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Banach—Lamperti theorem for
the Kurzweil-Henstock integral

Thierry De Pauw

Abstract. We identify isometric isomorphisms of the space of Kurzweil-Henstock integrable
functions as bi-absolutely-continuous changes of variable.

Banachin—Lampertin lause Kurzweilin—Henstockin integraalille

Tiivistelmé&. Téassé tyossi osoitetaan, ettd Kurzweilin—Henstockin mielessé integroituvien funk-
tioiden avaruuden isometriset isomorfismit vastaavat kahteen suuntaan absoluuttisesti jatkuvia
muuttujanvaihtoja.

1. Introduction

By a cell we mean a non-degenerate compact interval in R. If I C R is a cell, then
KH (I) denotes the space of Kurzweil-Henstock integrable functions on I and KH(7)
is the corresponding space of equivalence classes almost everywhere of members of
KH(I). We denote by f typical members of KH (), by f typical members of KH(7),
and by [f] the equivalence class of f. Thus, f = [f] whenever f € f. We equip
KH() with Alexiewicz’s norm (see [1]) defined by

”fHA:maX{/ f’ min[<x§max[}
[min I,z

whenever f € f € KH(I). We study the isometries of this normed space. Specifically,
we prove the following.

Theorem. Let I and I be two cells in R and T: KH(I) — KH(I) a linear
operator. The following are equivalent.

(A) T is a surjective isometry:.
(B) There exist 0 € {—1,1} and an increasing homeomorphism ¢: I — [ such
that both ¢ and ¢! are absolutely continuous and

T(f) =[o-(fo9) 9],
for all f € f € KH(I).

The proof that (B) implies (A) in section 3 boils down to establishing the proper
change of variable theorem in this context (see also [9, Theorem 1] and [4, Theo-
rem 7.3]). The proof of the reverse implication in section 4 relies on the Banach—Stone
theorem at the level of indefinite integrals together with the appropriate absolute con-
tinuity property of indefinite Kurzweil-Henstock integrals. Recall that KH(I)[| - || 4]
is not a Banach space (though, it is barrelled but this will not be used here), therefore,
a linear isometric operator may have a dense image without being surjective.
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This is in contrast with Banach-Lamperti’s theorem (see [2, Ch. XI, §5, Espaces
L® 1n°2 1] and [8]) asserting that the surjective linear isometries T: Ly (1) — Ly (I)
correspond to pairs (¢, h), where ¢: [ — Iis a bi-Lebesgue-measurable bijection
and h: I — R is Lebesgue-measurable such that u = ¢\ < X and |h| = £ > 0,
by means of the formula T([f]) = [(f o ¢) - h]. Here, X is the Lebesgue measure
and 3—’)‘\ is a Radon-Nikodym derivative. Thus, the case of Kurzweil-Henstock inte-
gration corresponds, so to speak, to more regular changes of variable than the case
of Lebesgue integration. Observe, however, that from a functional-analytic point of
view the two problems have little in common, as L;(7) is an .£;-space whereas KH(I)
is an Z,.-space (see e.g. [5, Appendix F] for the relevant definition).

Our result belongs to the general topic: If D and D’ are domains in R™ and F'(D),
F(D’) are a class of function spaces defined on D and D', respectively, then do iso-
morphisms F'(D) = F(D') correspond to a specific class of isomorphisms D = D’
by composition? Banach-Lamperti’s theorem (regarding isometric isomorphisms)
evoked in the previous paragraph is about the case F(D) = L;(D) and the corre-
sponding “isomorphisms” D = D’ are the bi-Borel-measurable maps that preserve
Lebesgue-null sets. The quasi-conformal, respectively bi-Lipschitz, homeomorphisms
D = D' are shown in [11] to correspond to isomorphisms of the Royden algebras
F(D) = My(D) where p = n, respectively 1 < p < n (these are isomorphisms
of algebras). M, (D) consists of those bounded continuous functions defined on D
which are absolutely continuous on almost every line parallel to the coordinate axes
and whose p-Dirichlet energy is finite. Thus, more regularity of the isomorphisms
D = D' than in the Banach-Lamperti theorem is obtained from a space of more
regular functions than merely Lebesgue-summable—mnote also the extra structure
of an algebra of continuous functions borne by M,(D) which is key to inferring
the existence of a map at all from D’ to D from the existence of an isomorphism
of algebras M,(D) = M,(D’). Here, we go in the opposite direction: The space
of Kurzweil-Henstock integrable functions strictly contains the space of Lebesgue-
summable functions on the same domain—every derivative is Kurzweil-Henstock in-
tegrable and the Kurzweil-Henstock integrability of f does not imply that of |f|. In
fact, Kurzweil-Henstock integrable functions are to (conditionally) convergent series
what Lebesgue-summable functions are to absolutely convergent series.

In an attempt to reach a large audience, we do not assume any prior knowledge of
Kurzweil-Henstock integrability (the interested read may consult e.g. [3, 10, 12, 13,
14]). In particular, none of the results in the next section appear to be new but we
have gathered and proved them in a fashion most appropriate for our applications. Of
course, we assume familiarity with the theory of Lebesgue measure and integration
in the real line.

It is a pleasure to acknowledge helpful discussions with Ph. Bouafia during the
preparation of this paper.

2. Preliminaries

2.1. Vocabulary and notation. Two cells I; and Iy are non-overlapping if
I, N I is either empty or a singleton. A P-family I is a finite set of pairs (J, z),
where J is a cell and = € J, such that J; and J; are non-overlapping whenever
(J1,21), (J2,2) € I and J; # Jo. The body of a P-family II is the set body(Il) =
U{J: (J,z) € TI}. We say that IT is in a cell I if body(IT) C I. A P-family IT is a
P-division of a cell I if body(Il) = I. The Riemann sum associated with a P-family
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I is
SALf) = Y fla)- 11,
(J,x)€ell
where |J| is the length of J, i.e. max.J — min.J. A gauge on a set £ C R is a

positive function §: E — Rt \ {0}. If § is a gauge on a cell I and II is a P-family in
I, then we say that II is d-fine whenever J C [z — d(z), z + d(z)] for all (J, z) € 1L

2.2. K H-integral. Let I be a cell and f: I — R a function. We say that
f is Kurzweil-Henstock integrable in I if there exists a real number r satisfying
the following property. For every ¢ > 0 there exists a gauge d on [ such that
|S(II, f)—r| < ¢ for all 8-fine P-divisions Il of /. In that case, r is unique and denoted
f ; f- The set KH(I) consisting of all Kurzweil-Henstock integrable functions defined

on I is a vector space and KH(I) — R: f — [, f is linear. If f € KH(I) and I C I

~

is a cell, then the restriction f|; € KH(I).

We now state what is known as the Saks—Henstock theorem (see e.g. [3, 5.4], [12,
CH. 10, §8], or [14, Ch. 3, lemma 1]). If f € KH(I) and € > 0, then there exists a
gauge & on [ such that

<€

D

(J,x)ell
for all §-fine P-family IT in 1.
2.3. Indefinite integral. If f € KH(I) we define a function [* f: I — R by

means of the formula
) 0 if z =min/,
[ 1)@= ,
S, 1, [, otherwise,

where I, = [min I, z]. The function [* f is continuous, according to Hake’s theorem
(see e.g. [3, 5.6], [12, Ch. 11 §1], or [14, Ch. 3, Corollary 2]), and we call it the
indefinite integral of f.

2.4. Additive functions. Let € (I) be the set of cells contained in a cell
I. We say that F': €(I) — R is additive whenever the following holds. For all
positive integer N and J, Jy,...,Jy € €(1) if J = Uivzl J, and Ji, ..., Jy are non-
overlapping, then F(J) =N F(J,).

If F: I — R, then F*: €(I) — R defined by F*(J) = F(maxJ) — F(minJ)
is additive. If F': ¥(I) — R is additive, then we let *F': I — R be defined by
*F(minI) = 0 and “F(x) = F([min I, z]) whenever min/ < x < maxI. Note that!
(*F)* = F and that *(F'*) = F if and only if F(minI) = 0. This establishes a
bijection from R! N {F: F(minI) = 0} to the set of additive functions € (1) — R.

The “indefinite integral” ( I f)X of f € KH(I) is additive. The less pedantic
choice not to distinguish between F'and F'* leads to oddities such as “F'is increasing
if and only if F' is positive”.

f@) - 11 —/JfIJ

2.5. Lebesgue measure. If A C R we let |A| be its Lebesgue outer measure.
When we say that A is negligible it always refer to Lebesgue measure, i.e. |A] = 0.
The phrase “almost everywhere” always refers to Lebesgue-negligibility.

"n this sentence, the first two occurrences of the symbol F and the last three refer to objects of
different nature.
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2.6. The condition AC,. A P-family Il in [ is said to be taggedin aset E C [
if z € E for all (J,z) € II. We say that an additive function F': €(I) — R is AC,
if it satisfies the following property. For every negligible set N C I and every € > 0
there exists a gauge & on N such that

Yo IF()<e

(J,x)ell

for all §-fine P-families in I tagged in N.

Theorem 2.7. Let F': €(I) — R be an additive function. The following are
equivalent.

(A) There exists f € KH(I) such that F = ([* f)X
(B) F is AC, and *F is differentiable almost everywhere.

Furthermore, in case (B) holds, (*F)' € KH(I) and *F = [*(*F)'.

Proof that (A) = (B). (i) Let N C I be negligible and ¢ > 0. For each
natural integer j define N; = NN {j < |f| < j + 1} and choose an open set U;
containing N; and such that |Uj| < W Let m be a gauge on [ associated to
f and 5 by means of the Saks-Henstock theorem. Define a gauge 6 on N by setting
6|y, = min{3 dist(-, R\ U;),n} for all j.

Let II be a d-fine P-family in [ tagged in N. Since II is n-fine, it follows from
the Saks—Henstock theorem that

> D5+ 3 U

(J,x)ell (J,z)€ell
Moreover,
> If(= IJI—ZZ |J|<Zy+1 >l
(J,z)€ell J=0 (J,z)€ll (J,x)ell
TEN; zEN;
<> G+ o] < c
j=0

since body(Il;) C U;, where II; = II N {(J,z): x € N;}, for all j, by the choice of
d|n,. This completes the proof that F'is AC,.

(ii) Let G = int(I) N {z: *F is differentiable at x and (*F)'(z) = f(z)} and
B =int(I) \ G. We shall show that B is negligible. To this end, we define

“F h) —*F 1
By =int(/) N ¢ x: limsup (z+h) (=) _ flz)] > —
h8 h k

for each positive integer k& and we notice that B = |J,, By. Thus, it suffices to prove
that each B is negligible.
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Fix k. Given € > 0, choose a gauge d on [ associated with f and e in Saks—
Henstock’s theorem. Define

(1) ”//:%(I)Q{J: | *F(J) = f(min J) - |J]| }> L and |J] < é(minJ) or

| “F(J) = f(max J) - |J]| ’>I—k| and |J] §6(maXJ)}.

Observe that for all x € By there exists J € ¥ of which z is an endpoint. By
the Vitali covering theorem, there are finitely many pairwise disjoint members of
¥V, say Ji,...,Jn, such that IBk\UnN:1 J"I < e. For each n, let x,, = min.J,
or x,, = max J, according to whether the first or second condition in (1) witnesses
membership of J, to #. Thus, the P-family {(J,,z,): n =1,..., N} is §-fine and
we infer from the Saks-Henstock theorem that

N N
STl kD F() = flaa) - 1ol | <k-e.
n=1 n=1

It ensues that |By| < |Bk \UY, J"l + |UnN:1 J"l < (1+k)-e. Since e > 0is
arbitrary, the proof is complete. O

Remark 2.8. The following comments are in order.

(1) In the above proof that (A) implies (B), we have shown, in fact, that if
f e KH(I), then (f* f),(:c) = f(z) for almost every x € I.

(2) If f € KH(I) and ([* f) (z) = 0 for all z € I, then f(z) = 0 for almost
every x € I. Indeed, under this assumption the function = fngim [ is dif-
ferentiable everywhere and its derivative vanishes identically. The conclusion
then ensues from (1).

(3) Arguing as in (i) above, one shows that if f: I — R and {f # 0} is negligible,
then f € KH(I) and f[ = 0. In particular, if f,g: I — R and {f # g}
is negligible, then f € KH(I) if and only if ¢ € KH(I), in which case
f = f ;9. This clarifies the last sentence in the statement of 2.7 as well as
the statement of our main theorem in the introduction (as (XF ),, respectively
¢, is defined merely almost everywhere).

Proof that (B) = (A). Let N C I consist of the endpoints of I and of all points
of int(I) at which *F is not differentiable. Thus, N is negligible. Define f: I — R
by declaring that f(x) = (*F)(z) if z € I\ N and f(z) =0 if z € N. We will show
that f € KH(I) and [, f = F(I). Repeating this for all cells contained in I will
complete the proof.

Fix e > 0 and x € I \ N. Since “F is differentiable at x and its derivative is
f(x), one checks that there exists dqig(x) > 0 such that, for all J € (1), if* x € J
and |J| < daig(x), then ‘F(J) — f(z) - |J] ‘ < e+ |J]|. Furthermore, there exists
a gauge 0,. on N associated with F' and ¢ is the definition of F' being AC,. We now

>The condition 2 € J—in the definition of Kurzweil-Henstock integrability—is essential precisely
here.
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define a gauge & on I as follows:

o 6ac<l’) ifx € N,
Ole) = {6(115(3:) ifxel\N.

If IT is any P-division of I then

F(I)= Y F()= > F)+ > F(J),

(J,x)ell (J,x)ell (J,x)ell
¢ N TEN
SAL )= Y fl@)- = Y flx)- .
(J,z)€ell (J,x)ell
¢ N

Therefore,

[F(D) = SAL A< D |FU) = f@)- [+ Y IFU)].

(J733)€H (J,!L')EH
¢ N zeEN
If, moreover, II is §-fine then
|F(I) = SALA < | D e Wl |+e< (1l +1)-= O
(J,x)ell
¢ N

2.9. The condition AC. We say that an additive function F': €(I) — R is
AC whenever the following condition is satisfied. For every ¢ > 0 there exists § > 0
such that for all positive integers N and all J, Jy, ..., Jy € €(I) if J = UnN:1 J, and
J1, ..., Jy are pairwise non-overlapping and 25:1 |J.] <0, then ZnN:1 |F(J,)] < e.
This is the classical notion pertaining to measure theory.

(A) If F is AC, then it is AC,.

Proof. Fix ¢ > 0 and let 4 > 0 be as in the definition above. Let N C [
be negligible and choose an open set U C R containing N such that |U| < 4.
Define a gauge 6 on N to coincide with 1 dist(-,R\ U). If I is a d-fine P-family
anchored in N, then body(II) C U. Therefore, >, oy |/l < |U| <6 and, in
turn, 3 en [F(J)] <e. |

(B) The converse of (A) fails.

Proof. This classical fact is witnessed for instance by F* on I = [0, 1], where
F(z) =2?sin (%) if 0 <2 <1 and F(0) = 0. |

The following is the 1-dimensional version of the Besicovitch covering theorem.
For this and its higher dimensional analogues, see e.g. [7, Ch. I §1] or [13, 5.2.4] (the
latter gives a proof leading to 14 instead of 5 subcollections but none of this matters
for our subsequent application). By a disjointed collection of sets we mean that any
two distinct members of it are disjoint.

Theorem 2.10. (A covering theorem) Let X C R be bounded and let § be a
bounded gauge on X. Abbreviate J(x) = [x — §(z),z + d(x)]. Then there exist five
disjointed collections #* C {J(z): x € X}, i =1,...,5, such that X C U}, (U_Z;").
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2.11. Luzin’s condition (IN). We say that a function g: I — R satisfies
Luzin’s condition (N) if |g(Z)] = 0 for all Z C I such that |Z] =0, i.e. g maps
negligible sets to negligible sets.

The following is a special case of the Banach—Zarecki theorem (see e.g. [6, Ch. 7

§3]).

Theorem 2.12. Let F': €(I) — R be additive and non-negative, i.e. F'(J) >0
for all J € €(I). The following are equivalent.

(A) F is AC..

(B) *F is continuous and satisfies Luzin’s condition (N).

(C) Fis AC.

Proof. (i) We make a preliminary comment about how we shall use the hypothesis
that F' be non-negative. This is equivalent to *F being non-decreasing. Thus, for
any cell J = [a,b] C I we have *F(J) = *F([a,b]) = [*F(a), “F(b)] so that

(2) |“F()] ="F(b) - *F(a) = F([a,b]) = F(J).

Similarly, if J C R is a cell, then .J := (XF)_1 (j) C I is a cell as well and, upon
writing J = [a, b], we have

3) F() = "F(b) - *Fla) < |J].

Since *F(a), *F(b) € J.

(ii) Here, we prove that (A) implies (B). The continuity of *F readily follows
from the definition of F' being AC,. Thus, given a negligible set Z C I we ought to
show that *F(Z) is negligible as well. Given ¢ > 0, the AC, property of F implies
the existence of a gauge 6 on Z such that }_; .y [F'(J)| < & whenever Il is a §-fine
P-family anchored in Z. The same holds when 4 is replaced with min{d, diam 7}.
Accordingly, there is no restriction to assume that ¢ is bounded. Since

Z c | Jl - 8(x),x + 8(x)),

reZ

in view of theorem 2.10, we infer the existence of five disjointed collections of cells
JF 1=1,...,5, each member of which is of the type J, = I N[z — §(z), z + 6(z)]
for some z € Z, such that Z ¢ |J7_, (U #). Given i =1,....5 and .F C ¢ a
finite subcollection, we define Ilz = {(J,2(J)): J € .Z#}, where x(J) denotes the
center of J. Note that Iz is a §-fine P-family anchored in Z, thus, ) ;. |[F(J)| =
Yumens [F(J)] < e As F is arbitrary, we infer that ZJe/; IF(J)| < ¢, i =
1,....5,

Now,

#(Ous)<UU

and, in view of (i) (specifically (2)), we conclude that
5

8 SIS s oL
i=1 Je gy i=1 Je g7

Since ¢ is arbitrary, |*F(Z)| =0.
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(iii) We turn to showing that (B) implies (C). We briefly recall the construction
of the Lebesgue-Stieltjes measure p associated with *F. For an arbitrary A C I we
put

1 (A) = inf {Z F(Jg): (Ji)r is a sequence in ¢ (/) and A C U Jk} :
k=1 k=1

Borel subsets of I are u*-measurable in the sense of Carathéodory and p*(J) = F(J)
for all J € €(I) (see e.g. [6, Theorem 3.20 conclusions 1 and 4]). In particular, the
restriction p of p* to the set of Borel subsets of I is a finite Borel measure on I.
Notice also that p({z}) = 0 for all z € I, since *F' is continuous. In particular, if .J;
and J, are non-overlapping cells contained in I, then pu(J; U Jy) = p(J1) + p(Js).

We now show that p is absolutely continuous with respect to the Lebesgue
measure, i.e. if Z C [ is Borel and |Z] = 0, then u(Z) = 0. By hypothe-
sis, |*F(Z)] = 0, ie. given € > 0 there exists a sequence (Jo)i of cells in R
such that *F(Z) ¢ U;>, Jp and 352, |jk

Jp = (XF)_1 (Ji) and we notice that Z C (*F)"

< ¢e. For each k£ we consider the cell

! [“F(Z)] c Upy Ji. Therefore,

w2) <> FR) <Y 0| <
k=1 k=1
by (i) (specifically (3)). Since € is arbitrary, we have estbalished that u(Z) = 0.

Since p is a finite Borel measure, it is now classical that for every ¢ > 0
there exists d > 0 such that u(B) < ¢ whenever B C [ is Borel and |B| < 6.
In particular, if Ji,...,Jy are pairwise non-overlapping cells contained in I and
UL ] = S0 1) < 6, then SN, PG = S0, ) = 1 (U ) < =
This completes the proof that F'is AC.

(iv) That (C) implies (A) is 2.9(A). O

3. Change of variable

Remark 3.1. Suppose that I and I are cells and ¢: I — I is either increasing
or decreasing and ¢* is AC. Since ¢ is monotone, we infer that it is differentiable
almost everywhere. Furthermore, either ¢* or —¢* is non-negative. Therefore, ¢
satisfies Luzin’s condition (N), by 2.12.

3.2. Let I and I be cells and ¢: I — I a function. We say that ¢ is bi-AC' if it
satisfies the following properties:

(A) ¢ is a bijection;

(B) ¢~ is AC;

(C) (¢p71)" is AC.
Since ¢ is AC, it is continuous as well and, being a bijection, it is either increasing
or decreasing and is a homeomorphism.

Theorem 3.3. Let I and I be two cells and let ¢: I — I be bi-AC. If f €

KH(I), then (f o ¢)-|¢'| € KH(I) and

[o 1= [
[ LR

I %]
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Proof. (i) We abbreviate G = (XF o ¢)X, where F' = (f' f)X. Thus, G is an
additive function defined on €' (1) and G(J) = sign(¢’) - F(¢(J)) for all J € € (1),

where

1 ifdisi .
sign(¢) = {+ if ¢ is increasing,

—1 if ¢ is decreasing.

In the course of this proof we shall establish that G is the indefinite integral of
(foo)-d.

(ii) Here, we shall show that G is AC,. First, we notice that ¢ is uniformly con-
tinuous on I, therefore, there exists n: ]0,00[— |0, co[ with the following property.
For every § > 0 and every z,y € I if |z — y| < m(d), then |p(x) — ¢(y)| < 9.

Let Z C I be negligible and € > 0. According to theorem 2.12, ¢ satisfies
Luzin’s condition (), therefore, ¢(Z) is negligible. As I'is AC,, by 2.7, there exists
a gauge 8 on ¢(Z) such that if I is a d-fine P-family in I anchored in ¢(Z), then
> (aer 1 F(J J)| < e. Define a gauge § on Z by letting § = nodo¢. Now, let I be a d-
fine P-family in I anchored in Z. Define IT = {(4(J), #(z)): (J,x) € II} and note that
this is a P-family in I, since ¢ is increasing and continuous. Moreover, I is readily
anchored in ¢(Z) and one happily checks that it is d-fine as well, according to the
definition of n. Thus, 3= ; e |G(I)] = X2 ymen [ FIODI = 2 zer [ F ()] < e
This completes the proof that G is AC,.

(iii) Here, we shall observe that for almost every x € I, ¢ is differentiable at
z and “F is differentiable at ¢(z) with ( F) (p(z)) = f(P(x)), in particular, *G
is differentiable at z and (* G), () = f(o(x)) - ¢'(x). Since ¢* is AC, one in-
fers that the set Z = I'N {z: ¢ is not differentiable at z} is negligible (recall 3.1).
Moreover, it follows from 2.7 (see 2.8(1)) that the set Z = IN{%: *F is not differen-
tiable at z or it is differentiable at z but (*F ) (z) # f(x)} is negligible as well. Ac-
cordingly, ¢~1(Z) is negligible, since ¢! satisfies Luzin’s (N) condition, by 3.1. If

r & Z U@ 1(Z), then it satisfies the claimed properties.
(iv) The conclusion of the theorem is a consequence of the conjunction of (ii),

(iii), and 2.7:

/fF)

(by definition of F')
<;5 I)) (since ¢ is a bijection)

(by

(

(1))
by 2.7, (ii), and (iii)). O

4. Isometries
Theorem 4.1. If ¢: I — I is bi-AC, then {¢' = 0} is negligible.
Proof. Of course, the set considered here is
A =int(I)N{z: ¢ is differentiable at z and ¢'(x) = 0}.
We observe that
(5) A C ¢7'({y: ¢7" is not differentiable at y}).
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Indeed, if z € A and y = ¢(x), then the limit of

o St h) =67 y) _ h
ole+h)—y ol + 1) — o)

as h — 0 does not exist. As ¢(z + h) — ¢(x) when h — 0, this implies that ¢! is
not differentiable at y.

Since ¢! is differentiable almost everywhere and satisfies Luzin’s condition, (5)
implies that |A] = 0. U

4.2. Given a cell I we consider the vector space K H(I) defined in 2.2 and its
vector subspace W (I) = KH(I)N{f: {f # 0} is negligible}. We let KH(/) denote
the quotient space KH(I)/W(I). For minI < x < maxI we abbreviate I, =
min 7, z]. If f € f € KH(I) then, by virtue of 2.8(3), the quantity

£l = sup {' [ 1

is independent of the choice of f € f. One readily checks that f — [|f]|4 is a semi-
norm on KH(7). In view of 2.8(2), it is, in fact, a norm. We classically call it the
Alexiewicz norm, see [1].

: min[<x§max[}

The following is a proof of the implication (B) = (A) of our main theorem.

Theorem 4.3. Let I and I be two cells, 0 € {—1,1}, and ¢: I — I an increasing

bi-AC function. Then there exists a surjective linear isometry T,: KH(I) — KH(I)

such that Ty(f) =[o - (fo¢)-¢] for all f € KH(I), where f € f.

Proof. (i) First, we note that ¢’ is merely defined almost everywhere (recall 3.1)
so that, what we really mean for the definition of Ty(f) is that T4(f) = [Ts(f)],
where

To(f): I =Rz o- f(¢(x))-¢'(x) if ¢ is differentiable at x,
@ . X 0

otherwise.

Observe that T,,(f) € KH(I), in view of 3.3.
(ii) Here, we show that [T (f)] does not depend upon the choice of f € f. Indeed,

if TN {fi # fo} is negligible, then so is IN{fi 0 ¢ # foo ¢} = ¢~ "I N{fi # fo}),
since ¢! satisfies Luzin’s condition (N) (recall 3.1). Thus, T, is well-defined.

(iii) One routinely checks that T is linear.
(iv) Here, we show that Ty is an isometry. Let f € f € KH(]) and min] < z <
max I. Applying 3.3 to I, I4@), ¢|1,, and f|1~¢(z) (notice carefully that ¢(1,) = Iy),

since ¢ is increasing) we infer that

/f¢(z)f|f¢(x)= [ (i eoln) - @y =a [ Tl

x x

[ M| =|f mone

Accordingly,
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for all min I < x < maxI. Since ¢ is a bijection, we conclude that

Tl =sw{| [ R

e
[ 1
I

(v) It remains to show that T, is surjective. To this end, we first notice that

the above construction applies to defining Ty-1: KH(I) - KH(I). Given g € g €
KH(7), we note the following identities almost everywhere:

1
_ -1 1y _ -1
Tae) =0 (g007) - (07 =0+ tgos™) (oo )
where the last identity almost everywhere is a consequence of 4.1. Thus, still up to
a negligible set,

TyTo1(9)) = 0® ([(goo N o¢) - [(¢) o9 ¢ =g.
This completes the proof. O

: min[<x§max[}

: min]<x§max[}

; minf<§c§maxf} = || f]|a-

4.4. Banach—Stone theorem. We let [ be a cell and C(I) consist of all
continuous functions F': I — R. We also let Cy(I) be its subspace consisting of those
F such that F(min /) = 0. Equipped with the maximum norm || - ||, the former is
a Banach space and the latter its closed subspace. We recall Banach’s theorem |2,
Ch. XI, §4, Théoreme 3 et Remarque] that if S: C'(I) — C(I) is a linear surjective
isometry, then there exist ¢ € {—1,1} and a homeomorphism ¢: I — I such that
S(F)=o0-(F o¢). Note that, ibid., 0: I — R is continuous and |o| = 1, therefore,
constant. Our aim, here, is to establish the following variant that will be used in the
proof of 4.6.

IfT: Cy(I) — Cy(I) is a linear surjective isometry, then there exist o € {—1,1}
and a homeomorphism ¢: I — I such that

(A) T(F) =0 (Fo¢) forall F € Cy(I);

(B) ¢(minI) = min /.

Proof. (i) Either T'(F) > 0 for all F' > 0 or T'(F) < 0 for all FF > 0. For if
not there would exist ' > 0 and G > 0 such that T(F) > 0 and T(G) < 0. For all
t>0,[|[T(F+t -G)ew=|F+t-Glo > ||F|le and, for t > 0 sufficiently small,
IT(F+1t-G)lloc = ||T(F)+t-T(G)|loo < [|T(F)|oc = ||F]loo- This contradiction
proves the claim.

(ii) Upon observing that if the conclusions hold for —7" they also hold for T
(replacing o by —o), we may henceforth assume that 7'(F') > 0 whenever F' > 0.

(iit) T(F)(I) = F(I) for all F. To prove this, notice that F*, F~ € Cy([),
T(F) 2 0, thus, T(F)D) = [0, |T(F )] = [0, [F]ls), and T(—F") < 0,
therefore, T(—F*) = [<||T(=F 7)o, 0] = [~ || F " ||00, 0]. We infer that?

T(F)I) = [T(F) + T(=F)I) = [=I1F |, 1F " llc] = F (1)
and the proof of the claim is complete.

SMfa<s<0<t<b, thena<s+t<b.
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(iv) We notice that C(I) = Cy(I) @ R via F — (F — F(0)) & F(0) which allows
for a linear extension S : C(I) — C(I) of T defined by S(F @ r) =T(F)®r. As T
is a bijection, it easily follows that S is one, too.

(v) Referring to (iii) we observe that S(F@r)(I) = [T(F)®r|(I) =T(F)(I)+r =
F(I)+ r. Accordingly, [|S(F @ r)|lec = ||[F' @ r||oc. This proves that S is a linear
surjective isometry and conclusion (A) follows from Banach’s theorem quoted above.

(vi) Abbreviate @ = ¢(min I). Then 0 = T(F)(minI) = ¢-F(a) for all F' € Cy(1).
This readily implies that @ = min 1. [

4.5. Indefinite integral, again. Recall 2.3. By virtue of 2.8(3), we may
similarly define

/'; KH(I) — Co(I)

([) - K

f € f. One checks that this is a linear map and an isometry, by the definition of the

Alexiewciz norm, i.e.
() (f)HOO 11

We now argue that the image of [ ; is dense in Cy(I). Indeed, the set of those
functions F': I — R of the type F = F|I for some F: R — R of class C! such that
F(minI) = 0 is dense. For each such F, F = (/) ([£"|s]), by the fundamental
theorem of calculus.

The following is a proof that (A) = (B) in our main theorem.

by means of the formula

Theorem 4.6. Let T: KH(I) — KH(I) be a surjective linear isometry. Then
there exists 0 € {—1,1} and an increasing bi-AC function ¢: I — I such that

T(f) = Ty(f) for all f € KH(I), where T, is as in 4.3.

Proof. (i) We shall define a surjective linear isometry 7*: Cy(I) — Cy(I) in order
that the following diagram be commutative.

KH([) —— KH(I)

7| i)
Col) "= Co(I)

Since |. f. is injective, there is a most obvious unique way to define 7T® on the image
of [ f' so that the diagram commutes. In this way, T® restricted to the image of [ ;
is linear (because so are the other three arrows) and an isometry (because so are the
other three arrows).

It remains to show that T is surjective. Let G € Cy(I). There is a sequence
(gn)n in KH(I) such that |G — (/) (gn)HOO — 0 as n — oo, recall 4.5. Since T

is surjective, there is a sequence (f,), in KH(/) such that T(f,) = g, for all n.
Abbreviate F,, = ([;) (f.). Since T and both indefinite integrals involved in the
above commutative diagram are isometries, we infer that (F,),, is a Cauchy sequence
in Cy(I) and, therefore, converges to some F € Cy(I). Thus T*(F) = lim, T*(F),)
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and we are left to note that G = lim,, T*(F,,) as well:

() (e [,
| () o= () o],

= lim ||gn, — T(fn)[ 4 = 0.

(ii) It follows from (i) and the Banach—Stone theorem (recall 4.4) that there exist
o € {—1,1} and an increasing homeomorphism ¢: I — I such that T*(F) = o-(Fo)
for all F' € Cy(I). Furthermore, if ' € Cy(I) is in the image of 7, then T*(F) is
in the image of [ ;, by the commutativity of our diagram. In other words, if F'* is
AC, and F is differentiable almost everywhere, then (F o ¢)* is AC, (and F o ¢ is
differentiable almost everywhere, though, we shall not use this here), by 2.7. We
apply this observation to F(#) = # — min I (which is readily the indefinite integral
of the constant function equal to 1 on I). It follows that (¢ — min)* is AC, and,
hence, also ¢* itself. As ¢* is non-negative (because ¢ is increasing), we infer from
2.12 that ¢* is AC.

(iii) We note that (T°*)"(G) = o - (G o ¢7!) for all G € Cy(I). Next, we apply
the same reasoning as in (i) and (ii), this time to T~! instead of T. We infer that
there exist 7 € {—1,1} and an increasing homeomorphism 1/1 I — I such that ¢
is AC and such that (T71)*(G) = 7- (Gov) for all G € Cy(1). If G = ([}) (g) for
some g € KH(/) then

lim |G —T*(F,)| . = hm

and, therefore,

i) = (1o [ e = ([Tor) mwn - ([ w-c

Applying (7*)~! on both sides of the previous equation, we see that (7-1)* = (T*)~!
on the image of [;. Choosing G(z) = x — minl, z € I, we infer that 7 - (¢(z) —
minI) = o - (¢~ (#) —minI) for all # € I. Letting # = max [ we obtain that o = 7.
Accordingly, 1 = ¢~ !, therefore, (¢~1)* is AC, which concludes the proof that ¢ is
bi-AC.

(iv) Finally, we ought to show that T = T,. Let f € KH(I) and F = () (f
Then T*(F) = 0-(Fo¢), by (ii), I = f almost everywhere, by 2.7 (recall 2.8(1)), and
reasoning as in the proof of 3.3(iii) we have (F'o @) = (f o ¢) - ¢/ almost everywhere
(since ¢ is bi-AC'). It then follows from 2.7 that

) = ([ oo =([) o o0,

Since T*(F) = (f;) (T(f)) as well, we conclude from the injectivity of [; that
T(f) =[o-(fo¢)-¢]. The proof is complete. O
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