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Operators associated with the pentablock and
their relations with biball and symmetrized bidisc

Sourav Pal and Nitin Tomar

Abstract. A commuting triple of Hilbert space operators (A,S, P ) is said to be a P-contraction
if the closed pentablock P is a spectral set for (A,S, P ), where

P := {(a21, tr(A0), det(A0)) : A0 = [aij ]2×2 and ‖A0‖ < 1} ⊆ C
3.

A commuting triple of normal operators (A,S, P ) acting on a Hilbert space is said to be a P-unitary

if the joint spectrum σT (A,S, P ) of (A,S, P ) is contained in the distinguished boundary bP of

P. Also, (A,S, P ) is called a P-isometry if it is the restriction of a P-unitary (Â, Ŝ, P̂ ) to a joint

invariant subspace of Â, Ŝ, P̂ . We find several characterizations for the P-unitaries and P-isometries.

We show that every P-isometry admits a Wold type decomposition that splits it into a direct sum

of a P-unitary and a pure P-isometry. Moving one step ahead we show that every P-contraction

(A,S, P ) possesses a canonical decomposition that orthogonally decomposes (A,S, P ) into a P-

unitary and a completely non-unitary P-contraction. We find a necessary and sufficient condition

such that a P-contraction (A,S, P ) dilates to a P-isometry (X,T, V ) with V being the minimal

isometric dilation of P . Then we show an explicit construction of such a conditional dilation. We

show interplay between operator theory on the following three domains: the pentablock, the biball

and the symmetrized bidisc.

Viisilohkoon liittyvät operaattorit ja niiden suhde

kaksoiskuulaan ja symmetrisoituun kaksoiskiekkoon

Tiivistelmä. Hilbertin avaruuden operaattoreiden vaihdannaista kolmikkoa (A,S, P ) kutsu-
taan P-kutistukseksi, jos suljettu viisilohko P on kolmikon (A,S, P ) spektraalijoukko, missä

P := {(a21, tr(A0), det(A0)) : A0 = [aij ]2×2 ja ‖A0‖ < 1} ⊆ C
3.

Hilbertin avaruuden normaalien operaattoreiden vaihdannaista kolmikkoa (A,S, P ) kutsutaan P-

yksikkömäiseksi, jos kolmikon yhteisspektri σT (A,S, P ) sisältyy viisilohkon P erityiseen reunaan

bP. Lisäksi kolmikkoa (A,S, P ) kutsutaan P-yhdenmittaiseksi, jos se on P-yksikkömäisen kolmikon

(Â, Ŝ, P̂ ) rajoittuma jokaisen operaattorin Â, Ŝ ja P̂ yhdessä säilyttämään aliavaruuteen. Tässä

työssä esitetään useita yhtäpitäviä ehtoja P-yksikkömäisyydelle ja P-yhdenmittaisuudelle. Osoi-

tetaan, että jokaisella P-yhdenmittaisella kolmikolla on Woldin-tyyppinen hajotelma, joka jakaa

sen P-yksikkömäisen ja puhtaasti P-yhdenmittaisen kolmikon suoraksi summaksi. Edelleen osoite-

taan, että jokaisella P-kutistuksella (A,S, P ) on kanoninen kohtisuora hajotelma P-yksikkömäisen

ja täysin epäyksikkömäisen P-kutistuksen summaksi. Lisäksi annetaan yhtäpitävä ehto sille, että

P-kutistus (A,S, P ) voidaan jatkaa P-yhdenmittaiseksi kolmikoksi (X,T, V ), missä V on operaat-

torin P pienin yhdenmittainen jatke. Näytetään sitten suoraan, kuinka tällainen ehdollinen jatke

rakennetaan. Työ esittelee seuraavien kolmen alueen operaattoriteorian välistä vuorovaikutusta:

viisilohkon, kaksoiskuulan ja symmetrisoidun kaksoiskiekon.
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1. Introduction

Throughout the paper, all operators are bounded linear operators acting on com-
plex Hilbert spaces and the algebra of bounded linear operators acting on a Hilbert
space H is denoted by B(H). For a commuting tuple of operators T = (T1, . . . , Tn)
acting on a Hilbert space H, we denote by σT (T1, . . . , Tn) the polynomial joint spec-
trum (or simply the joint spectrum) of (T1, . . . , Tn) relative to the closed algebra A
of B(H) generated by T1, . . . , Tn and the identity operator IH on H, i.e.,

σT (T1, . . . , Tn) = {(λ1, . . . , λn) ∈ C
n : IH /∈ (T1 − λ1)A+ . . .+ (Tn − λn)A}.

In this article, we introduce operator theory on the pentablock P, a domain related
to a special case of µ-synthesis, which is defined by

P := {(a21, tr(A0), det(A0)) : A0 = [aij ]2×2, ‖A0‖ < 1} ⊆ C
3.

Also, we study operators having the closed Euclidean unit ball Bn as a spectral set and
then connect the operator theory of the three domains: P,B2 and the symmetrized
bidisc G2, where

Bn = {(w1, . . . , wn) ∈ C
n : |w1|2 + · · ·+ |wn|2 < 1},

G2 = {(z1 + z2, z1z2) ∈ C
2 : |z1| < 1, |z2| < 1}.

In [3], Agler, Lykova and Young introduced the pentablock to study a special case
of µ-synthesis. The µ-synthesis is a part of the theory of robust control of systems
comprising interconnected electronic devices whose outputs are linearly dependent
on the inputs. Given a linear subspace E of Mn(C), the space of all n× n complex
matrices, the functional

µE(A0) := (inf{‖Y ‖ : Y ∈ E and (I − A0Y ) is singular })−1, A0 ∈ Mn(C),

is called a structured singular value, where the linear subspace E is referred to as the
structure. If E = Mn(C), then µE(A0) is equal to the operator norm ‖A0‖, while
if E is the space of all scalar multiples of the identity matrix, then µE(A0) is the
spectral radius r(A0). For any linear subspace E of Mn(C) that contains the identity
matrix I, r(A0) ≤ µE(A0) ≤ ‖A0‖. We refer to the pioneering work of Doyle [16]
on control-theory and motivation behind considering µE . Also, for further details on
this topic an interested reader can see [19]. Given distinct points α1, . . . , αd ∈ D, the
open unit disk in the complex-plane C, and matrices B1, . . . , Bd ∈ Mn(C), the aim
of µ-synthesis is to find an analytic function F : D → Mn(C) with µE(F (λ)) < 1 for
all λ ∈ D such that F interpolates the given data, i.e. F (αi) = Bi for 1 ≤ i ≤ d. The
pentablock arises naturally in connection with a special case of µ-synthesis. Indeed,
if

E =

{(
λ µ
0 λ

)
: λ, µ ∈ C

}
,

then µE(A0) < 1 for A0 = [aij ]2×2 if and only if (a21, tr(A0), det(A0)) ∈ P. Thus, the
function

π : A0 = [aij ] 7→ (a21, tr(A0), det(A0))

maps the µE unit ball onto the pentablock. However, Agler, Lykova and Young
refined this result in [3] and showed that the pentablock is the image under π of
the norm unit ball B‖.‖ in M2(C), which is strictly smaller than the µE unit ball.
The pentablock has attracted considerable attentions in recent past from complex
geometric and function theoretic aspects [7, 21, 23, 36, 37, 42]. In this article, we
initiate operator theory on the pentablock. Thus, our primary object of study in this
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paper is a commuting operator triple that has the closed pentablock as a spectral
set.

Definition 1.1. Let X ⊆ Cn be a polynomially convex compact set. Then X
is said to be a spectral set for a commuting tuple of operators (T1, . . . , Tn) if von
Neumann’s inequality holds for every polynomial p ∈ C[z1, . . . , zn], that is,

(1.1) ‖p(T1, . . . , Tn)‖ ≤ sup{|p(z1, . . . , zn)| : (z1, . . . , zn) ∈ X} = ‖p‖∞,X .

Furthermore, X is said to be a complete spectral set for (T1, . . . , Tn) if

‖f(T1, . . . , Tn)‖ ≤ sup{‖f(z1, . . . , zn)‖ : (z1, . . . , zn) ∈ X}
holds for every matricial polynomial f = [fij], where each fij ∈ C[z1, . . . , zn]. Let
Ω ⊆ Cn be a bounded domain such that Ω is polynomially convex. A commuting
n-tuple of operators (T1, . . . , Tn) is said to be an Ω-contraction (or, Ω-contraction) if
Ω is a spectral set for (T1, . . . , Tn).

Unitaries, isometries and co-isometries are special classes of contractions. A uni-
tary is a normal operator having its spectrum on the unit circle T. An isometry is
the restriction of a unitary to an invariant subspace and a co-isometry is the adjoint
of an isometry. In an analogous manner, we define unitary, isometry and co-isometry
associated with the pentablock. To do so, we briefly describe the definition of dis-
tinguished boundary. For a bounded domain Ω ⊂ Cn, the distinguished boundary

of Ω is the smallest closed subset bΩ (or, bΩ) of Ω such that every function that is
analytic in Ω and continuous on Ω attains its maximum modulus on bΩ.

Definition 1.2. Let A, S, P be commuting operators acting on a Hilbert space
H. Then the triple (A, S, P ) is called

(i) a P-unitary if A, S, P are normal operators and the polynomial joint spectrum
σT (A, S, P ) lies in the distinguished boundary of the pentablock;

(ii) a P-isometry if there is a Hilbert space K ⊇ H and a P-unitary (Â, Ŝ, P̂ ) on

K such that H is a joint invariant subspace of Â, Ŝ, P̂ and Â|H = A, Ŝ|H = S

and P̂ |H = P ;
(iii) a P-co-isometry if (A∗, S∗, P ∗) is a P-isometry;
(iv) a completely non-unitary P-contraction or simply a c.n.u. P-contraction if

(A, S, P ) is a P-contraction and there is no closed joint reducing subspace of
A, S, P restricted to which (A, S, P ) becomes a P-unitary.

Similarly, one defines unitary, isometry and co-isometry for the classes of Bn-contrac-
tions and Γ-contractions. Moreover, an isometry (on H) associated with a domain is
called pure if there is no non-zero joint reducing subspace of the isometry on which
it acts like a unitary associated with the domain.

Remark 1.3. One can define unitary with respect to a bounded domain whose
closure is polynomially convex (e.g., P-unitary as in Definition 1.2 for the domain
pentablock) by considering the Taylor joint spectrum instead of the polynomial joint
spectrum in the definition. These two notions of joint spectrum coincide in the
context of this paper as we deal here with domains having polynomially convex
closures, such as pentablock, Euclidean unit ball and symmetrized bidisc. Thus, the
slightly delicate issues surrounding various notions of joint spectrum are not relevant
to this paper.

Amongst the central theorems that constitute the foundation of the one-variable
operator theory, the following two results are remarkable: the first is due to von
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Neumann [29], which states that an operator is a contraction if and only if the closed
unit disc D is a spectral set for it and the second is Sz.-Nagy’s celebrated theorem
[39], which asserts that an operator T on a Hilbert space H is a contraction if and
only if it dilates to a unitary U acting on a Hilbert space K ⊇ H, i.e. T n = PHU

n|H
for every positive integer n, where PH is the orthogonal projection of K onto H.
Moreover, such a dilation is called minimal if

K = span {Unh : h ∈ H, n ∈ Z}.

Thus, von Neumann’s famous result compels to realize a contraction as an operator
having D as a spectral set and Sz.-Nagy’s dilation theorem paves a way to dilate
such an operator to a normal operator having its spectrum on the boundary of D.
Taking cue from such inspiring classical concepts, one considers operators having
other domains as spectral sets and in the same spirit studies if they dilate to normal
operators associated with the boundary of the domain.

In this article, we first focus on P-unitaries and P-isometries; characterize them
in several different ways and decipher their structures in Sections 4 and 5. We show
that every P-isometry admits a Wold decomposition that splits it into two orthog-
onal parts of which one is a P-unitary and the other is a pure P-isometry. This is
parallel to the Wold decomposition of an isometry into a unitary and a pure isome-
try. Also, more generally every contraction orthogonally decomposes into a unitary
and a completely non-unitary contraction. A completely non-unitary contraction is
a contraction that does not have a unitary part. Such a decomposition is called the
canonical decomposition of a contraction, see Chapter I of [39] for details. In Sec-
tion 6, we show that such a canonical decomposition is possible for a P-contraction.
In Section 3, we discuss analogues of these results for Bn-contractions.

Operators having the (closed) pentablock as a spectral set have close connections
with the operators associated with the biball and the symmetrized bidisc. Indeed,
in Section 2 we show that if (A, S, P ) is a P-contraction then (A, S/2) is a B2-
contraction and (S, P ) is a Γ-contraction. However, a converse to this result does not
hold and we show it by a counter example. Naturally, operators associated with the
symmetrized bidisc come into the picture while studying P-contractions. Operator
theoretic aspects of the symmetrized bidisc have rich literature, e.g. [4, 5, 14, 13].
An interested reader may also see the references therein. In [4], Agler and Young
profoundly established the success of rational dilation on the symmetrized bidisc and
in [14], Bhattacharyya, Pal and Shyam Roy explicitly constructed such a dilation.
In Section 7, we mention this dilation theorem. Note that it suffices to find an
isometric dilation to a commuting operator tuple associated with a domain, because,
by definition every isometry associated with a domain extends to a unitary with
respect to the same domain. The explicit Γ-isometric dilation of a Γ-contraction
from [14] motivates us to construct explicitly an isometric dilation for a P-contraction
under certain conditions. Still it is unknown if every P-contraction dilates to a P-
isometry. The fact that the component P of a P-contraction (A, S, P ) is a contraction
leads to the possibility of a P-isometric dilation (X, T, V ) of (A, S, P ), when V is the
minimal isometric dilation of P . We capitalize this idea in Section 7. In Theorem 7.5,
we find a necessary and sufficient condition such that a P-contraction (A, S, P ) dilates
to a pentablock isometry (X, T, V ), where V is the minimal isometric dilation of P .
Then we explicitly construct such a conditional P-isometric dilation in Theorem 7.6.
The following operator equation in Z associated with a P-contraction (A, S, P ) plays
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an important role in these dilation theorems:

I − A∗A− 1

4
S∗S = DP

(
Z∗Z +

1

4
FF ∗

)
DP ,

where DP = (I − P ∗P )1/2 and F satisfies S − S∗P = DPFDP . In Section 7, we also
find a necessary and sufficient condition such that the above operator equation has
a solution and prove that such a solution, when exists, is unique. At every stage of
this paper, we explore and find interaction of a P-contraction with B2-contractions
and Γ-contractions.

Note. After several months of writing this paper and posting to arXiv-math,
the article [22] appeared in arXiv-math that has intersection with parts of Theorem
4.2 and Theorem 5.7 of our paper.

2. The P-contractions, B2-contractions and Γ-contractions

Recall that a P-contraction is a commuting operator triple that has the closed
pentablock P as a spectral set. Similarly, for a commuting operator pair if the closed
biball B2 or the closed symmetrized bidisc Γ is a spectral set, then it is called a B2-
contraction or a Γ-contraction respectively. In this Section, we present a few basic
results on P-contractions and explore their interactions with B2-contractions and Γ-
contractions. We begin with an elementary proposition whose proof is a consequence
of spectral mapping theorem.

Proposition 2.1. A compact subset X of Cn is a spectral set for a commuting
tuple of normal operators N = (N1, . . . , Nn) if and only if σT (N1, . . . , Nn) ⊆ X .

The following result comes naturally as a consequence of the definition of a P-
contraction.

Lemma 2.2. Let (A, S, P ) on a Hilbert space H be a P-contraction. Then

(i) (A∗, S∗, P ∗) is a P-contraction;
(ii) (A|L, S|L, P |L) is a P-contraction for any joint invariant subspace L ⊆ H of

A, S, P .

Proof. (i) Given a polynomial f(z1, z2, z3) =
∑

0≤i,j,k≤m

aijkz
i
1z

j
2z

k
3 , we define another

polynomial

f̂(z1, z2, z3) =
∑

0≤i,j,k≤m

aijkz
i
1z

j
2z

k
3 .

For any P-contraction (A, S, P ), we have

‖f(A∗, S∗, P ∗)‖ = ‖f̂(A, S, P )∗‖ = ‖f̂(A, S, P )‖ ≤ ‖f̂‖∞, P.

Let (a, s, p) ∈ P be a point at which f̂ attains its maximum modulus value. Since for
every (z1, z2, z3) ∈ P, the conjugate triple (z1, z2, z3) ∈ P, we get that

‖f̂‖∞,P = |f̂(a, s, p)| = |f(a, s, p)| ≤ ‖f‖∞, P.

Consequently, it follows that

‖f(A∗, S∗, P ∗)‖ ≤ ‖f‖∞, P,

for every polynomial f in three variables. Hence, (A∗, S∗, P ∗) is a P-contraction if
(A, S, P ) is a P-contraction.
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(ii) Let L be a joint invariant subspace of a P-contraction (A, S, P ) and let f be
any polynomial in three variables. Then

‖f(A|L, S|L, P |L)‖ = ‖f(A, S, P )|L‖ ≤ ‖f(A, S, P )‖ ≤ ‖f‖∞, P

and the proof is complete. �

Now we move forward to explore relations of P with the biball B2 and the sym-
metrized bidisc G2, which result in interplay between P-contractions, B2-contractions
and Γ-contractions. We start with a couple of useful results from the literature, of
which the first is due to Agler and Young [5].

Theorem 2.3. [5, Theorems 2.2 and 2.6] Let S, P be commuting operators on
a Hilbert space H. Then

(1) (S, P ) is a Γ-unitary if and only if S = S∗P , P is unitary and ‖S‖ ≤ 2,
(2) (S, P ) is a Γ-isometry if and only if S = S∗P , P is isometry and ‖S‖ ≤ 2.

The next result is due to Agler, Lykova and Young from [3] which characterizes
the points in P in several ways.

Theorem 2.4. [3, Theorem 5.3] Let (s, p) = (β + βp, p) = (λ1 + λ2, λ1λ2) ∈ Γ ,
where λ1, λ2 ∈ D and |β| ≤ 1. If |p| = 1, then β = 1

2
s. Let a ∈ C. The following

statements are equivalent:

(1) (a, s, p) ∈ P;

(2) |a| ≤
∣∣∣∣1−

1

2
sβ

1+
√

1−|β|2

∣∣∣∣;

(3) |a| ≤ 1
2
|1− λ2λ1|+ 1

2
(1− |λ1|2)

1

2 (1− |λ2|2)
1

2 ;
(4) there exists A0 ∈ M2(C) such that ‖A0‖ ≤ 1 and π(A0) = (a, s, p).

It is evident from the above theorem that if (a, s, p) is an element in P, then
(s, p) ∈ Γ. Also, the same holds if we consider P and G2 (see [3]). Indeed, if (a, s, p) ∈
P, then there is a 2 × 2 contraction A0 = [aij ] such that a21 = a, tr(A0) = s and
det(A0) = p. Therefore, (s, p) ∈ Γ as we have from [4] that Γ = {(tr(A0), det(A0)) ∈
C2 : A0 ∈ M2(C), ‖A0‖ ≤ 1}. So, we have the following lemma which can also be
found in [3].

Lemma 2.5. If (a, s, p) ∈ P (or ∈ P), then (s, p) ∈ Γ (or ∈ G2).

This scalar result naturally extends to the following operator theoretic version.

Proposition 2.6. If (A, S, P ) is a P-contraction, then (S, P ) is a Γ-contraction.

Proof. Let (a, s, p) ∈ P be any point. By Theorem 2.4, there is a 2 × 2 matrix
A0 = [aij ] with ‖A0‖ ≤ 1 such that π(A0) = (a, s, p). Evidently, |a| = |a21| ≤ 1

and (s, p) = (tr(A0), det(A0)). Thus, a ∈ D and (s, p) ∈ Γ. Therefore, we have that
P ⊆ D× Γ. We need to show that (S, P ) is a Γ-contraction, i.e.,

‖g(S, P )‖ ≤ ‖g‖∞, Γ = sup{|g(z2, z3)| : (z2, z3) ∈ Γ}
for every holomorphic polynomial g in two variables. For a polynomial g ∈ C[z1, z2],
let us set f(z1, z2, z3) = g(z2, z3). Using the fact that P ⊆ D× Γ, we have

‖g(S, P )‖ = ‖f(A, S, P )‖ ≤ sup{|f(z1, z2, z3)| : (z1, z2, z3) ∈ P}
≤ sup{|f(z1, z2, z3)| : z1 ∈ D, (z2, z3) ∈ Γ}
= sup{|g(z2, z3)| : (z2, z3) ∈ Γ}.

Therefore, (S, P ) is a Γ-contraction. �
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It is not difficult to see that if (a, s, p) ∈ P and α ∈ D, then (αa, αs, α2p) ∈ P

and thus P is (1, 1, 2)-quasi-balanced. See Section 6 in [3] for a detailed proof of this.
The next proposition generalizes this result to P-contractions.

Proposition 2.7. Let (A, S, P ) be a P-contraction on a Hilbert space H. Then
(αA, αS, α2P ) is a P-contraction for every α ∈ D.

Proof. We have that P is (1, 1, 2)-quasi-balanced. So, for any α ∈ D, the map
fα : P → P defined by fα(a, s, p) = (αa, αs, α2p) is analytic. For any holomorphic
polynomial g in 3-variables, we have that

‖g(αA, αS, α2P )‖ = ‖g ◦ fα(A, S, P )‖ ≤ ‖g ◦ fα‖∞,P

= sup
{
|g(αa, αs, α2p)| : (a, s, p) ∈ P

}
≤ ‖g‖∞,P.

Therefore, (αA, αS, α2P ) is a P-contraction. �

It is evident from Theorem 2.4 that (αa, s, p) ∈ P for every (a, s, p) ∈ P and
α ∈ D. Thus, by an application of a similar idea as in the previous proposition, we
arrive at the following result.

Proposition 2.8. Let (A, S, P ) be a P-contraction and α ∈ D. Then (αA, S, P )
is a P-contraction.

Proof. For any α ∈ D, the map φα : P → P defined by φα(a, s, p) = (αa, s, p) is
analytic. For any polynomial q(z1, z2, z3), we have

‖q(αA, S, P )‖ = ‖q ◦ φα(A, S, P )‖ ≤ ‖q ◦ φα‖∞,P

= sup
{
|q(αa, s, p)| : (a, s, p) ∈ P

}
≤ ‖q‖∞,P.

Consequently, we have that (αA, S, P ) is a P-contraction. �

The following observation provides a way to construct P-contraction from a given
Γ-contraction.

Proposition 2.9. (S, P ) is a Γ-contraction if and only if (0, S, P ) is a P-contrac-
tion.

Proof. Assume that (S, P ) is a Γ-contraction. Let f be a holomorphic polynomial
in 3-variables and let g(z2, z3) = f(0, z2, z3). Then

‖f(0, S, P )‖ = ‖g(S, P )‖
≤ sup{|g(z2, z3)| : (z2, z3) ∈ Γ} [since Γ is a spectral set for (S, P )]

= sup{|f(z1, z2, z3)| : z1 = 0, (z2, z3) ∈ Γ}
≤ sup{|f(z1, z2, z3)| : (z1, z2, z3) ∈ P}.

The last inequality follows from the fact that for any (s, p) ∈ Γ, the point (0, s, p) ∈ P

and this is a consequence of Theorem 2.4. Thus, (0, S, P ) is a P-contraction. The
converse part follows from Proposition 2.6. �

Proposition 2.10. A pair (T, T ′) of operators acting on a Hilbert space H is a
commuting pair of contractions if and only if (T, 0, T ′) is a P-contraction on H.

Proof. We have shown in the proof of Proposition 2.6 that P ⊆ D × Γ. Since
Γ ⊆ 2D×D, we have that P ⊆ D×2D×D. Let f1(z1, z2, z3) = z1 and f3(z1, z2, z3) = z3.
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So, if (T, 0, T ′) is a P-contraction, then for j = 1, 3 we have

‖fj(T, 0, T ′)‖ ≤ sup{|fj(z1, z2, z3)| : (z1, z2, z3) ∈ P}
≤ sup{|fj(z1, z2, z3)| : (z1, z2, z3) ∈ D× 2D× D} ≤ 1.

Therefore, ‖T‖, ‖T ′‖ ≤ 1. Conversely, let us assume that (T, T ′) is a commuting pair
of contractions. Then it follows from Ando’s inequality [39] that

(2.1) ‖p(T, T ′)‖ ≤ ‖p‖
∞,D

2 ,

for every holomorphic polynomial p in 2-variables. An application of Theorem 2.4
gives D × {0} × D ⊆ P. Let f be a holomorphic polynomial in 3-variables and let
g(z, w) = f(z, 0, w). Then

‖f(T, 0, T ′)‖ = ‖g(T, T ′)‖
≤ sup{|g(z1, z3)| : z1, z3 ∈ D} [by (2.1)]

= sup{|f(z1, z2, z3)| : (z1, z2, z3) ∈ D× {0} × D}
≤ sup{|f(z1, z2, z3)| : (z1, z2, z3) ∈ P}.

Consequently, it follows that (T, 0, T ′) is a P-contraction. �

We now show interplay between the pentablock and the Euclidean unit ball B2

in C
2.

Lemma 2.11. If (a, s, p) ∈ P, then (a, s/2) ∈ B2.

Proof. Let (a, s, p) ∈ P. Then it follows from Theorem 2.4 that there is a
2 × 2 matrix A0 = [aij ] such that ‖A0‖ ≤ 1 and a21 = a, a11 + a22 = s and
a11a22 − a12a21 = p. Let us assume that |a11| ≤ |a22|. Also, let e1 = (1, 0) and
e2 = (0, 1) in C2. Then

|a|2 + |s|2
4

= |a21|2 +
1

4
|a11 + a22|2

= |a21|2 +
1

4

(
|a11|2 + |a22|2 + 2Re (a11a22)

)

≤ |a21|2 +
1

4

(
|a11|2 + |a22|2 + 2|a11a22|

)

≤ |a21|2 + |a22|2 = ‖A∗e2‖2 ≤ 1.

Similarly, one can prove that |a|2 + 1
4
|s|2 ≤ 1 when |a22| ≤ |a11|. The proof is

complete. �

As expected, this result has an operator theoretic extension, which is given below.

Proposition 2.12. If (A, S, P ) is a P-contraction, then (A, S/2) is a B2-contrac-
tion.

Proof. By Lemma 2.11, the map f : P → B2 defined by f(a, s, p) = (a, s/2) is
well-defined and analytic on P. Now for any g ∈ C[z1, z2], we have

‖g(A, S/2)‖ = ‖g ◦ f(A, S, P )‖ ≤ ‖g ◦ f‖∞,P

= sup
{
|g(a, s/2)| : (a, s, p) ∈ P

}

≤ sup
{
|g(a, s/2)| : (a, s/2) ∈ B2

}

= ‖g‖∞,B2
.

Therefore, B2 is a spectral set for (A, S/2). �
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Putting together everything we obtain the following theorem, which is a main
result of this section.

Theorem 2.13. If (A, S, P ) is a P-contraction, then

(a) (A, S/2) is a B2-contraction;
(b) (S, P ) is a Γ-contraction;
(c) (A, P ) is a commuting pair of contractions.

The converse of Theorem 2.13 is not true. Indeed, below we show that there
exist a, s and p in D such that (a, s/2) ∈ B2, (s, p) ∈ Γ but (a, s, p) /∈ P.

Example 2.14. Let λ1 = 1 and λ2 = 0 in D. Then it follows from the definition
of Γ that (s, p) = (λ1 + λ2, λ1λ2) = (1, 0) ∈ Γ. Let (a, s, p) =

(√
3/2, 1, 0

)
. Then

obviously |a|2 + 1
4
|s|2 = 1. Thus, (a, s/2) ∈ B2. Let if possible, (a, s, p) ∈ P. Then,

by Theorem 2.4, we must have
√
3

2
= |a| ≤ 1

2
|1− λ2λ1|+

1

2
(1− |λ1|2)

1

2 (1− |λ2|2)
1

2 =
1

2
,

which is a contradiction. Thus, (a, s, p) /∈ P. �

One naturally asks if there is p ∈ D such that (a, s/2) ∈ B2 implies that (a, s, p) ∈
P. Indeed, existence of such a p is guaranteed by the next lemma.

Lemma 2.15. (a, s/2) ∈ B2 if and only if there exists p ∈ T such that (a, s, p) ∈
P.

Proof. Let (a, s/2) ∈ B2. Then |a| ≤ 1 and |s| ≤ 2. If s = 0, then it follows
from Theorem 2.4 that (a, 0, p) ∈ P for any p ∈ D. If s 6= 0, we choose p = s/s.
Then (s, p) ∈ bΓ by Theorem 2.3, as |p| = 1, s = sp and |s| ≤ 2. Furthermore,
(a, s/2) ∈ B2, we have that

|a| ≤
∣∣∣∣1−

1
4
|s|2

1 +
√
1− 1

4
|s|2

∣∣∣∣ =
√

1− 1

4
|s|2.

Hence, by Theorem 2.4, (a, s, p) ∈ P. The converse part follows from Lemma 2.11. �

Lemma 2.15 can be extended to the class of P-contractions consisting of normal
operators. Such a P-contraction is called a normal P-contraction. To obtain the
desired conclusion, we use the polar decomposition of normal operators. The polar

decomposition theorem (Theorem 12.35 in [34]) states that if N is a normal operator
on a Hilbert space H, then there exists a unitary operator U on H such that U com-
mutes with any operator that commutes with N and N = U(N∗N)1/2 = (N∗N)1/2U .
Set p(λ) = |λ|, u(λ) = λ

|λ|
if λ 6= 0 and u(0) = 1. Then p and u are bounded Borel

functions on σ(N). Define P = p(N) and U = u(N). Since uu = 1, UU∗ = U∗U = I.
Since λ = u(λ)p(λ), the conclusion N = UP follows from the Borel functional cal-
culus. Furthermore, P is a positive operator that satisfies ‖Px‖ = ‖Nx‖ for every
x ∈ H and so, P = (N∗N)1/2. If T ∈ B(H) commutes with both N and N∗, then T
commutes with u(N) = U .

Lemma 2.16. Let (A, S/2) be a B2-contraction consisting of normal operators
acting on a space H. Then there exists a unitary P on H such that (S, P ) is a
Γ-unitary and (A, S, P ) is a normal P-contraction.

Proof. It follows from given hypothesis that S is normal and ‖S‖ ≤ 2. Now,
from the above discussion we have that there is a unitary U on H such that S =
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(S∗S)1/2U = U(S∗S)1/2 and U commutes with any operator that commutes with S.
Hence, U commutes with A. Set P = U2. Then (A, S, P ) is a triple of commuting
normal operators. Moreover S∗P = (S∗S)1/2U∗U2 = (S∗S)1/2U = S and ‖S‖ ≤ 2.
Thus, (S, P ) is a Γ-contraction with P being unitary and so, (S, P ) is a Γ-unitary by
the virtue of Theorem 2.3. Let (a, s, p) in σT (A, S, P ) and let f(z1, z2, z3) = (z1, z2/
2). Then the spectral mapping theorem yields that

(a, s/2) = f(a, s, p) ∈ f(σT (A, S, P )) = σT (f(A, S, P )) = σT (A, S/2).

By Proposition 2.12, (a, s/2) ∈ B2. From the projection property of joint spectrum,
it follows that p ∈ σ(P ) and so, |p| = 1 since P is a unitary. Furthermore, for β = s

2
,

we have
∣∣∣∣∣1−

1
2
sβ

1 +
√

1− |β|2

∣∣∣∣∣ =

∣∣∣∣∣∣
1−

1
4
|s|2

1 +
√
1− 1

4
|s|2

∣∣∣∣∣∣
=

√
1− 1

4
|s|2 ≥ |a|,

where the last inequality follows from the fact that (a, s/2) ∈ B2. By Theorem 2.4,
(a, s, p) ∈ P. Consequently, (A, S, P ) is a commuting triple of normal operators so
that σT (A, S, P ) ⊆ P. Hence, (A, S, P ) is a normal P-contraction by Proposition 2.1.

�

We have seen that if (A, S, 0) is a P-contraction, then (A, S/2) is a B2-contraction
but the converse does not hold. In this sense, every P-contraction gives rise to a B2-
contraction. It is interesting to explore if one can obtain a P-contraction from a
B2-contraction. The subsequent results provide an answer to this question.

Lemma 2.17. Let (a, s) ∈ B2. Then (a, s, 0) ∈ P.

Proof. The proof follows from Theorem 2.4. If (a, s) ∈ B2, then a, s ∈ D and so,
(s, 0) = (λ1 + λ2, λ1λ2) for λ1 = s and λ2 = 0. Thus, (s, 0) ∈ Γ. By Theorem 2.4,
(a, s, 0) ∈ P if and only if the following inequality holds.

|a| ≤ 1

2
|1− λ2λ1|+

1

2
(1− |λ1|2)

1

2 (1− |λ2|2)
1

2 =
1

2

(
1 +

√
1− |s|2

)
.

Since |a| ≤
√
1− |s|2, the above inequality holds and so, (a, s, 0) ∈ P. �

Proposition 2.18. Let (A, S) be a B2-contraction. Then (A, S, 0) is a P-contraction.

Proof. Let f ∈ C[z1, z2, z3] be arbitrary polynomial and let g(z1, z2) = f(z1, z2, 0).
Then

‖f(A, S, 0)‖ = ‖g(A, S)‖
≤ sup{|g(z1, z2)| : (z1, z2) ∈ B2} [∵ B2 is a spectral set for (A, S)]

= sup{|f(z1, z2, z3)| : (z1, z2, z3) ∈ B2 × {0}}
≤ sup{|f(z1, z2, z3)| : (z1, z2, z3) ∈ P},

where the last inequality follows from Lemma 2.17. Consequently, (A, S, 0) is a P-
contraction. �

The converse to Proposition 2.18 is not even true for scalars. For example, take
(a, s) = (1/2, 1). Then we have that |a|2 + |s|2 > 1. Since (s, 0) ∈ Γ, Theorem 2.4
yields that (a, s, 0) ∈ P. Thus there exist scalars a and s so that (a, s, 0) ∈ P but
(a, s) /∈ B2.
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3. Operator theory on the unit ball in C
n

In the previous Section, we have witnessed some interplay between the closed
unit ball B2 and P. Indeed, if (A, S, P ) is a P-contraction, then (A, S/2) is a B2-
contraction. Also, if (A, S) is a B2-contraction, then (A, S, 0) is a P-contraction. It
motivates us to study the operator theoretic aspects of the unit ball Bn in C

n, where

Bn =
{
(z1, . . . , zn) ∈ C

n : |z1|2 + . . .+ |zn|2 < 1
}
.

We shall discuss some useful operator theory on Bn. A commuting tuple of operators
(T1, . . . , Tn) for which Bn is a spectral set is called a Bn-contraction. Contractions
have special classes like unitary, isometry, completely non-unitary contraction etc.
As we have mentioned in the ‘Introduction’ that a contraction is an operator for
which D is a spectral set. A unitary is a normal operator having its spectrum on
the unit circle T and an isometry is the restriction of a unitary to an invariant
subspace. Analogously, we have defined P-unitary and P-isometry associated with the
pentablock in Definition 1.2. Similarly, one can define Bn-unitary and Bn-isometry
for the Euclidean unit ball Bn. Note that Bn is a convex compact set and hence is
polynomially convex. An interesting fact about Bn is that its topological boundary
∂Bn and distinguished boundary bBn coincide unlike the polydisc D

n. Needless to
mention that

∂Bn =
{
(z1, . . . , zn) ∈ C

n : |z1|2 + . . .+ |zn|2 = 1
}
.

The fact that ∂Bn = bBn is explained in [27] (see Example 4.10 in [27] and the
discussion thereafter).

Lemma 3.1. For any n ≥ 1, bBn = ∂Bn.

The works of Arveson, Eschmeier and Athavale [8, 18, 10] show that the spherical
contractions naturally occur in the study of operators associated with the unit ball.
Before proceeding further, we recall the definition of this class along with its special
subclasses from the literature.

Definition 3.2. A commuting tuple T = (T1, . . . , Tn) of operators acting on a
Hilbert space H is said to be

(1) a spherical contraction if T ∗
1 T1 + . . .+ T ∗

nTn ≤ IH;
(2) a spherical unitary if each Tj is normal and T ∗

1 T1 + . . .+ T ∗
nTn = IH;

(3) a spherical isometry if T ∗
1 T1 + . . .+ T ∗

nTn = IH;
(4) a row contraction if (T ∗

1 , . . . , T
∗
n) is a spherical contraction.

Not every spherical contraction or row contraction is a B2-contraction. We recall
Arveson’s example from [8] in this context.

Example 3.3. Consider the pair of multiplication operator (Mz1 ,Mz2) on the
Drury–Arveson space H2

2 , where H
2
2 is the reproducing kernel Hilbert space with the

kernel

k(z, w) =
1

1− 〈z, w〉 (z, w ∈ B2).

It follows from Corollary 2 in [8] that (Mz1 ,Mz2) satisfies Mz1M
∗
z1 +Mz2M

∗
z2 ≤ I but

does not form a B2-contraction as explained in [8]. Thus, (M∗
z1
,M∗

z2
) is a spherical

contraction which is not a B2-contraction which is same as saying that the row
contraction (Mz1 ,Mz2) is not a B2-contraction. �
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However, we shall see below that Bn-contractions and spherical contractions agree
at the level of unitaries and isometries. The next result appeared in a discussion in
[18] whose proof follows directly from the spectral theorem.

Theorem 3.4. Let U = (U1, . . . , Un) be a tuple of commuting operators acting
on a Hilbert space H. Then U is a Bn-unitary if and only if U is a spherical unitary.

Recall that a subnormal tuple is a tuple (T1, . . . , Tn) of commuting operators that
admits a simultaneous normal extension. The following result due to Athavale [9],
which was later proved independently by Arveson [8], will be useful in the context of
this paper.

Lemma 3.5. [8, Corollary 1] Let T1, . . . , Tn be a set of commuting operators on
a Hilbert space H such that T ∗

1 T1+. . .+T ∗
nTn = IH. Then (T1, . . . , Tn) is a subnormal

tuple.

The following result shows that a Bn-isometry is nothing but a spherical isometry
and vice-versa.

Theorem 3.6. [9, Proposition 2] Let V = (V1, . . . , Vn) be a tuple of commuting
operators acting on a Hilbert space H. Then V is a Bn -isometry if and only if V is
a spherical isometry.

One of the most important results in one variable operator theory is the canonical
decomposition of a contraction (see [25, 38] & CH-I of [39]), which states that for
every contraction T on a Hilbert space H, the space H admits a unique orthogonal
decomposition H = H1 ⊕H2 into joint reducing subspaces of T such that T |H1

is a
unitary and T |H2

is a completely non-unitary contraction. Below we see that a Bn-
contraction admits an analogous orthogonal decomposition into a Bn-unitary and a
completely non-unitary Bn-contraction. A proof of this result could be found in [18],
which was based on Glicksberg–König–Seever decomposition of a measure. However,
we present a short and elementary proof here.

Theorem 3.7. [18, Canonical decomposition] Let T = (T1, . . . , Tn) be a Bn-
contraction on a Hilbert space H. Then there is an orthogonal decomposition of H
into joint reducing subspaces Hu and Hc of T such that

(a) (T1|Hu
, . . . , Tn|Hu

) is a Bn-unitary;
(b) (T1|Hc

, . . . , Tn|Hc
) is a completely non-unitary Bn-contraction.

Proof. For the ease of computations, we shall follow the standard conven-
tions: for a tuple of commuting operators T = (T1, . . . , Tn) on space H and for
α = (α1, . . . , αn) ∈ N

n, we write Tα = T α1

1 . . . T αn
n and T ∗α = T ∗α1

1 . . . T ∗αn
n . Also,

by normal tuple, we mean a tuple of commuting normal operators. It follows from
Corollary 4.2 in [17] that the closed linear subspace given by

H0 =
⋂

α∈Nn

⋂

β∈Nn

Ker
[
TαT ∗β − T ∗βT α

]

is a maximal joint reducing subspace for T on which T acts as a normal tuple. By
maximality, we mean that if there is a joint reducing subspace L of T such that each
Tj|L is normal, then L ⊆ H0. Define

Hu := {h ∈ H0 : ‖T1h‖2 + . . .+ ‖Tnh‖2 = ‖h‖2}.
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Then, Hu = {h ∈ H0 : (I − T ∗
1 T1 . . .− T ∗

nTn)h = 0}. We show that Hu is a joint re-
ducing subspace of T . Let h ∈ Hu and let 1 ≤ j ≤ n. SinceH0 is a joint reducing sub-
space, we have that Tjh ∈ H0 and T ∗

j h ∈ H0. Since (T1|H0
, . . . , Tn|H0

) is a commuting
normal tuple and (I − T ∗

1 T1 . . . − T ∗
nTn)h = 0, we have (I − T ∗

1 T1 . . . − T ∗
nTn)Tjh =

Tj(I − T ∗
1 T1 . . . − T ∗

nTn)h = 0. We used the fact that if N1, N2 are commuting nor-
mal operators, then N∗

1N2 = N2N
∗
1 . Therefore, Tjh ∈ Hu and similarly T ∗

j h ∈ Hu.
Thus, Hu is a joint reducing subspace of T and (T1|Hu

, . . . , Tn|Hu
) is a normal tuple

satisfying ‖T1h‖2 + . . . ‖Tnh‖2 = ‖h‖2 for all h ∈ Hu. It follows from Theorem 3.4
that (T1|Hu

, . . . , Tn|Hu
) is a Bn-unitary on Hu. Setting Hc = H ⊖ Hu, we see that

Hc is a joint reducing subspace of T . Let L ⊆ Hc be a joint reducing subspace of
T such that (T1|L, . . . , Tn|L) is a Bn-unitary. Thus (T1|L, . . . , Tn|L) is a normal tuple
and the maximality of H0 implies that L ⊆ H0. By Theorem 3.4, we have that
‖T1h‖2 + . . . ‖Tnh‖2 = ‖h‖2 for all h ∈ L. Hence, L ⊆ Hu. Putting everything
together, we have that L ⊂ Hu ∩ Hc = {0} and so, L = {0}. Thus, (T1|L, . . . , Tn|L)
is a completely non-unitary Bn-contraction and the proof is complete. �

4. The pentablock unitaries

Recall that a P-unitary is a normal P-contraction whose joint spectrum lies in
the distinguished boundary bP of the pentablock. In this section, we find several
characterizations for the P-unitaries and find their interplay with B2-unitaries and
Γ-unitaries. First we collect from the existing literature [3, 21], similar various char-
acterizations for the points in the distinguished boundary of the pentablock bP.

Theorem 4.1. For (a, s, p) ∈ C3, the following are equivalent:

(1) (a, s, p) ∈ bP;

(2) (s, p) ∈ bΓ, |a| =
√

1− 1
4
|s|2 ;

(3) There is a unitary matrix U = [uij]2×2 such that u11 = u22 & (a, s, p) =
(u21, tr(U), det(U)).

In other words, we have the following description for the points in the distin-
guished boundary bP:

bP =

{
(a, s, p) ∈ C

3 : |a| =
√
1− 1

4
|s|2, (s, p) ∈ bΓ

}
.

Interestingly, each of the above characterizations for a point in bP gives rise to a
characterization of a P-unitary. Also, we have other characterizations in terms of
B2-unitaries and Γ-unitaries as shown below. We mention here that the equivalence
of parts (1), (2), (5) of the next theorem were established independently in [22].

Theorem 4.2. Let N = (N1, N2, N3) be a commuting triple of bounded linear
operators. Then the following are equivalent:

(1) N is a P-unitary ;
(2) N∗

1 is subnormal, (N2, N3) is a Γ-unitary and N∗
1N1 = I − 1

4
N∗

2N2 ;

(3) (N2, N3) is a Γ-unitary and N∗
1N1 = I − 1

4
N∗

2N2 and N1N
∗
1 = I − 1

4
N2N

∗
2 ;

(4) (N1, N2/2) is a B2-unitary and (N2, N3) is a Γ-unitary ;
(5) There is a 2 × 2 unitary block matrix U = [Uij ], where Uij are commuting

normal operators, such that U11 = U22 and N = (U21, U11 + U22, U11U22 −
U12U21).
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Proof. (1) =⇒ (2): By definition N1, N2, N3 are commuting normal operators
and σT (N1, N2, N3) ⊆ bP. By the spectral mapping theorem, σT (N2, N3) = P2,3σT (N)
where P2,3 is the projection onto the second and third coordinates. It follows from
Theorem 4.1 and the projection property of the joint spectrum that σT (N2, N3) ⊆
bΓ. Hence, (N2, N3) is a Γ-unitary. Again, the commutative C∗-algebra generated
by the commuting normal operators N1, N2, N3 is isometrically isomorphic to the
C(σT (N)) via the continuous functional calculus. The continuous functional takes
the coordinate function zi to Ni for i = 1, 2, 3. The coordinate functions satisfy
|z1|2 = 1− 1

4
|z2|2 on bP and hence on σT (N). Thus, N∗

1N1 = I − 1
4
N∗

2N2.

(2) =⇒ (1): From the hypothesis that N∗
1N1 = I − 1

4
N∗

2N2 and Lemma 3.5,
it follows that N1 is subnormal. Thus, N∗

1 , N1 are subnormal operators and conse-
quently N1 is a normal operator. Let (a, s, p) ∈ σT (N). It follows from the projection
property of joint spectrum that (s, p) ∈ σT (N2, N3). Since (N2, N3) is a Γ-unitary,
we have that (s, p) ∈ bΓ. The function

f(z1, z2, z3) = |z1|2 −
(
1− |z2|2

4

)
,

is continuous on σT (N). Then it follows from the continuous functional calculus that

f(N1, N2, N3) = N∗
1N1 −

(
I − 1

4
N∗

2N2

)
= 0.

Now spectral mapping theorem gives {0} = σT (f(N)) = f(σT (N)). Since (a, s, p) ∈
σT (N), we have that f(a, s, p) = 0 and the desired conclusion follows.

(2) =⇒ (3): Since N∗
1N1 +

1
4
N∗

2N2 = I, Lemma 3.5 yields that N1 is a normal

operator. Hence, N1N
∗
1 = N∗

1N1 = I − 1
4
N∗

2N2.

(3) =⇒ (2): This is obvious.

(3) ⇐⇒ (4): Follows from Theorem 3.4.

(2) =⇒ (5): Set U =

[
1
2
N2 −N∗

1N3

N1
1
2
N2

]
. Since N1, N2, N3 are commuting normal

operators, Uij are commuting normal operators. We show that U is a unitary matrix.
Since N3 is unitary and N∗

2N3 = N2 as (N2, N3) is a Γ-unitary, we have

UU∗ =




1
2
N2 −N∗

1N3

N1
1
2
N2






1
2
N∗

2 N∗
1

−N1N
∗
3

1
2
N∗

2




=




1
4
N2N

∗
2 +N∗

1N3N1N
∗
3

1
2
N2N

∗
1 − 1

2
N∗

1N3N
∗
2

1
2
N1N

∗
2 − 1

2
N2N1N

∗
3 N1N

∗
1 + 1

4
N2N

∗
2




=




1
4
N∗

2N2 +N∗
1N1N

∗
3N3

1
2
N∗

1N2 − 1
2
N∗

1N
∗
2N3

1
2
N1N

∗
2 − 1

2
N1N2N

∗
3 N∗

1N1 +
1
4
N∗

2N2




=




1
4
N∗

2N2 +N∗
1N1

1
2
N∗

1N2 − 1
2
N∗

1N2

1
2
N1N

∗
2 − 1

2
N1N

∗
2

1
4
N∗

2N2 +N∗
1N1


 =

[
I 0
0 I

]
.
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Similarly, we can show that U∗U = I. Now U21 = N1 and U11 + U22 = N2. It
only remains to show that U11U22 −U12U21 = N3 which we prove using the fact that
N2 = N∗

2N3 in the following way:

U11U22 − U12U21 =
1

4
N2

2 +N∗
1N1N3 =

1

4
N∗

2N2N3 +N∗
1N1N3

=

(
1

4
N∗

2N2 +N∗
1N1

)
N3 = N3.

(5) =⇒ (2): Let U be a 2×2 unitary block matrix [Uij ] where Uij are commuting
normal operators such that U11 = U22 and N = (U21, U11 + U22, U11U22 − U12U21). It
is evident that ‖N2‖ ≤ ‖U11‖+ ‖U22‖ ≤ 2‖U‖ = 2. The condition U∗U = I gives the
following set of equations.

(4.1) U∗
11U11 + U∗

21U21 = I, U∗
12U12 + U∗

22U22 = I,

(4.2) U∗
12U11 + U∗

22U21 = 0, U∗
11U12 + U∗

21U22 = 0.

Again, UU∗ = I provides the following equations.

(4.3) U11U
∗
11 + U12U

∗
12 = I, U21U

∗
21 + U22U

∗
22 = I,

(4.4) U21U
∗
11 + U22U

∗
12 = 0, U11U

∗
21 + U12U

∗
22 = 0.

Using the above equations, we have the following.

N∗
2N3 = (U∗

11 + U∗
22)(U11U22 − U12U21)

= (U∗
11U11)U22 − U∗

11U12U21 + (U∗
22U22)U11 − U∗

22U12U21

= (I − U∗
21U21)U22 − U∗

11U12U21 + (I − U∗
12U12)U11 − U∗

22U12U21 [by (4.1)]

= U22 − (U22U
∗
21)U21 − U∗

11U12U21 + U11 − (U∗
12U11)U12 − U∗

22U12U21

= (U11+U22)+(U∗
11U12)U21 − U∗

11U12U21+(U∗
22U21)U12 − U∗

22U12U21 [by (4.2)]

= N2.

We show that N3 is unitary. Since N3 is normal, it suffices to show that N∗
3N3 = I.

N∗
3N3 = (U∗

11U
∗
22 − U∗

12U
∗
21)(U11U22 − U12U21)

= U∗
11U11U

∗
22U22 − (U∗

11U12)U
∗
22U21 − (U∗

12U11)U
∗
21U22 + U∗

12U
∗
21U12U21

= U∗
11U11U

∗
22U22 + (U∗

21U22)U
∗
22U21 + (U∗

22U21)U
∗
21U22 + U∗

12U
∗
21U12U21 [by (4.2)]

= (U∗
11U11 + U∗

21U21)U
∗
22U22 + (U∗

22U22 + U∗
12U12)U

∗
21U21

= U∗
22U22 + U∗

21U21 [by (4.1)]

= I. [by (4.3)]

Hence, (N2, N3) is a commuting pair of normal operators such that ‖N2‖ ≤ 2, N∗
2N3 =

N2 and N3 is a unitary. Therefore, (N2, N3) is a Γ-unitary. Since U11 = U22, we have

I − 1

4
N∗

2N2 = I − 1

4
(U∗

11 + U∗
22)(U11 + U22) = I − U∗

22U22 = U∗
21U21 = N∗

1N1,

where the second last equality follows from (4.3). The proof is now complete. �

Note that the assumption that N∗
1 is subnormal in Theorem 4.2 cannot be

dropped. Also, unlike operators associated with the symmetrized bidisc and tetra-
block (see Theorem 2.5 in [14] and Theorem 5.4 in [12] respectively), it is not always
true that a P-unitary is a commuting triple (N1, N2, N3) which is a P-contraction and
N3 is a unitary. The following example explains all these together.
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Example 4.3. Consider the commuting triple of subnormal operators N =
(N1, N2, N3) = (Tz, 0,−I) on ℓ2(N), where Tz is the unilateral shift on ℓ2(N). Then

(a) (0,−I) is a Γ-unitary since σT (0,−I) = {(0,−1)} ⊂ bΓ and;
(b) N∗

1N1 = T ∗
z Tz = I which is same as N∗

1N1 +
1
4
N∗

2N2 = I.

Hence, N is a commuting triple such that (N2, N3) is a Γ-unitary and N∗
1N1 =

I− 1
4
N∗

2N2 but N
∗
1 is not subnormal. Thus, N is not a P-unitary as N1 is not normal.

However, it is true that (N1, N2, N3) is a P-contraction, in fact is a P-isometry (which
follows from Theorem 5.7) with N3 being a unitary. �

The authors of [22] introduced the notion of a quasi P-unitary, defined as a P-
isometry whose last component is a unitary operator. With respect to this terminol-
ogy, Example 4.3 provides a quasi P-unitary which is not a P-unitary. Furthermore,
Theorem 4.2 shows that every P-unitary is a quasi P-unitary. Hence, the class of
quasi P-unitaries is strictly larger than the class of P-unitaries. The following ex-
ample shows that one cannot drop the hypothesis (N1, N2/2) being a B2-unitary in
Theorem 4.2. Indeed, we show that there exists (a, s, p) ∈ P such that (s, p) ∈ bΓ
but (a, s, p) /∈ bP.

Example 4.4. Let (a, s, p) = (0, 0, 1). Then (s, p) ∈ bΓ, (a, s, p) ∈ P and |a|2 +
1
4
|s|2 6= 1. Thus (a, s, p) /∈ bP. Moreover, it shows that bP 6= {(a, s, p) ∈ P : |p| =

1}. �

The next corollary is an immediate consequence of Theorem 2.3 and Theorem 4.2.

Corollary 4.5. (U1, U2) is a pair of commuting unitaries if and only if (U1, 0, U2)
is a P-unitary.

One can easily construct a P-unitary from a given Γ-unitary in the following way.

Example 4.6. Let (N2, N3) be a Γ-unitary on a Hilbert space H. It follows
from the definition of Γ-contraction that 1

2
N2 is a contraction. Therefore, we can

consider its defect operator which is DN2/2 = (I − 1
4
N∗

2N2)
1/2. Since (N2, N3) are

commuting normal operators, it immediately follows that DN2/2 commutes with N3

and N2. Therefore, (DN2/2, N2, N3) is a triple of commuting normal operators such
that (N2, N3) is a Γ-unitary and D2

N2/2
+ 1

4
N∗

2N2 = I. Thus, it follows from Theo-

rem 4.2 that (DN2/2, N2, N3) is a P-unitary on H. �

We shall use the polar decomposition for normal operators to show that the
aforementioned example serves as a prototype of a P-unitary. The proof of the next
theorem follows from the polar decomposition theorem, Theorem 4.2 and Exam-
ple 4.6.

Theorem 4.7. A commuting triple of operators N = (N1, N2, N3) acting on a
Hilbert space H is a P-unitary if and only (N2, N3) is a Γ-unitary and there is a
unitary U on H such that U commutes with N2, N3 and N1 = UDN2/2 = DN2/2U.

Proof. Let (N2, N3) be a Γ-unitary and let U be a unitary on H that commutes
with N2 and N3. Then U commutes with N∗

2 due to Fuglede’s theorem and so,

U

(
I − 1

4
N∗

2N2

)
=

(
I − 1

4
N∗

2N2

)
U.

Consequently, the continuous functional calculus for normal operators yields that U
commutes with DN2/2. If we take N1 = UDN2/2, then N1 commutes with N2 and N3



Operators associated with the pentablock and their relations with biball and symmetrized bidisc 303

since U and DN2/2 commute with N2, N3. Also, we have

N∗
1N1 +

1

4
N∗

2N2 = U∗UD2
N2/2 +

1

4
N∗

2N2 = I.

Thus, it follows from Theorem 4.2 that (N1, N2, N3) is a P-unitary. To see the
converse, let (N1, N2, N3) be a P-unitary. By Theorem 4.2, (N2, N3) is a Γ-unitary.
Moreover, N∗

1N1 = I− 1
4
N∗

2N2 = D2
N2/2

and thus (N∗
1N1)

1/2 = DN2/2. It follows from

polar decomposition theorem (see the discussion after Lemma 2.15) that there is a
unitary U on H which commutes with N2, N3 and N1 = U(N∗

1N1)
1/2 = (N∗

1N1)
1/2U.

Consequently, N1 = UDN2/2 = DN2/2U and the proof is complete. �

We conclude this section with the following sufficient condition for a P-unitary.
Recall that a commuting tuple of operators (T1, . . . , Tn) is said to be doubly commut-

ing if TiT
∗
j = T ∗

j Ti for all i 6= j.

Proposition 4.8. Let (A, S, P ) be a doubly commuting P-contraction on C
2

such that σT (A, S, P ) ⊆ bP and let (A, S/2) be a spherical contraction. Then
(A, S, P ) is a P-unitary.

Proof. With respect to a fixed orthonormal basis, we can write (A, S, P ) in the
following way:

A =

[
a11 a12
0 a22

]
, S =

[
s11 s12
0 s22

]
and P =

[
p11 p12
0 p22

]
.

Note that σT (A, S, P ) = {(a11, s11, p11), (a22, s22, p22)} ⊂ bP. By Theorem 4.2, we
have

(4.5) |p11| = |p22| = 1 and |a11|2 +
1

4
|s11|2 = 1 = |a22|2 +

1

4
|s22|2.

It follows from Theorem 2.13 that P is a contraction and thus, we have

0 ≤ I − P ∗P =

[
1− |p11|2 −p11p12
−p11p12 1− |p22|2 − |p12|2

]
=

[
0 −p11p12

−p11p12 −|p12|2
]
.

So, we have p12 = 0 and thus P is a normal operator such that P ∗P = I. Therefore,
P is unitary and (S, P ) is a Γ-contraction which yields that (S, P ) is a Γ-unitary. It
follows from Theorem 2.4 that S − S∗P = 0. A straight forward calculation gives
the following:

S − S∗P =

[
s11 − s11p11 s12
−s12p11 s22 − s22p22

]
.

Hence, S − S∗P = 0 gives that s12 = 0. Putting everything together, we have that

A =

[
a11 a12
0 a22

]
, S =

[
s11 0
0 s22

]
and P =

[
p11 0
0 p22

]
(|p11| = |p22| = 1).

If a12 = 0, then (A, S, P ) is a normal P-contraction with σT (A, S, P ) ⊂ bP and hence,
(A, S, P ) is a P-unitary. Let us assume that a12 6= 0. Now, we use the fact that A
doubly commutes with S and P . A routine computation yields that

AS∗ − S∗A =

[
0 a12(s22 − s11)
0 0

]
and AP ∗ − P ∗A =

[
0 a12(p22 − p11)
0 0

]
.
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Thus, p11 = p22 and s11 = s22. Now, using the hypothesis that I −A∗A− 1
4
S∗S ≥ 0,

we have

0 ≤ I −A∗A− 1

4
S∗S =

[
1− |a11|2 − 1

4
|s11|2 −a11a12

−a11a12 1− |a22|2 − 1
4
|s11|2 − |a12|2

]

=

[
0 −a11a12

−a11a12 −|a12|2
]
,

where the last equality follows from (4.5). The positive semi-definiteness of I−A∗A−
1
4
S∗S implies that −|a12|2 ≥ 0 and hence, a12 = 0. This is a contradiction. Hence,

a12 = 0 and the proof is complete. �

5. The pentablock isometries

Recall that a P-isometry is the restriction of a P-unitary (A, S, P ) to a joint
invariant subspace of A, S and P . Thus, a P-isometry is a subnormal triple. Note
that a tuple of commuting operators T = (T1, . . . , Tm) acting on a Hilbert space
H is said to be subnormal if there is a Hilbert space K ⊇ H and a commuting
tuple of normal operators N = (N1, . . . , Nm) in B(K) such that H is invariant under
N1, . . . , Nm and Nj|H = Tj for each j = 1, . . . , m. The tuple N is said to be a normal

extension of T . It follows from the theory of subnormal operators (see [26, 11]) that
every subnormal tuple admits a minimal normal extension to the space

K = span
{
N∗k1

1 . . . N∗km
m h : h ∈ H and k1, . . . , km ∈ N ∪ {0}

}
,

and a minimal normal extension is unique up to unitary equivalence. We invoke the
following results on subnormal operators to prove our theorems of this Section.

Lemma 5.1. [15, Theorem 8] If S is subnormal and T is normal such that
ST = TS, then S and T have a commuting normal extension.

Lemma 5.2. [2, p. 173] If S and T are commuting subnormal operators, then
S and T have a commuting normal extension if σ(T ) is finitely connected and the
spectrum of minimal normal extension of T is contained in the topological boundary
of σ(T ).

Lemma 5.3. [11, Proposition 0] Let (S1, . . . , Sn) be a commuting n-tuple of
contractions acting on the space H. Then the following are equivalent:

(1) There is a commuting n-tuple (N1, . . . , Nn) of normal operators on the space
K ⊇ H such that Si = Ni|H, i = 1, . . . , n.

(2) For every non-negative integers k1, . . . , kn, we have

∑

0≤pi≤ki
1≤i≤n

(−1)p1+...+pn

(
k1
p1

)
. . .

(
kn
pn

)
S∗p1
1 . . . S∗pn

n Sp1
1 . . . Spn

n ≥ 0.

Lemma 5.4. [26, Corollary 1] Let S = (S1, . . . , Sn) be a subnormal tuple and let
N = (N1, . . . , Nn) be the minimal normal extension of S. Then each Ni is unitarily
equivalent to the minimal normal extension of Si.

Lemma 5.5. [26, Corollary 2] Let S = (S1, . . . , Sn) be a subnormal tuple and
let N = (N1, . . . , Nn) be the minimal normal extension of S. Then for any n-variable
polynomial p, p(N) is unitarily equivalent to the minimal normal extension of p(S).
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Also, we recall from the literature the following theorem, which gives character-
izations of Γ-unitaries, appeared in parts in [5] and [14]. We shall use this theorem
below.

Theorem 5.6. Let (S, P ) be a pair of commuting operators on a Hilbert space
H. Then, the following statements are equivalent:

(1) (S, P ) is a Γ-unitary;
(2) there exist commuting unitary operators U1 and U2 on H such that

S = U1 + U2, P = U1U2;

(3) P is unitary, S = S∗P and r(S) ≤ 2, where r(S) is the spectral radius of S;
(4) (S, P ) is a Γ-contraction and P is unitary;
(5) P is a unitary and S = U + U∗P for unitary U commuting with P .

We now present a characterization for a P-isometry which is also independently
proved in [22] (see Theorem 5.2 in [22]). However, our proof to the part (2) =⇒ (1)
of this theorem is significantly different.

Theorem 5.7. Let (V1, V2, V3) be a commuting triple of operators acting on the
Hilbert space H. Then the following are equivalent.

(1) (V1, V2, V3) is a P-isometry;
(2) (V1, V2/2) is a B2-isometry and (V2, V3) is a Γ-isometry.

Proof. (1) =⇒ (2): Let (V1, V2, V3) on H be a P-isometry. Then there is a
pentablock unitary (U1, U2, U3) on a Hilbert space K ⊇ H such that H is a joint
invariant subspace and (V1, V2, V3) = (U1|H, U2|H, U3|H). Theorem 4.2 yields that
U1 is normal and (U2, U3) is a P-unitary and as a consequence we have that V1 is
subnormal and (V2, V3) is a Γ-isometry. Since each Vj is the restriction of Uj to H, we
have that V ∗

j Vj = PHU
∗
j Uj |H for j = 1, 2, 3. Therefore, it follows from Theorem 4.2

that

I − 1

4
V ∗
2 V2 − V ∗

1 V1 = PH

(
I − 1

4
U∗
2U2 − U∗

1U1

)∣∣∣∣
H

= 0,

and consequently (V1, V2/2) is a B2-isometry by Theorem 3.6.

(2) =⇒ (1): We first show that (V1, V2, V3) has a simultaneous normal extension
which is same as showing that (V1, V2/2, V3) has a simultaneous normal extension.
For the ease of writing, we denote (S1, S2, S3) = (V1, V2/2, V3). Since S1, S2, S3 are
all contractions, Lemma 5.3 yields that there is a commuting triple (U1, U2, U3) of
normal operators on a space K ⊇ H such that H is a joint invariant subspace of
U1, U2, U3 and Si = Ui|H for i = 1, 2, 3 if and only if the following operators are
non-negative.

(1) ∆i =
∑

0≤pi≤ki

(−1)pi
(
ki
pi

)
S∗pi
i Spi

i for ki ∈ N, i = 1, 2, 3;

(2) ∆ij =
∑

0≤pi≤ki
0≤pj≤kj

(−1)pi+pj
(
ki
pi

)(
kj
pj

)
S∗pi
i S

∗pj
j Spi

i S
pj
j for ki, kj ∈ N, i, j = 1, 2, 3 and

i 6= j;
(3) ∆123 =

∑
0≤pi≤ki
1≤i≤3

(−1)p1+p2+p3
(
k1
p1

)(
k2
p2

)(
k3
p3

)
S∗p1
1 S∗p2

2 S∗p3
3 Sp1

1 Sp2
2 Sp3

3 for k1, k2, k3 ∈

N.

We prove the non-negativity of each of the operators defined above.
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(a) Since S2 and S3 are subnormal operators, it follows again from Lemma 5.3
that ∆2,∆3 ≥ 0. Note that S∗

1S1 + S∗
2S2 = V ∗

1 V1 +
1
4
V ∗
2 V2 = I. By Lemma 3.5, we

have that S1 is subnormal and so ∆1 ≥ 0.
(b) Again by Lemma 3.5, we have that (S1, S2) is a subnormal pair. Thus ∆12 ≥ 0.

Another application of Lemma 5.3 gives ∆23 ≥ 0 because, (V2, V3) is a Γ-isometry
and hence admits a simultaneous commuting normal extension which is also true for
(S2, S3). We now prove that ∆13 ≥ 0. Since V3 is an isometry, V3 can either be a
unitary or has a non-zero shift part.

Case I: Let S3 = V3 be a unitary. Then (S1, S3) is a commuting pair of operators
such that S1 is subnormal and S3 is normal. By Lemma 5.1, S1 and S3 have a
simultaneous commuting normal extension.

Case II: Suppose that S3 = V3 has a non-zero shift part. In this case σ(S3) =
D. The minimal normal extension, say, N3 of S3 is a unitary and hence, we have
σ(N3) ⊆ T = ∂D = ∂σ(S3). Lemma 5.2 yields that S1 and S3 have a simultaneous
commuting normal extension.

In either case, (S1, S3) admits a simultaneous commuting normal extension and
so, ∆13 ≥ 0 which follows from Lemma 5.3.

(c) It is only remaining to show that ∆123 ≥ 0. In the computation of ∆123 we
use the fact that S∗p

3 Sp
3 = I for every p ≥ 0, which happens because V3 is an isometry.

So, we have the following.

∆123 =
∑

0≤pi≤ki
1≤i≤3

(−1)p1+p2+p3

(
k1
p1

)(
k2
p2

)(
k3
p3

)
S∗p1
1 S∗p2

2 Sp1
1 Sp2

2

=

[ k3∑

p3=0

(−1)p3
(
k3
p3

)] [ k1∑

p1=0

k2∑

p2=0

(−1)p1+p2

(
k1
p1

)(
k2
p2

)
S∗p1
1 S∗p2

2 Sp1
1 Sp2

2

]

=

k1∑

p1=0

k2∑

p2=0

(−1)p1+p2

(
k1
p1

)(
k2
p2

)
S∗p1
1 S∗p2

2 Sp1
1 Sp2

2 ,

where the last equality again uses the fact that
∑k3

p3=0(−1)p3
(
k3
p3

)
= 1 when k3 = 0.

Now, the non-negativity of ∆12 gives ∆123 ≥ 0.
Thus, combining everything together, we see that there is a commuting triple

(U1, U2, U3) of normal operators on a space K ⊇ H such that H is a joint invariant
subspace of U1, U2, U3 and (V1, V2, V3) = (U1|H, U2|H, U3|H). Without loss of general-
ity, we assume that (U1, U2, U3) on K is the minimal normal extension of the triple
(V1, V2, V3) and the space K is given by

span{U∗j1
1 U∗j2

2 U∗j3
3 h | j1, j2, j3 ≥ 0, h ∈ H}.

We claim that (U1, U2, U3) on K is a P-unitary. It follows from Lemma 5.4
that each Ui on K is unitarily equivalent to the minimal normal extension of Vi for
i = 1, 2, 3. We prove that (U2, U3) is a Γ-unitary. By Theorem 5.6, it suffices to
show that (U2, U3) is a Γ-contraction and U3 is a unitary. Note that U3 is a unitary
by being the minimal normal extension of the isometry V3. Let g be a holomorphic
polynomial in 2-variables. Let f(z1, z2, z3) = g(z2, z3). It follows from Lemma 5.5

that f(U1, U2, U3) is unitarily equivalent to the minimal normal extension, say, Ñ of

S̃ = f(V1, V2, V3). Bram [15] proved that a subnormal operator satisfies the spectral
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inclusion relation, that is σ(Ñ) ⊆ σ(S̃). Since Ñ is normal, we have that

‖Ñ‖ = sup{|λ| : λ ∈ σ(Ñ)} ≤ sup{|λ| : λ ∈ σ(S̃)}
= sup{|λ| : λ ∈ σ(f(V1, V2, V3))} = sup{|λ| : λ ∈ σ(g(V2, V3))}
= sup{|λ| : λ ∈ g(σT (V2, V3))} ≤ sup{|λ| : λ ∈ g(Γ)} = ‖g‖∞,Γ.

Since g(U2, U3) = f(U1, U2, U3) and f(U1, U2, U3) is unitarily equivalent to Ñ , we
must have

‖g(U2, U3)‖ = ‖Ñ‖ ≤ ‖g‖∞,Γ.

Hence, (U2, U3) is a Γ-contraction. Thus, (U2, U3) is a Γ-unitary. We now show that
(U1, U2) is a B2-unitary, that is U

∗
1U1 +

1
4
U∗
2U2 − I = 0. Let h ∈ H. Then

‖(U∗
1U1 +

1

4
U∗
2U2 − I)h‖2 =

(
‖U2

1h‖2 +
1

4
‖U1U2h‖2 − ‖U1h‖2

)

+
1

4

(
‖U1U2h‖2 +

1

4
‖U2

2h‖2 − ‖U2h‖2
)

−
(
‖U1h‖2 +

1

4
‖U2h‖2 − ‖h‖2

)

=

(
‖V 2

1 h‖2 +
1

4
‖V1V2h‖2 − ‖V1h‖2

)

+
1

4

(
‖V1V2h‖2 +

1

4
‖V 2

2 h‖2 − ‖V2h‖2
)

−
(
‖V1h‖2 +

1

4
‖V2h‖2 − ‖h‖2

)
[∵ Vi = Ui|H]

= 0,

where, the last equality holds because

‖V1h‖2 +
1

4
‖V2h‖2 − ‖h‖2 = 〈(V ∗

1 V1 − I +
1

4
V ∗
2 V2)h, h〉 = 0,

for every h ∈ H. Therefore, (U∗
1U1 +

1
4
U∗
2U2 − I)h = 0 for every h ∈ H. From the

definition of K, it follows that U∗
1U1 +

1
4
U∗
2U2 − I = 0 on K. Theorem 4.2 yields

that (U1, U2, U3) on K is a P-unitary. Hence, (V1, V2, V3) is a P-isometry by being
the restriction of the P-unitary (U1, U2, U3) to that joint invariant subspace H. The
proof is now complete. �

The following two results are direct consequences of Theorem 2.3 and Theo-
rem 5.7.

Corollary 5.8. (V1, V2) is a pair of commuting isometries if and only if (V1, 0, V2)
is a P-isometry.

Corollary 5.9. Let N = (N1, N2, N3) be a commuting triple of bounded linear
operators. Then N is a P-unitary if and only if both (N1, N2, N3) and (N∗

1 , N
∗
2 , N

∗
3 )

are P-isometries.

Proof. The necessary condition follows from Theorem 4.2 and Theorem 5.7.
Let us assume that (N1, N2, N3) and (N∗

1 , N
∗
2 , N

∗
3 ) are P-isometries. In particular,

each Nj and N∗
j are subnormal operators and so, each Nj is normal. Therefore,

(N1, N2, N3) is a commuting triple of normal operators such that N∗
1N1+

1
4
N∗

2N2 = I
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and N∗
3N3 = N3N

∗
3 = I. Theorem 2.3 and Theorem 4.2 yield that (N1, N2, N3) is a

P-unitary. �

Our next theorem is an analogue of the Wold decomposition for a P-isometry.
Indeed, we show that a P-contraction orthogonally decomposes into a P-unitary and
a pure P-isometry. Before that we state a result due to Agler and Young from [5],
which will be useful.

Theorem 5.10. [5, Theorem 2.6] Let (S, P ) be a Γ-isometry and H = H1 ⊕H2

be the Wold decomposition of the isometry P into its unitary part P |H1
and the shift

part P |H2
. Then H1 and H2 are reducing subspaces for S such that (S|H1

, P |H1
) is a

Γ-unitary and (S|H2
, P |H2

) is a pure Γ-isometry i.e. (S|H2
, P |H2

) is a Γ-isometry and
P |H2

is a unilateral shift operator.

Theorem 5.11. (Wold decomposition for a P-isometry) Let (V1, V2, V3) be a P-
isometry on a Hilbert space H. Then, there is a unique orthogonal decomposition
H = Hu ⊕ Hc such that Hu and Hc are reducing subspaces of V1, V2, V3 and that
(V1|Hu

, V2|Hu
, V3|Hu

) is a P-unitary and (V1|Hc
, V2|Hc

, V3|Hc
) is a pure P-isometry.

Proof. Let V3 = P3 ⊕ Q3 with respect to the orthogonal decomposition H =
H1 ⊕ H2 be the Wold decomposition of the isometry V3 such that P3 on H1 is a
unitary and Q3 on H2 is a pure isometry i.e. a unilateral shift. It follows from
Theorem 5.7 that (V2, V3) is a Γ-isometry. Therefore, Theorem 5.10 yields that
H1,H2 are reducing subspaces for V2 such that (V2|H1

, V3|H1
) is a Γ-unitary and

(V2|H2
, V3|H2

) is a pure Γ-isometry. Thus, if V2|H1
= P2 and V2|H2

= Q2, then with
respect to the decomposition H = H1 ⊕H2,

V2 =

[
P2 0
0 Q2

]
, V3 =

[
P3 0
0 Q3

]
.

Suppose

V1 =

[
P1 A12

A21 Q1

]
, with respect to H = H1 ⊕H2.

By the commutativity of V1 with V3, we have that A12Q3 = P3A12 and A21P3 =
Q3A21. It is well-known that (see Lemma 2.13 in [14]) that no non zero operator can
have such intertwining relation since P3 is a unitary and Q3 is a shift. Consequently,
A12 = A21 = 0. Thus, with respect to the decomposition H = H1 ⊕H2, we have

V1 =

[
P1 0
0 Q1

]
.

Evidently, P1 and Q1 are contractions. Thus, we have that the commuting triple
(P1, P2, P3) on H1 is a P-isometry such that (P2, P3) is a Γ-unitary and P1 is a sub-
normal contraction. We further decompose the space H1. It follows from Lemma 3.1
in [28] that the space

Hu =

∞⋂

j=0

Ker
(
P ∗j
1 P j

1 − P j
1P

∗j
1

)
⊆ H1,

is a reducing subspace for P1 on which P1 acts a normal operator. Since P2 and
P3 are normal operators that commute with P1, Fuglede’s theorem [20] yields that
P ∗
2 and P ∗

3 also commute with P1. Consequently, P2 and P3 doubly commute with
(P ∗j

1 P j
1 − P j

1P
∗j
1 ) for every j ≥ 0. Thus Hu is a reducing subspace for P2 and P3 as
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well. With respect to the orthogonal decomposition H1 = Hu ⊕ H0, let the block
matrix form of each Pi be given by

P1 =

[
U1 0
0 B1

]
, P2 =

[
U2 0
0 B2

]
and P3 =

[
U3 0
0 B3

]
.

Since U1, U2, U3 are restrictions of V1, V2, V3 respectively to the common reducing
subspace Hu, therefore, U

∗
1U1 = I − 1

4
U∗
2U2. Hence, it follows from Theorem 4.2 that

the commuting triple (U1, U2, U3) of normal operators acting on Hu is indeed a P-
unitary. With respect to the decomposition of the whole space H = Hu ⊕H0 ⊕H2,
the block matrix form of each Vi is given by

V1 =



U1 0 0
0 B1 0
0 0 Q1


 , V2 =



U2 0 0
0 B2 0
0 0 Q2


 , V3 =



U3 0 0
0 B3 0
0 0 Q3


 ,

which we re-write as

V1 =

[
U1 0
0 S1

]
, V2 =

[
U2 0
0 S2

]
, V3 =

[
U3 0
0 S3

]
,

with respect to the decomposition H = Hu ⊕Hc, where, Hc = H0 ⊕H2. Denoting

(V1|Hc
, V2|Hc

, V3|Hc
) = (S1, S2, S3),

we now show that (S1, S2, S3) is a pure P-isometry. If possible, let there be a closed
joint reducing subspace say, L of Hc on which (S1, S2, S3) acts as a P-unitary. The-
orem 4.2 shows that (S2, S3) is a Γ-unitary and hence S3 is a unitary. Consequently,
L ⊆ H1. On the subspace L, the contraction P1 acts as a normal operator because,
L ⊆ H1 implying that S1|L = V1|L = P1|L. Since Hu is the maximal closed subspace
of H1 which reduces P1 and on which P1 acts as a normal, therefore, L ⊆ Hu. Hence,
L ⊆ Hu ∩ Hc = {0}. This also shows that any closed joint reducing subspace of H
on which (V1, V2, V3) acts as a P-unitary must be contained in Hu and in this sense,
Hu is maximal.

We now prove the uniqueness of the decomposition. Let H = Lu ⊕ Lc be an
arbitrary decomposition of H with the properties in the statement of the theorem.
The maximality of Hu implies that Lu ⊆ Hu. The spaces Hu and Lu reduce each Vi,
therefore, the same is true for Hu ⊖ Lu and (V1, V2, V3)|Hu⊖Lu

is a P-unitary. Since
Hu⊖Lu ⊆ H⊖Lu = Lc and since (V1, V2, V3) is a pure P-isometry on Lc, we have that
Hu ⊖ Lu = {0}. This shows that Hu = Lu and the desired conclusion follows. �

Note that it is not necessary that a P-isometry is a commuting triple (A, S, P )
that is a P-contraction with P being an isometry unlike the isometries associated with
the symmetrized bidisc and tetrablock (see Theorem 2.14 in [14] and Theorem 5.7 in
[12] respectively). The following example shows this.

Example 5.12. We recall Example 4.3 first. It follows from Theorem 5.7 that
the commuting triple of subnormal operators N = (N1, N2, N3) = (Tz, 0, −I) on
ℓ2(N), where Tz is the unilateral shift on ℓ2(N), is a P-isometry but not a P-unitary.
Thus, its adjoint (T ∗

z , 0,−I) is a P-contraction by Lemma 2.2 whose last component,
that is −I is an isometry. However, it follows from Theorem 5.7 that (T ∗

z , 0,−I) is
not a P-isometry. �

A P-isometry with its last component being a pure isometry, plays major role
in determining the structure of a P-isometry. Indeed, in the proof of Theorem 5.11,
the last component of the P-isometry (Q1, Q2, Q3) = (V1|H2

, V2|H2
, V3|H2

) was a pure
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isometry. We conclude this section by producing a concrete operator model for a
P-isometry whose last component is a pure isometry. For this we need to mention
the highly efficient machinery called the fundamental operator of a Γ-contraction.
It was proved in [14] that to every Γ-contraction (S, P ) there is a unique operator
F ∈ B(DP ) with numerical radius ω(F ) ≤ 1 such that

(5.1) S − S∗P = DPFDP ,

where DP = (I − P ∗P )
1

2 and DP = RanDP . Indeed, a major role in the operator
theory of the symmetrized bidisc is played by this unique operator. For this reason
F was named the fundamental operator of the Γ-contraction (S, P ).

Theorem 5.13. Let (V1, V2, V3) be a P-isometry on a Hilbert space H. If V3 is
a pure isometry, then there is a unitary operator U : H → H2(DV ∗

3
) and a partial

isometry V on H such that

V1 = V U∗D 1

2
Tφ
U, V2 = U∗TφU and V3 = U∗TzU,

where φ(z) = F ∗
∗ + F∗z and F∗ is the fundamental operator of (V ∗

2 , V
∗
3 ).

Proof. It follows from Theorem 5.7 that (V2, V3) is a Γ-isometry. Since V3 is a
pure isometry, Theorem 2.16 in [33] yields that there is a unitary operator U : H →
H2(DV ∗

3
) such that

V2 = U∗TφU and V3 = U∗TzU, φ(z) = F ∗
∗ + F∗z,

F∗ being the fundamental operator of (V ∗
2 , V

∗
3 ). Again by Theorem 5.7, we have

V ∗
1 V1 = I − 1

4
V ∗
2 V2 and hence V ∗

1 V1 = U∗
(
I − 1

4
T ∗
φTφ

)
U. It follows by iteration that

(V ∗
1 V1)

n = U∗

(
I − 1

4
T ∗
φTφ

)n

U for n = 0, 1, 2, . . . .

Consequently, we have that p(V ∗
1 V1) = U∗p

(
I − 1

4
T ∗
φTφ

)
U for every polynomial

p(λ) = a0 + a1λ + . . . + anλ
n. Choose a sequence of polynomials pm(λ) which

tends to the function λ1/2 on the interval 0 ≤ λ ≤ 1. The sequence of operators
pm(T ) converges then converges to T 1/2 in operator norm. Therefore, (V ∗

1 V1)
1/2 =

U∗
(
I − 1

4
T ∗
φTφ

)1/2
U. Recall that for every T ∈ B(H), there is a partial isometry V

on H such that T = V (T ∗T )1/2. Therefore, there is a partial isometry V on H such
that

V1 = V (V ∗
1 V1)

1/2 = V U∗

(
I − 1

4
T ∗
φTφ

)1/2

U = V U∗D 1

2
Tφ
U

and this completes the proof. �

6. Canonical decomposition of a P-contraction

As we have mentioned in Section 3 (see the discussion before Theorem 3.7) that
every contraction T acting on a Hilbert space H admits a canonical decomposition
T1 ⊕ T2 with respect to H = H1 ⊕H2, where T1 is a unitary and T2 is a completely
non-unitary contraction. The maximal reducing subspace H1 on which T acts as a
unitary is given by

H1 = {h ∈ H : ‖T nh‖ = ‖h‖ = ‖T ∗nh‖, n = 1, 2, . . . } =
⋂

n∈Z

KerDT (n),
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where

DT (n) =

{
(I − T ∗nT n)1/2, n ≥ 0,

(I − T |n|T ∗|n|)1/2, n < 0.

An analogous result holds for a pair of doubly commuting contractions as the follow-
ing result shows.

Theorem 6.1. [35] and [31, Theorem 4.2] For a pair of doubly commuting con-
tractions P,Q acting on a Hilbert space H, if Q = Q1⊕Q2 is the canonical decompo-
sition of Q with respect to the orthogonal decomposition H = H1⊕H2, then H1,H2

are reducing subspaces for P .

In [5], Agler and Young proved an analogue of canonical decomposition for a
Γ-contraction (S, P ). Interestingly, such a decomposition of (S, P ) corresponds to
the canonical decomposition of the contraction P as the following theorem shows.

Theorem 6.2. [5, Theorem 2.8] Let (S, P ) be a Γ-contraction on a Hilbert
space H. Let H1 be the maximal subspace of H which reduces P and on which
P is unitary. Let H2 = H ⊖ H1. Then H1,H2 reduces S, (S|H1

, P |H1
) is a Γ-

unitary and (S|H2
, P |H2

) is a Γ-contraction for which P |H2
is a completely non-unitary

contraction.

Here we present a canonical decomposition of a P-contraction. Indeed, we show
that every P-contraction admits an orthogonal decomposition into a P-unitary and a
completely non-unitary P-contraction. We divide our proof into two parts. First we
prove the result for a normal P-contraction.

Proposition 6.3. Let (A, S, P ) be a normal P-contraction on a Hilbert space H.
Then there is an orthogonal decompositionH = Hu⊕Hc into joint reducing subspaces
Hu,Hc of A, S, P such that (A|Hu

, S|Hu
, P |Hu

) is a P-unitary and (A|Hc
, S|Hc

, P |Hc
)

is a completely non-unitary P-contraction. Moreover, Hu is the maximal closed joint
reducing subspace of H on which (A, S, P ) acts as a P-unitary.

Proof. It follows from Proposition 2.6 that (S, P ) on H is a Γ-contraction and
thus P and S/2 are contractions. Let H = H1 ⊕H2 be the canonical decomposition
of P . An application of Theorem 6.1 yields that H1,H2 are reducing subspaces for
A and S. Let

A =

[
A1 0
0 A2

]
, S =

[
S1 0
0 S2

]
and P =

[
P1 0
0 P2

]

with respect to the decomposition H = H1 ⊕ H2, so that P1 is unitary and P2 is
completely non-unitary. Theorem 6.2 yields that (S1, P1) is a Γ-unitary on H1. We
now further decompose H1 into an orthogonal sum of two joint reducing subspaces,
say, H1 = H11 ⊕ H12 so that (A1|H11

, S1|H11
, P1|H11

) is a P-unitary. To do this,
Theorem 4.2 implies that we must have A∗

1A1 = I − 1
4
S∗
1S1 on H11. Indeed, we take

H11 = Ker

[
I − A∗

1A1 −
1

4
S∗
1S1

]
⊆ H1.

Since A1, S1, P1 are commuting normal operators, it follows that A1, S1, P1 doubly
commutes with the operator (I − A∗

1A1 − 1
4
S∗
1S1). Therefore, H11 reduces A1, S1, P1

and hence, A, S, P . For any x ∈ H11, we have (I − A∗
1A1 − 1

4
S∗
1S1)x = 0. Then

by Theorem 4.2, (A1|H11
, S1|H11

, P1|H11
) is a P-unitary. Setting Hu = H11 and Hc =

H⊖H11, it is immediate thatHc reduces A, S, P . We show that (A1|Hc
, S1|Hc

, P1|Hc
) is

a completely non-unitary P-contraction. Assume that there is a closed joint reducing
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subspace, say, L of H on which (A, S, P ) acts as a P-unitary. Theorem 4.2 implies
that (S, P ) is a Γ-unitary and hence P is a unitary. Consequently, L ⊆ H1. On the
subspace L, the triple (A, S, P ) acts as P-unitary. Thus, Theorem 4.2 yields that
A∗A− 1

4
S∗S− I = 0 on L. Consequently, L ⊆ Hu. Hence, Hu is the maximal closed

joint reducing subspace of H restricted to which (A, S, P ) acts as a P-unitary. Let
L be a closed joint reducing subspace of Hc on which (A, S, P ) acts as a P-unitary.
Since Hu is a maximal such subspace, L ⊆ Hu. Hence,

L ⊆ Hu ∩ Hc = {0}
and so, (A|Hc

, S|Hc
, P |Hc

) is a completely non-unitary P-contraction. The proof is
now complete. �

Now we are going to present the main theorem of this section, the canonical
decomposition of a P-contraction. We shall follow the same notations as in Sec-
tion 3, that is to say for a commuting operator tuple T = (T1, . . . , Tn) and for
α = (α1, . . . , αn) ∈ N

n, we write Tα = T α1

1 . . . T αn
n and T ∗α = T ∗α1

1 . . . T ∗αn
n .

Theorem 6.4. (Canonical decomposition of a P-contraction) Let (A, S, P ) be
a P-contraction on a Hilbert space H. Then H admits an orthogonal decompo-
sition H = Hu ⊕ Hc into joint reducing subspaces Hu,Hc of A, S, P such that
(A|Hu

, S|Hu
, P |Hu

) is a P-unitary and (A|Hc
, S|Hc

, P |Hc
) is a completely non-unitary

P-contraction.

Proof. Let T = (A, S, P ) and let

H0 =
⋂

α∈N3

⋂

β∈N3

Ker

[
T αT ∗β − T ∗βT α

]
.

It follows from Eschmeier’s work (see Corollary 4.2 in [17]) that H0 is the largest
joint reducing subspace of A, S, P on which (A, S, P ) acts as a commuting triple
of normal operators. Let (A0, S0, P0) = (A|H0

, S|H0
, P |H0

) which is a P-contraction
consisting of normal operators. Proposition 6.3 yields that H0 admits an orthogonal
decomposition H0 = Hu ⊕ H0c such that Hu and H0c reduce A0, S0, P0 and hence
A, S, P . Moreover, (A|Hu

, S|Hu
, P |Hu

) is a P-unitary and (A|H0c
, S|H0c

, P |H0c
) is a

completely non-unitary P-contraction. Let Hc = H ⊖ Hu. Let if possible, there is
a non-zero closed joint reducing subspace L of Hc on which (A, S, P ) acts as a P-
unitary. In particular, (A, S, P ) acts as a commuting triple of normal operators on L
and thus L ⊆ H0. Since Hu is the maximal joint reducing subspace of H0 restricted
to which (A, S, P ) is a P-unitary, we have that L ⊆ Hu. Therefore, L ⊆ Hu ∩ Hc =
{0}. Hence, (A|Hc

, S|Hc
, P |Hc

) is a completely non-unitary P-contraction and proof
is complete. �

7. Dilation of a P-contraction

In this Section, we find a necessary and sufficient condition such that a P-
contraction (A, S, P ) admits a P-isometric dilation on the minimal dilation space
of the contraction P and then explicitly construct such a dilation. Note that the
existence of a P-isometric dilation guarantees the existence of a P-unitary dilation
as every P-isometry extends to a P-unitary. However, our result does not ensure the
success of rational dilation on the pentablock. Again, the pentablock is a polyno-
mially convex domain. So, the Oka–Weil theorem (see CH-7 of [6]) yields that the
algebra of polynomials is dense in the rational algebra R(P). Also, rational dilation
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for a P-contraction is just a P-unitary dilation of it. Below we define P-isometric and
P-unitary dilations of a P-contraction.

Definition 7.1. Let (A, S, P ) be a P-contraction on a Hilbert space H. A P-
isometry (or P-unitary) (X, T, V ) acting on a Hilbert space K ⊇ H is said to be a
P-isometric dilation (or a P-unitary dilation) of (A, S, P ) if

AiSjP k = PHX
iT jV k|H, for all i, j, k ∈ N ∪ {0}.

Moreover, such a P-isometric dilation is called minimal if

K = span{X iT jV kh : h ∈ H and i, j, k ∈ N ∪ {0}}.
However, the minimality of a P-unitary dilation demands i, j, k to vary over the set
of integers Z.

We begin with a few preparatory results associated with P-contractions.

Proposition 7.2. If a P-contraction (A, S, P ) defined on a Hilbert space H has
a P-isometric dilation, then it has a minimal P-isometric dilation.

Proof. Let (X, T, V ) on K ⊇ H be a P-isometric dilation of (A, S, P ). Let K0 be
the space defined as

K0 = span {X iT jV kh : h ∈ H and i, j, k ∈ N ∪ {0}}.
It is easy to see that K0 is invariant under X i, T j and V k, for any non-negative
integers i, j, k. Therefore, if we denote the restrictions of X, T, V to the common
invariant subspace K0 by X1, T1, V1 respectively, we get X i

1y = X iy, T j
1 y = T jy, and

V k
1 y = V ky for all y ∈ K0. Hence

K0 = span {X i
1T

j
1V

k
1 h : h ∈ H and i, j, k ∈ N ∪ {0}}.

Therefore, for any non-negative integers i, j and k, we have that PH(X
i
1T

j
1V

k
1 )h =

AiSjP kh, for all h ∈ H. Since (X, T, V ) on K is a P-isometry, it follows from the

definition that there is a larger space K̃ containing K and a P-unitary (U1, U2, U3) on K̃
such that K is a common invariant subspace of K and (X, T, V ) = (U1|K, U2|K, U3|K).
Since K0 is a subspace of K which is invariant under X, T and V , we have that

(X1, T1, V1) = (X|K0
, T |K0

, V |K0
) = (U1|K0

, U2|K0
, U3|K0

).

Therefore, (X1, T1, V1) on K0 is a minimal P-isometric dilation of (A, S, P ). �

Proposition 7.3. Let (X, T, V ) on K be a P-isometric dilation of a P-contraction
(A, S, P ) on H. If (X, T, V ) is minimal, then (X∗, T ∗, V ∗) is a P-co-isometric exten-
sion of (A∗, S∗, P ∗).

Proof. We first prove that APH = PHX,SPH = PHT and PPH = PHV . Clearly

K = span {X iT jV kh : h ∈ H and i, j, k ∈ N ∪ {0}}.
Now for h ∈ H, we have

APH(X
iT jV kh) = A(AiSjP kh) = Ai+1SjP kh = PH(X

i+1T jV kh)=PHX(X iT jV kh).

Thus we get that APH = PHX and similarly, we can show that SPH = PHT and
PPH = PHV . Also for h ∈ H and k ∈ K, we have

〈A∗h, k〉 = 〈PHA
∗h, k〉 = 〈A∗h, PHk〉 = 〈h,APHk〉 = 〈h, PHXk〉 = 〈X∗h, k〉.

Hence, A∗ = X∗|H and similarly S∗ = T ∗|H and P ∗ = V ∗|H. The proof is complete.
�



314 Sourav Pal and Nitin Tomar

We have explained in Section 2 the connection between P-contractions and the
operator theory on the symmetrized bidisc. Indeed, Proposition 2.6 shows that if
(A, S, P ) is a P-contraction then (S, P ) is a Γ-contraction. For this reason, the
success of rational dilation on Γ (see [4, 14]) will play a major role in the dilation
of a P-contraction. In [14], an explicit Γ-isometric dilation was constructed for any
Γ-contraction. Below we mention this dilation theorem from [14].

Theorem 7.4. [14, Theorem 4.3] Let (S, P ) be a Γ-contraction on a Hilbert
space H. Let F be the fundamental operator of (S, P ), that is, unique solution of
the operator equation S−S∗P = DPXDP as in (5.1). Consider the operators TF , V0

defined on H
⊕

ℓ2(DP ) by

TF (h0, h1, h2, . . . ) = (Sh0, F
∗DPh0 + Fh1, F

∗h1 + Fh2, F
∗h2 + Fh3, . . . ),

V0(h0, h1, h2, . . . ) = (Ph0, DPh0, h1, h2, . . . ).

Then the following hold:

(1) (TF , V0) is a Γ-isometric dilation of (S, P ).

(2) If (T̂ , V0) on H⊕ l2(DP ) is a Γ-isometric dilation of (S, P ), then T̂ = TF .
(3) If (T, V ) is a Γ-isometric dilation of (S, P ) where V is a minimal isometric

dilation of P , then (T, V ) is unitarily equivalent to (TF , V0).

It is evident from the definition that with respect to the decomposition H ⊕
l2(DP ) = H⊕DP ⊕DP ⊕ . . . , the operators TF , V0 have the following form:

TF =




S 0 0 0 . . .
F ∗DP F 0 0 . . .

0 F ∗ F 0 . . .
0 0 F ∗ F . . .
. . . . . . . . . . . . . . .



, V0 =




P 0 0 0 . . .
DP 0 0 0 . . .
0 I 0 0 . . .
0 0 I 0 . . .
. . . . . . . . . . . . . . .



.

It is evident that if (X, T, V ) is a P-isometric dilation of a P-contraction (A, S, P ),
then (T, V ) is a Γ-isometric dilation of the Γ-contraction (S, P ). Again, Theorem 7.4
tells us that if V is the minimal isometric dilation of P , then (T, V ) is unitarily
equivalent to (TF , V0). Taking cue from this, we find a necessary and sufficient
condition such that (A, S, P ) dilates to a P-isometry (X, TF , V0) acting on the space
H⊕ ℓ2(DP ).

Theorem 7.5. Let (A, S, P ) be a P-contraction on H. Then (A, S, P ) admits
a P-isometric dilation (X, T, V ) with V being the minimal isometric dilation of P if
and only if there exist sequences (Xn1)

∞
n=2 and (Xn)

∞
n=2 of operators acting on H and

DP respectively such that the following hold:

(1) Xn1 = Xn+1,1P +Xn+1DP for n = 2, 3, . . . ,
(2) X21P +X2DP = DPA,
(3) X21S +X2F

∗DP = F ∗DPA+ FX21,
(4) Xn1S +XnF

∗DP = F ∗Xn−1,1 + FXn1 for n = 3, 4, . . . ,
(5) X2F = FX2,
(6) XnF +Xn−1F

∗ = F ∗Xn−1 + FXn for n = 3, 4, . . . ,

(7) I − A∗A− 1
4
S∗S =

∞∑
n=2

X∗
n1Xn1 +

1
4
DPFF ∗DP ,

(8)
∞∑
n=2

X∗
nXn = I − 1

4
(F ∗F + FF ∗),

(9)
∞∑
n=2

X∗
nXn+k,1 = 0 =

∞∑
n=2

X∗
n+k+1Xn for k = 1, 2, . . . ,
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(10)
∞∑
n=2

X∗
n1Xn +

1
4
DPF

2 = 0 =
∞∑
n=2

X∗
n+1Xn +

1
4
F 2.

Proof. Suppose that a P-contraction (A, S, P ) acting on a Hilbert space H dilates
to a P-isometry (X, T, V ) on a Hilbert space K with V being the minimal isometric
dilation of P . Since the minimal isometric dilation of a contraction is unique up to
a unitary, without loss of generality let us assume that V is the Schäffer’s minimal
isometric dilation of P , that is

V =




P 0 0 0 . . .
DP 0 0 0 . . .
0 I 0 0 . . .
0 0 I 0 . . .
. . . . . . . . . . . . . . .




acting on the space K = H⊕DP ⊕DP ⊕ . . . . Then V =

[
P 0
C3 E3

]
with respect to

the decomposition H⊕ ℓ2(DP ) of K, where

C3 =




DP

0
0
. . .


 : H → DP ⊕DP ⊕DP ⊕ . . .

and

E3 =




0 0 0 . . .
I 0 0 . . .
0 I 0 . . .
. . . . . . . . . . . .


 on DP ⊕DP ⊕DP ⊕ . . . .

Using the 2× 2 block matrix form of V and the fact that X and T commute with V ,
it follows from straightforward computation that with respect to the decomposition
K = H⊕ ℓ2(DP ), the operators X and T have the following operator matrix forms:

X =

[
A 0
C1 E1

]
and T =

[
S 0
C2 E2

]
,

for some Ci and Ei and 1 ≤ i ≤ 2. It then follows from Theorem 7.4 that

T = TF =




S 0 0 0 . . .
F ∗DP F 0 0 . . .

0 F ∗ F 0 . . .
0 0 F ∗ F . . .
. . . . . . . . . . . . . . .




and V = V0 =




P 0 0 0 . . .
DP 0 0 0 . . .
0 I 0 0 . . .
0 0 I 0 . . .
. . . . . . . . . . . . . . .



,

with respect to the decomposition K = H ⊕ DP ⊕ DP ⊕ . . . . Suppose that with
respect to the same decomposition of K, X has the operator matrix form given by

X =




A 0 0 0 . . .
X21 X22 X23 X24 . . .
X31 X32 X33 X34 . . .
X41 X42 X43 X44 . . .
. . . . . . . . . . . . . . .



.
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Some routine but laborious calculations yield the following:

XV0 =




AP 0 0 0 . . .
X21P +X22DP X23 X24 X25 . . .
X31P +X32DP X33 X34 X35 . . .
X41P +X42DP X43 X44 X45 . . .

. . . . . . . . . . . . . . .




and

V0X =




PA 0 0 0 . . .
DPA 0 0 0 . . .
X21 X22 X23 X24 . . .
X31 X32 X33 X34 . . .
. . . . . . . . . . . . . . .



.

This shows that X and V0 commute if and only if

(a) Xij = 0 for all 2 ≤ i < j,
(b) Xij = Xi+k,j+k for all i, j ≥ 2 and k ∈ N,
(c) X21P +X22DP = DPA,
(d) Xn1 = Xn+1,1P +Xn+1,2DP for all n ≥ 2.

Hence, the operator matrix form of X with respect to the decomposition of K =
H⊕DP ⊕DP ⊕ . . . takes the form

(7.1) X =




A 0 0 0 . . .
X21 X2 0 0 . . .
X31 X3 X2 0 . . .
X41 X4 X3 X2 . . .
. . . . . . . . . . . . . . .




,

where

(7.2) X21P +X2DP = DPA and Xn1 = Xn+1,1P +Xn+1DP , n = 2, 3, . . . .

Again, straightforward computations show that

XTF =




AS 0 0 0 . . .
X21S +X2F

∗DP X2F 0 0 . . .
X31S +X3F

∗DP X3F +X2F
∗ X2F 0 . . .

X41S +X4F
∗DP X4F +X3F

∗ X3F +X2F
∗ X2F . . .

X51S +X5F
∗DP X5F +X4F

∗ X4F +X3F
∗ X3F +X2F

∗ . . .
. . . . . . . . . . . . . . .




and

TFX =




SA 0 0 0 . . .
F ∗DPA + FX21 FX2 0 0 . . .
F ∗X21 + FX31 F ∗X2 + FX3 FX2 0 . . .
F ∗X31 + FX41 F ∗X3 + FX4 F ∗X2 + FX3 FX2 . . .
F ∗X41 + FX51 F ∗X4 + FX5 F ∗X3 + FX4 F ∗X2 + FX3 . . .

. . . . . . . . . . . . . . .



.
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Therefore, X and TF commutes if and only if

(7.3)

(a) X21S +X2F
∗DP = F ∗DPA+ FX21,

(b) Xn1S +XnF
∗DP = F ∗Xn−1,1 + FXn1 for n = 3, 4, . . . ,

(c) X2F = FX2 and

(d) XnF +Xn−1F
∗ = F ∗Xn−1 + FXn for n = 3, 4, . . . .





Again, a sequence of routine computations yield

X∗X =




A∗A+
∞∑
n=2

X∗
n1Xn1

∞∑
n=2

X∗
n1Xn

∞∑
n=2

X∗
n+1,1Xn

∞∑
n=2

X∗
n+2,1Xn . . .

∞∑
n=2

X∗
nXn1

∞∑
n=2

X∗
nXn

∞∑
n=2

X∗
n+1Xn

∞∑
n=2

X∗
n+2Xn . . .

∞∑
n=2

X∗
nXn+1,1

∞∑
n=2

X∗
nXn+1

∞∑
n=2

X∗
nXn

∞∑
n=2

X∗
n+1Xn . . .

∞∑
n=2

X∗
nXn+2,1

∞∑
n=2

X∗
nXn+2

∞∑
n=2

X∗
nXn+1

∞∑
n=2

X∗
nXn . . .

. . . . . . . . . . . . . . .




and

T ∗
FTF =




S∗S +DPFF ∗DP DPF
2 0 0 . . .

F ∗2DP F ∗F + FF ∗ F 2 0 . . .
0 F ∗2 F ∗F + FF ∗ F 2 . . .
0 0 F ∗2 F ∗F + FF ∗ . . .
. . . . . . . . . . . . . . .



.

Hence, X∗X + 1
4
T ∗
FTF = I if and only if

(7.4)

(a) I −A∗A− 1

4
S∗S =

∞∑

n=2

X∗
n1Xn1 +

1

4
DPFF ∗DP ,

(b)
∞∑

n=2

X∗
nXn = I − 1

4
(F ∗F + FF ∗),

(c)
∞∑

n=2

X∗
nXn+k,1 = 0 =

∞∑

n=2

X∗
n+k+1Xn for k = 1, 2, . . . ,

(d)
∞∑

n=2

X∗
n1Xn +

1

4
DPF

2 = 0 =
∞∑

n=2

X∗
n+1Xn +

1

4
F 2.





Hence, the necessary part follows from equations (7.2)–(7.4).
Conversely, let us assume that the operator equations given in the statement of

the theorem hold. Set

X =




A 0 0 0 . . .
X21 X2 0 0 . . .
X31 X3 X2 0 . . .
X41 X4 X3 X2 . . .
. . . . . . . . . . . . . . .



, TF =




S 0 0 0 . . .
F ∗DP F 0 0 . . .

0 F ∗ F 0 . . .
0 0 F ∗ F . . .
. . . . . . . . . . . . . . .



,
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V0 =




P 0 0 0 . . .
DP 0 0 0 . . .
0 I 0 0 . . .
0 0 I 0 . . .
. . . . . . . . . . . . . . .




on the space H ⊕ DP ⊕ DP ⊕ . . . = H ⊕ ℓ2(DP ). It follows from Theorem 7.4 that
(TF , V0) is a Γ-isometry on H ⊕ ℓ2(DP ). Again, using the same computations for
equations (7.2)–(7.4), we get that X commutes with both TF as well as with V0

and X∗X + 1
4
T ∗
FTF = I. Consequently, Theorem 5.7 yields that (X, TF , V0) is a P-

isometry on H ⊕ ℓ2(DP ). Evidently, A∗ = X∗|H, S∗ = T ∗
F |H and P ∗ = V ∗

0 |H and
hence (X, TF , V0) dilates (A, S, P ). The proof is now complete. �

The conditions in Theorem 7.5 can be a bit relaxed if we want a dilation of
a special kind. Indeed, we shall see below that under seven of the conditions as
in Theorem 7.5, we can exhibit a particular P-isometric dilation of a P-contraction
(A, S, P ) on the minimal dilation space of P . However, Theorem 7.5 provides the
general case which can come only in the presence of all ten conditions.

Theorem 7.6. Let (A, S, P ) be a P-contraction on a Hilbert space H. If there
are two operators F1, F2 ∈ B(DP ) satisfying the following:

1. F2DPP + F1DP = DPA,

2. F2F
∗ = F ∗F2,

3. F1F = FF1,

4. F ∗
2F1 + F 2/4 = 0,

5. F2F + F1F
∗ = FF2 + F ∗F1,

6. F ∗
1F1 + F ∗

2F2 = I − 1

4
(F ∗F + FF ∗),

7. I − A∗A− 1

4
S∗S = DP

(
F ∗
2F2 +

1

4
FF ∗

)
DP ,

(7.5)

then (X, TF , V0) on H⊕ ℓ2(DP ) is a minimal P-isometric dilation of (A, S, P ), where

X =




A 0 0 0 . . .
F2DP F1 0 0 . . .
0 F2 F1 0 . . .
0 0 F2 F1 . . .
. . . . . . . . . . . . . . .



, TF =




S 0 0 0 . . .
F ∗DP F 0 0 . . .

0 F ∗ F 0 . . .
0 0 F ∗ F . . .
. . . . . . . . . . . . . . .



,

V0 =




P 0 0 0 . . .
DP 0 0 0 . . .
0 I 0 0 . . .
0 0 I 0 . . .
. . . . . . . . . . . . . . .



.

Proof. The minimality is immediate once we prove that (X, TF , V0) is a P-
isometric dilation of (A, S, P ), because, V0 acting on H ⊕ ℓ2(DP ) is the minimal
isometric dilation of P . If we put

X2 = F1, X3 = F2, X21 = F2DP and Xn1 = 0 = Xn+1 for n ≥ 3
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in Theorem 7.5, then the conditions (1) and (9) in Theorem 7.5 become redundant
and the operator X takes the block-matrix form as in the statement of this theorem.
Thus, to ensure that (X, TF , V0) is a P-isometric dilation of (A, S, P ) in view of
Theorem 7.5, it suffices to prove

F2DPS + F1F
∗DP = F ∗DPA+ FF2DP ,

because, the other conditions are the hypotheses of this theorem. We deduce the
above condition from the identities (1), (4) and (5) in (7.5). Note that the funda-
mental operator F of a Γ-contraction (S, P ) satisfies

(7.6) DPS = FDP + F ∗DPP.

See the last section of [14] for a proof. Let G = DPS − FDP − F ∗DPP . Then
G : H → DP satisfies the following:

DPG = D2
PS −DPFDP −DPF

∗DPP

= (I − P ∗P )S − (S − S∗P )− (S∗ − P ∗S)P = 0.

Now, 〈Gx,DPy〉 = 〈DPGx, y〉 = 0 for all x, y ∈ H, which implies that G = 0. Now
multiplying both sides of F2DPP + F1DP = DPA by F ∗ both sides, we have

F ∗DPA = F ∗F2DPP + F ∗F1DP

= F2F
∗DPP + F ∗F1DP [by condition-(2)]

= F2DPS − F2FDP + F ∗F1DP [by (7.6)]

= F2DPS − (F2F − F ∗F1)DP

= F2DPS − (FF2 − F1F
∗)DP . [by condition-(5) of (7.5)]

Thus, we have that F2DPS + F1F
∗DP = F ∗DPA + FF2DP and this completes the

proof. �

Remark 7.7. The conditional dilations as in Theorems 7.5 and 7.6 determine a
class of P-contractions (A, S, P ) that dilate to P-isometries on the minimal isomet-
ric dilation space for P . However, there are limitations to these theorems mainly
because the concerned dilation space, i.e. H ⊕ ℓ2(DP ) is too small. Below we pro-
vide examples to show that Theorems 7.5 and 7.6 provide dilations to nontrivial
classes of P-contractions and also at the same time they are not applicable for some
P-contractions.

(1) Let T be a contraction acting on a Hilbert space H such that DTT = 0. Then
the P-contraction (A, S, P ) = (T, 0, 0) admits a P-isometric dilation (X, TF , V ), where
V is a minimal isometric dilation space of P . Indeed, it follows from Theorem 7.6
that if there exist F1 and F2 in B(DP ) such that the operator equations in (7.5) hold,
then the desired conclusion follows. Here F = 0, DP = I and so DP = H. A straight-
forward computation shows that for (F1, F2) = (T,DT ), the operator equations in
(7.5) admit a solution.

(2) Proposition 2.10 yields that (I, 0, T ) is a P-contraction for any contraction T .
Then the P-contraction (A, S, P ) = (I, 0, T ) admits a P-isometric dilation (X, TF , V ),
where V is a minimal isometric dilation space of P . The choice of F1 = I and F2 = 0
in B(DP ) gives a solution to (7.5) and the rest follows from Theorem 7.6.

(3) On the other hand, (A, S, P ) = (0, 0, I) on C2 is a P-contraction as it is a
commuting normal triple with σT (A, S, P ) = {(0, 0, 1)} ⊂ P. Now, since (S, P ) =
(0, I) on C2 is a Γ-isometry (in fact a Γ-unitary), it follows that the minimal isometric
dilation space of P is C2 itself. Note that (0, 0, I) is not a P-isometry as the first
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two components i.e., (0, 0) is not a B2-isometry. If (0, 0, I) were to dilate to a P-
isometry (X, T, V ) on C2 with V being the minimal isometric dilation of I, then
PC2X|C2 = X = 0, PC2T |C2 = T = 0 and PC2V |C2 = V = I, but Theorem 4.2 yields
that X∗X + 1

4
T ∗T = I, which is a contradiction. Hence, (0, 0, I) does not dilate to

a P-isometry on the minimal isometric dilation space of the last component.

If we move out of the territory of the minimal isometric dilation of the last
component as in Theorems 7.5 and 7.6, we can find P-isometric dilation for some
P-contractions as shown below.

Proposition 7.8. Every P-contraction of the form (T1, 0, T2) admits a P-isometric
dilation.

Proof. It follows from Proposition 2.10 that (T1, T2) is a commuting pair of con-
tractions if and only if (T1, 0, T2) is a P-contraction. Let (T1, 0, T2) be a P-contraction
acting on a Hilbert space H. A famous result due to Ando (see Chapter-I of [39])
yields that (T1, T2) dilates to a pair of commuting isometries (V1, V2). By Corol-
lary 5.8, we have that (V1, 0, V2) is a P-isometry. Evidently, (V1, 0, V2) is a P-isometric
dilation of (T1, 0, T2). �

A major role in the P-isometric dilation of Theorem 7.6 is played by the existence
of a solution to the operator equation

(7.7) I − A∗A− 1

4
S∗S = DP

(
Z∗Z +

1

4
FF ∗

)
DP .

Indeed, it is evident from Theorem 7.6 that if (7.7) has a solution Z = F2 satisfying
I − 1

4
(F ∗F + FF ∗) − F ∗

2F2 ≥ 0, then it confirms the existence of F1 and the rest
boils down to F1, F2 satisfying the other identities. For this reason, we put special
emphasis on (7.7). In other words, we seek a solution X ∈ B(DP ) to the operator
equation

(7.8) I −A∗A− 1

4
S∗S = DPXDP

such that X = F ∗
2F2 +

1
4
FF ∗. Moreover, if there is a solution to (7.8), then X ≥ 0

and consequently DPXDP ≥ 0 which implies that I − A∗A − 1
4
S∗S ≥ 0. Then we

have

〈XDPh,DPh〉 = 〈DPXDPh, h〉 = 〈(I − A∗A− S∗S/4)h, h〉 ≤ 〈h, h〉 = ‖h‖2

for every h ∈ H and hence it is necessary that ω(X) ≤ 1. In this connection let us
recall an important result associated with the numerical radius.

Lemma 7.9. [14, Lemma 2.9] The numerical radius of an operator T is not
greater than one if and only if Re βT ≤ I for all complex numbers β of unit modulus.

It follows from the above lemma that ω
(
Z∗Z + 1

4
FF ∗

)
≤ 1 if and only if

Re β
(
Z∗Z + 1

4
FF ∗

)
≤ I for all β ∈ T. This is equivalent to saying that Z∗Z +

1
4
FF ∗ ≤ I as Z∗Z + 1

4
FF ∗ is self-adjoint. In order to solve the operator equations

in Theorem 7.6, we must have

I − F ∗
2F2 −

1

4
FF ∗ = F ∗

1F1 +
1

4
F ∗F ≥ 0.

Thus, to obtain solutions that fit in with the system of equations in Theorem 7.6, we
have to find X ≥ 0 in B(DP ) with ω(X) ≤ 1 such that (7.8) is satisfied. Our next
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result characterizes the class of P-contractions for which (7.8) has a solution with the
desired properties. The proof of this result requires the following lemma.

Lemma 7.10. [14, Lemma 4.1] Let Σ and D be two bounded operators on a
Hilbert space H. Then

DD∗ ≥ Re(eiθΣ) for all θ ∈ R

if and only if there is X ∈ B(D∗) with numerical radius of X not greater than 1 such
that Σ = DXD∗, where D∗ = Ran(D∗).

Theorem 7.11. Let (A, S, P ) be a P-contraction on a Hilbert space H. Then
there is a unique solution X ∈ B(DP ) with ω(X) ≤ 1 to the operator equation (7.8),
i.e. I −A∗A− 1

4
S∗S = DPXDP if and only if

(7.9) ±
(
I −A∗A− 1

4
S∗S

)
≤ D2

P .

Moreover, if such a solution X exists, then X ≥ 0 if and only if (A, S/2) is a spherical
contraction.

Proof. Let Σ = I−A∗A− 1
4
S∗S and D = DP . Then, it follows from Lemma 7.10

that there is an operator X ∈ B(DP ) with ω(X) ≤ 1 such that I − A∗A − 1
4
S∗S =

DPXDP if and only if

0 ≤ D2
P −Re(eiθΣ) = D2

P − Σ Re(eiθ) = D2
P − cos θ Σ for all θ ∈ R.

We show that D2
P ≥ cos θΣ for all θ ∈ R if and only if D2

P ≥ ± Σ. The necessary
part is obvious. We prove the converse. Let D2

P ≥ ± Σ. Since Σ is a self-adjoint
operator, we have that 〈Σx, x〉 ∈ R for every x ∈ H. Take any θ ∈ R and x ∈ H.
We consider two different cases here depending on whether 〈Σx, x〉 is positive or
negative. If 〈Σx, x〉 ≥ 0, then cos θ〈Σx, x〉 ≤ 〈Σx, x〉 ≤ 〈D2

Px, x〉. Also, if 〈Σx, x〉 ≤ 0,
then cos θ〈Σx, x〉 ≤ −〈Σx, x〉 ≤ 〈D2

Px, x〉. In either case, we have that 〈(D2
P −

cos θΣ)x, x〉 ≥ 0. Thus, D2
P ≥ cos θ Σ for all θ ∈ R. Thus, there is a solution

X ∈ B(DP ) with ω(X) ≤ 1 to the operator equation I − A∗A− 1
4
S∗S = DPXDP if

and only if D2
P ≥ ±Σ which is equivalent to saying that ±

(
I − A∗A− 1

4
S∗S

)
≤ D2

P .
For the uniqueness part, let there be two such solutions X1 and X2. Then

DP X̂DP = 0, where X̂ = X1 − X2 ∈ B(DP ). Then, for all x, y ∈ H, we have

〈X̂DPx,DP y〉 = 〈DP X̂DPx, y〉 = 0, which shows that X̂ = 0. Hence, X1 = X2.
Let us assume that there is an operator X ∈ B(DP ) such that (7.8) holds. For

any x ∈ H, we have

〈XDPx,DPx〉 = 〈DPXDPx, x〉 =
〈(

I − A∗A− 1

4
S∗S

)
x, x

〉

which shows that I − A∗A − 1
4
S∗S ≥ 0 if and only if X ≥ 0. The proof is now

complete. �

Note that (7.9) does not hold for all P-contractions. The scalar version of (7.9)
is given by

±
(
1− |a|2 − 1

4
|s|2

)
≤ 1− |p|2.

Now (a, s, p) = (0, 0, 1), which in P, does not satisfy the above inequality. Also,
I − A∗A − 1

4
S∗S ≥ 0 if and only if (A, S/2) is a spherical contraction. Again, for

every P-contraction (A, S, P ) we have that (A, S/2) is a B2-contraction. Thus, we are
in search of B2-contractions that are spherical contractions. In the special case when
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(A, S, P ) is a subnormal P-contraction, i.e., a P-contraction that admits an extension
to a normal P-contraction, we have success by an application of an elegant result due
to Athavale, [10].

Lemma 7.12. A subnormal P-contraction (A, S, P ) satisfies I−A∗A− 1
4
S∗S ≥ 0.

Proof. Let (A, S, P ) be a subnormal P-contraction. It follows from Proposi-
tion 2.12 that σT (A, S/2) ⊆ B2. Now Theorem 5.2 in [10] yields that I−A∗A− 1

4
S∗S ≥

0. �

It is never easy to determine the success or failure of rational dilation on a domain.
Rational dilation succeeds on the bidisc D

2 and on the symmetrized bidisc G2 (see
[4, 14]), but it is unclear at this point if it succeeds on the pentablock. No domain in
Cn for n > 2 is known to have an affirmative answer for the rational dilation problem.
Thus, our wild guess is that rational dilation fails on the pentablock. Our future plan
is to investigate an answer to this problem for the pentablock via operator theory on
the biball B2.
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