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The matrix weighted real-analytic
double fibration transforms

Hiroyuki Chihara, Shubham R. Jathar and Jesse Railo

Abstract. We show that the real-analytic matrix-weighted double fibration transform deter-

mines the analytic wavefront set of a vector-valued function. We apply this result to show that the

matrix weighted ray transform is injective on a two-dimensional, non-trapping, real-analytic Rie-

mannian manifold with strictly convex boundary. Additionally, we show that a real-analytic Higgs

field can be uniquely determined from the nonabelian ray transform on real-analytic Riemannian

manifolds of any dimension with a strictly convex boundary point.

Matriisipainotetut reaalianalyyttiset kaksoisfibraatio-muunnokset

Tiivistelmä. Näytämme, että reaalianalyyttinen matriisipainotettu kaksoisfibraatio-muunnos

määrittää vektoriarvoisen funktion analyyttisen aaltorintamajoukon. Sovellamme tätä tulosta osoit-

taaksemme, että matriisipainotettu sädemuunnos on injektiivinen kaksiulotteisella, ei-kaappaavalla,

reaalianalyyttisellä Riemannin monistolla, jonka reuna on aidosti konveksi. Lisäksi osoitamme, että

reaalianalyyttinen Higgsin kenttä voidaan yksikäsitteisesti määrätä epä-abelisen sädemuunnoksen

avulla reaalianalyyttisillä Riemannin monistoilla, missä tahansa dimensiossa, mikäli reunalla on

olemassa aidosti konveksi piste.

1. Introduction

Let (M, g) be a compact, oriented Riemannian manifold of dimension n ≥ 2 with
strictly convex boundary, and let SM denote its unit tangent bundle. For a smooth
function f ∈ C∞(M), the geodesic X-ray transform is defined by

Rf(z) =

ˆ τ+(z)

0

f
(
xz(t)

)
dt, z ∈ ∂+SM,

where xz is the unit-speed geodesic determined by the initial data z, and τ+(z) is the
forward travel time of xz. In the Euclidean case, this reduces to the classical X-ray
transform, and in two dimensions, it coincides with the Radon transform [Rad17]. A
matrix weighted generalization of the geodesic X-ray transform is given by

(1.1) RWf (z) =

ˆ τ+(z)

0

W
(
xz(t), ẋz(t)

)
f
(
xz(t)

)
dt,

where f ∈ C∞(M,CN ) and W ∈ C∞(SM,GL(N,C)) is a smooth matrix weight.
A notable special case is the attenuated ray transform, where the weight arises

from a matrix-valued attenuation A ∈ C∞(SM,CN×N). The associated weight WA
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is defined as the solution to the transport equation

d

dt
WA

(
xz(t), ẋz(t)

)
+A

(
xz(t), ẋz(t)

)
WA

(
xz(t), ẋz(t)

)
= 0,

WA|∂+SM = Id.
(1.2)

The attenuated ray transform with attenuation A is then defined as RW−1

A

. The

associated inverse problem asks whether one can recover f from its (weighted) in-
tegrals over a family of geodesics. For a recent survey on inverse problems for ray
transforms, including weighted and general flow cases, we refer to [Zho24, JR25].

Recently, [MST23] studied the weighted geodesic ray transform and related trans-
forms on real-analytic manifolds using the framework of double fibration transforms.
In this article, we consider the matrix weighted version of these problems and their
applications. First, we show that both the matrix weighted ray transform and the
attenuated ray transform can be viewed as special cases of the matrix weighted dou-
ble fibration ray transform. We prove that the real-analytic matrix weighted double
fibration transform determines the analytic wavefront set of a vector-valued func-
tion. This result allows us to establish local injectivity for the matrix weighted ray
transform and the attenuated ray transform. Using a layer stripping argument, we
further obtain global injectivity results under the assumption that the manifold is
real-analytic, two-dimensional, has strictly convex boundary, and non-trapping ge-
odesic flow. As an application, we show that an arbitrary real-analytic Higgs field
can be recovered from the corresponding nonabelian ray transform on a real-analytic
manifold of dimension n ≥ 2. Notably, for this result, we only assume that the
boundary is strictly convex at a single point.

1.1. Related literature. These questions may be generalized to the case where
f is replaced by a symmetric tensor field, known as tensor tomography. A particularly
tractable setting is that of a simple manifold, characterized by non-trapping geodesic
flow, absence of conjugate points, and strictly convex boundary. Injectivity results for
the geodesic ray transform on simple surfaces include, for example, functions [Muh77],
symmetric 2-tensor fields [Sha07], and symmetric tensor fields of arbitrary order
[PSU13]. Using analytic microlocal analysis, support theorems have been proved for
the geodesic ray transform on real-analytic simple manifolds: for functions in [Kri09],
and for symmetric 2-tensor fields in [KS09], with a remark that the argument extends
to arbitrary tensor fields with minor modifications.

The study of matrix weighted transforms dates back at least to [Ver91], using
techniques from [Muh77]. For scalar attenuations on simple surfaces, the attenuated
ray transform is injective and admits stable inversion [SU11]. In a similar setting,
[Mon16] establishes Fredholm-type inversion formulas for the attenuated geodesic
X-ray transform acting on either functions or vector fields. Furthermore, [AMU18]
characterizes the full range and provides exact reconstruction formulas for the trans-
form applied to the sum of a function and a one-form. For real-analytic simple
manifolds, injectivity and stability results for scalar attenuations acting on pairs
consisting of symmetric 2-tensor fields and vector fields are obtained in [Ass20]. Us-
ing analytic microlocal methods, [HZ17] proves injectivity and stability for a generic
class of generalized Radon transforms that integrate over analytic hypersurfaces on
compact analytic Riemannian manifolds with boundary, under the Bolker condition.

It is conjectured in [PSU13] that the geodesic ray transform is injective on sim-
ply connected, strictly convex surfaces with non-trapping geodesic flow. In higher
dimensions (n ≥ 3), injectivity for symmetric m-tensor fields with m ≥ 2 remains
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open on simple manifolds. The attenuated ray transform is known to be unsta-
ble in the presence of conjugate points on surfaces [SU12, HMS18]. On manifolds
admitting a strictly convex foliation, global injectivity and stability for RW in di-
mensions n ≥ 3 follow from scattering calculus arguments [PSUZ19], developed
in [UV16, SUV18]. Related developments include [VZ24, Vas24, MM24]. Injec-
tivity for piecewise constant functions on non-trapping manifolds was established in
[ILS20], and extended to the case of matrix weights in [IR20]. For further results,
see [Qui80, Nov02b, Bom93, BP23, JKR25].

The nonlinear inverse problem of the injectivity of the nonabelian ray transform

is related to the attenuated ray transform via pseudo-linearization. This transform
has applications in polarimetric neutron tomography [DLS+20, HMK+18], soliton
theory [MZ81, War88], and coherent quantum tomography [Ilm16]; see also [Nov19].
In [Nov02a], reconstruction of a connection up to gauge in Rn (n ≥ 3) is shown, along
with a counterexample for n = 2. Under compact support assumptions, injectivity
up to gauge in R2 is proved in [Esk04].

For simple manifolds, injectivity with Hermitian connections is shown in [Sha00],
and local uniqueness under small C1 norm assumptions is given in [FU01]. Injec-
tivity up to natural gauge for attenuations given by a unitary connection plus a
skew-Hermitian Higgs field on simple surfaces is proved in [PSU12], and extended
to general connections and Higgs fields in [PS24]. On negatively curved manifolds
of any dimension, injectivity is shown in [GPSU16]. For real-analytic simple mani-
folds, generic injectivity holds for arbitrary real-analytic invertible weights [Zho17].
Using Carleman estimates, injectivity for general connections and Higgs fields on
negatively curved manifolds is established in [PS23]. The stability and statistical
analysis of the nonabelian ray transform are studied on simple surfaces [MNP21]
and in higher dimensions [Boh21, BN24]. For recent related results, see for instance
[Chi26, Bus25, BLST25].

1.2. Main results. We briefly recall the mathematical framework of our work.
Further details are provided in the subsequent sections. Let G and X be smooth,
oriented manifolds of dimensions m and n, respectively. Let Z be an oriented, em-
bedded submanifold of G × X , with projections πG : Z → G and πX : Z → X . We
assume that m ≥ n and

dim(Z) = m+ n′ for some 1 ≤ n′ ≤ n− 1,

and that both πG and πX are submersions. Such Z is called a double fibration. For
each z ∈ G, the fiber π−1

G (z) and its image in X are both n′-dimensional. We define

(1.3) Gz := πX(π
−1
G (z)) ⊂ X.

Likewise, for each x ∈ X , the fiber π−1
X (x) is (m− n′′)-dimensional, and its image in

G is

Hx := πG(π
−1
X (x)) ⊂ G,

where n′′ := n− n′. Throughout, we use the notation

GL(N,C) :=
{
B ∈ C

N×N | det(B) 6= 0
}

to denote the general linear group of invertible N ×N complex matrices.
We generalize [MST23, Definition 1.5] to include matrix weights instead of scalar

weights.
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Definition 1.1. Let ωGz
be the induced orientation form on Gz. Let W ∈

C∞(G × X,GL(N,C)) be a smooth, matrix-valued function. The linear map RW :
C∞
c (X,CN ) → C∞(G,CN) defined by

(1.4) RWf (z) =

ˆ
Gz

W (z, x)f (x) dωGz
(x), z ∈ G,

is called amatrix weighted double fibration transform. We say that RW is real-analytic
if all related objects (G, X, Z, ωGz

,W ) are real-analytic.

Let Σ ⊂ X be a smooth submanifold. The conormal bundle of Σ, denoted by
N∗Σ, is defined as

N∗Σ = {(x, ξ) ∈ T ∗X \ 0 |x ∈ Σ, ξ(v) = 0 for all v ∈ TxΣ} .
Similar to [MST23, Theorem 2.2], the delta distribution supported on Z is an oscil-
latory integral, implying that RW is a Fourier integral operator with the canonical
relation

C := (N∗Z\{0})′ = {(z, ζ, x, η) | (z, ζ, x,−η) ∈ N∗Z \ {0}} .(1.5)

We define the left and right projections

πL : C → T ∗G \ 0, πR : C → T ∗X \ 0.
We say that the Bolker condition holds at (z, ζ, x, η) ∈ C if π−1

L (z, ζ) = {(z, ζ, x, η)}
and dπL|(z,ζ,x,η) is injective.

The following theorem is a generalization of [MST23, Theorem 1.2] to the matrix
weighted case.

Theorem 1.2. LetRW be a real-analytic matrix weighted double fibration trans-
form as in Definition 1.1. Suppose that the Bolker condition holds at (ẑ, ζ̂, x̂, η̂) ∈ C.
Then, for any f ∈ E ′(X,CN), the following implication holds:

(ẑ, ζ̂) /∈ WFa(RW f) =⇒ (x̂, η̂) /∈ WFa(f),

where WFa denotes the analytic wavefront set.

Using this theorem, we can prove a local uniqueness result for the real-analytic
matrix weighted double fibration transform. In the scalar case, this result appears
as [MST23, Theorem 1.3].

Theorem 1.3. LetRW be a real-analytic matrix weighted double fibration trans-
form as in Definition 1.1. Suppose that the Bolker condition holds at (z0, ζ0, x0, ν0)
∈ C. Suppose that Σ is a C1 hypersurface in X such that (x0, ν0) ∈ N∗Σ. Let
f ∈ E ′(X,CN) be a distribution that vanishes on one side of Σ in a neighborhood of
x0. If RWf (z) = 0 for z in a neighborhood of z0, then there exists a neighborhood
Vx0 ⊂ X of x0 such that f = 0 in Vx0.

1.3. Applications. Let (M, g) be a smooth compact manifold of dimension
n ≥ 2 with boundary, and let π : Ξ → M be a smooth fiber bundle whose fibers Ξx
have no boundary. Let Y be a smooth vector field on Ξ generating the flow Φt, and
define its horizontal projection Yh := dπ ◦ Y ⊂ TM . For each z ∈ Ξ, define

(1.6) xz(t) := π
(
Φt(z)

)
, −τ−(z) ≤ t ≤ τ+(z),

where τ−(z) and τ+(z) denote the backward and forward travel times, respectively.
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Definition 1.4. Fix an initial-data manifold G ⊂ Ξ transversal to Y . For a point
z ∈ G, the corresponding curve xz such that (xz(0), ẋz(0)) = z is called admissible if
the following conditions hold:

(i) xz(t) ∈ int(M) for all t ∈ (−τ−(z), τ+(z));
(ii) t 7→ xz(t) is injective (no self-intersections);
(iii) ẋz(t) 6= 0 for all t;
(iv) τ±(z) <∞ (non-trapping);
(v) if dimG ≤ dimΞ− 2, then Vz(t) + RYh = Txz(t)M for all t, where

Vz(t) := {dπ (dΦt(w)) | w ∈ TzG} .
Define

(1.7) Z := {(z, xz(t)) ∈ G ×M | xz is an admissible curve} .
The map F : G×R → G×M , F (z, t) = (z, xz(t)), is smooth. By [MST23, Lemma 4.3
(iv)], conditions (i)–(iv) in Definition 1.4 imply that F is an injective immersion with
closed image in G×M , so Z is an embedded submanifold. If condition (v) also holds,
then Z is a double fibration [MST23, Lemma 4.3(v)].

1.3.1. Matrix weighted geodesic X-ray transforms. Let (M, g) be a com-
pact Riemannian manifold of dimension n ≥ 2 with boundary, and assume thatM is
strictly convex at a point x0 ∈ ∂M (see Definition 2.8). Consider Ξ := SM and let Y
be the geodesic vector field as in Definition 1.4. Let z0 = (x0, v0) ∈ ∂+SM∩∂−SM =
∂0SM , and let G be a neighborhood of z0 in ∂+SM (see the formula (2.6) for the
definition of ∂±SM). If G is chosen sufficiently small, then each xz is a short geodesic,
ensuring that conditions (i)–(iv) are satisfied. Since dimG = dimSM − 1, condition
(v) holds trivially. Thus, for all z ∈ G, the curves xz are admissible.

Let ωGz
be the orientation form induced on Gz (recall (1.3)) and W ∈ C∞(G ×

M,GL(N,C)). Then

(1.8) RWf (z) =

ˆ
Gz

W (z, x)f (x) dωGz
=

ˆ τ+(z)

0

W (z, xz(t))f(xz(t)) dt,

where xz is the unit-speed geodesic through z ∈ G.
We say that (M, g) is a real-analytic manifold if M admits a real-analytic at-

las and the metric g is real-analytic. In Proposition 4.2, we show that the matrix
weighted geodesic ray transform is a matrix weighted double fibration transform.
Using this, Theorem 1.3, and a vector-valued generalization of the microlocal ana-
lytic continuation result from [Hör09, Theorem 8.5.6’] (proved as Theorem 4.1), we
obtain:

Theorem 1.5. Let (M, g) be a compact real-analytic Riemannian manifold of
dimension n ≥ 2 with boundary. Suppose that ∂M is strictly convex at a point
x0 ∈ ∂M . Let z0 = (x0, v0) ∈ ∂0SM and G be a neighborhood of z0 in ∂+SM . If
W ∈ C∞(G ×M,GL(N,C)) is real-analytic and RWf(z) = 0 for all z ∈ G, then
there exists a neighborhood Vx0 ⊂M of x0 such that f = 0 in Vx0 .

This result establishes local injectivity of the matrix-weighted geodesic X-ray
transform near a strictly convex boundary point on real-analytic manifolds.

From (1.8), Theorem 1.5, and the strictly convex foliation constructed in [BGL02],
together with a layer stripping argument, we obtain the following global result:

Corollary 1.6. Let (M, g) be a compact Riemannian manifold of dimension
n = 2 with strictly convex boundary and non-trapping geodesic flow. If M and g are
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analytic, then the matrix weighted geodesic X-ray transform, with a GL(N,C)-valued
real-analytic weight, acting on CN -valued functions on (M, g), is injective.

This result was previously established for real-analytic simple manifolds in [Zho17,
Theorem 1.2]. In that work, the author analyzes the normal operator, which neces-
sitates the global simplicity assumption. This constitutes a key technical distinc-
tion between the present work and [Zho17]. For compact manifolds of dimension
dimM ≥ 3 with strictly convex boundary, assuming the existence of a smooth strictly
convex function, a similar injectivity result is proved in [PSUZ19].

1.3.2. Attenuated and nonabelian ray transforms. A CN×N -attenuation

A on Z is given by an N × N matrix whose entries are smooth C-valued functions
on Z. Fix a geodesic curve xz : [0, τ+(z)] →M with (xz(0), ẋz(0)) = z. To define the
parallel transport associated with A along xz, we solve the linear system of ordinary
differential equations (ODEs)

{
d
dt
s(z, xz(t)) +A(z, xz(t))s(z, xz(t)) = 0,

s(z, xz(τ+(z))) = w ∈ CN .
(1.9)

The unique solution s(z, xz(·)) defines the linear map

PA(xz) : C
N → C

N , PA(xz)(w) := s(z, xz(0)).

This map is called the parallel transport of w along xz with respect to A.
Alternatively, one may consider the fundamental matrix solution

U(z, xz(·)) : [0, τ+(z)] → GL(N,C)

of (1.9), uniquely determined by
{

d
dt
U(z, xz(t)) +A(z, xz(t))U(z, xz(t)) = 0,

U(z, xz(τ+(z))) = Id.
(1.10)

Then PA(xz)(w) = U(z, xz(0))w for all w ∈ CN and z ∈ ∂+SM .
We define the scattering data or nonabelian ray transform of the attenuation as

the map
CA : ∂+SM → GL(N,C), CA(z) := U(z, xz(0)),

where U(z, xz(·)) is the fundamental matrix solution to (1.10). In other words, CA(z)
encodes the parallel transport along the geodesic starting from z until it exits M .

Definition 1.7. (Attenuated ray transform) Let (M, g) be a compact Riemann-
ian manifold of dimension n ≥ 2 with smooth boundary. The attenuated ray trans-
form of f ∈ C∞(Z,CN) is defined by

IAf (z) := uf(z, πM (z)), z ∈ ∂+SM,

where uf : Z → C
N is the solution to the transport equation

d

dt
uf(z, xz(t)) +A(z, xz(t))u

f (z, xz(t)) = −f (z, xz(t)),

uf(z, xz(τ+(z))) = 0.

We now state a local uniqueness result for the real-analytic attenuated ray trans-
form.

Theorem 1.8. Let (M, g) be a compact real-analytic Riemannian manifold of
dimension n ≥ 2 with boundary. Suppose that ∂M is strictly convex at a point
x0 ∈ ∂M . Let z0 = (x0, v0) ∈ ∂0SM and G be a neighborhood of z0 in ∂+SM .
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Suppose A ∈ C∞(G × M,CN×N) is a real-analytic matrix-valued function. If the
attenuated ray transform IAf (z) = 0 for all z ∈ G, then there exists a neighborhood
Vx0 ⊂M of x0 such that f = 0 in Vx0.

A smooth matrix-valued function Φ ∈ C∞(M,CN×N) is called a Higgs field onM .
When Φ is viewed along geodesics, it defines an attenuation on Z via Φ(z, xz(t)) :=
Φ(xz(t)).

Finally, we state a global uniqueness theorem for the real-analytic nonabelian ray
transform, assuming strict convexity at a single boundary point and local data.

Corollary 1.9. Let (M, g) be a compact real-analytic Riemannian manifold of
dimension n ≥ 2 with boundary. Suppose that ∂M is strictly convex at a point
x0 ∈ ∂M . Let z0 = (x0, v0) ∈ ∂0SM and G be a neighborhood of z0 in ∂+SM . Let
Φ,Ψ ∈ C∞(M,CN×N) be real-analytic Higgs fields. If

CΦ(z) = CΨ(z) for all z ∈ G,

then Φ = Ψ in M .

2. Preliminaries

We begin by recalling some notions and definitions, primarily following [Hör03,
Hör09, Dui11], that will be used throughout the article.

Let X and Y be smooth manifolds of dimensions nX and nY , respectively, and
let N ≥ 1. Throughout, we work with the trivial complex vector bundle CN over

both X and Y , rather than general vector bundles. Let Ω
1/2
X and Ω

1/2
Y denote the

bundles of half-densities on X and Y , respectively. We define the following function
spaces:

C∞
c (Y ; Ω

1/2
Y ⊗ C

N ) :=
{
smooth, compactly supported sections of Ω

1/2
Y ⊗ C

N
}
,

D
′(Y ; Ω

1/2
Y ⊗ C

N ) :=
{
continuous linear functionals on C∞

c (Y ; Ω
1/2
Y ⊗ C

N)
}
,

E
′(Y ; Ω

1/2
Y ⊗ C

N ) :=
{
f ∈ D

′(Y ; Ω
1/2
Y ⊗ C

N) | supp(f) ⋐ Y
}
.

Fix coordinate patches U ⊂ Y with coordinates y = (y1, . . . , ynY
) and V ⊂ X with

coordinates x = (x1, . . . , xnX
), and choose the standard trivializing half-densities

|dx|1/2 := |dx1 ∧ · · · ∧ dxnX
|1/2 , |dy|1/2 := |dy1 ∧ · · · ∧ dynY

|1/2 .

For example, if φ ∈ C∞
c (Y ; Ω

1/2
Y ⊗ CN) has support contained in U , then it can

be uniquely written in the form

φ(y) = (φ1(y), . . . , φN(y))
T|dy|1/2,

where each φi ∈ C∞
c (Y ) for 1 ≤ i ≤ N .

Remark 2.1. Let µ be a fixed nowhere-vanishing smooth density on Y . Then
the map

C∞
c (Y ; Ω

1/2
Y ⊗ C

N ) → C∞
c (Y ;CN), u 7→ µ−1/2u

is an isomorphism, with inverse given by f 7→ fµ1/2. This identification allows us to
work with vector-valued functions instead of half-densities when convenient.
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For u ∈ D ′(Y ; Ω
1/2
Y ⊗ CN), the duality pairing with φ ∈ C∞

c (Y ; Ω
1/2
Y ⊗ CN) can

be written as

(2.1) 〈u, φ〉Y =
N∑

j=1

uj(φj)

where
uj(g) := u(gej), ∀g ∈ C∞

c (Y ; Ω
1/2
Y ⊗ C),

and {ej}Nj=1 denotes the standard basis of CN over C. If each uj is represented by a
locally integrable function fj ∈ L1

loc(Y ), then

uj(φj) =

ˆ
U

fj(y)φj(y) |dy|.

A submanifold L ⊂ T ∗Y \ {0} is called conic if (y, ξ) ∈ L implies (y, tξ) ∈ L for all
t > 0.

2.1. Analytic microlocal analysis. We now recall the definition of the ana-
lytic wavefront set, denoted WFa, following [Hör03, Chapter VIII] and [Sjö82]. For
a distribution

u = (u1, . . . , uN)
T ∈ D

′(Y ; Ω
1/2
Y ⊗ C

N),

the analytic wavefront set is defined componentwise as

(2.2) WFa(u) :=

N⋃

j=1

WFa(uj) ⊂ T ∗Y \ {0}.

Each WFa(uj) is a closed conic subset of T ∗Y \{0}. Given a real-analytic coordinate
chart κ : Yκ → Rn, the wavefront set transforms under pullback as

WFa(uj) ∩ T ∗(Yκ) = κ∗
(
WFa(uj ◦ κ−1)

)
,

where the right-hand side denotes the Euclidean analytic wavefront set. The invari-
ance of WFa(uj) under real-analytic diffeomorphisms (see [Hör03, Theorem 8.5.1])
ensures that this definition is coordinate-independent.

Let X̃ ⊂ Rn be open. For any v ∈ D ′(X̃), the analytic singular support

sing suppA v is the smallest closed subset of X̃ outside of which v is real-analytic.
We define the analytic wavefront set via the Fourier–Bros–Iagolnitzer (FBI) trans-

form, following [Hör03, Sjö82]. Let U ⊆ Rm be a bounded open set, and identify

T ∗U ∼= U × R
m, u = (z, ζ), z ∈ U, ζ ∈ R

m.

Define the Gaussian

cm = 2−m/2π−3m/4, M(z) = cme
− 1

2
|z|2, z ∈ R

m.

For λ > 0, define the Gaussian wave packet centered at u = (z, ζ) ∈ T ∗U by

Mλ
u (w) := λ3m/4eiλw·ζM

(
λ1/2(w − z)

)
, w ∈ R

m.

Let f ∈ E ′(Û), where Û ⋐ U . The FBI transform of f ∈ D ′(Rm) with respect to the
Gaussian M is defined by

(LλMf)(u) :=

ˆ
Rm

f(w)Mλ
u (w) dw.

According to [Hör03, Theorem 9.6.3], for (z0, ζ0) ∈ T ∗
R
m \ {0}, we have

(2.3) (z0, ζ0) /∈ WFa(f) if and only if ∃ ε > 0 such that (LλMf)(v) = O(e−ελ)
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uniformly for v in a conic neighborhood of (z0, ζ0) as λ→ ∞. The analyatic wavefront
set WFa(f) is a closed conic subset of T ∗Rn \ {0}, and its projection onto the base
coincides with singsuppA f . An equivalent characterization can be found in [Hör03,
Section 8.4], [SU25, Appendix A.8.2].

The following theorem provides an equivalent characterization of the analytic
wavefront set using general analytic phase functions, generalizing the FBI transform
defination above.

Theorem 2.2. [Sjö82, Section 6] Let (x0, ξ0) ∈ T ∗
R
n\{0} be fixed. Let φ(x, ξ, y)

be a phase function defined in a neighbourhood U ⊂ C3n of (x0, ξ0, x0), holomorphic
in all variables and satisfying

ϕ(x, ξ, x) = 0, ∂yϕ(x, ξ, x) = −ξ, Imϕ(x, ξ, y) ≥ |x− y|2
C

for some C > 0, whenever (x, ξ, y) real in U . Such a ϕ is called an analytic phase
function. Let a(x, ξ, y;λ) be a classical analytic symbol that is elliptic in U (see [Sjö82,
Theorem 1.5]). Then, for any u ∈ D′(Rn), the following are equivalent:

(1) (x0, ξ0) /∈ WFa(u).
(2) There exists χ ∈ C∞

0 (Rn) with χ(x0) = 1 and a constant C > 0 such thatˆ
Rn

eiλφ(x,ξ,y) a(x, ξ, y;λ)χ(y) u(y) dy = O(e−λ/C) as λ→ ∞,

uniformly for (x, ξ) in a real conic neighborhood of (x0, ξ0).

2.2. Matrix-valued Fourier integral operators. Let ϕ ∈ C∞
c (X ; Ω

1/2
X ⊗CN)

and u ∈ C∞
c (Y ; Ω

1/2
Y ⊗ CN ). The external tensor product is defined by

(2.4) (ϕ⊠ u)(x, y) := ϕ(x)⊗ u(y) = (ϕi(x)uj(y))1≤i,j≤N |dx|1/2|dy|1/2.

Let

K ∈ D
′(X × Y ; Ω

1/2
X×Y ⊗Hom(CN ,CN)), K = (Kij)1≤i,j≤N

be a distributional kernel valued in N ×N complex matrices with half-density coef-
ficients. It defines a continuous linear operator via the bilinear pairing:

K : C∞
c (Y ; Ω

1/2
Y ⊗ C

N) → D
′(X ; Ω

1/2
X ⊗ C

N),

〈Ku, ϕ〉X := 〈K,ϕ⊠ u〉X×Y ,
(2.5)

where ϕ ∈ C∞
c (X ; Ω

1/2
X ⊗ CN), and the pairing 〈·, ·〉X denotes the canonical duality

between distributions and test functions on X (see (2.1)).
Let (x1, . . . , xnX

) be local coordinates on X , and (x1, . . . , xnX
, ξ1, . . . , ξnX

) the
induced coordinates on T ∗X . The canonical 1-form on T ∗X is given by α =∑nX

j=1 ξj dxj. By [Dui11, Proposition 3.7.1], a closed nX-dimensional submanifold

L ⊂ T ∗X \ {0} is a conic Lagrangian manifold if and only if α|L = 0.
Let Λ ⊂ T ∗(X ×Y ) \ {0} be a closed conic Lagrangian submanifold. For m ∈ R,

define

Im(X × Y,Λ;Ω
1/2
X×Y ⊗ Hom(CN ,CN))

to be the space of matrix-valued Lagrangian distributions of order m associated with
Λ (see [Hör09, Definition 25.1.1, Section 25.2]).
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Remark 2.3. There is a canonical identification

T ∗(X×Y )\{0} ∼= (T ∗X \{0})× (T ∗Y \{0})∪ (T ∗X \{0})×{0}∪{0}× (T ∗Y \{0}),
given by the splitting (x, y; ξ, η) 7→ (x; ξ, y; η).

The twisted canonical relation associated with Λ is

Λ′ := { (x, ξ, y,−η) | (x, ξ, y, η) ∈ Λ } ,
which defines a canonical relation from T ∗Y \ {0} to T ∗X \ {0}.

Definition 2.4. (Matrix-valued Fourier integral operator, [Hör09, Definition
25.2.1]) A continuous operator

K : C∞
c (Y ; Ω

1/2
Y ⊗ C

N) → D
′(X ; Ω

1/2
X ⊗ C

N)

is called a Fourier integral operator of order m associated with Λ′ if its kernel K lies
in

Im(X × Y,Λ′; Ω
1/2
X×Y ⊗ Hom(CN ,CN)).

We write

K ∈ Im(X, Y,Λ′; Ω
1/2
X×Y ⊗ Hom(CN ,CN)).

Lemma 2.5. (Vector-valued version of [Hör03, Theorem 8.5.5]) Let u ∈ E ′(Y ;

Ω
1/2
Y ⊗ CN) and let

K ∈ D
′(X × Y ; Λ′; Ω

1/2
X×Y ⊗ Hom(CN ,CN))

be a matrix-valued distributional kernel associated with a conic Lagrangian subman-
ifold Λ′ ⊂ T ∗(X × Y ) \ {0}. Suppose that

WFa(u) ∩WF′
a(K)Y = ∅,

where

WF′
a(K) := {(x, ξ, y,−η) | (x, y, ξ, η) ∈ WFa(K)} ,

WF′
a(K)Y := {(y, η) | ∃ x ∈ X such that (x, y, 0,−η) ∈ WFa(K)} .

Then the operator K defined in (2.5) can be extended uniquely to E ′(Y ; Ω
1/2
Y ⊗CN),

and the extended operator satisfies

WFa(Ku) ⊂ WFa(K)X ∪ (WF′
a(K) ◦WFa(u)) ,

where

WFa(K)X := {(x, ξ) | ∃ y ∈ Y such that (x, y, ξ, 0) ∈ WFa(K)} .
Proof. By the definition of the wavefront set for vector-valued distributions

(see (2.2)), we have

WFa(Ku) =
N⋃

i=1

WFa((Ku)i) =
N⋃

i=1

WFa

(
N∑

j=1

〈Kij , uj〉Y
)

⊂
N⋃

i,j=1

WFa (〈Kij, uj〉Y ) .

For each fixed pair i, j ∈ {1, . . . , N}, we apply the scalar-valued result [Hör03, The-
orem 8.5.5] to obtain

WFa (〈Kij, uj〉Y ) ⊂ WFa(Kij)X ∪ (WF′
a(Kij) ◦WFa(uj)) ,

where

WF′
a(Kij) := {(x, ξ; y, η) | (x, y, ξ,−η) ∈ WFa(Kij)} ⊂ T ∗X × T ∗Y,
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and

WF′
a(Kij) ◦WFa(uj) :=

{
(x, ξ) | ∃ (y, η) ∈ WFa(uj) such that

(x, ξ; y, η) ∈ WF′
a(Kij)

}
.

Taking the union over all i, j, we conclude

WFa(Ku) ⊂
N⋃

i,j=1

(WFa(Kij)X ∪ (WF′
a(Kij) ◦WFa(uj))) ,

which is contained in

WFa(K)X ∪ (WF′
a(K) ◦WFa(u)) ,

as claimed. �

Remark 2.6. In addition to the assumptions of Lemma 2.5, suppose that the
Lagrangian Λ satisfies

Λ ⊂ (T ∗X \ {0})× (T ∗Y \ {0}) .
Then it follows that

WFa(K)X = WF′
a(K)Y = ∅,

and consequently, the analytic wavefront set of Ku satisfies the sharper inclusion

WFa(Ku) ⊂ WF′
a(K) ◦WFa(u).

2.3. Geometric preliminaries. In this subsection, we recall some geometric
notions relevant to our analysis. For further details, we refer to [PSU23, Chapter 3].
Let (M, g) be a compact, connected, oriented Riemannian manifold of dimension
n ≥ 2 with smooth boundary.

The unit tangent bundle is defined by

SM :=
{
(x, v) ∈ TM | 〈v, v〉g(x) = 1

}
.

The boundary of SM is given by

∂SM := {(x, v) ∈ SM | x ∈ ∂M} .
We define the influx and outflux boundaries of SM as

(2.6) ∂±SM :=
{
(x, v) ∈ ∂SM | ±〈v, ν(x)〉g(x) ≥ 0

}
,

where ν(x) denotes the inward-pointing unit normal to ∂M at x. The glancing region
is defined as

∂0SM := ∂+SM ∩ ∂−SM = S(∂M).

Definition 2.7. The manifold (M, g) is said to be non-trapping if for every
z ∈ SM , the geodesic xz issued from z satisfies τ+(z) < ∞, where τ+ denotes the
forward exit time.

Definition 2.8. The boundary ∂M of a Riemannian manifold (M, g) is said to
be strictly convex at a point x ∈ ∂M if the second fundamental form Πx is positive
definite. The boundary is said to be strictly convex if this condition holds at every
point x ∈ ∂M . The second fundamental form is the bilinear form on Tx∂M defined
by

Πx(v, w) := − (∇vν, w)g , v, w ∈ Tx∂M,

where ν is the inward unit normal and ∇ is the Levi–Civita connection.
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According to [PSU23, Lemma 3.1.12], let (M, g) be a compact Riemannian man-
ifold with strictly convex boundary ∂M , and let (M1, g) be a closed extension of
M . Then for every z ∈ ∂+SM \ ∂0SM , the corresponding geodesic xz(t) remains
entirely in the interior int(M) for all t ∈ (−τ−(z), τ+(z)), satisfying condition (i) of
Definition 1.4.

Moreover, any geodesic that is tangent to ∂M at some point remains outside M
for sufficiently small positive and negative times.

3. Proof of the main result

We recall the setting introduced in Section 1. Let G and X be oriented manifolds
without boundary, with dim(G) = m and dim(X) = n, and let Z ⊂ G × X be an
oriented embedded submanifold. Suppose that the natural projections

πG : Z → G, πX : Z → X

are submersions, and that

m+ n > dim(Z) > m ≥ n.

We write dim(Z) = m + n′ for some n′ ∈ {1, . . . , n − 1}, and define n′′ := n − n′.
Let (N∗Z \0)′ denote the twisted conormal bundle of Z (see (1.5) for the definition),
and define the natural projections

πL : (N
∗Z \ 0)′ → T ∗G, πR : (N

∗Z \ 0)′ → T ∗X.

Suppose the Bolker condition holds at a point (z0, ζ0, x0, η0) ∈ (N∗Z \ 0)′, that is,
π−1
L (z0, ζ0) = {(z0, ζ0, x0, η0)}, and dπL|(z0,ζ0,x0,η0) is injective.

We now work in local coordinates near (z0, ζ0, x0, η0), identifying neighborhoods
with open subsets of Rm × Rm × Rn × Rn. Let

w = (w′′, w′) ∈ R
n′′ × R

m−n′′

, y ∈ R
n.

By [MST23, Lemma 5.7], there exists a coordinate representation for the analytic
double fibration Z, which is an analytic submanifold of V × U of dimension m+ n′.
More precisely, there exist an open neighborhood Ω ⊂ V ×U of (z0, x0), an open set

Ω̃ ⊂ R
m × R

n′+n′′

, and a real-analytic diffeomorphism

(w′′, w′, y) 7→
(
b(w′′, w′, y), y

)
∈ V × U, Ω̃ → Ω,

such that

(3.1) Z ∩ Ω =
{(
b(0, w′, y), y

) ∣∣ w′ ∈ U , y ∈ U
}
,

where U ⊂ Rm−n′′

is a neighborhood of the origin. Here, b : Ω̃ → V is a real-analytic
map.

For an open set Ω ⊂ R
k, we denote by ΩC ⊂ C

k an open neighborhood such
that ΩC ∩ Rk = Ω. The coordinate system (3.1) (possibly after shrinking Ω and Ω̃)

extends holomorphically to a coordinate system Ω̃C → ΩC, such that ZC∩ΩC is again
given by the condition w′′ = 0, as in (3.1).

From now on, we denote b(w′, y) := b(0, w′, y) for notational simplicity. In these
coordinates, we define the associated phase function

Ψ: U × U × Ṽ → C, where U ⊂ R
m−n′′

, U ⊂ R
n, Ṽ ⊂ R

2m,



The matrix weighted real-analytic double fibration transforms 365

by

(3.2) Ψ(w′, y, z, ζ) := −b(w′, y) · ζ + i

2
|b(w′, y)− z|2.

From [MST23, Lemma 5.5], under the assumption that the Bolker condition
holds at (z0, ζ0, x0, η0) ∈ (N∗Z \ 0)′, there exists a neighborhood C̃ of (z0, ζ0, x0, η0)
in (N∗Z \ 0)′ such that the map

(3.3) µ := πR ◦ π−1
L : πL(C̃) → πR(C̃)

is an analytic surjective submersion.
By the implicit function theorem in the analytic category, there exists an analytic

map

(3.4) µ+ : πR(C̃) → πL(C̃) such that µ ◦ µ+ = Id.

Theorem 3.1. Let Z ⊂ G × X be a double fibration, and let RW be a real-
analytic matrix-weighted double fibration ray transform as in Definition 1.1. Assume
that the Bolker condition holds at (z0, ζ0, x0, η0) ∈ (N∗Z \ 0)′. Then there exists a

neighborhood Û ⋐ U containing x0 such that for all f ∈ E ′(Û ;CN),

(z0, ζ0) /∈ WFa(RWf ) =⇒ (x0, η0) /∈ WFa(f ),

where WFa denotes the analytic wavefront set.

To prove this theorem, we rely on the following key lemma, which enables the
application of Sjöstrand’s analytic microlocal analysis.

Lemma 3.2. [MST23, Proposition 5.6] There exists a small complex neighbor-
hood

Ũ × Ṽ ⊂ C
n × C

2m

of (x0, z0, ζ0) such that for any fixed (y, z, ζ) ∈ Ũ × Ṽ, the map

w′ 7→ Ψ(w′, y, z, ζ),

defined near a neighborhood U ⊂ Rm−n′′

of the origin (see (3.1), (3.2)), has a unique
nondegenerate critical point w′

c(y, z, ζ) ∈ UC depending holomorphically on (y, z, ζ).
Define

ψ(y, z, ζ) := Ψ(w′
c(y, z, ζ), y, z, ζ).

Then ψ satisfies the following properties:

(i) ψ
(
π(µ(z, ζ)), z, ζ

)
+ z · ζ = 0, where µ := πR ◦ π−1

L (see (3.3));

(ii) (y,−dyψ(y, z, ζ))
∣∣
y=π(µ(z,ζ))

= µ(z, ζ), in particular,

(y,−dyψ(y, z, ζ))
∣∣
y=π(µ(z0,ζ0))

= (x0, η0);

(iii) Imψ(y, z, ζ) ≥ c|y − π(µ(z, ζ))|2 for real-valued (y, z, ζ) and some constant
c > 0.

Proof of Theorem 3.1. Assume (z0, ζ0) /∈ WFa(RWf ). By (2.3), there exists
ε > 0 such that the FBI transform of RWf satisfies

LλMRWf(z, ζ) := Cmλ
3m/4

ˆ
Rm

e−iλw·ζ−λ|w−z|
2/2RWf (w) dωG(w) = O(e−ελ) I

as λ → ∞, uniformly for (z, ζ) near (z0, ζ0), where I denotes the CN -valued vector
with each entry equal to 1. We consider (z, ζ) in a sufficiently small neighborhood V
of (z0, ζ0).
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Since ∣∣∣e−iλw·ζ−λ|w−z|2/2
∣∣∣ ≤ e−2ελ

for z ∈ π(V) and w satisfying |z − w| ≥ 2
√
ε, we may assume that supp(RWf ) is

contained in a small neighborhood of z0.
From (3.1), we have that Z may be presented locally by the coordinates {(b(w′, y),

y)}. Using this and Fubini’s theorem with the formula

dωGw
(y) dωG(w) = dωZ(w, y) = dωHy

(w) dωX(y), Hy := πG ◦ π−1
X (y),

we deduce that

(3.5) LλMRWf (z, ζ) =

ˆ
Rn

Kλ(y, z, ζ)f(y) dy = O(e−ελ) I,

where (see [MST23, Proposition 5.4])

(3.6) Kλ(y, z, ζ) = Cn,mλ
3m/4

ˆ
U

eiΨ(w′,y,z,ζ)W1(w
′, y) dw′,

with
W1(w

′, y) := W
(
b(w′, y), y

)
,

and Ψ defined in (3.2).
Applying the analytic stationary phase method (steepest descent) from [Sjö82,

Théorème 2.8] (see also [HS18, Theorem 2.3.4]) to (3.6), we obtain

(3.7) Kλ(y, z, ζ) = Cn,Nλ
5m/4−n′′/2eiψ(y,z,ζ)

{
W2(y, z, ζ) +O(λ−1) Id

}
+O(e−ελ) Id,

uniformly for complex (y, z, ζ) near (x0, z0, ζ0), where

W2(y, z, ζ) = W1

(
w′
c(y, z, ζ), y

)
= W ((b(w′

c(y, z, ζ), y)) , y) ,

and ψ is as defined in Lemma 3.2.
Substituting (3.7) into (3.5), we obtainˆ

Rn

eiλψ(y,z,ζ)
{
W2(y, z, ζ) +O(λ−1) Id

}
f (y) dy = O(e−ελ) I

uniformly for complex (z, ζ) near (z0, ζ0).
Multiplying by eiλz·ζ , we obtain

(3.8)

ˆ
Rn

eiλ(ψ(y,z,ζ)+z·ζ)
{
W2(y, z, ζ) +O(λ−1) Id

}
f(y) dy = O(e−ελ) I

uniformly for complex (z, ζ) near (z0, ζ0).
Since µ ◦ µ+ = Id (cf. (3.3) and (3.4)), define the modified phase function

ψ̃(y, x, η) := (ψ(y, z, ζ) + z · ζ)
∣∣
(z,ζ)=µ+(x,η)

for complex (x, η) near (x0, η0). Then Lemma 3.2 implies that

dyψ̃(y, x, η)
∣∣
y=x

= dyψ
(
y, µ+(x, η)

)∣∣
y=x

= −η
for complex (y, x, η) near (x0, x0, η0). Substituting (z, ζ) = µ+(x, η) into (3.8), we
obtain

(3.9) Bf (x, η) :=
ˆ
Rn

eiλψ̃(y,x,η)
{
W3(x, η, y) +O(λ−1) Id

}
f(y) dy = O(e−ελ) I,

uniformly for (x, η) near (x0, η0), where

W3(x, η, y) = W2(y, µ
+(x, η)) =W

(
b(w′

c(y, µ
+(x, η)), y), y

)
.
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Let δ > 0 be sufficiently small. For |x− x0| < δ, |η − η0| < δ, and λ > 1/δ, we have
{
W3(x, η, y) +O(λ−1) Id

}
f (y)

=
[
W3(x0, η0, y) + (W3(x, η, y)−W3(x0, η0, y)) +O(λ−1) Id

]
f (y)

=
[
W3(x0, η0, y) +O(δ) Id+O(λ−1) Id

]
f (y)

=
(
1 +O(δ) +O(λ−1)

)
W3(x0, η0, y)f(y)

= (1 +O(δ))W3(x0, η0, y)f(y),

and thus (3.9) becomes

Bf (x, η) =
ˆ
Rn

eiλψ̃(y,x,η) (1 +O(δ))W3(x0, η0, y)f(y) dy = O(e−ελ) I

uniformly for (x, η) near (x0, η0).

In view of Sjöstrand’s analytic microlocal analysis, the positivity of Im ψ̃ for real
(x, η) near (x0, η0) (property (iii) in Lemma 3.2) ensures that B is a FBI transform
that detects analytic wavefront sets (see Theorem 2.2). Hence, we deduce that

(x0, η0) /∈ WFa (W3(x0, η0, ·)f(·)) .
Since W3(x0, η0, y) is an invertible matrix-valued function depending analytically on
y, we have

(x0, η0) /∈ WFa(f).

This completes the proof of Theorem 3.1. �

Proof of Theorem 1.2. Let f ∈ E ′(X ;CN) be given. Choose a cutoff func-
tion ψ ∈ C∞

c (X) such that ψ = 1 near x̂ and supp(ψ) is contained in an analytic
coordinate chart. We decompose f as

(3.10) f = ψf + (1− ψ)f .

By construction, (1−ψ)f vanishes in a neighborhood of x̂, and hence is real-analytic
there. This implies

(3.11) (x̂, η̂) /∈ WFa((1− ψ)f).

According to [MST23, Lemma 5.3], the condition

{(z, ζ, x, η) ∈ N∗Z \ 0 | ζ = 0} = {(z, ζ, x, η) ∈ N∗Z \ 0 | η = 0} = ∅
is equivalent to both projections πG : Z → G and πX : Z → X being submersions.
Since Z is a double fibration, this condition is satisfied. In particular, it ensures
that both ζ 6= 0 and η 6= 0 on N∗Z \ 0, thereby guaranteeing the assumptions of
Lemma 2.5.

Using the Bolker condition, (3.11), and Lemma 2.5, we conclude that

(3.12) (ẑ, ζ̂) /∈ WFa
(
RW ((1− ψ)f)

)
.

By assumption, we also have (ẑ, ζ̂) /∈ WFa
(
RW (f)

)
. Combining this with the

decomposition (3.10) and (3.12), we obtain

(3.13) (ẑ, ζ̂) /∈ WFa
(
RW (ψf )

)
.

Following the argument in the proof of [MST23, Theorem 5.1], we localize near
x̂ and ẑ, and then identify X and G with open subsets of Rn and Rm, respectively.
Applying Theorem 3.1, we obtain

(x̂, η̂) /∈ WFa(ψf).
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Since ψ = 1 in a neighborhood of x̂, it follows that

(x̂, η̂) /∈ WFa(f ),

which completes the proof. �

4. Applications

The following theorem is a straightforward generalization of the result for scalar
distributions, given in [Hör09, Theorem 8.5.6’] and [MST23, Theorem 6.1], to the
case of vector-valued distributions.

Theorem 4.1. Let X be a real-analytic manifold. Let Σ be a C1 hypersurface
passing through x0 ∈ X with conormal ν0 at x0. Suppose f = (f1, · · · , fN) ∈
D′(X,CN) satisfies f = 0 on one side of Σ near x0. If for each i ∈ {1, · · · , N},
(4.1) (x0, ν0) /∈ WFa(fi) or (x0,−ν0) /∈ WFa(fi),

then f = 0 in a neighborhood of x0. In particular, if

(4.2) (x0, ν0) /∈ WFa(f) or (x0,−ν0) /∈ WFa(f),

holds, then f = 0 in a neighborhood of x0.

Proof. Since f = (f1, . . . , fN) and f = 0 on one side of Σ near x0, it follows that
each component fi = 0 on one side of Σ near x0. By applying [MST23, Theorem 6.1]
to each fi, we conclude that fi = 0 near x0 for all i. Hence, f = 0 near x0. If
(4.2) holds, then clearly (4.1) holds for all i ∈ {1, . . . , N}, and the second statement
follows. �

Proof of Theorem 1.3. Since RWf vanishes identically in a neighborhood of z0,
it follows that

(z0, ζ0) /∈ WFa(RWf ).

By the Bolker condition at (z0, ζ0, x0, ν0) and Theorem 1.2, we conclude that

(x0, ν0) /∈ WFa(f).

Since f vanishes on one side of a C1 hypersurface Σ near x0 and (x0, ν0) ∈ N∗Σ,
Theorem 4.1 implies that f = 0 in a neighborhood of x0. �

Proposition 4.2. Let (M, g) be a smooth Riemannian manifold with boundary
∂M . Let z0 ∈ ∂+SM satisfy τ+(z0) < ∞. Assume that the geodesic xz0 : [0, τ+(z0)]
→M satisfies the following conditions:

(1) xz0 is injective (i.e., it does not self-intersect);
(2) xz0 meets ∂M transversely at t = 0 and t = τ+(z0);
(3) For all t ∈ (0, τ+(z0)), we have xz0(t) ∈ int(M).

Then for any sufficiently small neighborhood G of z0 in ∂+SM and W ∈ C∞(G ×
int(M),GL(N,C)), the matrix weighted geodesic ray transform defined by

RWf (z) =

ˆ τ+(z)

0

W (z, xz(t))f (xz(t)) dt

is a matrix weighted double fibration ray transform on G. Moreover, if there are no
conjugate points along xz0 , then the Bolker condition is satisfied at every (z0, ζ, x, η) ∈
C where x = xz0(t) for some t ∈ (0, τ+(z0)).
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Proof. The proof follows exactly as in [MST23, Proposition 4.7], with the scalar
weight replaced by a matrix-valued weight. The assumptions ensure that the geodesic
flow defines a smooth double fibration structure, as shown in [MST23, Lemma 4.3].
Furthermore, the absence of conjugate points guarantees that the Bolker condition
is satisfied, as established in [MST23, Lemma 4.6 and Section 4.3]. �

Proof of Theorem 1.5. Since ∂M is strictly convex at x0 ∈ ∂M , it fol-

lows that one may choose a real-analytic extension (M̃, g̃) of (M, g), with smooth

boundary and M ⊂ intM̃ , open G̃ ⊂ ∂M̃ , and a real-analytic extension of W to

C∞(G̃ × M̃,GL(N,C)), such that (M̃, g̃), G̃, W̃ , and z̃0 ∈ G̃ satisfy the assumptions
of Proposition 4.2 and the Bolker condition holds, where xz̃0 is the unique geodesic in

M̃ such that xz̃0 meets ∂M at z0 = (x0, v0). Next, consider the zero extension f̃ of f

to M̃ , so that f̃ ∈ E ′(M̃,CN). Now, by the definition of the extension, it holds that

RW̃ f̃ = 0 since RWf = 0. As f̃ vanishes on one side of the hypersurface ∂M ⊂ M̃ ,

Theorem 1.3 implies that f̃ = 0 near x0 in M̃ . Hence, f = 0 near x0 in M . �

Proof of Corollary 1.6. The statement follows from Theorem 1.5, using a strictly
convex foliation from [BGL02]. Since the argument is virtually identical to the proof
of [MST23, Theorem 1.4], we omit the details. �

Recall that Z denotes the embedded submaniold of ∂+SM ×M defined in (1.7).

Lemma 4.3. (Cauchy–Kovalevskaya theorem for a transport equation) Let (M,
g) be a compact real-analytic Riemannian manifold of dimension n ≥ 2 with real-
analytic, strictly convex boundary ∂M , and assume that the geodesic flow on M
is nontrapping. Let A be a real-analytic matrix-valued function on Z. For z ∈
∂+SM , define WA as the solution to the first-order linear transport equation along
the geodesic xz

d

dt
WA(z, xz(t)) +A(z, xz(t))WA(z, xz(t)) = 0,

WA(z, xz(0)) = Id.
(4.3)

Then WA is real-analytic on Z.

Proof. Since A is real-analytic on Z and M is a real-analytic Riemannian mani-
fold, the geodesic xz(t) is real-analytic in (z, t). Thus, (4.3) is an initial value problem
for a system of real-analytic ODEs in t with real-analytic parameter z. Standard
ODE theory implies that WA ∈ C∞(Z). We now prove real-analyticity by establish-
ing Cauchy estimates in local coordinates.

Let [wij(t, z)] := WA(z, xz(t)) and [aij(t, z)] := A(z, xz(t)). Choose local coordi-
nates (z1, . . . , z2n−2) near z ∈ ∂+SM . In these coordinates, the system (4.3) becomes

(4.4)
∂

∂t
wij(t, z) = −

N∑

k=1

aik(t, z)wkj(t, z), wij(0, z) = δij.

We shall use the multi-index notation ∂αz := ∂α1

z1
· · ·∂α2n−2

z2n−2
for partial derivatives with

respect to z.
Since A is real-analytic on Z and the geodesic (z, t) 7→ xz(t) is real-analytic (as

(M, g) is real-analytic), the function aij(t, z) = A(z, xz(t)) is real-analytic in (t, z).
By the Cauchy–Kovalevskaya theorem (see for instance, [Pet54]), for each z ∈ ∂+SM ,
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there exists a neighborhood V ⊂ ∂+SM and ρ > 0 such that

(4.5) M :=

∞∑

p+|α|=0

N∑

i,j=1

ρp+|α|

p!α!
|∂pt ∂αz wij(0, z)| <∞, z ∈ V.

If necessary, shrink ρ and define

(4.6) L := sup
z∈V

sup
t∈(0,τ+(z))

∞∑

p+|α|=0

N∑

i,j=1

ρp+|α|

p!α!
|∂pt ∂αz aij(t, z)| <∞.

Applying ρp+|α|∂pt ∂
α
z /(p!α!) to (4.4), we obtain the identity

∂

∂t

(
ρp+|α|

p!α!
∂pt ∂

α
z wij(t, z)

)
= −

N∑

k=1

∑

q≤p

∑

β≤α

(
ρp−q+|α−β|

(p− q)!(α− β)!
∂p−qt ∂α−βz aik(t, z)

)

×
(
ρq+|β|

q!β!
∂qt ∂

β
zwkj(t, z)

)
.

(4.7)

This identity holds for all t ∈ (0, τ+(z)) since wij and (aij) are smooth.
Define the partial sum

Fν̄(t, z) :=

ν̄∑

p+|α|=0

N∑

i,j=1

ρp+|α|

p!α!
|∂pt ∂αz wij(t, z)| .

Since each ∂pt ∂
α
z wij(·, z) is a smooth function of t, integrating (4.7) from 0 to t gives

ρp+|α|

p!α!
∂pt ∂

α
z wij(t, z) =

ρp+|α|

p!α!
∂pt ∂

α
z wij(0, z)

−
ˆ t

0

N∑

k=1

∑

q≤p

∑

β≤α

(
ρp−q+|α−β|

(p− q)!(α− β)!
∂p−qt ∂α−βz aik(s, z)

)

×
(
ρq+|β|

q!β!
∂qt ∂

β
zwkj(s, z)

)
ds.

Taking absolute values and applying the triangle inequality,

ρp+|α|

p!α!

∣∣∂pt ∂αz wij(t, z)
∣∣ ≤ ρp+|α|

p!α!

∣∣∂pt ∂αz wij(0, z)
∣∣

+

ˆ t

0

N∑

k=1

∑

q≤p

∑

β≤α

(
ρp−q+|α−β|

(p− q)!(α− β)!

∣∣∂p−qt ∂α−βz aik(s, z)
∣∣
)

×
(
ρq+|β|

q!β!

∣∣∂qt ∂βzwkj(s, z)
∣∣
)
ds.

Summing over i, j ∈ {1, · · · , N} and 0 ≤ p+ |α| ≤ ν̄, we obtain

Fν̄(t, z) ≤ Fν̄(0, z) +

ˆ t

0

S(s)ds,(4.8)

where

S(s) :=
ν̄∑

p+|α|=0

N∑

i,j,k=1

∑

q≤p

∑

β≤α

ρp−q+|α−β|

(p− q)!(α− β)!

∣∣∂p−qt ∂α−βz aik(s, z)
∣∣ρ

q+|β|

q!β!

∣∣∂qt ∂βzwkj(s, z)
∣∣.
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Substituting r = p−q and ς = α−β and using p+|α| ≤ ν̄, we have r+q+|ς|+|β| ≤ ν̄.
This implies r + |ς| ≤ ν̄ and q + |β| ≤ ν̄. Since all terms are nonnegative, we have

S(s) ≤
N∑

k=1




N∑

i=1

ν̄∑

r+|ς|=0

ρr+|ς|

r!ς!

∣∣∂rt ∂ςzaik(s, z)
∣∣





N∑

j=1

ν̄∑

q+|β|=0

ρq+|β|

q!β!

∣∣∂qt ∂βzwkj(s, z)
∣∣

 .

For each fixed k, the first factor is partial sum of series in (4.6) and is therefore
bounded by L. Therefore,

S(s) ≤ L

N∑

k,j=1

ν̄∑

q+|β|=0

ρq+|β|

q!β!

∣∣∂qt ∂βzwkj(s, z)
∣∣ = LFν̄(s, z).

Therefore from (4.5) and (4.8), we have

(4.9) Fν̄(t, z) ≤M + L

ˆ t

0

Fν̄(s, z) ds, z ∈ V, t ∈ [0, τ+(z)].

The function Fν̄(·, z) is continuous and nonnegative on [0, τ+(z)] and satisfies (4.9) for
all t ∈ [0, τ+(z)]. By the Grönwall–Bellman inequality (see, for instance [GMAS25,
eq. (1.3)]), we have

(4.10) Fν̄(t, z) ≤MeLt, z ∈ V, t ∈ [0, τ+(z)].

Since ν̄ is arbitrary and M,L are independent of ν̄, the full series converges with an
estimate

∞∑

p+|α|=0

N∑

i,j=1

ρp+|α|

p!α!
|∂pt ∂αz wij(t, z)| ≤MeLt, z ∈ V, t ∈ [0, τ+(z)].

This proves that WA is real-analytic on Z. �

We next state the local version of Lemma 4.3, which may be proved similarly to
Lemma 4.3, but without establishing global Cauchy estimates. Thus, we omit the
proof.

Lemma 4.4. Let (M, g) be a compact real-analytic Riemannian manifold of
dimension n ≥ 2, and suppose that ∂M is strictly convex at a point x0 ∈ ∂M . Let
z0 = (x0, v0) ∈ ∂0SM , and let G be a sufficiently small neighborhood of z0 in ∂+SM
such that all geodesics determined by G are non-trapping. LetA ∈ C∞(G×M ;CN×N )
be a real-analytic matrix-valued function. For each z ∈ G \ ∂0SM , define WA as the
solution to the first-order linear transport equation along the geodesic xz (see (4.3)).
Then WA is real-analytic on Z (see Definition 1.7).

Remark 4.5. In defining the attenuated transform of f ∈ C∞(M,Cn), we
consider π∗

Mf ∈ C∞(Z,Cn) in Definition 1.7. With this identification, we have
IAf = IA(π

∗
Mf ).

Proof of Theorem 1.8. For each z ∈ ∂+SM , along the geodesic xz, we compute
that

d

dt
W−1

A = −W−1
A

(
d

dt
WA

)
W−1

A = W−1
A A.
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Also, along a fixed geodesic, one obtains

d

dt

(
W−1

A uf
)
=

(
d

dt
W−1

A

)
uf +W−1

A

d

dt
uf

= W−1
A Auf −W−1

A Auf −W−1
A π∗

Mf

= −W−1
A π∗

Mf .

This implies that

W−1
A (z, xz(τ+(z)))u

f (z, xz(τ+(z)))−W−1
A (z, πM (z))uf (z, πM (z))

= −
ˆ τ+(z)

0

W−1
A (z, xz(t))f (xz(t)) dt.

Since uf (z, xz(τ+(z))) = 0, one has

uf(z, πM (z)) = WA(z, πM(z))

ˆ τ+(z)

0

W−1
A (z, xz(t))f (xz(t)) dt.

Using the fact that WA(z, πM (z)) = Id, we conclude

IAf (z) = uf(z, πM (z)) =

ˆ τ+(z)

0

W−1
A (z, xz(t))f (xz(t)) dt, z ∈ ∂+SM.(4.11)

By Lemma 4.4, if A is real-analytic on G × M , then WA is also real-analytic on
G ×M . Thus, the attenuated ray transform IAf is of the same form as the matrix
weighted ray transform RWf with real-analytic weight W = W−1

A . The result now
follows directly from Theorem 1.5. �

The following lemma is the pseudo-linearization identity in a local setting. The
proof is identical to that of [PSU23, Proposition 13.2.1], and hence omitted.

Lemma 4.6. (Pseudo-linearization identity) Let (M, g) be a compact Riemann-
ian manifold of dimension n ≥ 2. Suppose that ∂M is strictly convex at a point
x0 ∈ ∂M . Let z0 = (x0, v0) ∈ ∂0SM , and let G be a sufficiently small neighbor-
hood of z0 in ∂+SM such that all geodesics determined by G are non-trapping. Let
A,B ∈ C∞(G×M,CN×N ) be matrix-valued attenuation functions. If CA(z) = CB(z)
for all z ∈ G, then

IE(A,B)(A− B)(z) = 0 for all z ∈ G,
where the map E(A,B) : M → End(CN×N) is defined by

E(A,B)(U) := AU − UB.
Proof of Corollary 1.9. Without loss of generality, we may interpret the Higgs

field Φ ∈ C∞(M,CN×N) along a geodesic as an attenuation on Z, by defining
Φ(xz(t)) := Φ(z, xz(t)). Since Φ is real-analytic on M , it is also real-analytic on
Z.

By Lemma 4.6 and Remark 4.5, we obtain

(4.12) IE(Φ,Ψ)(Φ−Ψ)(z) = 0, z ∈ G,
where E(Φ,Ψ)(U) := ΦU − UΨ. Since Φ and Ψ are real-analytic, it follows that
E(Φ,Ψ) is also real-analytic. By Lemma 4.3, the associated weight WE(Φ,Ψ) is real-
analytic as well. Applying Theorem 1.8 to the identity (4.12), we conclude that
Φ − Ψ = 0 in a neighborhood of πM(z0) in M . Finally, by the identity theorem
for real-analytic functions [KP02, Corollary 1.2.5], it follows that Φ = Ψ throughout
M . �
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