Annales Fennici Mathematici
Volumen 51, 2026, 237-260

Extending bilipschitz mappings
between separated nets

Michael Dymond* and Vojtéch Kaluza'

Abstract. We provide a new characterisation of the decades old open problem of extending
bilipschitz mappings given on a Euclidean separated net. In particular, this allows for the complete
positive solution of the open problem in dimension two. Along the way, we develop a set of tools
for bilipschitz extensions of mappings between subsets of Euclidean spaces.

Kaksisuuntaisten Lipschitzin kuvausten jatkaminen irrallisten verkkojen vililla

Tiivistelma. Téssd tyossd esitetddn uusi muotoilu vuosikymmeniéd vanhalle avoimelle ongel-
malle, joka koskee euklidisen avaruuden irrallisella verkolla annettujen kaksisuuntaisten Lipschitzin
kuvausten jatkamista. Tamé& johtaa kysymyksen tdydelliseen ratkaisuun kahdessa ulottuvuudessa.
Matkan varrella kehitetédén joukko tyokaluja euklidisen avaruuden osajoukkojen vélisten kaksisuun-
taisten Lipschitzin kuvausten jatkamiseen.

1. Introduction

The purpose of the present article is to lay foundations for an approach to the
problem of whether every bilipschitz mapping of a separated net of R? to R? admits
a bilipschitz extension to the whole of R?: a 22 year old open question (in all dimen-
sions d > 2) posed by Alestalo, Trotsenko and Véisila in [2]. Indeed the framework
provided in the present work allows for the complete positive solution of this bilip-
schitz extension problem in dimension 2. In a companion article [10] we perform
in detail various two-dimensional constructions which, together with the hereafter
established results, provide for any given L-bilipschitz mapping of a separated net of
R? to R?, a C'(L)-bilipschitz extension to the whole of R?%. This moreover delivers a
complete positive solution of one of the listed problems [1, Problem 2.6.1], posed by
Navas, at the Arbeitsgemeinschaft on Mathematical Quasicrystals in Oberwolfach in
2015. The exposure and relevance of the bilipschitz extension problem for separated
nets is further evidenced by its explicit references in [7, Remark 7] and [23, p. 6205].

There is a pantheon of mathematical research going back to the early 20th cen-
tury on the general problem of extending a given mapping of a subset of an ambient
space whilst preserving its key properties. We highlight the famous extension theo-
rems of Tietze—Urysohn [30] for continuous and Whitney [32] for smooth functions.
The class of Lipschitz functions/mappings lies between the continuous and smooth
classes. Due primarily to Rademacher’s theorem [22], the Lipschitz condition suffices
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in Euclidean settings to prevent the pathological behaviour permissible under just
continuity. On the other hand the Lipschitz condition allows for much greater flex-
ibility in comparison with smooth: note that important natural mappings such as
the Euclidean norm (and many other norms and related functions such as distance
functions and projections) are Lipschitz but not smooth. Unlike both continuity or
differentiability, the Lipschitz condition transfers seamlessly to discrete settings as
well as to general metric spaces. Further, Lipschitz mappings play an important role
in the theory of discrete metric spaces, for example in the study of embeddings [18, 21]
or in the notion of bilipschitz equivalence, e.g., [5, 19].

Lipschitz mappings are well extendable in some key settings. Kirszbraun’s the-
orem [12, 31], also known as the Kirszbraun—Valentine Theorem, states that any
Lipschitz mapping of a subset of Hilbert space to another Hilbert space may be ex-
tended to the whole space, even without increasing its Lipschitz constant. Moreover,
McShane’s Extension Theorem [20] similarly provides Lipschitz extensions with the
same Lipschitz constant for any (real-valued) Lipschitz function of a subset of a met-
ric space. Kirszbraun’s theorem continues to shape the modern field; we point to
several significant improvements, such as [13], [4] and [6].

That the analogue of Kirszbraun’s theorem for bilipschitz mappings fails is, after
some thought, obvious, and the reason is topological. For example we may con-
sider a bilipschitz mapping of the unit sphere and the origin, which maps the origin
‘outside’ the image of the sphere. Such a mapping cannot even be extended to a
homeomorphism of the space, let alone to a bilipschitz one. Thus research on the
bilipschitz extension problem has focussed on the question of when we may extend
a given bilipschitz mapping of a subset. From what kind of subsets is this possible?
Most existing positive results occur in dimension two; see [26, 27, 8, 14, 15| which,
in particular, provide bilipschitz extensions from a line and from the boundary of a
square (or circle). We will discuss the two dimensional situation in more detail in
the companion article [10].

The challenge of bilipschitz extension in higher dimensional spaces is made evi-
dent by the number of pathological examples and notorious enduring open problems
connected to extendability of mappings between higher dimensional spaces. The
Jordan—Schoenflies Theorem (see, e.g., [25, Thm. 3.1]) states that any embedding of
S into R? may be extended to a homeomorphism of R%?. However, this statement
fails for embeddings of S? ! into R? in all higher dimensions d > 3: in dimension
3 a counterexample is provided by Alexander’s Horned Sphere [3]. Shockingly the
statement still fails if the given embedding is also assumed to be bilipschitz. A
counterexample is given by the Fox—Artin Wild Sphere [17, Theorem 3.7].

Using the fact that the sphere S9! minus a point is homeomorphic to R4,
the Jordan—Schoenflies theorem can be reformulated for embeddings of R into R2
instead of S! into R?. Further, when the given embedding of R is L-bilipschitz, the
extension to R? can be made C(L)-bilipschitz [26, 14]. This evolution of the Jordan—
Schoenflies Theorem has particular relevance to the problem of extending a given
bilipschitz mapping f: X — R? of a separated net X of RY.

Theorem 1.1 of the present paper reduces the extension problem for a general
separated net A to that of A = Z¢. After that, our strategy proposes that the next
step in the construction of an extension of f should be to extend f initially to a
(d — 1)-dimensional hyperplane H. More precisely we seek to construct a bilipschitz
extension F': Z*UH — R? of f. One significant difficulty to overcome in this task is
to ensure that the image F'(H) separates the space in the correct way: points x,y of
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Z% must belong to the same connected component of R?\ A if and only if their images
f(x) and f(y) belong to the same connected component of R?\ F(H). However, in
dimensions higher than two there is yet a further challenge: Even if we succeed
in constructing the bilipschitz extension F' achieving a correct separation of image
points, there is no guarantee that even just F| permits a bilipschitz extension to R,
let alone one which also extends f. In two dimensions, we know from the bilipschitz
version of the Jordan—Schoenflies Theorem for embeddings of lines [26, 14] that F'|4
can be extended to a bilipschitz mapping of R?: a fact we exploit critically, along
with the results of the present paper, to obtain the positive solution of the extension
problem in dimension 2 in [10].

To overcome the obstacles remaining in the higher dimensional setting will require
significant future research. The present article aims to be a start along this path.
We now state our main results and explain how they can form part of a plausible
programme to attack the higher dimensional problem.

Main results. Alestalo, Trotsenko and Viiséla [2, 4.4(ii)] pose the questions, in
dimensions d > 2, of the bilipschitz extendability of a given bilipschitz mapping f of

(a) Z4 to RY,
(b) a given separated net of R? to R?.

Whilst (a) is clearly a subquestion of (b), [2] points out that any further relationship
between these questions is unknown and far from obvious. The naive argument to try
to show that questions (a) and (b) are equivalent would require, for a given separated
net A C RY, there to be a bilipschitz bijection between A and Z¢. However, there
exist separated nets not admitting any such bijection; these are called ‘non-rectifiable’
or ‘not bilipschitz equivalent to the lattice’ in the literature; see [5, 19]. Despite this
occurrence of ‘very different’ separated nets of RY, our first main result reduces, in
all dimensions, the bilipschitz extension problem for all separated nets to that of
the integer lattice, establishing the equivalence of questions (a) and (b) of Alestalo,
Trotsenko and Vaisala [2, 4.4(ii)].

Theorem 1.1. Let d € N. Then the following are equivalent:

(i) Every bilipschitz mapping f: Z¢ — R® admits a bilipschitz mapping F': R? —
Rd with F|Zd == f

(ii) For every separated net A of R% and every bilipschitz mapping f: A — R?
there is a bilipschitz mapping F': RY — RY with F|, = f.

Furthermore, if (i) holds with bilip(F") < C, (bilip(f)) for some monotone increasing
function Cy: [1,00) — [1,00), then (ii) holds with

bilip(F) < K - Cy (24VAR K> bilip(f) )

where K := 16 max {%, 1} and R, r denote the net and separation constants of A
respectively.

Our second main result characterises the bilipschitz extension problem on the
integer lattice in terms of existence of an ‘intermediate extension’ to a sequence of
‘horizontal’ hyperplanes.

Theorem 1.2. Let d € N, d > 2 and f: Z?* — R? be a bilipschitz mapping.
Then the following are equivalent:

(i) There exists a bilipschitz mapping F: R — R such that F|z = f.
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(i) There exist T € N and a bilipschitz mapping G: R? — R¢ such that the
mapping

~ _ 1 ~ f(x) ifxezd
F:7%U [ R TZ + = RY  F(z)= ’

is bilipschitz and for every k € 7Z it holds that

f(zdm(Rd—lx {(k’— T + %kT+%D) C G(Rd—lx {(k:— 1)T+%,k:T+ %D

Furthermore, whenever (ii) holds with M, > bilip(F') and M, > bilip(G), the bilip-
schitz extension F' of f in (i) may be found with
blhp(F) S d125dM126dM227dT15d.

Finally, our last main result demonstrates the potential of Theorem 1.2 to form
part of a complete positive solution of the bilipschitz extension problem for separated
nets in higher dimensions. More precisely, we use Theorem 1.2 to relate this extension
problem to two conjectures about extendability to or from hyperplanes. In particular,
we show that proving these two conjectures suffices to give the full positive solution.
The first conjecture ‘extending from Z< to a hyperplane’ is clearly a weaker statement
than the target of ‘extending from Z? to the whole of R%.

Conjecture 1.3. Let d € N, d > 2, L > 1 and f: Z* — R? be an L-bilipschitz
mapping. Then there exist constants K := K(d,L) > L, J := J(d,L) > L, deter-
mined by d and L, and a K-bilipschitz mapping G : R? — R? such that the mapping

F: 7%y (R“ X {%}) SR Fr) = {é((?) Z:i i HZ;;’I x {3}

is J-bilipschitz and for any x,vy € Z¢ we have
x and y belong to the same connected component of R \ (Rdl X {%})
)
f(z) and f(y) belong to the same connected component of R* \ F (Rd_l X {%})

The second conjecture is about extending very special kinds of bilipschitz map-
pings defined on two parallel hyperplanes:

Conjecture 1.4. Let d € N, d > 2, L,M > 1 and G: R — R? be an L-
bilipschitz mapping such that the mapping 1: R¥ x {0,1} — R? defined by

x ifr e Rx {0},
v(a) = . o
G(z) ifxeRx{l},
is M-bilipschitz. Then there exist a constant C' := C(d, L, M), determined by d, M
and L, and a C-bilipschitz mapping ¥: R? — R? extending 1.

We can now state our last main result, which establishes Conjectures 1.3 and 1.4
as a route to bilipschitz extension from separated nets in any dimension:

Theorem 1.5. Suppose that d € N, d > 2 and that Conjecture 1.4 holds for d.
Then the following are equivalent:
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(i) For any L > 1 and any L-bilipschitz mapping f: Z% — R? there is a constant
P := P(d, L), determined by d and L, and a P-bilipschitz mapping F': R —
R? such that F|z. = f.
(ii) Conjecture 1.3 holds for d.
Furthermore, whenever (ii) holds, then the constant P(d, L) in (i) can be chosen such
that

K—-L

where J := J(d,L), K := K(d,L), C := C(d, K* K?) are defined according to
Conjectures 1.3 and 1.4.

KVd(1+ JL o
P(d, L) < d" % (K C)*™ (—( . )+1> ,

We remark that the (i) = (ii) implication in Theorem 1.5 is trivial and indepen-
dent of Conjecture 1.4.

Remarks on Conjectures 1.3 and 1.4. We presently outline a ‘two-step’
strategy for proving Conjecture 1.3; we emphasise that while we complete both of
the proposed steps in the case d = 2 in [10], for d > 3 both steps remain currently
open.

For convenience, we denote the hyperplane R4~! x {%}, by H. Assume we are
given a bilipschitz mapping f: Z¢ — R?. We suggest the following steps:

(1) Construct a bilipschitz extension F': Z2 U H — R? of f in such a way that
there is a bilipschitz mapping G: R? — R? so that G|y = Fy.

(2) Adjust the extension F' so that, in addition to its property from (1), it sepa-
rates the points of Z correctly, i.e., x,y € Z% belong to the same connected
component of R\ #H if and only if F'(z), F(y) belong to the same connected
component of R\ F (H).

In Step (2) we can make use of the easy observation that, following Step (1), there
will be a parameter P = P(bilip(F)) > 0 such that whenever z,y € Z¢ belong to the
same connected component of RY\ # and F(x), F(y) belong to different connected
components of R?\ F (H) (or vice versa), then both z,y are at distance at most P
from H. Thus, transforming the picture by applying G~! from Step (1), we get that
the image points on the ‘wrong side’ of G~'o F(H) = H all occur within a horizontal
slab around H of thickness determined by bilip(G~!oF). The modification in Step (2)
can therefore take place within this horizontal slab; see [10, Theorem 7.1] for the 2-
dimensional analogue of this. We believe that our 2-dimensional construction should
also work in general dimension; however, there are significant technical difficulties
in describing the relevant local reparametrizations of multi-dimensional mappings
formally.

Our strategy from [10, Sec. 4] to complete Step (1) for d = 2 seems to be very
specific to dimension 2. Unfortunately, we currently do not know how to extend it
to higher dimensions. We only remark that, again in an analogy with the spherical
setting, a sufficient condition ensuring the existence of the mapping G from Step (1)
should be the local bilipschitz flatness of F|y; we refer to the resolution of the so-
called Schoenflies problem in the bilipschitz category in all dimensions d from [16,
Thm. 7.8].

In relation to Conjecture 1.4, the theory of bilipschitz extensions in general di-
mension is currently developed for mappings defined on spheres [24, 28, 16], but not
for those defined on hyperplanes. Although the two settings are often very closely
related through the stereographic projection, the latter is only locally bilipschitz, and
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thus, inconsequential in a bilipschitz setting. However, there are promising indica-
tions from the positive results available for the spherical case and one can follow the
(highly sophisticated) proofs and try to obtain the analogous results for hyperplanes.

Building upon the work of Sullivan [24], Tukia and Vaiséla [28, Thm. 3.12] proved
a bilipschitz version of the so-called annulus conjecture in all dimensions d. Their
theorem states that the closed region bounded by two bilipschitz and locally bilipschitz
flat' embeddings of (d — 1)-spheres in R?, with one of them lying inside the other,
is bilipschitz homeomorphic to the standard annulus B(0,1) \ B(0,1/2). Moreover,
as a corollary, they proved [29, Thm. 3.14] that for any sense-preserving bilipschitz
mapping h: 0B(0,1) — 0B(0,1) and any r € (0,1) there is a bilipschitz mapping
H: B(0,1) = B(0,1) extending h such that H|p, is the identity.

Speculatively assuming that the analogue of the bilipschitz annulus theorem holds
true also when spheres are replaced by hyperplanes and annuli by slabs between two
hyperplanes, we can use it in the setting of Conjecture 1.4 to obtain a bilipschitz
mapping ®: R? — R so that ® op(R41 x {i}) = R4~ x {i} for each i € {0,1}; the
assumption that both ‘parts’, 1|gi-1,50y and t)|ga-1,413, of 9 extend to bilipschitz
mappings of R? ensures that the local bilipschitz flatness condition from the annulus
theorem is satisfied. Assuming further that also an analogue of the corollary [29,
Thm. 3.14] mentioned above holds true with the sphere replaced by a hyperplane
and the ball by a half-space, the bilipschitz mapping ® ot)|ga-1,0,1} can be extended
to a bilipschitz mapping G: RY — R?. Then ! o G gives the mapping G sought
after in Conjecture 1.4.

Strategy for the proofs of the main theorems. Returning to the main
results of the present paper, we describe the big picture of our proofs of Theorems 1.1
and 1.2, picking out the key tools and stepping stones established in the sections that
follow. We don’t discuss the proof of Theorem 1.5 here; this is given in Section 6.

Ultimately, every bilipschitz extension constructed in the present paper will be
obtained by gluing and composing very simple bilipschitz transformations. These
‘building blocks’ will be bilipschitz mappings designed to perform a swap of two
specified points, denoted x and y below, whilst disturbing the rest of the space as
little as possible. The next lemma, proved in Section 3, provides these mappings
with an estimate on their bilipschitz constant:

Lemma 3.3. LetdeN,d>2, z,y € R and 0 < r < Hy;mH.
4||y m||

Then there exists

-bilipschitz mapping 7: R* — R? such that

(i) 7(z) = 2z for all z € R\ B([z,y], 7).

(ii)) 7(y) = = and 7(z) = y.

Significantly, Lemma 3.3 allows for the simultaneous bilipschitz swapping of a
family of specified partners (z;,y;), provided that the line segments [x;, y;] have some
uniform separation. Since the mappings 7 provided by the lemma coincide with the
identity outside of a small neighbourhood of [z, y], we may easily glue many of these
mappings together in order to perform a ‘separated’ family of swaps simultaneously,
incurring only the bilipschitz constant associated with the ‘most expensive’ of the
single swaps. This is made precise by the next lemma, also from Section 3:

a

'A mapping g: dB(0,1) — R? is locally bilipschitz flat if for every y € ¢(dB(0,1))
there is a neighbourhood U and a bilipschitz homeomorphism of pairs (U,U Ng(9B(0,1))) —
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Lemma 3.4. Let I be a set and (A;);er be a collection of pairwise disjoint open
sets. Let C > 1 and f: R? — R? be a mapping such that the restriction f|Rd\Ui€IAi is

C-bilipschitz with f (R?\ U,o; Ai) = R4\ U,; A, and for every i € I the restriction
[l is C-bilipschitz with f(A;) = A;. Then f is C-bilipschitz.

We can now outline a sketch proof of Theorem 1.1:

Proof of Theorem 1.1 (Sketch). Theorem 1.1 is consequence of two facts:

(a) Any r-separated set A C R? may be transformed via a P(d,r)-bilipschitz
mapping ®: R? — R? so that ®(A4) C Z%.
(b) For any R-net Y C Z% and any L-bilipschitz mapping f: Y — R? there is a
P'(d, R, L)-bilipschitz extension of f to Z2.
To verify the only non-trivial implication, (i) = (ii), of Theorem 1.1, let f: A — R?
be a bilipschitz mapping, ® be given by (a) and then let (b) provide the bilipschitz
extension ¢g: Z? — R% of fo® 1Y — R? with Y = ®(A) C Z2. The desired
extension of f: A — R? is then given by G o ® where G is the bilipschitz extension
of g given by (i).

The proof of (a) is based on Lemmas 3.3 and 3.4. First we blow up the separated
set A, so that its separation becomes large in comparison to v/d. This ensures that
every point of the transformed set A’ has a unique choice of nearest point in Z¢ and
that these pairs of neighbours are well separated from each other. We then perform
simultaneous swappings of the points of A’ and their chosen nearest neighbours in
Z4, by gluing together mappings 7 from Lemma 3.3 using Lemma 3.4.

For (b) we calculate a radius s so that the balls of radius s around each point of
f(Y) are pairwise disjoint with some separation. Next we observe that the collection
of balls (B(y, R))yey cover R? and we can estimate the total number of integer lattice
points in each such ball. It remains to calculate a large enough integer N so that
for any y,y' € Y the set (f(y) + ~Z%) N B(f(y),s) contains more points than in
Z*N B(y', R). This allows for an injective mapping from Z?\ 'Y to R¢\ f(Y') with the
additional property that any z in the domain admits y € Y with x € B(y, R) and
f(x) € (f(y) + %Zd) N B(f(y),s). An arbitrary choice of such mapping determines
a suitable extension of f. O

The proof of Theorem 1.2 will be based on the following theorem, proved in
Section 5:

Theorem 5.1. Let d,H € N withd > 2, L > 1 and
fr <Rd1 X {%,HJr %}) U(z™' x{1,....,H}) - R?
be an L-bilipschitz mapping satisfying
flz)=x forallz e R x {%,H+ %}
and

1 1
731 1.  HY)YCR* % |2 H+ =
f( X{ ) ) }) —_ >< 27 +2 b

Then there is a bilipschitz extension F': R? — R? of f with
blhp(F) S d125dL26dH15d.
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Proof. (Sketch) We aim to construct a bilipschitz mapping ©: R¢ — R? such
that

(i) O(z) =z for all z € R x (R\ (3, H + 1)), and
(i) © o f(x,m) = (z,m) for all m € [H] and x € Z¢ 1.

The bilipschitz F': R? — R verifying Theorem 5.1 may then be defined by F' := 671
The required transformation © will be built by composing and gluing together map-
pings of the form of 7 from 3.3. By composing and gluing together these ‘swap-
ping transformations’ 7 we first construct a bilipschitz mapping ¥ which approxi-
mately projects each ‘image layer’ f(Z4~! x {m}) into a finer rescaling of the lattice
2471 x {m}, more specifically +Z4! x {m} for some quantity N € N controlled by
d, L and H. This is achieved by Lemma 5.2.

Construction of ¥: First we perform simultaneously a family of ‘horizontal” swaps
between points f(z,m) for x € Z%', m € [H] and nominated partners, say ‘g(z, m)’,
where g(x,m) is a chosen nearby point with the same last coordinate as f(z, m) and
such that the first (d — 1)-coordinates of g(z, m) define a point in +Z%"!. Crucially
this is done in such a way that the mapping f(z,m) — g(x,m) is injective, so the
points g(x, m) are separated at least by distance 1/N. Then we perform simultane-
ously a family of ‘vertical’ swaps of the points g(x,m) and chosen points ‘h(z,m)’,
where h(z,m) has the same first (d — 1)-coordinates as g(z), but has last coordinate
m.

After applying ¥ our task is to then shuffle the points of each lattice %Zd_l X
{m} so that each point W o f(z,m) ends up at (x,m). This is again accomplished
by a bilipschitz mapping YT: R? — R based on the ‘swapping transformations’ of
Lemma 3.3; the spacing between each of the hyperplanes R*! x {m} allows us to
treat each lattice +Z%' x {m} independently in the construction of T. Finally, we
will set © =T o .

Construction of YT: Since ¥ is approximately a projection of each f(Z~! x {m})
into %Zd_l x {m} and the bilipschitz mapping f is the identity on R4~1 x {%, H+ %},
the distance between W o f(x,m) and (z,m) for x € Z~ m € [H] is uniformly
bounded above by a quantity 7" determined by L, d and H. In a sequence of three
swapping transformations from Lemma 3.3, we move each point f(z,m) to (z,m):
The first swap moves Vo f(z,m) € %Zd_l x {m} vertically up to the hyperplane of
height m+d(z), where d(z) > 0 is chosen carefully. The second transformation shifts
the new point at most distance 7" along the hyperplane, to the point (z,m + 6(z)).
Finally, the last swap moves the new point back down to level m and to the point
(z,m). In order to control the bilipschitz constant in this procedure, it is crucial that
for all z € Z% !, the first swaps are performed simultaneously, the second swaps are
performed simultaneously and then the third swaps are performed simultaneosly. For
the first and third swaps, this is easy to achieve, since the vertical projection of the
set of points involved is uniformly separated. To achieve a similar ‘separation’ for the
second swaps, we need to choose the quantity d(x) > 0 carefully, so that whenever
x,y € Z9 ! are relatively close so that the second swap for  and y ‘might interact’,
we have that |0(z) — d(y)| is uniformly bounded below. This puts the second swaps
for x and y onto distinct vertical levels with some minimum separation. A suitable
choice of §(x) for & € Z31 corresponds to a proper colouring of a certain infinite
graph, with vertex set Z4*. O

With Theorem 5.1 and Lemma 3.4 we can already give the full proof of Theo-
rem 1.2:
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Proof of Theorem 1.2. 1t is clear that (i) implies (ii).

Let us now suppose that T, G and F are given by (ii) and suppose M; > bilip(F')
M, > bilip(G). For each k € Z we set Aj, := R x ((k—1)T+ 1, kT +1) and
apply Theorem 5.1 (appropriately shifted) to the M; My-bilipschitz mapping G~1o F
restricted to the set

Vi =04, U (27 x {(k— )T+ 1, (k— )T +2,...,kT}).

We obtain for each k € Z a bilipschitz mapping F},: R? — R such that
Fu(z) =G 'oF(z) forallz eV, and bilip(Fy) < d'®* (M My)* 7% =. C.
We define a mapping ®: RY — R by prescribing

1 1
®(z) := Fp(z) whenever z € R x |(k—1)T + 3 kT + 5| ke Z.

The mapping ® is well-defined, since Fj|ga—1, { 1 is equal to the identity
2

k—1)T+3 kT+
for every k € Z.

Applying Lemma 3.4 to ®, the collection of open sets (Ayx),., and C' defined
above, we establish that ® is C-bilipschitz. To complete the proof, it only remains

to set I := G o ® and note that bilip(F) < C M,y < d'254 M704 p27aT15d, O

2. Notation

Much of our notation is shared by the companion article [10]. The notation [n]
refers to {1,...,n} for n € N. The standard euclidean norm on R? is denoted by |-|.
For z,y € R%, the closed line segment with endpoints = and ¥ is denoted by [z, y].

We write e, ..., eq for the standard orthonormal basis vectors of R?. The or-
thogonal projection to the i-th coordinate in R? is denoted by proj; and by projga-1
we mean the orthogonal projection to the first d — 1 coordinates.

Sets in R%. Given A C R? and r > 0, we say that A is r-separated if |ja — a'|| > r
for every a,a’ € A,a # a'. We say that A is an r-net if for every o € RY there is
a € A such that ||z — al| < r. We call A a separated net if there are r, s > 0 so that
A is an s-separated r-net.

The open and closed euclidean balls with centre € R? and radius » > 0 are
denoted by B(z,r) and B(z,r) respectively. We also use the same notation for
neighbourhoods of sets, i.e, B(A,r) := J,c4 B(z,r), where A C R?, and similarly
for B(A,7).

For a set A C R?, we denote by 0A,Int A and A the boundary, the interior and
the closure of A in R?, respectively.

Mappings. For a mapping f: A’ C RY — R? such that A C A’, we write f|4
for the restriction of f to A, whilst dom(f) and image(f) signify the domain and the
image of f, respectively.

For A C R? and a mapping f: A — R" we let

Lip(f) := sup {—Hf(y) — f@] cx,y €A xF# y} )
ly — |
If f is injective, we let

bilip(f) := max {Lip(f), Lip(f~")}.
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Given L > 1, we say that f is L-Lipschitz if Lip(f) < L and that it is L-bilipschitz
if bilip(f) < L. The mapping f is said to be Lipschitz (bilipschitz) if there is L < oo
such that f is L-Lipschitz (L-bilipschitz).

3. Bilipschitz swapping and gluing

The main aim of the present section is to prove the following theorem, which
provides a bilipschitz mapping that efficiently performs ‘simultaneous swappings’ of
a family of specified pairs (z,7,) € R? x R¢,

Theorem 3.1. Let X C R?. For each v € X let y, € R, r, be a positive real
number and U, := B([x,y,], 7). Suppose that ({,).cx is pairwise disjoint,
T$

sup — < - and sup M<oo
X, Yz Fx ||yar - {L‘H 2 2€X, yp #x Tz

Then there is a bilipschitz mapping T': R? — R? such that
(i) I'(z) =y, and I'(y,) = x for all x € X,
(ii) T'(p) = p for all p € R\ U U,

reX,yz £

2
(iii) bilip(I") < max {1, sup M}
z€X, Yz Fx ry

The ‘building blocks” of the mapping I' from Theorem 3.1 will be bilipschitz
mappings which perform a single swap of a specified pair (z,y) € R? x R%. So
our first step towards the proof of Theorem 3.1 will be the construction of such
mappings 7 in the next Lemmas 3.2 and 3.3. We will then need an important ‘gluing
lemma’, Lemma 3.4, to glue a family of ‘single swap mappings’ 7 together to form
I'. Lemma 3.4 is also useful beyond the proof of Theorem 3.1.

Lemma 3.2. Let d € N, d > 2 and for € R let Ry: R — R be the linear
mapping with matrix

cosf) —sinfd 0 0 0

sinf cosf 0 0

Ry = 0 0 1 0 0
0 0 0 1 0

0 0 0 0 0

0 0 0 0 0 1

Here we use the same notation for the linear mapping and its matrix.
(i) Let 01,0, € R and y € R?. Then

1R, (y) — Ro, (y)l| < [62 — 6| [ly]] -

(ii) Let to > 0 and ¢: [0,00) — R be a Lipschitz mapping with 1(t) = 0 for all
t >tg. Let ® = ®(p): R? — R? be defined by

O(2) = Ry(ay (2)-
Then ® is (Lip()to + 1)-bilipschitz and ®(z) = x for all x € R\ B(0,ty).
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Proof. (i) For a € R, let p,: R? — R? denote the anticlockwise rotation around
the origin in R? through angle o. Then, we observe that

Ro(wy1, ..., 2q) = (po(21,22), 73, . . ., T4)

for all € R and = = (z1,...,24) € R% Therefore,

[1Ra,(y) — Ro, ()| = [lpo. (y1, y2) — po, (y1, 1)
< 02 = O] [[(y1, y2)ll < 102 = 61| [ly] -

(ii) First, note that ®(): R? — R? is a bijection with ®(¢p)~t = ®(—1) and
P(y)(x) = x for all x € R\ B(0,ty). Letting ¢ € {—1, +¢} it remains to verify
that ®(() is (Lip(¢)te + 1)-Lipschitz. Since ®(() coincides with the identity outside
of B(0,tp) it suffices to verify the Lipschitz bound between pairs of points where at
least one point lies in B(0,t,). Let 2 € R? and y € B(0,ty). Then applying part (i)
we get

19(¢)(y) — @) (@) < [|Reqioiy @) — Reqey )] + || Reqan (v — 2) ||
< [¢Ulyl) = <=M to + lly — |l

< Lip(Q) [lyll = Nzl to + |y — ||
< (Lip(Q)to + 1) [ly — «| - U

Lemma 3.3. LetdeN,d>2, z,y € R and 0 < r < ”y;m”. Then there exists

2
a 74”?’;21” -bilipschitz mapping 7: RY — RY such that

(i) 7(2) = z for all z € R\ B([x,y],r).
(i) 7(y) =z and 7(z) = y.

Proof. The statement is invariant under scaling, so we may assume that ||y — z|| =

1 and replace r with n := m < % We may now also assume that x = %el and
Yy = —%el. We introduce a linear isomorphism 7': R? — R? which maps the largest

ellipsoid E inside B([z,y],n) centred at 0 and with axes parallel to the coordinate
axes to a ball T(E) = B(0, R) of some radius R > 1 so that Tz = e; and Ty = —e;.
The last condition tells us that T'e; = 2e;, which then implies that R = 2 (% + 77).
For i =23,...,d, we then have that T'(ne;) = Re;. Thus, we get that T" is defined

by
, %, i1,
€= (2+%) e, ifi=23,. .. d
Note that
1 1
T-'(B(0,1+2n)) C B(lz,yl,n), Lip(T) =2+ o Lip(T™") = 5

We now define ¢: [0,00) — R by

7r if0<t<1,
Y(t) = ¢ BT i1 <t <142,
0 ift>1+2n.

and note that Lip(y) = % The desired mapping may now be defined as 7 :=
T~1o®(p) o T, where ®(1)) is given by the conclusion of Lemma 3.2 applied with
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to = 1+ 2n, so that

bilip (®(¢)) < — - (1 +2n) + 1 <Zin,

2?7 U
Multiplying bilip (®(¢)) by Lip(7~!) Lip(T) < % we obtain bilip(7) < =+
With the properties of ®()) given by Lemma 3.2, property (i) of 7 follows from
T (]Rd \ B([z,y], r)) C R\ B(0,1 + 27).
Moreover, the calculation
() =T o) oT(x)=T"" (Rw(l)(€1)) =T7 (Ra(er) =T H(=e1) = v,

and a similar one for 7(y) verify property (ii) of 7. O

4
<4

O:h—‘

Lemma 3.4. Let I be a set and (A;);er be a collection of pairwise disjoint open
sets. Let C > 1 and f: R* — R? be a mapping such that the restriction f|Rd\Ui€IAi is
C-bilipschitz with f (R®\ Uier A i) = R4\ U,; 4, and for every i € I the restriction
flz is C-bilipschitz with f (A;) = A;. Then f is C-bilipschitz.

Proof. We first show that f is injective. Let z € A; and y € A; for some
i,j € I such that f(z) = f(y). If i = j, we use that f|z is bilipschitz to deduce
z =y. So assume i # j. Then, the assumptions A; N A; = 0 and f(A;) = Ay for
k = 1,7 imply f(z) = f(y) € 0A; N 0A;. By Brouwer’s Invariance of Domain [11,
Thm 2B.3], 0f(Ax) = f(OAy) for every k € I. Thus, z € 0A; and y € 0A;. However,
Uic; 04; € R\ U,c; Ai and flra\U,_, 4, 1s bilipschitz, so, again, we must have z = y.
Hence, f ‘U 4, 1s injective. By hypothe51s f \Rd\u 4, is also injective and the i 1mages

of f |U¢el A; and f |Rd\Ui€I 4, do not intersect. Consequently, f is injective and f~!
well-defined.

Now observe that the assumptions of the lemma are symmetric with respect to
interchanging f and f~!. Therefore, it suffices to show that f is C-Lipschitz.

By the assumptions of the lemma, the C-Lipschitz inequality is already satisfied
for pairs x,y € R? with z,y € A; for some i € I, or z,y € R\ Uier Ai- We verify
the inequality for the remaining types of pairs =,y € RY.

Let 4,5 € I,i # j,and v € A;\ A; and y € A; \ A;. We set 2 := z, 24 ==y
and take z, as any point of [z,y] N 0A;. Since x € A; and y ¢ A;, 2 is well-defined.
Note that 04, N A; =0, so z, ¢ A;. Finally, we take z3 as any point of [z, y] N 0A;.
Therefore, by the assumptions on the C-bilipschitz property,

1/ (y) = ()] <Z||f (21) = f(ze)| <CZ||Zk—Zk il =Cly ==

The last remaining case to consider is z € R*\ |J,.; 4; and y € A; for some j € I.

Then a similar argument as above applies with z; := x, 23 := y and 2z, as any point

of [z,y] N OA,. O
We now have all the necessary tools to prove Theorem 3.1.

Proof of Theorem 3.1. For each x € X with y, = z let 7,: RY — R? be the
identity mapping. For each remaining # € X let 7,,: RY — R? be the mapping given

by Lemma 3.3 applied to z, y, and r,. Setting C' := max {1, SUDyex, yota M},

2
Tz

note that each 7, is C-bilipschitz and equal to the identity outside 4. We then
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define I': RY — R? by

I'(p) = T.(p) ifx € X and p € 4,
P iprRd\UmGXﬂx.

Finally, we may apply Lemma 3.4 to the collection of open sets (l,).cx and the
mapping I': R — R? to conclude that I' is C-bilipschitz. U

4. Reduction to the integer lattice

This section is dedicated to the full proof of Theorem 1.1, in which we reduce
the bilipschitz extension problem for all separated nets to that for the integer lattice.
Before proceeding, the reader may wish to read the sketch proof of Theorem 1.1 in
the introduction.

Lemma 4.1. Let d € N, d > 2, r > 0 and A C R? be r-separated. Then there
exists a 16 max {%, 1}—b1'11'psch1'tz mapping ®: R? — R? such that ®(A) C Z.

Proof. If r > 3d let ¥ stand for the identity mapping of R?. Otherwise let
U: R? — R be the rescaling defined by W(z) = 3% for all z € R?. Then W(A) is 3d-
separated. For each x € A we choose y, € Z? such that ||y, — ¥(z)|| < V/d/2. Then
for z, 2’ € A with = # 2’ we have ||y, — yo|| > ||¥(z) — ¥ (2')|| — Vd > 3d — Vd >
2v/d. Therefore the collection of balls (B(y,, V/d))zea is pairwise disjoint. For each
r € X let

_ ) e = (@) /2 if yo # U(2),
Ty = )
Vd otherwise,

and observe that f, := B([¥(z),y.],72) C B(y,vVd). Hence (8;)pca is pairwise
disjoint. Let IT: R? — R be the 16-bilipschitz mapping given by the application of
Theorem 3.1 to X = U(A), ¥(z) (in place of x), y, and r, for each x € A. All that
remains is to set ¢ = ITo . UJ

Lemma 4.2. Letd e N, d>2 L>1, X CZand f: X — R? be an L-
bilipschitz mapping. Suppose that there exists A > 1 such that R? C U,ex Bz, A).
Then there exists a bilipschitz extension F': Z¢ — R? of f with

Lip(F) < 4AL, Lip(F ') < 24 >LV4.

Proof. For each y € Z%\ X choose a,, € X such that y € B(ay, \). Set a, =

for every z € X. For any t > v/d, comparing a euclidean ball B(0,t) with cubes

[—t,7] and [ — i %}d we get the following bounds:

(1) 21 (% — 1)d < [B(0,t) nZ4| < 2%t +1)".

In particular, for each z € X we have
[y € 2% a, = 2}| < [BON) N2 < 24\ + 1)%
Next, observe that the balls (B(f(z),5))scx are pairwise disjoint. Setting N :=

) 2L
12\v/dL and using (1) we infer that for every w € R?

KE (wﬁ)) n (w+ %Zd) E(O%) g

> 29\ + 1)
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Asz € {y €z a, = x} for all z € X, it follows that there is an injective mapping
F: 7% — R? such that

Fly) € (E ( Flay). ﬁ)) n < Flay) + %zd) for every y € Z°

and F(x) = f(x) for all x € X. These conditions imply || F(p) — F(a,)|| < 1/(4L)
for every p € Z.

Let p,q € Z% with p # q. We verify the bilipschitz bounds on ||F(q) — F(p)]|.
The definition of (ay),cze implies the following inequality, which we will use several
times:

llag — ol = llg = plll < 2.

Since ||¢g — p|| > 1 we have

IF(@) = F@I < 1F(0) = Flay)l + 5 < (L+2034 37 ) la =l

The lower bilipschitz bound is easy in the case that «, # a4,: then it holds that
|F(q) — F(p)|| > |F(ag) — F(ap)|| — 57 > 57- So assume now that oy, = . Then
lg = pll < 2X and [[F(q) = F(p)|| > 1/N, so [[F(q) = F(p)ll > 55 lla —pl. This
completes the verification of the bilipschitz property for F' and substituting in the
set value N = 12\V/dL to the estimates above delivers the desired bounds on Lip(F)
and Lip(F™1). O

Proof of Theorem 1.1. For the equivalence, it suffices to prove the implication
(i) = (ii), as the other one is trivial. Assume that (i) holds, let A C RY be an
r-separated R-net and let f: A — R? be bilipschitz. We set K := 16 max {%, 1}
and apply Lemma 4.1 to A to get a K-bilipschitz mapping ®: R? — R? such that
®(A) C Z. Next, we apply Lemma 4.2 to f o ® |4 and obtain its bilipschitz
extension ¢: Z¢ — R? with bilip(g) < 24VdR*K?bilip(f). Finally, (i) provides us
with a bilipschitz extension G: R? — R? of g. The desired extension of f is then given
by F':= Go®. If (i) holds with bilip(F') < Cy(bilip(f)) for some monotone function
Cy: [1,00) — [1,00) then the bilipschitz extension F of f: A — R? constructed
above to verify (ii) has bilipschitz constant bounded above by bilip(®) bilip(G) <

K-C, (24\/8321(3 bilip( f)) . O

5. Threading a bilipschitz cord through the channel

In the present section we extend a given bilipschitz mapping of two ‘horizontal’
hyperplanes in R? and all integer lattice points between them, under the additional
conditions that the mapping doesn’t break obvious topological requirements for ex-
tendability and coincides with the identity on the two hyperplanes. The section title
comes from the early stages of the development of this work, where we took the
dimension d = 2 and the two horizontal hyperplanes, or lines, to have heights j:%. In
this special case there is only ‘one layer’, Z x {0}, of integer lattice points between
the two lines and we imagined our task of extending f to be like threading a bilips-
chitz cord through the points f(z,0) for x € Z in the correct order to determine the
extension on R x {0}.

Theorem 5.1. Let d,H € N withd > 2, L > 1 and

f: <Rd‘1 X {%H+ %}) U(z*' x{1,...,H}) - R
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be an L-bilipschitz mapping satisfying

1 1
flx)== fora]]:peRd_lx{é’H+§}

and

1 1
71 1.  HY)YCR* % |2 H+ =
f( X{ ) ) }) —_ >< 27 +2 b

Then there is a bilipschitz extension F': R? — R? of f with
blhp(F) S d125dL26dH15d.
The reader may wish to consult the sketch proof of Theorem 5.1 in the introduc-
tion before proceeding.

Lemma 5.2. Letd, H e N, d>2,0<s5< i N > (2\/3/5)3Hﬁ,

1 1
X1, Xo, .., Xy CREL x 5+S,H+5 — 5
be pairwise disjoint and suppose that X := UZ=1 X, Is s-separated. Then there
exists a 28 N2 H?-bilipschitz mapping ¥: RY — R? such that
(i) U(z) =z forallz e R x (R\ (3, H + 1)),
(i) U(X,) C (H297\Z71) x {m} form =1,2,... H,
(iii) ||projga-1 oW (z) — projga-1(z)|| < s* for all x € X.
Proof. We will construct ¥ as a composition €2 o=, where = will take care of the
first (d — 1)-coordinates and §2 of the last coordinate.

Construction of 2. We will define a 16-bilipschitz mapping Z: R? — R? with
the following properties

(A) E(z) =z forallz e R x (R\ (3, H +1)).
(B) ||2(x) —z|| < s* for all z € X.
(C) projge—1 oZ(X) C x2471\ 247! and projga—1 oZ|x is injective.
(D) proj,o=(x) = proj,(z) for all x € X.
, \d-1
Let @ := [ \/%) and for each x € X let ®(x) € Z%~! be defined by the condition
2
projgra—1(z) € Q + = 1(19(:16).

For each z € Z*' we have that |J, q- 1((=p) B(x,s/2) is a pairwise disjoint union

of balls all contained in the set (Bga-1(Q,s/2) + \/ﬁ) x [3,H +3]. Hence, by
comparing volumes and writing a4 for the d-dimensional volume of the unit ball in
R?, we get

(s+s?) 7 H _ (25)"712'H _ 24-1\/ddH
ag(s/2)" = ags? T s

On the other hand we have that

o (o) ) ()

(2) [ ({2})] <

(Ga)
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The lower bound on N in the hypothesis is used for the last inequality. It also ensures
that the final quantity of (3) is at least that of (2). Therefore, there exists for each
z € Z%! an injective mapping

s 1
L {2 > + z) N (—Zd_l Zd_l) .
() (@+ =) n (F2+\
For each € X and a radius r, = r,(s) to be determined later, we let
Yg = (Lq)(m) (l‘), ZL‘d) € Rda Lla: = B([:Ea yx]arm)-

Observe that for each z € X the line segment |[x,y,] is parallel to the hyperplane
R4 x {0} and has length

(4) lye — 2] < diam (Q) = s

Therefore whenever x, 2’ € X and projga-1 Uy N projra—1 Uy # O we have
Iprojga-1(z') — projga- ()| < 25 + 1, + 1y < 3%,

where the last inequality comes from imposing the condition r,(s) < s?/2 for every
x € X. Therefore, whenever x and z’ are distinct points of the s-separated set X
and projga—1 4, N projga—1 Uy # ) we have

Iproj,(z) — projy(z)| > s — 3s* > s* > 2 sup r,,(s).
weX

We deduce that the collection (4,), .y is pairwise disjoint. Moreover, the condition
X CR"!'x [1+s H+1—s] and the fact that each [z,y,] is parallel to R4! x {0}
ensure that each set £[, in this collection is contained in R*™ x (1, H + 1).

Let Z: R? — RY be the 16-bilipschitz mapping given by the application of Theo-
rem 3.1 to X, (¥z)zex and (7)zcx. Here we need one last condition on r,(s), namely
r2(8) < |ly. — z|| /2 for all x € X with y, # x; the choice

r(s) = {

satisfies both conditions we required. The properties (A)—(D) of = are now easily
verified.

Construction of Q. We construct a 16 N2 H?2-bilipschitz mapping Q with the
following properties:
(I) Q(z) =z for all z e R x (R\ (3,H + 3)).
(IT) projga-1 0§20 =(x) = projga-1 o=(z) for all x € X.
(ITI) proj,oQo=(x) =m for all z € X,, and m=1,2,..., H.
For each m € [H] and = € X, let

52 otherwise

N[—= N[=

Vg 1= E(ZL‘), Yz = (pl"Ode71 OE(ZL‘),m) S Rd’
ind L ||yx—vx||} T
- {rrlun{QN, 5 1 Uy F Yas Uy = B([gy Yu, T2)-
o if v, = Y,

The choice of these objects, together with property (C) of =, ensures that the col-
lection (4, ).ex is pairwise disjoint. Moreover, the hypotheses on X, the bounds
r. < 1/N < s and (D) ensure that each set i, with x € X is contained in
R x (3, H + 3).
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Let the 16N2H?2-bilipschitz mapping Q: R — R? be given by Theorem 3.1
applied to {v,: z € X} in place of X, v, in the role of z, (y:).ex and (r;).ex. The
properties (I)—(III) of €2 are clear from the construction.

Properties of ¥ := Q o . Setting ¥ := Q0 Z we get that U is 28 N2 H>-
bilipschitz. The properties (i)—(iii) of ¥ follow easily from (A)—(D) for = and (I)—(III)
for €. 0

Lemma 5.3. Letd > 2, T,N € N,m € R and o: ~Z** — +Z* " be a permu-
tation with ||o(z) — z|| < T for all € 2%, Then there exists a 26710 N24+172d.
bilipschitz mapping

1 1 1 1
T: R x {m——,mqt—] — R x {m——,mjt—]

2 2 2 2

such that
(i) Y(z) =z forallz € R x {m -, m+ 1},
(ii) Y(z,m) = (o(x), m) for all x € %del,

Proof. Suppose that the lemma is valid whenever N = 1 and m = 0. Then we

may consider the permutation o: Z9! — Z*! defined by ¢(z) = No (£) and note

that ||5(z) — || < NT for all z € Z4!. Let T: R x [—1,3] = R x [—1,1]
be the 264+10 (NT)*"_bilipschitz mapping given by the version of the theorem with
N =1 and m = 0. The full statement is now verified by the mapping Y: R4 ! x

[m—1,m+1] >R x [m— 1, m+ 1] defined by

T(z)=p loYop(x) foralzeR!x {m — %,m+ %},
where p: R47! x [m — %,er %] — R x [—%, %} is the affine bijection given by
p(z,h) = (Nz,h —m) for all z € R and h € [m — 5, m + 3].

It remains to prove the lemma in the case N = 1 and m = 0. In the proof
that follows we will work with Euclidean balls around sets, both in R*! and in R%.
Therefore, we will extend our usual ball notation to Bga-1 and Bga, to distinguish
between them. Recall that these notations always refer to open balls.

Define an infinite graph G on the vertex set Z?~! by prescribing that two points
x,z € Z%7! are connected by an edge if and only if 2 # 2z and Bge1([z,0(x)],1) N
Bra-1([z,0(2)],1) # 0. Note that the degree of any vertex of G is uniformly bounded.
In fact, whenever z, z € Z4! are connected by an edge in G we have that

|z all < |z — o) + llo(x) — 2]l + 2 < 2T +2 < 4T,

Hence, any vertex x € Z4! can have at most (87)%7! — 1 adjacent vertices z € Z% !
To verify this, note that any adjacent vertex z of x satisfies

s—ze{—(4T —1),—(4T =2),...,0,1,..., 4T — 1} 1\ {0} ",

Using the standard graph theoretic notation A for maximal degree of any vertex, we
have thus verified A(G) < 23@"DT971 — 1. Let 2 Z47! — [23@~DT47!] be a proper
colouring of the vertices of G, that is, a mapping of the set of vertices Z?~! which
assigns different values, or ‘colours’, to any pair of adjacent vertices. Here we are
making use of the trivial fact that any countable graph I" with A(T") < co admits a
proper colouring with A(I") + 1 colours. Such a proper colouring can be obtained via
a greedy algorithm [9, Proposition 5.2.2].
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For each z € Z41 let yi € RY, 71 > 0 and 4l C R for i € [3] U {0} or i € [3]
be defined as

L(z) L(z)
yO = (2,0), gV = <§CW) y? = (%:)aW)a y = (o(x),0),

(@ _ , G-1)

U9 = Bpa (ly (i U,y(i)} ,rg(f)) for each i € [3].

T T

Note that §f € R?-! x (=3, 3) for each z € Z** and i € [3].
Our aim, for each ¢ € [3], is to apply Theorem 3.1 to the collection of sets

Nl

(u&i))mezdﬂ. Therefore, the next part of the proof will be focussed on establishing
the conditions of Theorem 3.1.

We claim, for each ¢ € [3], that the collection of sets (L[;(I;i))$ezd 1 1s pairwise

disjoint. This is obviously true for ¢ = 1, 3, since the segments [yi ), yé )] are are all

parallel to e4 and the set {yg_l): T € Zdil} is 1-separated. For ¢ = 2, our claim relies
on the proper colouring ¢ of the graph G. For distinct points z, z € Z3~! we verify that
U NuU? = @ by distinguishing two cases. If Bga-1 ([z, 0(z)], 1)1 Bga-i1 ([z, 0(2)], 1) =
(), then BRd([yél),y;(rz)], 1) N By ([yg Ly )}, 1) = 0 and the claim follows. In the
remaining case we have that t(x) # ¢(z). Hence the line segments [yg),yf)} and
[ygl),yg )] are both orthogonal to e; and their last coordinate projections differ by

at least W It follows that L(q(f) N 1122) = 0.
To establish the remaining conditions of Theorem 3.1, we observe the following:

r® < % |y — gV ifi€[3], 2 € 2" and y{) # ylY,

T

(i) (i—1)
Yo' — Yz i1
5 =2 fort=1,3and z € Z* *, and
Tz
2) 1)
bl
o <—— = 237 if x € Z% and y? £y,
T FaTaT

For each i € [3] let [';: RY — R? be the bilipschitz mapping given by Theorem 3 1

applied with X = {yg(c V.2 e zd 1} Ya G=1 i place of z, yé) in place of y, and i

in place of r,. Observe the following properties of I'; for i € [3]:
(i) Iy (?/(l 1)> =y for each z € Z4°1.
(i) y(z) = z for all x € R4! (R\ (__ _))

272

(iil) bilip(T'7) < 16, bilip(Ty) < 26d+2T2d and bilip(I'3) < 16.
The desired mapping may now be defined by T :=T30I50T. U

We are now ready to prove Theorem 5.1:
Proof of Theorem 5.1. Let the

28 N2 H2-bilipschitz mapping ¥: R? — R?
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be given by the conclusion of Lemma 5.2 applied to
1
si=—, X,n:=Ff(Z"'x{m}), X:=f(z"! x[H]),
5 = £ (2 x ) £z x H])

— [2(2Vd(4L))*HT 1] € N.
We apply the obvious upper bound for N to record that
(6) bilip(¥) < 28N2H? < 928 316 [J2+ 721 < 9l4d3d/2 [ 3d pr2d.
Let m € [H]. Then we define
1

- Zd—l Zd_ 1
~ZTN

En: 71 —
by
Em () = projga—1 oV o f(x,m), =€ Z "
Using properties (i) and (ii) of ¥ from Lemma 5.2, we have

1m(x) — xf| = [[W o f(z,m) — (z,m)]|

o e () e

<BLN?H3+ H < |2°LN*H?*| =: T, forallz € Z%"

Since N € N we have that Z¢' C +Z%!, so, in particular, &, is defined on a
subset of %Zdil. We now extend &, to a permutation o,,: %Zdil — %Zdil as
follows: Since each &, is injective we may consider its inverse £ 1: &,,(Z971) — Z3-1,
Remembering that Z41 N ¢,,(Z971) = 0, we may define o,, : %Zd_l — %Zd_l by

En(z) ifzezdt
om(x) = 4 &' (x) if 7 € §u(Z77Y),
x if v € 2471\ (Z7P U &, (297Y)).
It is clear that o,,: %Zdil — %Zdil is a permutation extending &,,, o, 0 0, = id
and that [|o,,(z) — z|| < T, defined by (7), for all z € +Z4"!. Let T: R? — R? be
defined by
T if RI-1 x — l 1 H
T(z) = m () ?:ce o x [m m+},m€[],
x if z € R x (R ( H+1)),

where for each m € [H] the 204+10 N2d+172d_ hilipschitz mapping

1 1 1 1
T,,: R x [m—a,eré] — R4 x [m—a,m+§]

is given by Lemma 5.3 for the permutation o, : NZd ! %Zdil. By Lemma 3.4
applied to T and the collection of open sets (Rd (m — %, m —+ %)) together

with R4-1 x (—oo

me[H|
) and R?! (H + %, oo) we verify that T is bilipschitz with

» 2
bilip (1) < 2N (T/N?)*
< 211d (210d3/2L3Hd11>7d (29LH3)2d

(8) < 299dd21d/2L23dH13d.
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Further, for all x € Z%~! and m € [H], we have

(9) ToWo f(z,m)="T(Em(x), m) = (om0 &ulx), m) = (x,m).
The desired extension F': R? — R? may now be defined as
F:=U1tor™ %

Applying this mapping to both sides of (9) we verify that F(z,m) = f(x, m) for all
r € 241 and m € [H]. Moreover, it is clear that F' coincides with the identity on
Ré-1 x {%,H + %} Thus, F' is an extension of f. Finally, we put together (6) and
(8) to get

bilip(F) < bilip(¥) - bilip(Y) < d"*4 264 fr15d, O

6. Two conjectures

In this last section, we prove Theorem 1.5, which establishes a relationship be-
tween the open problem of bilipschitz extension from separated nets in general di-
mension d and two conjectures: Conjectures 1.3 and 1.4. We emphasise that all
the statements, Lemmas 6.1-6.3, of the present section are independent of any con-
jectures and are potentially useful in their own right for the future study of the
bilipschitz extension problem for Z¢. Conjectures 1.3 and 1.4 only play a role in the
final proof, of Theorem 1.5.

Lemma 6.1. Let I be a set, (A;);cr be a pairwise disjoint collection of open
subsets A; of R, L > 1 and G Uier A; — R? be a mapping such that the collection
(G(Ai))ier is pairwise disjoint, the restriction G|\y,_, 04, is L-bilipschitz and for each
i € I the restriction G|y, is L-bilipschitz. Then G is L-bilipschitz.

Proof. From the assumptions it follows that G is injective, so its inverse G~':
Ui G G(A;) — R? is well-defined. The assumptlons of the lemma are also symmetric
with respect to interchanging (G, A;) and (G, G(4;)), due to Brouwer’s Invariance
of Domain [11, Thm. 2B.3]. Therefore, it suffices to verify that G is L-Lipschitz.

It is enough to check the L-Lipschitz condition for a pair x € A; and y € A; with
i,j € I and i # j. Note that [x,y] N 0A; # () and choose 21 € [z,y] N JA;. Similarly,
choose zy € [21,y] N 0A;. Then, setting zp = = and z3 = y, we have

3

3
I6(6) = Gl £ NG = Gl < L3l = sall = Llly =l O

=1

Lemma 6.2. Let d € N, d > 2,1 <L < K < J, T €N, T>K\/[E((14£JL)}

f: 7% — R? be an L-bilipschitz mapping and for each i € 7 let F;: Z% U (Rd Ix
{Ti+3}) — R? be a J-bilipschitz extension of f such that bilip (E|Rd—1><{Ti+%}> <
K. Then the mapping F': Z¢ U (Rdil X (TZ + %)) — R? defined by

1
F(x) - Fz(x) whenever x € Zdu (Rd—l % {T@' + 5}) ez,

is J-bilipschitz and satisfies bilip (F|Rd_1X(TZJr1)> <K.
2

Proof. We show that F|Rd—1x(TZ+l
2
the K-bilipschitz condition for a pair of points € R x {Ti + %}, y € R x

) is K-bilipschitz. It is enough to verify
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{Tj+1}, where i,j € Z and i # j. We choose 2’,y" € Z‘ minimising distance to
x,y, respectively. Since ||z —y|| > T'|i — j| > T, it holds that

1 () = F)ll < 1£ () = F@OI + [1Fi(e) = Fi(DI + [1F5(y) = F5 (4l

< L(lle —yll + Vd) + JVd < (L+M) lz =yl

< Kllz—yl.
Similarly, we get that
1F(x) = F)ll = [1f (=) = fO)I = 1 Fi(x) = F@)] = |1 E5(y) — F5 ()]

>w_J\/g> (l_ﬂ_J_ﬂ) |z — vyl

- L —\L TL T

eyl

- K
Hence Flpq., (T2+1) is K-bilipschitz. This, together with the definition of F'; implies
that F'is J-bilipschitz. 0

Lemma 6.3. Let d € N, d > 2, F: 27U (R x (TZ +3)) — R? be bilips-
chitz such that for each i € Z the set R*\ F (R*™ x {Ti + 1}) has two connected
components and for every z,y € Z%

1
x and y belong to the same connected component of R \ (Rd_l X {T@' + 5})
(10) )

F(x) and F(y) belong to the same connected component of

R\ F (Rd‘1 X {Ti—i— %}) :

Then, for each i € Z, there is a unique connected open subset V; of R? with boundary
equal to F (R x {T(i — 1)+ %, Ti+ 1}). Moreover, the collection (V;);cz has the
following properties:

(i) ViNV; =0 for alli,j € Z with i # j.

(ii) F <Zdﬂ <Rd_1 X [T(z —-1)+ %,T@'+ %])) CV, for each i € Z.

Proof. For each i € Z we let £; := R* x {Ti+ }}. For each i € Z the set
F(L;) lies in one of the two connected components of R\ F(£;_;) and vice-versa. It
follows that R?\ F' (£;_; U £;) has exactly three connected components, exactly one
of which has boundary equal to F/(£;_1UL;). Hence, the sets V;, for i € Z, exist and
are well-defined as claimed.

We first verify (ii). Fix ¢ € Z, set

C;:=Z%Nconv (Li_y UL,
where conv stands for the convex hull, and let € C; and y € Z?\ C;. Then, by
(10), there is ¢ € {—1,0} such that F(z) and F(y) belong to different connected
components of R\ F(L;;,). Since x € C; and y € Z%\ C; were arbitrary, this

proves that the connected components of R?\ F (L, ; U L;) determine a partition
of F(Z%) which separates F (C;) from F (Z4\ C;). By (10), the latter set has to
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intersect both connected components of R? \ F(L;,,) for both ¢ = —1 and o = 0.
This leaves only the connected component V; of RY\ F(£;_; U £;) with boundary
equal to F'(L£;_1) U F(L;) free to accommodate F'(C;). This proves (ii).

To establish (i), fix i € Z and let U,,U_ be the connected components of R?\
F (L;) containing F' ((T'i + 1) e2) and F' (T'iey) respectively. If j > i then, according
to (10), the points F' ((7'j + 1) e2) and F ((T% + 1) e2) belong to the same connected
component U, of R?\ F (£;), but to different connected components of R?\ F (L£;).
We conclude that F'(£;) C U,. Similarly, we can show that F'(£;) C U_ whenever
j < i. To summarise, we have shown for an arbitrary ¢ € Z that all the sets F'(L;)
with j > 7 lie inside one of the connected components of R¢ \ F(L;), whilst all the
sets F'(L;) with j < ¢ lie in the other. This clearly implies (i). O

Proof of Theorem 1.5. Suppose (i) holds and let L > 1 and f: Z? — R? be an L-
bilipschitz mapping. Then P := P(d, L) and a P-bilipschitz extension F': RY — R¢ of
f are given by (i). Now K(d, L) = J(d, L) = P(d, L) and G = F verify Conjecture 1.3
for f. Hence (ii) holds.

Now suppose that (ii) holds and let L > 1 and f: Z? — R? be an L-bilipschitz
mapping. Let K := K(d,L) > L and J := J(d, L) > L be given by Conjecture 1.3

and let T := f%} For each i € Z let the K-bilipschitz mappings G;: R? —
R? and the J-bilipschitz mapping F: Z U (R x {Ti+1}) — R? be given by
Conjecture 1.3 (appropriately shifted so that R* x {1} becomes R x {Ti + 1}).

Let F': Z4 U (Rd_1 X (TZ + %)) — R? be the bilipschitz mapping, with

bilip(F) < J,  bilip(Flga 1 <K,

TZ-‘,—%))
provided bZ Lemma 6.2 with ]5, in the role of F; for each ¢ € Z. Then Lemma 6.3
applies to F'; we get a pairwise disjoint collection of sets (V});cz, where for each i € 7Z,
V; is the open, connected subset of R\ (F(R¥™ x {T(i—1)+3,Ti+1})) with
boundary equal to F' (R* x {T(i — 1) + 1,Ti+ 1 }). Moreover, we have

f (Zd N (Rd—l X {T(z’ — 1)+ %,T@' + %D) CV; foreach i€ Z.

Observe that Conjecture 1.4 holds, with the same constant C(d, L, M), indepen-
dent of T > 0, if the domain of the mapping v is instead taken as R?! x {0,T}.
In this case, the ‘R%~1 x {0, 1} version of the Corollary applies to the M-bilipschitz
mapping R** x {0,1} — R% z — £¢(Tz) to provide its C(d, L, M)-bilipschitz
extension U: R4 — RY. Then the mapping RY — R¢ z — TU(z/T) will be a
C(d, L, M)-bilipschitz extension of 1: R*! x {0, T} — R%

Note, for each i € 7Z, that the mapping ¢; := éi_l o ﬁ‘Rdflx{T(i—l)—i-%,Ti—l—%} is
K?2-Dbilipschitz, coincides with the identity on R x {T%+ 1} and with the K*
bilipschitz mapping G; ' o G;_; on R x {T(i—1)+1}. Thus, for each i € Z, we
may apply the ‘R4~1x {0, T} version of Conjecture 1.4 to extend 9); to a C-bilipschitz
mapping ¥;: RY — RY, where C := C(d, K?, K?).

Set G; := G o U, for each i € Z. Now we may define G: R? — R? as the gluing

together of the mappings Gi|{Rd—1><[T(ifl)Jr%,TiJr%]}’ that is

1 1
G(x) := Gi(z) whenever i € Z and x € R x |T(i — 1) + §,Tz' + 5|
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Each restriction G |]Rd—1><[T(i71) E with ¢ € Z, is KC-bilipschitz. Moreover, we

+3,7i+1
have that G|Rd_1X(TZJr%) = F|Rd_1X(TZJr%). Hence, G|Rd_1X(TZJr%) is K -bilipschitz
and
1 1
G <]Rd1 X <T(z —-1)+ 5,Ti+ 5)) =V, foreachiecZ.
Thus, the conditions of Lemma 6.1 are satisfied by the mapping GG and the collection
of open sets (R x (T'(i — 1) 4+ 3, Ti + 1)). We conclude that G is K C-bilipschitz.

The proof is now completed by Theorem 1.2, since T' < % + 1, the KC-

bilipschitz mapping G and the J-bilipschitz mapping F verify its condition (ii). O
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