weak solution u ∈ W 1,2(Ω), and Lemma A.6 implies that
u ∈ W 1,p(Ω). Since W 1,p(Ω) ⊂ W 1,2(Ω), uniqueness of solutions in W 1,2(Ω) implies
uniqueness in W 1,p(Ω). Hence the perturbed problem is well-posed for p > 2.

When 1 < p < 2, we use a standard adjoint argument. Let Lλ,p denote the
operator Lλ : W

1,p(Ω) → W 1,p′(Ω)∗ for a fixed p. Then Lλ,p′ is invertible for p′ ≥ 2,
and this implies invertibility of its adjoint L∗

λ,p′ : W
1,p(Ω) → W 1,p′(Ω)∗. Since the

operator is symmetric, we have L∗
λ,p′ = Lλ,p.
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Step 3 - Compact reformulation: We now seek a solution u ∈ W 1,p(Ω) of the
equation Lu = F for F ∈ W 1,p′(Ω)∗ and 1 < p < ∞. Let ι : W 1,p(Ω) → W 1,p′(Ω)∗

denote the operator [ιu](ϕ) :=
´
ΓI
uϕ ds. Then ι is compact, by the compactness of

the trace W 1,p(Ω) → Lp(ΓI). By adding and subtracting λιu to the equation and
using the invertibility of Lλ results in

F = Lλu− λιu = Lλ(Id−λL
−1
λ ι)u.

Applying L−1
λ on both sides show that the equation Lu = F is equivalent to

(Id−λL−1
λ ι)u = L−1

λ (F ).

Since the operator λL−1
λ ι is compact, the Fredholm alternative is valid and solutions

therefore exist if and only if

(A.17) L−1
λ (F ) ∈ Ker([Id−λL−1

λ ι]∗)⊥.

To see that (A.17) is equivalent to (A.16), first note that for v ∈ W 1,p′(Ω), ϕ ∈
W 1,p(Ω),

〈 [Id−λL−1
λ ι]∗L∗

λv, ϕ〉 = 〈L∗
λv, [Id−λL

−1
λ ι]ϕ〉

= 〈 v, [Lλ − λι]ϕ〉

= 〈 v, Lϕ〉

= 〈L∗v, ϕ〉.

From this we conclude that v ∈ Ker(L∗) if and only if L∗
λv ∈ Ker([Id−λL−1

λ ι]∗). By
using this with the invertibility of L∗

λ we see that any element in Ker([Id−λL−1
λ ι]∗)

is of the form L∗
λv for some v ∈ Ker(L∗). Therefore, (A.17) holds if and only

if 〈L−1
λ F, L∗

λv〉 = 0 for any v ∈ Ker(L∗). By writing 〈F, v〉 = 〈LλL
−1
λ F, v〉 =

〈L−1
λ F, L∗

λv〉 for v ∈ Ker(L∗) we conclude that (A.17) is equivalent to (A.16).

Step 4 - Uniqueness: To establish existence of solutions with trace in N⊥
ΓA
, let u

be any solution with data F . Because of decompositions (A.15) there exists functions
h ∈ N , k ∈ N⊥

ΓA
such that u|ΓA

= h|ΓA
+ k. Then u− h is another solution and its

trace is k ∈ N⊥
ΓA
. This proves existence.

To establish uniqueness of solution with trace in N⊥
ΓA
, suppose that u1, u2 are any

two solutions with ui|ΓA
∈ N⊥

ΓA
corresponding to the data F . Then (u1 − u2)|ΓA

∈
N⊥

ΓA
. On the other hand, u1−u2 ∈ N so that (u1−u2)|ΓA

∈ NΓA
and we necessarily

have (u1 − u2)|ΓA
= 0. Then u1 − u2 is a weak solution of


















− div(γ∇(u1 − u2)) = 0 in Ω,

u1 − u2 = 0 on ΓA,

∂ν,γ(u1 − u2) = 0 on ΓA,

∂ν,γ(u1 − u2) + q(u1 − u2) = 0 on ΓI .

It follows from unique continuation (Lemma A.4) that u1 = u2 on Ω.

Step 5 - Stability: Let X := {u ∈ W 1,p(Ω) : u|ΓA
∈ N⊥

ΓA
}. The previous steps

in the proof show that the operator L : X 7→ W 1,p′(Ω)∗ is bounded and a bijec-
tion onto its range. It follows from the Fredholm compatibility condition that
Ran(L) = Ker(L∗)⊥ and the closed range theorem [26, Section 5 of Chapter VII]
that the range is closed. The open mapping theorem now ensures the boundedness
of L−1 : Ker(L∗)⊥ → X ,

‖u‖W 1,p(Ω) = ‖L−1F‖W 1,p(Ω) ≤ C‖F‖W 1,p′(Ω)∗ . �
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Theorem A.10. (Runge approximation) Let n ≥ 2, p > n, and Ω, ∂Ω,ΓA,ΓI

satisfy (i) and (ii). Assume that γ satisfies (iii) and q ∈ L∞(ΓI). Consider the

equation

(A.18)











− div(γ∇u) = 0 in Ω,

∂ν,γu = f on ΓA,

∂ν,γu+ qu = 0 on ΓI ,

and let the space V be defined by

V := {u|ΓI
: u ∈ W 1,p(Ω) solves (A.18) for some f ∈ W 1−1/p′,p′(∂Ω)∗

with supp(f) ⊆ ΓA}.

Then the space V is dense in C(ΓI),

V = C(ΓI).

Proof. By Hahn–Banach, it is enough to show that any Radon measure in C(ΓI)
∗

which vanishes on V must vanish on C(ΓI). Let h be such a measure,

(A.19)

ˆ
ΓI

u dh = 0 ∀u ∈ V.

Since p > n, the trace W 1,p(Ω) → C(ΓI) is bounded by the Sobolev embedding and
C(ΓI)

∗ ⊂ W 1,p(Ω)∗ so that h ∈ W 1,p(Ω)∗. Let w ∈ W 1,p′(Ω) be the unique weak
solution with w|ΓA

∈ N⊥
ΓA
, provided by Lemma A.9, of the adjoint problem,










− div(γ∇w) = 0 in Ω,

∂ν,γw = 0 on ΓA,

∂ν,γw + qw = h on ΓI .

Then w satisfies the weak form equation

(A.20)

ˆ
Ω

γ∇w · ∇ϕdx+

ˆ
ΓI

qwϕ ds =

ˆ
ΓI

ϕdh ∀ϕ ∈ W 1,p(Ω).

Since u ∈ V is a valid test function, we find, by taking arbitrary ϕ = u ∈ V , that

(A.21) 〈 f, w〉 =

ˆ
Ω

γ∇u · ∇w dx+

ˆ
ΓI

quw ds =

ˆ
ΓI

u dh = 0.

Since f ∈ N⊥ is arbitrary, we may take f to be the functional ψ 7→
´
ΓA
wψ ds. Then

(A.21) reduces to ‖w‖2L2(ΓA) = 0, so that w|ΓA
= 0. Now w satisfies











− div(γ∇w) = 0 in Ω,

w = 0 on ΓA,

∂ν,γw = 0 on ΓA.

It follows from unique continuation (Lemma A.4) that w = 0 on Ω and (A.20) reduces
to ˆ

ΓI

ϕdh = 0 ∀ϕ ∈ W 1,p(Ω).

Since W 1,p(Ω) ⊂ C(Ω) is dense in C(Ω), it follows by continuity of the functional h
that ˆ

ΓI

ϕdh = 0 ∀ϕ ∈ C(ΓI). �
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