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Invariance of ¢* measure under nonlinear wave
and Schrodinger equations on the plane

Nikolay Barashkov and Petri Laarne

Abstract. We show almost sure wellposedness of mild solution to the cubic nonlinear wave
equation in a weighted Besov space over R2. To achieve this, we show that any weak limit of
»* measures on increasing tori is invariant under the equation. We review and slightly simplify
the periodic theory and the construction of the weak limit measure, and then use finite speed of
propagation to reduce the infinite-volume case to the previous setup. Our argument also gives a
weaker invariance result on the nonlinear Schrédinger equation in the same setting.

Tason ¢*-mitan invarianssi epilineaaristen aalto- ja Schrédinger-yhtiléiden suhteen

Tiivistelm&. Artikkelissa osoitetaan, ettd kolmannen asteen epélineaarisella aaltoyhtalolla on
melkein varmasti lievé ratkaisu R2:n painotetussa Besov-avaruudessa. Tété varten niytetésn, etté
miké tahansa heikko raja ¢*-mitoille jonolla kasvavia toruksia on invariantti yhtalon suhteen. Artik-
kelissa esitetddn yksinkertaistetut versiot aiemmasta ratkaisuteoriasta toruksella seké heikon raja-
mitan konstruktiosta. Adrellinen levidmisnopeus mahdollistaa sitten koko tason tapauksen palautta-
misen jaksolliseen teoriaan. Menetelmé antaa myos heikomman invarianssituloksen epilineaariselle

Schrodinger-yhtélolle samassa asetelmassa.

1. Introduction

Since Jean Bourgain’s work in the 1990s, invariant measures have been an im-
portant tool in probabilistic solution theory of dispersive PDEs. Bourgain originally
studied the nonlinear Schrodinger equation

(1.1) iou(x,t) + Au(z, t) = £ u(z, t)|u(z, t)|

on one-dimensional torus T [11]. He proved almost sure wellposedness when the
initial data is sampled from the natural Gibbs measure. We are interested in p = 2,
in which case the Gibbs measure is the (complex) ¢* measure from quantum field
theory. Later on in [12], he extended the result to T?. In two or more dimensions
the ¢* measure is supported on distributions, and it then becomes necessary to
renormalize the nonlinearity by Wick ordering:

(NLS) idpu(z, t) + (m? + Au(x, t) = X u(z, t)|u(z, t)[*:
Our main subject is the defocusing massive nonlinear wave equation

(NLW) Oupu(z,t) + (m? — Au(z, t) = —Xw(z, t)*;, m* >0,
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on spatial domain R?. This equation with Gibbsian initial data (and a more general
nonlinearity) was previously solved on T? by Oh and Thomann [51]. The main result
of this article can be stated as follows:

Theorem 1.1. (Global existence and uniqueness) Let (i be the product of infinite-
volume ¢* and white noise measures and fix ¢ > 0. Let H *(p) be the Besov space
with a sufficiently integrable polynomial weight p. For ji-almost all initial data, the
nonlinear wave equation (NLW) has a unique mild solution in C(Ry; H%(p)).

The precise definition of H¢(p) is given in Section 2, and of mild solution in
Definition 5.1.

Our approach is to construct solutions on periodic domains Ay = [—L, L]* and
then approximate infinite-volume solutions with them. The high-level proof strategy
on periodic domain goes back to Bourgain:

1. Define a probability distribution on the initial data.

2. Prove deterministic wellposedness for time interval [0, 7] when the initial data

belongs to some set A of large probability. The small time 7 depends on the

size of A.

Prove that the probability measure is invariant in time under the equation.

4. Intersect the sets of initial and final values, which have same probability
by invariance. By iteration, the probability of blow-up by time T" = nr is
bounded by n(1 — P(A)).

5. Use stochastic estimates to show that an increase of P(A) cancels the cor-
responding increase of iterations n; thus the probability of blow-up can be
made arbitrarily small.

w

This argument reduces the global-in-time solution theory into understanding the in-
variance and large deviations of the Gibbs measure. To show invariance, we use
finite-dimensional approximation. Liouville’s theorem states that the Gibbs measure
associated to the Hamiltonian of Fourier-truncated (NLW) is invariant. These ap-
proximate measures converge in total variation to the untruncated, periodic-domain
measures.

The extension to infinite volume relies on two further insights:

1. By [41], there are uniform bounds for the 2L-periodic ¢* measures in the
polynomially weighted space H ¢(p). This yields a convergent subsequence
of measures as L — oo.

2. Thanks to the finite speed of propagation of (NLW), all statements about
measurable events on H(p) can be reduced to bounded regions of R?. This
lets us go back to the periodic solution theory.

For the nonlinear Schrodinger equation the situation is more complicated, as there
is no finite speed of propagation. This means that we cannot reduce the problem to
the periodic setup. We can still prove a weaker form of invariance in a larger Besov
space by giving up some spatial differentiability. This sense of invariance was initially
developed for Euler and Navier—Stokes equations by Albeverio and Cruzeiro [2], and
was explored in the case of periodic 2D NLS in [50]. However, we are not able to
comment on the uniqueness of solutions, as can be done in one dimension [14].

Theorem 1.2. (Weak invariance of NLS) Let u be the complex ¢ measure on
R? and p as above. There exists s > 4 such that for p-almost all initial data, the non-
linear Schrédinger equation (NLS) with p = 2 has a mild solution u € C'(Ry; H™*(p))
in the sense of equation (6.3). Moreover, for any t € R, we have Law(u(t)) = p.
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1.1. The ¢* measure. As mentioned above, Fourier-truncated versions of these
equations conserve the Hamiltonian H, with which we can define the Gibbs measure
proportional to exp(—FH). The parameter 5 > 0 is called the inverse temperature.
For N-truncated and 2L-periodic (NLW), the Gibbs measure is proportional to'

/N 21,,12 2
12) e <—6/ )\.;,L.+m lu]” + |Vu| +\atu| ) IT aak ) ddyu(k).
[7L7L}2

2
[k|<N

The expression without restriction to |k| < N is only formal since an infinite Lebesgue
product measure does not exist. However, the second exponential term yields a
Gaussian factor that makes the N — oo limit still well-defined.

The continuum versions of these Gibbs measures are studied in constructive quan-
tum field theory [29]. Stochastic quantization (see e.g. [55]) is a rigorous PDE ap-
proach for their study. In this approach the ¢4 measure is regarded as an invariant
measure for a nonlinear heat equation with white noise forcing (see Theorem 3.20
below). These equations are singular and cannot be solved classically.

The periodic ¢j equation was solved by Da Prato and Debussche [25]. The limit
measure is absolutely continuous with respect to a Gaussian measure. Existence of
infinite-volume solutions for the 2D equation was later shown by Mourrat and Weber
in a polynomially weighted space [41]; see also [40]. We will rely heavily on these
ideas in Section 3.

The local wellposedness theory for the more singular T? case came in three ap-
proaches in mid-2010s: Hairer’s regularity structures [35]; Gubinelli, Imkeller and
Perkowski’s [31] paracontrolled distributions; and Kupiainen’s renormalization group
approach [37]. The bounds of Mourrat and Weber were then exploited by Albeverio
and Kusuoka [3] and Gubinelli and Hofmanové [30] to give a self-contained construc-
tion of the ¢3 measure.

In dimensions d > 4, the ¢} measures collapse to trivial Gaussian measures. The
last outstanding case d = 4 was proved recently by Aizenman and Duminil-Copin;
see their article [1] for discussion.

The ¢* measure is expected to be invariant under three PDEs that share essen-
tially the same Hamiltonian: (NLS), (NLW), and the cubic stochastic nonlinear heat
equation. As shown in [18, Figure 1], the periodic-domain invariance theory is almost
done, with only the three-dimensional (NLS) missing.

This theory, and hence the global wellposedness of the equations, is much less
developed in the infinite volume. For wave and Schrodinger equations the previous
results are limited to one dimension [14] or radial setting [63].

The largest complication is that the infinite-volume ¢* measures are only defined
as weak limits of approximating sequences, and in particular they are no longer
absolutely continuous with respect to a Gaussian measure. This means that total
variation convergence is no longer available and we have to prove local wellposedness
for non-Gaussian initial data. Depending on the coupling constant A, the sequence
might have more than one accumulation point.

However, the invariant distribution can still be coupled to a Gaussian, and the
perturbation term is of better Besov regularity. This idea underlies the variational
approach in [7]. A similar fact was exploited by Bringmann and collaborators in
[17, 16, 18] in situations where the singularity of the measure arises in finite volume
due to short scale divergences.

"n the following, we set 8 = A = 1 as they are not too relevant for our present topic.
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Remark 1.3. As this manuscript was being prepared, Oh, Tolomeo, Wang,
and Zheng published their work [52] where similar ideas appear. They prove The-
orem 1.1 for a more challenging equation, (NLW) with additive stochastic forcing.
This equation is also known as the canonical stochastic quantization equation; we
further discuss this hyperbolic approach to SQ in Remark 3.21.

The approach in [52] is based on an optimal transport argument developed in
[42], and involves convergence of measures in a Wasserstein metric. Our globalization
argument depends more heavily on finite speed of propagation and only uses weak
convergence. Although weaker, some of our arguments are simpler due to the use
of parabolic stochastic quantization. Moreover, our approach easily yields the weak
invariance result for (NLS).

1.2. Previous literature and extensions. Let us take a moment here to re-
view some of the history of this question. As mentioned above, the general globalization-
in-time argument was developed by Bourgain [11] in context of the one-dimensional
periodic (NLS). This was in response to earlier work of Lebowitz, Rose, and Speer
[38] in late 1980s.

Invariant measures for the one-dimensional wave equation were considered by
Zhidkov [64] and McKean and Vaninsky [39]. Radially symmetric (NLW) on a three-
dimensional ball was considered by Burq and Tzvetkov [23] and Bourgain and Bulut
[15], and extended by Xu to infinite volume [63]. Recently progress has been made
in three dimensions, culminating in the proof of invariance of periodic ¢4 under the
wave equation [17, 16, 18].

NLW has also been considered with random data not sampled from the invariant
measure [36]. Related to the invariance of Gibbs measures is the program for showing
quasi-invariance of Gaussian measures under Hamiltonian PDEs [62]; in this notion
the law of solutions at any given time remains absolutely continuous with respect to
the initial measure. For the wave equation this was carried out in [34, 54].

Another related development is the solution theory for (NLW) with additive
white noise forcing, either with or without an additional damping term O,u. Local
wellposedness on T? was achieved in [32] and extended to global wellposedness in
[33, 59]. If the damped equation also includes dispersion, the invariant measure is
moreover ergodic [58]. Oh, Tolomeo, Wang, and Zheng [52] consider the damped
case on R2.

The nonlinearity can be replaced by a general polynomial, exponential or trigono-
metric term; see [44, 45, 52] and references therein. These correspond to very different
physical models and feature interesting renormalization behaviour. It is also possible
to let the solution take values in a manifold instead of R; there is recent progress on
invariant measures of these wave maps equations [19, 22].

For (NLS) in one dimension it is possible to consider both focusing and defocus-
ing nonlinearities, due to the presence of an L? conservation law. Restricting to a
ball in L? leads to a normalizable measure if the nonlinearity is subquintic. In the
quintic case the measure is normalizable if and only if the coupling is suffiently weak;
remarkably, this threshold is known exactly [48].

In two dimensions the defocusing case can still be investigated, as was done by
Bourgain [12] for the cubic case and later for general polynomial nonlinearities by
Deng, Nahmod, and Yue [26]. For the focusing NLS the L? cutoff does not lead to a
normalizable measure anymore [21]. Quasi-invariance has also been investigated for

the NLS [46, 49, 53].
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In [47, 56] invariant measures of the Zakharov—Yukawa system were studied. This
is a system of coupled wave and Schrodinger equations with nonpositive Hamiltonian
and an L? conservation law. Due to these properties it behaves similarly to the
defocusing NLS.

The activity described above has mostly taken place on the torus. In infinite
volume we mention the early result of Bourgain on one-dimensional NLS [14], as well
as the work of Cacciafesta and Suzzoni on the NLS and other Hamiltonian equations
[24]. These are in addition to the aforementioned papers [52, 63| on two- and three-
dimensional NLW.

Let us conclude this review with a comment on possible extensions of our work
and open problems. Our method extends in a straightforward way to more general
polynomial nonlinearities and to vector-valued models.

Example 1.4. The mass term m? > 0 in (NLW) is used to avoid problems with
the zero Fourier mode. There are however setups (e.g. [8]) where the equation is
formulated with a negative mass term:

Onu(z,t) — (m?* + Au(z, t) = —wu(z, )’

Mourrat and Weber [41] consider also this case. If we add 2m? u(x, t) to both sides of
the equation, the modified nonlinearity —:u?®: + 2m?u will still be dominated by the
cubic term. In the present work we assume a positive mass to simplify the exposition.

For the weak invariance we also expect the extension to long-range models (with
fractional Laplacian) to be straightforward, provided the resulting measures are not
too singular. The strong invariance of (NLS) on R under general polynomial nonlin-
earities (so-called P(¢); theories) is interesting. The ¢* case was solved by Bourgain
[14], and Bringmann and Staffilani [20] recently extended the proof to w|u|’ up to
p < 4. The corresponding 2D problem in the full space is very interesting, as well as
the case of non-polynomial nonlinearities.

Given the recent work [18] on invariance of three-dimensional periodic (NLW), it
is intriguing to ask about the extension to R3. While the measure-theoretic part of our
argument is dimension-independent, the analytic estimates would require significant
changes to account for the more singular behaviour.

1.3. Outline and notation. Sections 2 and 3 are mostly toolbox sections. In
the former we define Besov spaces and their basic properties, and in the latter we
outline the construction of the ¢* measure over polynomially weighted R2.

We review the solution of (NLW) on a periodic domain in Section 4. We present
a simplified version of the argument of Oh and Thomann [51], and also provide full
details on the Bourgain globalization argument.

The main result in this article is presented in Section 5. We use a measure-
theoretic argument to reduce the full flow to the periodic case, and thus prove in-
variance of the infinite-volume ¢* measure.

In Section 6, we finally consider (NLS) on R?. We prove invariance in Albeverio—
Cruzeiro sense with some weaker estimates on the solutions.

We use the following notation throughout the article:

e A S Bif A< c¢B for some independent ¢ > 0, and A ~ Bif A < B < A
Positive constants ¢, C' may vary from line to line.
2
o (z) = (1+ |z|")V2
e Py is a sharp Fourier cutoff to B(0,2").
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) are weighted Besov spaces defined in Section 2. We abbreviate H*(p) =
B3,(p) and C*(p) = B5, (p).
e p(x) = (x)”“ is a polynomial weight; o > 0 may change between sections.
e A :==[—L, L)’ is the periodic domain and B3 .(Ar) Besov space over it.
p is the ¢4 measure, and ji the product of ¢4 and white noise measures.
H=(p) = H=(p) x H'"(p), where € > 0 may change between sections.
pr, and pr y are bounded-domain and bounded-domain Fourier-truncated
versions of .
®, is the flow of (NLW), and ®; and ® y, are the flows of the periodic and
the periodic truncated equations.
e C; and S, are the linear propagators of (NLW), defined in Section 4.
e 7; is the linear propagator of (NLS), defined in Section 6.

1.4. Acknowledgements. NB was supported by the ERC Advanced Grant
741487 “Quantum Fields and Probability”. PL was supported by the Academy of
Finland project 339982 “Quantum Fields and Probability”. PL would like to thank
Kalle Koskinen, Jaakko Sinko, and Aleksis Vuoksenmaa for useful conversations.
Both authors would like to thank Leonardo Tolomeo for helpful comments on the
preprint, and the anonymous referees for their thorough reading of the manuscript.

2. Besov spaces

Besov spaces are a generalization of Sobolev spaces that support some useful
multiplication estimates and embeddings. An excellent introduction to the topic is
in the article of Mourrat and Weber [41]. Some results are also collected in the
appendix of [30]. The textbook of Bahouri, Chemin, and Danchin [5] treats the
unweighted case. Due to differences in setup and conventions, the proofs of the
following results are straightforward modifications of those in the listed references.

We will use throughout the article a nonhomogeneous polynomial weight

(2.1) plx) = ()™ = (1 + |z[*) =/

for a > 0 sufficiently large. What “sufficiently large” means may vary from section
to section, but the final choice is finite. In some sections we also use the unweighted
space (a = 0); this is indicated by omitting p.

Remark 2.1. There are two conventions of weighted L? spaces in common use.
[41] and [30] respectively define

1= [ S@Pp@)de and flug, = [ Ferperds

We use the latter convention since it lets us apply a weight also when p = oco. For
p < oo the conventions are interchangeable, and the statements and their proofs
require only minor changes.

Definition 2.2. (Littlewood—Paley blocks) We fix Ay to be Fourier multipli-
ers whose symbols form a partition of unity. More precisely, for £ > 0 they are
smoothed indicators of the annuli B(0,2%8/3)\ B(0,2%3/4), and for k = —1 of the
ball B(0,3/4). The precise choice of radii is irrelevant.

Definition 2.3. (Weighted Besov space) We define the space B, .(p) as the
completion of C>°(R?) with respect to the norm

1135 = 1125 0@ ALA @) 1o

o
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where the L? norm is taken over z € R? and the ¢" norm over k > —1. We abbreviate
H*(p) = B3,(p) and C*(p) == B3, (p)-

The following product inequality shows that products of distributions and smooth
enough functions are well-defined distributions. A recurring ‘trick’ in the following
sections is to decompose stochastic objects into distributional and more regular parts.
There are also analogues of the usual LP duality and interpolation.

Theorem 2.4. (Product inequality) Let s; < sy be non-zero such that sy + sy >
0, and let 1 < p,py,pe, 7 < oo satisty 1/p = 1/p; + 1/ps. Then
||f9||B;}T(p1p2) S ||f||B;}’T(p1)||g||BZS,§7T(p2)'
Proof. [41, Corollaries 1 and 2] and the following remarks therein, adapted to

our convention of polynomial weights. 0

Theorem 2.5. (Duality) Let 1 < p,p’ < o0 and 1 < r,7" < oo be Holder
conjugate pairs, 0 < s < 1, and p; and ps polynomial weights. Then

170010 S 10, o 9l
Proof. Adaptation of [41, Proposition 7]. O

Theorem 2.6. (Interpolation) Fix 6 € (0,1), s = 0s; + (1 — 0)s,, and
1 6 1-60 1 6 1-—4
—=— , —=—+ , a=608+(1-0)y
p D P2 roon T2
for some 1 < p,p1,pa, 7,71, 79 < 00 and s1, So, 5,7 € R. Then
0
Byt

1l oy < 17151
Proof. [30, Lemma A.3]. O

We shall use the following three embedding results. The first lets us trade smooth-
ness for LP and ¢" regularity, whereas the second simplifies some arguments below.
The third one plays a crucial role in the weak convergence argument by letting us
pass to a convergent subsequence in a compact space.

Theorem 2.7. (Besov embeddings) Let s € R, 1 < ¢ < p < 00, and
1 1
s’Zerd(———).
q P

1055 1515y,

1-0
w152, ()

Then

The parameter 1 < r < oo also satisfies

”fHBgm(p) S ”fHBg’T(p) S ByLE(p)

Proof. The first claim is an adaptation of [41, Proposition 2| to our convention
of polynomial weights, and the second follows from Hoélder’s inequality. OJ

Theorem 2.8. (Relation to Sobolev spaces) Let us define the fractional Sobolev
space W*P s € R, 1 <p < oo, through the norm

1 llwengey = 12CV)° fll o
where (V)® is the Fourier multiplier with symbol £ — (£)°. Then we have

1550 S W ey S 1l
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Proof. To show the left inequality, we write
(2.2) 25 Akl oy = 2" NA(V) (V) fll o
By weighted Young’s inequality [41, Theorem 2.1], this can be bounded by
(2.3) 1Kkl £ (p-1y V)" Fll 2o

where K, is the convolution kernel of Ax(V)™*. We only need to show that its norm
is of order 2774, as taking the £>° norm over k then gives the result.

Let us assume that a € N. We note that () < 1+ |z|%, and that multiplication
by x corresponds to differentiation in Fourier space. Hence

/Rd p(x)™

(2.4 = [ ola)lp)® [ ey Bue)ag

s [ o) [

The inner integral is then of order 27%¢ by the support of A; and the smoothness of
(€) °Ak(€), and the outer integral is finite if p is integrable.
For the right-hand inequality, we write

(2.5) ) Fllzogy < D IAKY) Fllngy = D NAUY DS gy

k>—1 E>—1

[ st buerag|aa

dx

(1402 4+ -+ O [(O) " Au(©)]| d€ da.

and repeat the above estimate on A} (V)®, where A} is a slightly larger dyadic mul-
tiplier that takes the value 1 on the support of Ay. 0

Theorem 2.9. (Compact embedding) Let ps and p; be polynomial weights with
respective parameters ag > ay > d; p < 00, 1 < r < 00, and s; < s;. The space
B31.(p1) then embeds compactly into the less regular space B2 (ps).

Proof. [41, Proposition 11]. O

For the finite-volume results, we also need periodic Besov spaces. The theo-
rems listed above work also in this case, and in particular Theorem 2.8 holds with
¢ = 0. Furthermore the following lemma shows that we can move between periodic
and polynomial-weight spaces easily. We use the Mourrat—Weber [41, Section 4.2]
definition of these spaces.

Definition 2.10. (Periodic Besov space) Given the set Ay, = [—L, L]*, we define
the space Bj .(Ar) as the completion of 2L-periodic C*°(R?) functions with respect
to the Besov norm

113, a0y = 1125 11, (@) [Ak A (@)

Lemma 2.11. (Embedding into polynomial-weight space) Let p be a polynomial
weight with parameter a > d. Let f € C*(R?) be 2L-periodic for L > 1. Then

I s S L)

These bounds are uniform in L > 1, s ¢ R, and 1 < p,r < oo.

o

B3.c(0) < /] B3, (o)
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Proof. Let us begin with the right-hand-side inequality, and first consider the LP
norm of a single Littlewood—Paley block:

1A, (@) A fl(@)] L < (:euAp(l + ISUIQ)“/Q) () Lar, (2) [Ar 1) o

< (2L p(@) [ Ak ()] -

This estimate does not depend on k or p. As we multiply by 2% and take the ¢
norm over k, the prefactor can be moved out.

To get the left-hand side inequality, we apply the triangle inequality. Let us
denote by A7 the translates Ay + j2L. Then

lo(@)[Ar 1)l e < D o)1 (@)[Akf@)]]

jeZ

< H]‘AL< Akf HLP Z sup p
(27) jezd :BEA

(2.6)

< a, @AKo | 1+ L)Y 1T
JEZ\{0}
If a > d, then the sum is finite. Again, this estimate is uniform in k.

Finally, let us note that we defined B, (p) as the closure of C2° functions with
respect to the norm; it is not a priori obvious that the periodic f belongs to this
closure. We can however approximate f with n repeats of f1,, (with a smooth
cutoff in the tails). A modification of the preceding computation shows that the
approximation converges in By (p) norm as n — oo. O

Finally, the following lemma about Besov regularity of indicator functions will
be used in Section 5.

Lemma 2.12. (Besov norm of indicator) For 1 < p < oo and any K > 1, the
indicators of balls B(0, R) C R? satisfy

;up 110, R)HBl/p (Rd) < KYP.

Proof. By the first theorem in [60, Section 2.6.1] we have

flz+h) = f(x)
hs

(2.8)

s S 1l + sup

|hl<1 L»

Now clearly sup g [|15(0,r) || ., S K¥P, and [1p(0,r)(x 4+ h) — 1500,z (2)| is bounded
by 1 and nonzero only in 0B(0, R) + B(O h). This set has measure bounded by
CyK* 1 h|. Thus

B) —
29) R P
Lp
which is bounded by K@D/ if s < 1/p. O

Remark 2.13. Let us remark that the sharp Fourier cutoff Py to B(0,2%) is
bounded uniformly in N on L? and H*® equipped with flat weight over A; or R2. This
is not the case in other LP spaces when p # 2.
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We need to use a sharp cutoff to apply invariance of measure in Section 4.3. A
smooth cutoff would have better analytic properties but not be compatible with our
dynamics (see also [16, p. 17]).

3. Stochastic quantization

In this section we construct the ¢* measure (later denoted ) in the infinite
domain R? equipped with a suitable weight. This construction is well-known in the
literature of stochastic quantization, and we only outline the results we will need.

We define the stochastic objects both on the periodic space Aj, == [—L, L]2 and
the full space R?. The basic building block, Gaussian free field, is straightforwardly
defined in both cases, whereas for the ¢35 we need to take a weak limit as L — oc.

Remark 3.1. Since we use the complex ¢ measure in Section 6, we state results
here with respect to both real and complex scalar fields. The complex case is much
less frequent in the literature, but the basic ideas are essentially same. It is however
important to notice that the definition of some objects (like :u|u|*:) depends on the
choice of scalar field.

3.1. Gaussian free field.

Definition 3.2. (Gaussian free field) The Gaussian free field v, with mass m? >
0 is the Gaussian measure on &’(Ay) with covariance

/ (. Zu) g, Z2) dvi(Z) = (f, (m® — D) ') agay.

Similarly we can introduce the infinite-volume massive GFF v supported on the space
of tempered distributions &'(R?), with covariance

/(f, Z\g, Z) dvp(Z) = (f, (m* — A)_lg>L2(R2).

Definition 3.3. (Notation for samples) We will denote random variables from
vy or v by Z; and Z. We will also write their projections as Z; xy = PyZ; and
ZN = PNZ

Note that we can view vy as a measure on &'(R?) by periodic extension. The
following proposition is proved in [41, Theorem 5.1].

Theorem 3.4. (Uniform bounds for GFF) v, and v have samples almost surely
in C~¢(p), and for all p < oo the expectations are bounded uniformly in L:

s%p/ ”ZLHZ—s(p) dvp(Z1) < o0, /HZHZ_E(/)) dv(Z) < 0.

We can sample from the GFF by realizing it as

1 gnln
(3.1) ;= — G TRy
I 2 T A
where g, are standard complex Gaussians and e,(z) = exp(2min - ). In case of

the real scalar field we require g_,, = g,, but otherwise g, are independent. For the
full-space case we can write

_ [ ey
2 7= [

where ¢ is a white noise as defined below.
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Definition 3.5. (White noise) Let X = A or X = R% The white noise £ is a
Gaussian process on &'(X) with covariance

E[(f, £>L2(X)<g7§>L2(X)] = (f, 9>L2(x)-

The argument of Theorem 3.4 also gives that the white noise has bounded ex-
pectation in C~17¢(p).

The GFF measure v, does not have samples of positive regularity. This means
that taking powers of distributions sampled from v; does not make sense. Yet the
Gaussian structure of the randomness allows us to still define powers of the field by
so-called Wick ordering.

Definition 3.6. (Wick ordering, periodic space) Let ay y = E|Z, x(0)]>. When

the scalar field is real, we define the first Wick powers of Z; n as
:Z%,N:L = Z%,N — 3afL,NZL,N7
IZ;NZL = ZE,N — ar,n,
3ZL,N1L = ZL,N-

This definition is based on Hermite polynomials, and higher-order powers can be
defined accordingly. As N — oo, the constants a;, y diverge logarithmically, and the
counterterms cancel the divergence of Z f - For more details, see e.g. [57, Chapter I]
or [29].

Wick-ordered polynomials are defined by Wick-ordering each monomial term
separately. We remark that E|Zy, y(z)|* does not depend on the choice of = since
the GFF is translation-invariant.

It will be useful to define the Wick powers with a renormalization constant that
is independent of L. For this purpose we will use the expectation of the full-space

GFF.
Definition 3.7. (Wick ordering, full space) When the scalar field is real, we
denote ay = E|Zy(0)|* and define
:Z%,N: = Z%,N —3anZ, N,
:ZiN: = ZiN —an,
Zi N =ZLN.

The difference between these two renormalizations is a polynomial of strictly
lower degree; for the third Wick powers it is

(3.3) 3ZE,N3L — 3Z§,N3 = —3(aLy —an)ZLn.

The next lemma asserts that the difference of renormalization constants goes to zero
as N, L — oo. This lets us always take Wick ordering with respect to the full-space
GFF.

Lemma 3.8. (Difference of renormalization constants) We have

1 1
ary —any| < —+—, when L >1, N €N.
lazy —anl S+ 7

Proof. By covariance of the continuum white noise, the second renormalization
constant is

(3.4) ay = /| b

d<n m2 + |z
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The first renormalization constant can be written as

1 1 1
(3.5) aL,N = — _— = / ——dux,
L? ne;ZQ m? + |n|2 SN m? + |TL(:L‘)|2
In|<N

where P(n) is the rectangle n + [0,1/L)?, n(x) is the unique n € L™'Z? such that
x € P(n), and the collection of rectangles is denoted by

(3.6) Sev= |J P

nelL=1722,
[n|<N

Observe that by triangle inequality B(0,N —2/L) C Spn C B(0,N +2/L).
Thus we can estimate

lay —ap n| < /
B(O,N—2/L)

[ |t )
ZL"
R Lm2+ |z m2+ |n(z)]?
where we denote the annulus B(0, N +2/L)\ B(0, N —2/L) by R. The first term is
estimated by
L oy o s A
R2 ( R2

m? + n(z)[2)(m2 + |z (m? + |n(2)[*) (m2 + |z]°)

1 1
5_/ 3dl’,
LJe 1+ |z|

since |z| ~ |n(z)| away from the origin. For the same reason,

1 1 Rl _ 1
3.9 + dr < — < —. O
& AL#HW W+wm4 ~ N2~ NI

Let us then define the complex renormalized nonlinearity used in (NLS). The
idea is to renormalize the real and imaginary parts of the GFF separately, as they
are independent. See [50] for more exposition. In fact the same argument gives all
| Zp n|*": for n € N, but we only use :| Z;, y|*: in what follows.

1 1

m? + |e|* m? + |n(2)]*

dx

(3.7)

(3.8)

Lemma 3.9. (Wick-ordered complex objects) When the scalar field is complex,
1|ZL,N|21 = |ZL,N|2 — an,
3ZL,N|ZL,N|21 = ZL,N|ZL,N|2 - 2CINZL,N-

Proof. Let us abbreviate R = Re Z; x and I = Im Z; . It then follows from the
definition that R and I are independent real GFFs such that E R(z)? = EI(z)* =
ay /2. Then

(3.10) 3|ZL,N|2IZIRQ+12:=R2—G7N+IQ—CL7N,

from which the first statement follows. Similarly,
Z|Zo|*: = :R(R* + I?) + il (R* 4 I?):
= R +i:I + :RI* +i:R*I.
By the Wick product expansion (see e.g. [57, p. 12]) we have
(3.12) :RI?: = RI*> - 2E[RI] — REI*> = R(I* — an/2),

(3.11)
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and similarly for :R?I:. Hence
2 Y

which is exactly the second proposition. O

3an(R 4+l
_ Ban(R+dl)

(3.13) (3.11) = (R® +iI?) (RI? +iR?I) —

We can now state that the relevant Wick powers of the Gaussian free field are
well-defined. Furthermore, we show that the result extends to sufficiently regular
perturbations of the GFF, of which the ¢* measure will be an example.

Lemma 3.10. (Moments of GFF powers) First consider the real scalar field.
For any p < oo and j = 1,2,... we have

.75 P
SupE [[1:2 x| < oo

The sequence :Zi,zxﬁ converges in LP (v, C~%(p)) to a well-defined limit :Z}: as N —
00. The limit satisfies

4
s%pE [H:Zi:”c_g(p)} < 00.

In the complex case the same convergence result holds for ZiN, :|ZL7N|2:, and

ZL7N|ZL,N|2, and the respective limits satisfy
2 P 2 P
S%PE HZEH’é—s(p) 20 o) + 1:211 Z1] 3Hc—s(p)] < 0.

Proof. The proof of the first statement is a variation of [25, Lemma 3.2], and the
infinite-volume bound is done in [41, Section 5].

The complex results then follow from these real-valued objects. Let us again
denote R = Re Z;, and I = Im Z;. By Lemma 3.9 we have that

(3.14) | Z2]: = :R%: + :I%,

so its moment bound follows immediately from the real case.
The second power can be written as

(3.15) 72 = R* + 2RI — I = :R* + 2iRI — :I*,

so we need to show the bound for RI. This is a matter of adapting the proof of [41,
Theorem 5.1] using two observations:

e RI belongs to the second Wiener chaos (over a tensorized space so that the
Gaussian has two independent real components) so hypercontractivity can be
used;

e In the notation of [41, Lemma 9], we can compute

E[[RI)(t,m(- — )|’

= IE/R2 /R? (1 — )k (22 — ) R(x1) R(xe) I (21) 1 (25) dzy dve
3.16
(3.16) = /R2 /R2 k(11 — 2)np (22 — ) E[R(21) R(22) E[1 (21) 1 (22)] dq day

= / / (1 — ) (ze — 2) H (t,t, 21 — 22)% day das,
R2 JR2

where ¢ (t,t, 11 — 2)? is the same kernel as for : R?:.
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From here on, the proof is hence identical to that of : R?:.

The finite-volume bound and convergence of ZL,N:|ZL,N|2: are shown in [50,
Proposition 1.3]. With the expansion (3.11) and the same observations as above,
the infinite-volume bounds are analogous to those for :R3:. 0

Lemma 3.11. (Wick powers of perturbations) Suppose the real scalar field. Let
Y € L*Y(vy, B2 (p)), where e > 0 and 1 < p,q < co. Then

i .
(Zy + Y)Y Z()ZH :

1=0
as an element of L(vy, B, 5 (p'™)).

Proof. Tt follows from properties of Hermite polynomials that

i,
3.17 (Z T = VAL
( ) ( LN +¢) ; (’L) LN 'QZ)
Hence by Theorem 2.4 we have
J
i—i . a4
E:(Ze+ ) sgeny S D I ZEmt s
(3.18) Zjo
(Bl N 1 S
1=0

and the claim for finite NV follows by Jensen’s inequality and Lemma 3.10. Since
multiplication is a continuous operation, the claim holds also as N — oo. O]

The complex case leads to longer expressions; for us it suffices to expand
(319)  (Zo+9)ZL+ ol = (Zo+ ) |(Zo + ) (ZL +9) — 2ay

and redistribute the renormalization constant. This is done in (3.26) below.
The following result lets us compute covariances of Wick powers by passing to a
Green’s function. For the proof, see e.g. [57, Theorem I.3].

Theorem 3.12. (Wick’s theorem) If X and Y are Gaussian, then
E[LX™: Y™ = 1,n_.n! (E[XY])".

As an application of Wick’s theorem, we see that we can approximate the third
Wick power by continuous maps. We use this lemma to prove that sequences of
periodic solutions to (NLW) or (NLS) satisfy the PDEs also in the limit. The proof
is somewhat technical, and we leave it to Appendix A.

Lemma 3.13. (Approximation of Wick powers) Let 2 < p < oo. For every
§ > 0 and s > 0, there exists a continuous map f3°: H=*(p) — L*(p) such that

. 3,8 . 3.|P —
limsup || f*(Z0 + 1) = :(Z0+ 1) oy = 0,

where Zj is sampled from the Gaussian free field with period 1 < L < oo, and
Y, € L*(P, B: (p)). In the complex case, f*° is instead defined such that

limsup E || f>°(Z + 1) — «(Z1 + )| 2 + ¢L|2:||Ic)*f(p) = 0.
6—0
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3.2. Coupling of the ¢, measure and the GFF. We now turn to study the
¢35 measure. We can define it directly only in the periodic case; we need to take a
weak limit to get to infinite volume.

Let us first recall the definition and some basic results of weak convergence of
probability measures. These can be found in most probability textbooks; see for
example [9, Sections 2 and 5].

Theorem 3.14. (Weak convergence) Let X be a metric space and Cy(X;R)
the space of bounded continuous functions on it. A sequence of Borel probability
measures (uy) on X is said to converge weakly to p if

L—o0

iim [ £(0)dpal0) = [ £(0)du(o) for all f € G R),

If X is a Polish space, then the weak limit is unique.

Definition 3.15. (Tightness) A family (ur)ren of Borel probability measures
on a metric space X is tight if for any € > 0 there exists a compact set K. such that

sup un(X \ K.) < e.
LeN

Lemma 3.16. (Prokhorov’s theorem; [9, Theorem 5.1]) Suppose that the se-
quence (pr,) defined above is tight. Then there is a subsequence (i1, ) that converges
weakly to a Borel measure p on X .

Lemma 3.17. (Weak limits in product spaces; [9, Theorem 2.8]) Assume that
Borel probability measures (pur) and (p)) converge weakly to p and p’ on the Polish
spaces X and X’ respectively. Then (g, X py) converges weakly to pu X p' on X x X'.

Lemma 3.18. (Skorokhod’s theorem; [9, Theorem 6.7]) Suppose that () con-
verge weakly to p supported on a Polish space. Then there exist a common proba-
bility space P and random variables X1, X such that Law(Xp) = pup, Law(X) = p,
and X — X almost surely.

We will consider a sequence of qb‘i ; measures over increasingly large tori and show
that it is tight over a polynomially weighted Besov space. This will give us a weak
limiting measure ¢3.

Definition 3.19. (Periodic ¢3) The ¢3 ; measure over Ay is given by

dpin(@) = Zp exp (— / L:\¢<x>|4:dx) a1 (9)

where Zil is a normalization constant.

The Wick power :|¢|*: (meaning :¢*: in the real case) makes sense as a distribution
vr-almost surely, and one can show that the exponential belongs to LP(vy) for any
p < oo and L < oo; see e.g. [7] and [50, Proposition 1.2].

For our purposes, it is easier to view py as an invariant measure to a stochastic
PDE. This approach is known as stochastic quantization. As discussed in Section 1.1,
this approach has been hugely successful in deducing properties of the measure. The
following result was one of the first breakthroughs in this approach:

Theorem 3.20. (Parabolic stochastic quantization) For any finite L, the mea-
sure puy, is the unique invariant measure of the stochastic quantization equation

(3.20) WL, + (m? — AWy, + Wi Wi =¢, Wy e CRy, H(AL)).
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Here & is space-time white noise as in Definition 3.5.

Proof. The real case was originally shown by Da Prato and Debussche [25]; see
also [41] for discussion and extension to infinite volume. Uniqueness follows from [61,
Corollary 6.6], although we will not use this fact below.

The complex case follows by a modification of the argument in [25]. In the
fixpoint argument [25, Proposition 4.4] we need to replace the Wick-ordered third
power with (3.19). As the stochastic terms have the same Besov regularity as in the
real case, the proof still holds. Similarly, the globalization argument that ends [25,
Section 4] can be modified by replacing the polynomial :p(Wy): with W |W|*: and
using Lemma 3.10. O]

Remark 3.21. We use the better-known parabolic stochastic quantization ar-
gument, but py, can also be viewed as an invariant measure to a stochastic nonlinear
wave equation; this is called hyperbolic or canonical stochastic quantization. See [33]
for the construction on the torus; the argument is quite similar to Section 4, with
slightly different linear propagators and the appearance of stochastic forcing. It was
the extension of this equation to R? that was completed in [52].

Our proof of Theorem 3.22 requires the parabolic equation. Corollary 3.25 does
not translate to the hyperbolic case at all, since the wave operator has a smoothing
effect of only one derivative compared to two for the heat operator.

The Da Prato—Debussche argument is based on decomposing the solution into
two parts. Since the other part is more regular, this shows that on short spatial
scales the ¢3 measure looks like the GFF.

Theorem 3.22. (Tightness of gb;{L) Samples from pj, can be decomposed as the
sum of Gaussian free field Z;, and a random function 15, € H(p). The laws of Z,
and 1y, are then tight in H=¢(p'™) and H'~¢(p'™®) respectively.

Proof. We will use (3.20) to control the gb‘iL measure in the limit L — co. We
begin by decomposing the solution as W = Z; + 1, where Z| is the Gaussian part
that solves the stationary equation

{3tZL(t) +(m* = A)Z(t) = £(t),

(3.21) Law(Z1(0)) = GFF(A),

and 17, solves

(3.22) {QW@ + (2 = A)lt) = —(Z + I + (),

@/)L(O) = WL(O) - ZL(O)-

We can take Wy, and Z, to be jointly stationary solutions to (3.20) and (3.21) so
that Law(Z.(t)) = GFF; see the beginning of Section 4.3 in [30]. In particular the
Wick powers :Z};:(t) are well-defined random distributions, and the laws of Z;, form
a tight sequence by Theorem 3.4.

It then suffices to show that

(3.23) SlipE ||¢L(t)||12/V172(p) < o0,

since by Theorem 2.8 this implies that large balls in H'(p) norm have high probability,
and such balls are compact in H'=¢(p'™¢) by Theorem 2.9.
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In the real case we multiply (3.22) by p%*(t) and integrate in z to obtain
=) 12 + m?| o (8)])? Vi (1) V2 ()]
SOl Ol +mllpbr @22 + lpVYLOllz: + Nl ()] s

= —Gi(Zr,%1),
where the right-hand side is

Gt(ZL,’QDL) = 3/pQIZL<t)3Z wL(t) dx + 3/pQIZL<t)2I w%(t) dx
+ [Pzt ® e+ [ unO©F - Vo)

(3.24)

(3.25)

In the complex case we instead compute %[wL(t) < (3.22) + Yp(t) - (3.22)] to get
equation (3.24) with the right-hand side replaced with —G; — Gy, where

Gi(Z,in) = 5 [ 520|200 DD s
+ [ 2uof no do+ 5 [ 92070 s

+ [ PZUEOOF A+ 5 [ PR s

\)

(3.26)

1 [—
+5 [ B0 Tun) da
In Appendix B we show that in either case

(3.27) G(Ze, o) <0 (I OlFpnay + 1Ol Fegus) ) + QulZe),

where sup; E[|Q(ZL)?] = sup, E[|Qo(ZL)?] < oo for any p < co. Meanwhile the
left-hand side of (3.24) is bounded from below by

1
(3.28) ftll%(ﬂ”iqp) + (1 AD G20 .2y + 192 7a172)-

Combining these two, we get

(329) Saullown ()2 + (> A1) = 8) (e Oz + 10 20e 1) < Qu(Z2).

The second term on the left is non-negative when ¢ is chosen small enough. We may
ignore the L* term. If we integrate (3.29) over an arbitrary interval [0, 7] and take
expectation, we get

any EPLDIE = lown O3] + (o A1) =) [ [0n 0

<TEQo(Zy).

Now the L? terms cancel by stationarity of 1. Similarly we may commute the
expectation and integral around the W12 term, and be left with

EQo(Z1)

2
(331) E 60 < oo gy

which implies the claim. O]
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3.3. Wick powers of ¢3. The bounds on the ¢* samples can be improved to
exponential tails, which then imply L” expectations for all p. We defer the proof of
this result to Appendix C.

Theorem 3.23. (Exponential tails) There exists § > 0 such that

sup [ exp (31Wal, ) dms(Ws) £ 1.
The bound also holds in the limit p.

Since the nonlinearity in (NLW) is cubic, we will need the first three Wick powers
of the ¢* field. We construct and estimate the Wick powers of ¢§7 ; uniformly in L,
and thus in the L — oo limit. In the proof of this lemma, we rescale € so that ¢ of
Theorem 3.22 is now denoted £/12.

Theorem 3.24. (Wick powers of ¢*) Let W, = Z; + 1, be sampled from gb‘iL
as in Theorem 3.22. Then :Wg: is a well-defined random distribution for j < 3, and
for any ¢ > 0 and p < oo we have

supE |:Wi:]|o- < 0.

£(p?)
Furthermore, if W is sampled from the full-space ¢3 measure, then
E||:-W’ ||c )y < 0.

Proof. We only do the proof in the most dlfﬁcult case j = 3. The other cases are
analogous. Recall that we have by (3.21) and (3.22) the decomposition

3
3 L
(3.32) Wi = Z (,):Zi: i 7
=0
Now for ¢ = 4/¢ we can use Theorem 2.4 to estimate
. s
1:Z1: 4y, ]Hc—s(p2) Sz j|’B;;/13(p2)
. Ny
(3.33) S ||3Zi3||c—s/13(p)||¢j; ]||Bg{q12(p)
.9 23—
S 28 lleensiy + In 2

€/12 ¢ 1/3y"
ng,gq(p )
The Gaussian part is bounded by Lemma 3.10. Theorem 3.23 implies that

E HWLH’C)_E/H( ) < 00, 50 we can estimate the perturbation as

(334)  SUE LI gy S 50D E [Wellopigy +E N Zel

() < o
This estimate provides integrability, whereas the estimate E HQ/JL”iﬂ—s/l?( /6y < 00
from Section 3.2 provides differentiability. We can interpolate between these two

with Theorem 2.6:
[ehL

1-0) 2]
‘( 5/12 1/6 ”wL”Hl—s/m(pue)

E/12 (p1/3) ~ ”wL’

(1-6
< H@Z)LHC 5/12) p1/6) + ||@Z)L||H1 =/12(pl/6))

where we choose § = £/6. As we substitute this back into (3.33), we find that the
final expectation is bounded. O

(3.35)

From Theorem 3.24 we can bootstrap a stronger statement for the coupling. The
perturbation ¢ is two derivatives more regular than Z, instead of just one derivative
as showed earlier.
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Corollary 3.25. (Strong bound for regular part) We can find random variables
Z1,%y, such that Law(Z1) = vy, Law(Z, + 1) = pr, and

supIEHlpLHH2 ) S 1

Proof. For notational simplicity we consider the real case; the complex case
follows by modifying the Duhamel term below. Recall that from the stochastic quan-
tization equation (3.20) we have

(3.36) Yr(t) = /Ot e U2 (Zy(s) + r(s))® ds + e P (0).

So provided p is large enough that [t — s|~(175/2»/("=1) has integrable singularity, we
can use the smoothing effect of the heat operator [41, Proposition 5] together with
Holder’s inequality to estimate

E 9L () 2-= )

t p
SE jf INZ (o) + Uu()ids| B[ Bun0) e
H2¢(p)
(3.37) Hl(Z1(s) + m( )3 fer2) . : . E L (02,
|1 €/2 s tl—e/2
Elybr(0) -2
sagAEwwm>+mx»uHm@@+ e,
Since Z;, and v, are both stationary, we may choose t as we like. The integrand is
then uniformly bounded by Theorem 3.24. U
In total we have obtained that sup, E HlpLH’I’{Q,E(p) < 00. By the same compact-

ness argument as above, Law(Zy, 1) is tight on H2¢(p?) x H*%(p?). In particular
pr, = Law(Zp, +p) is tight on H=%(p?) and has a weakly converging subsequence.
We have thus proved the following:

Theorem 3.26. (¢; as a weak limit) Let p be a sufficiently integrable polynomial
weight. The measure py, can be represented as

pr = Law(Zp + 1)
where Z;, is a GFF on Ap, and 1y, satisfies sup; E ||1/)L||’}{2_8(p)

Zp, + 1 with its periodic extension on R? we have that (ur) is tight on H%(p?)
and any limiting point u satisfies

pu = Law(Z + 1)

where Z is a Gaussian free field on R? and E [|9)|[}2-2.,2) < c©.

< o0o. Identifying

Proof. Tightness was discussed above. We know that the limit of Law(Z;) as
L — oo is a Gaussian free field on R?; this follows for instance from the convergence
of the covariances. It remains to show that

(3.38) B[] 7r2-20 2y < 00,

but since |97z, is lower semicontinuous on H?~*(p*) we have by weak conver-
gence

(3.39) E {0 ) < i inf Bl . ,)] < 0. O



468 Nikolay Barashkov and Petri Laarne

Remark 3.27. We were careful to state the preceding theorem for “any limit-
ing point x”. When the coupling parameter A in (1.2) is large enough, there exist
subsequences of (gbé ;) that converge to different weak limits. This is one of the main
complications in our study.

4. Invariance of periodic NLW

Let us now move on to solving the nonlinear wave equation. We fix a periodic
domain A, = [—L, L)’ and consider
Opu(z,t) + (m? — Au(x,t) = —u(z,t)*:,
(4.1) u(z,0) = up(x),
Opu(,0) = ug()
on A; x R,. The initial data will be sampled from ji;, meaning that wug is from the

¢* measure (Definition 3.19) and the initial time derivative u from a white noise
measure (Definition 3.5).

Remark 4.1. The Wick ordering will always be taken with respect to the
infinite-volume covariance (Definition 3.7), even if we start from periodic initial data.

Remark 4.2. We now relabel € and p such that the space H%(p?) at the end
of Section 3.3 is now denoted by H¢(p).

By solving the equation in Fourier space, we can write the mild solution as
t
(4.2) u(t) = Cyup + Spug — / [Sy_sru(s)?:] ds,
0

where we use the cosine and sine operators

sin((m? — A)V/2%t)
(m2 — A)172

(4.3) C; = cos((m? — AYV?1), S, =

These are defined as Fourier multiplier operators. We see that C; preserves the
H#(Ap) regularity of its argument whereas S; increases it by one derivative.

We again split the solution into nonlinear and linear parts ©v = v + w. Here
w(z,t) = Ciup(x) + Siug(x) solves the linear wave (Klein-Gordon) equation

(4.4) Opw(x,t) + (m? — A)w(z,t) = 0.
This leaves v to solve the coupled equation
(4.5) Opv(z,t) + (m? — A(x,t) = — (v +w)*:

with zero initial data. We will see that v has one degree higher regularity than w,
and its growth is controlled by w.

The almost sure wellposedness of (4.1) with a more general nonlinearity was
proved by Oh and Thomann [51, Theorem 1.5]. It was also stated without proof
by Bourgain in a lecture note two decades earlier [13, Theorem 111]. The argument
presented below replaces the more specific Fourier restriction norm by a general Besov
norm, and includes the details on convergence of solutions.
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4.1. Linear part. It is a basic property of the wave equation that all wave
packets travel at a fixed speed. The propagators are then also bounded in weighted
spaces since the weight does not change too much within a ball. The finite speed of
propagation applies to the nonlinear equation (4.2) as well, as we show in Lemma 5.2.

Lemma 4.3. (Finite speed of propagation, linear part) If the initial data (ug, u)
and (@, ty) coincide on B(0, R), R > 0, then the corresponding linear wave equation
solutions w(t) and w(t) coincide on B(0, R — [t|) up to times |t| < R. Moreover, this
result holds also in the infinite volume R

Proof. [28, Section 12.1.2]. O

Lemma 4.4. (Boundedness of linear propagators) For s € R, ¢ > 0, and f €
H?(p) we have

ICf ey S LA+ TED T2 f lpere 0
1Sefllze () S U+ D T2 f | gacree

where « is the parameter of p. Fixing T, we get uniform bounds in [t| < T.

Proof. Let us consider C;. For §; the proof is identical, except that we gain a
derivative. By going to the fractional Sobolev space with Theorem 2.8 (which costs ¢
derivatives), we can assume s = 0 since C; commutes with (V)°. By Lemma 4.3 and
the decomposition w(t) = Cyug + Spuy, the finite speed of propagation also applies to
C; and S; individually.

Let P(n) be the decomposition of R? into unit rectangles as in Lemma 3.8, and
Xn the sharp indicator function of P(n). Given t € R, let x,, be the sharp indicator
of P(n)+ B(0,[t|). Then we have

z€P(n) z€P(n)

(4.6) 1xn0Ci f1]72 < [ sup p(x)Ql IxaCefl72 < | sup ,0(56)2] 1CXn f 32

We see that C; is bounded on L? with flat weight, since it is a Fourier multiplier with
bounded symbol. Then we use the moderateness property p(z) < p(z —y) p(y)
together with the estimate p(z — y)™! < (1 + |¢[)*/? that follows from ¥,, vanishing
outside |z —y| <1+ [t|:

47 swp pa) / Tl F ()2 dy < (14 )" / )00 F(9)? dy.
zeP(n) R2 R2

Finally, it suffices to observe that any point of R? supports order (1 + |t])? instances
of X,,. As we sum over n, we get

(4.8) D IapCefllze S DL+ 1D %o fll7e S L+ D> oS 17 U

In probabilistic terms, the linear part looks almost like the coupled ¢* measure:
there is an invariant Gaussian free field part and a more regular term. This station-
arity property simplifies several proofs.

Lemma 4.5. (Law of linear part) Let us sample (ug, uj) from [i and decompose
uy = Zr, + ¢, as in Theorem 3.26. Then the linear part (4.4) can be written as

w(-,t) = |:CtZL +St%} + G
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The law of the bracketed term is GFF for allt € R, whereas Ci1p € H?%(p'/?) almost
surely.

Proof. The latter part follows from the boundedness of C; on H*(p) shown above.
To prove the first part, we need to compute the covariance. For any test functions
f, g we have

E [<f, CtZL + Stu6)<g, CtZL + Stu{)ﬁ
(4.9)

~ B |(.C 2o, i) | + B |11, St} .5

by independence of Z; and u(. Because C; is a self-adjoint operator, the first term
becomes

a0 E[eznez] - (on ) < (DT

For the second term we have white noise covariance instead:
sin((m? — A)Y/2)?
ay)  [nSsuesu] = (5.0 = (1),

m? — A
Now the trigonometric identity sin® + cos® = 1 implies

(4.12) E [(f, CiZ1, + Siug) (g, CiZ1, + Stug)] = <f, — 1_ Ag>. O

Not only the linear part but also its Wick powers are continuous in time. This
was shown by Oh, Okamoto, and Tzvetkov [43] in the periodic case. The result also
yields a very good moment bound on wy, and its Wick powers.

Lemma 4.6. (Moment bounds for linear part) There exists a version of wr,n
such that each :wy y:, j < 3, belongs almost surely to C([0,T]; C™*(p)) and satisfies
the moment bound

p < 1

sup E| :ij,N: ||c([o,T};c—s(p)) ~P

L>1,NeNU{co}
for any 1 < p < oo. Moreover, for any finite L we have

p

oo — O

lim E|Jw], y: —

Proof. We defer the proof of the first part to Appendix D. [43, Proposition 1.1]
gives both results for a space equipped with flat weight. The second claim then
follows from it and Theorem 2.11. O

We can now show that powers of the linear parts converge as L — oo. We will use
this result as we pass to the full space in Section 5. This could be done by modifying
the argument of Appendix D, but an easier LP-in-time bound is sufficient and follows
from the stationarity.

Lemma 4.7. (Convergence of linear parts) Let 1 < p < oo, and let w solve
the linear wave equation started from infinite-volume (¢3, white noise) initial data.
There is again the moment bound

4
E H3w]3”0([0,T];c—s(p)) Sp L

As L — oo along the subsequence from Theorem 3.26, :w': converges in probability
to :w': in LP([0,T],C=(p?)).
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Proof. Let us decompose the initial value ug; = ws,r + ¥ as in Lemma 4.6.
The convergence of C;1r, to Cyip in H*~¢(p) follows from continuity of C; in H?~¢(p).
We need to show that :wf, ;: — w: in LP([0, T],C*(p?)). Then continuity of Besov
product from C™¢ x H?7¢ to C~¢ implies convergence of :(wg 1 + ¥r)>:.

We have that wy ;, — wg in C([0,T]; H ¢(p)) by continuity of the linear opera-
tors. Now with f9 as in Lemma 3.13 we have

wly = wl = [wl g — O (we,)]
+ [fé(wst,L) - f5(wst)] + [f6(wst) - 3wsi,t3]'

The middle term goes to 0 as L — oo since f? is continuous from H~%(p) to C~(p?),
and for the first and last term we have by stationarity

T
B[ 1) = il
0

= TE ||/ (ws,£(0)) — :wly 1 (0):]] .-

By Lemma 3.13 this is a §-dependent constant 1ndependently of L, so we may first
pass L — oo and then § — 0. 0J

(4.13)

(4.14)

4.2. Fixed-point iteration. We now use the standard fixed-point argument to
solve

(4.15) v(x,t) = —/0 [Si_s:(v +w)*](x) ds.

up to a short time. We do the iteration in C'([0,7]; H'"¢(Az)). The spatial weight
must be flat because we need it to be the same on both sides of the product estimates.

This argument is completely deterministic when the linear part w from (4.4) is
fixed. We control the growth of v by assuming bounds on w; these bounds will be
verified by stochastic estimates in Section 4.3.

Lemma 4.8. (Boundedness) Let M = max;j_1.23 ”:wj:HLoo([O,l];C_f(p)) and 7 < 1.
The operator

(Fo)(x,t) = —/0 [Sy_s:(v +w)*](x) ds

maps a ball of radius R into a ball of radius Cy7M(1 + R?) in the space C([0,7];
H'™¢(Ap)).

Proof. We can commute the Fourier multiplier and apply Jensen’s inequality in

9 1/2
”FUHLgoHl—E(AL) = sup [/ dx]
0<t<r Ar

1 5 3
Si_s:(v+ dsd
(4.16) V2 sup. [/AL/ (77" Semailw+ 0] 54

<7'1/2[// - v—l—w3‘ dsdx}
AL

=7[:(v+ w)g'HLgﬁH*E(AL)'

In the second-to-last step we used the increase in Besov regularity from &;; on periodic
space there is no e-loss of differentiability of Lemma 4.4.

/Sts (v+w)* ds

1/2
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We can now expand the binomial power by triangle inequality and estimate each
term separately. First, ||:w3:||Loons(AL) < L°M, where ¢ depends on p through
Lemma 2.11. The second term is estimated as
(4.17) H3w23U”LgoH—s(AL) N |’:w2:HL$°C—5(AL)HUHL$OH25(AL)7

and for the third one we use Theorem 2.4 twice:
2
(4.18) HwU2HL$OH—6(AL) < |’wHL$°C—5(AL)”U2HL$°H26(AL) S LcM””HLgOBZiI(AL)'

We also perform the a similar multiplicative estimate for the v® term. Thus we have
estimated

) 20+ )% | o ey

4.19
c 2 3

S LM U [0l onegayy + 1003 e )+ 10 00|

which yields the required bound after embedding H'™* into B§% by Theorem 2.7.
With the estimates above, this is possible for e < 1/12.
Continuity in time follows from

Fo(t+s) — Fo(t)

(4.20) t \ s \
= —/ [Stis—r — Sip]:(v +w)”:dr — / Sipsri(v+w):dr,
0 ¢

since S, s, — S;_, pointwise in H'75(Ar) as s — 0. O
Lemma 4.9. (Contraction) In the setting of Lemma 4.8, we also have
| Fv— -7:77”0([0,7];1{1—6) S CprM(1+ R?)lv — 77”0([0,7};1{1—6)-
Proof. We can begin as in Lemma 4.8 to get the upper bound
(4.21) |):(v + w)?: — :(27+w)3:||L$OH,E(AL).
When we again expand the binomials, we get three terms to estimate. First,

[:w?:(v — z7)”Lg<>H—s(AL) S H37~U23HLgoc—s(AL) lv— z~JHLgoH?s(AL)

(4.22) ~
S Mjv - U”LgoHl—s(AL)-

In the second term we additionally need to expand

2 ~2 ~ ~

(4.23) [v* =0 ||LgoH2E(AL) S v — UHLgoBg;(AL)HU + v||LgoB§§4(AL)
S 2R[lv — 'aHLgOHl*E(AL)'

In the final term, the corresponding expansion is

[ = 7| e

= (v = 9)(v* + V0 + %) oo e

(4.24)

- 2 ~ ~112
Sllv— U||L§B§f4 (HvHLgoBgfs + ||U||L$°B§f8 UHLgOBng + ||v||L$°B§§8>
Sllv— 6||L$°H1*E(AL)R2'

All together, we get the claimed inequality for & small. 0
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Theorem 4.10. Assume that the moment bound in Lemma 4.8 holds with M >
1. Then the nonlinear equation (4.15) has a unique solution

v e O([0,7]; H5(AL))
of norm at most M, where the time T depends on both M and the period L.

Proof. Tt only remains to choose R and 7 such that

M(1+ R?) <
(4.25) CorM(1+ 1) < R,
CLTM(1+R ) S 5
We can select R = M and 7 = (4CR?)~1. O

4.3. Globalization in time. The analysis of previous sections also applies to
the truncated equation

Opu(z,t) + (m? — A)u(x,t) = — Py:Pyu?:,
(4.26) u(z,0) = Pyug(z),
dyu(x,0) = Pyug(x)

posed on Ap x R, where Py truncates the Fourier series to terms with frequency
at most 2V in absolute value.? The estimates are only changed by a constant factor
since the projection operators Py are bounded uniformly in H*(Ay) norm, and the
linear operators C; and &; do not change the Fourier support.

The reason to pass to (4.26) is that the state space now consists of finitely many
Fourier modes. Because the equation is Hamiltonian, a theorem of Liouville auto-
matically implies invariance of the corresponding Gibbs measure.

Definition 4.11. (Truncated Gibbs measure) The measure fif, y is supported
on the subset of H°(p) that contains 2L-periodic functions Fourier-truncated to
-2, 2N]2, and is given by the density

o e ([ 2,

with respect to the periodic, truncated (GFF, white noise) product measure.

Theorem 4.12. (Local-in-time invariance) Let us recall that we denote by H=(p)
the space of pointwise-in-time solution pairs H(p) x H~'7%(p). Then
e The flow @ n¢: H™° — H° of (4.26) is well-defined for 0 <t < 7, where T
depends on the data.
e For any measurable set of initial data A C H ¢ such that the solution exists
almost surely up to 7, we have ji;, n(PnA) = fip N(Pr N PnA) forall 0 <t <
T.
Proof. Existence of solutions was already discussed. Equation (4.26) can be
written as the Hamiltonian system

du  OH(u,w/) du’ _ OH(u,u)

(4.27) at - ow 0 dt ou

2Recall that we define the Besov space with a full-space Fourier transform; the Fourier transform
is a linear combination of Dirac deltas in this case.
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with energy

. 4. 2 2 2 1()\2
(4.28) H (o, ) :/ u(x)*: N \Vu(z)|” + m?u(x)® + u/'(x) e
A, 4 2
Hence the measure can be written as
(4.29) djipn(u, ) =exp(~H(u, ) [[  da(k)di' (k).
ke[—2N 2N]?

The energy is constant under a Hamiltonian flow [4, Section 15], whereas the Lebesgue
measure of A is preserved by Liouville’s theorem [4, Section 16]. U

The globalization argument is motivated by (NLS). For L? solutions of (NLS),
the local time 7 only depends on the L? norm of initial data, which is conserved by
the flow. Then one can restart the flow from w(7) and get a solution up to time 27,
and by induction to any time.

Such a conservation law is not expected for generic H® norms, which motivated
the probabilistic argument of Bourgain [11]. By invariance of measure, random so-
lutions at time 7 are distributed identically to the initial data, and hence we can
control the solution on a high-probability set.

Definition 4.13. (Bounded-moment set) Fix 7' > 1. We define
By = {||ﬁ0||H,E(p) < M such that ||:wj:||C([O7T];cfa(p)) < M for j = 1,273}>

where w is the L-periodic linear part (4.4) with data uy = (uo, ug).

Remark 4.14. We fix the final time 7" to an arbitrary positive value in order
to simplify the exposition. We will extend the solution to all times ¢ € [0, 00) with
some post-processing in Lemma 5.12.

Since the definition of Bj; matches the moment bound in Lemma 4.8, it follows
that @, y+By is well-defined up to time 7(M) for all N € N. We can then restart
the flow, and overlap such local solution intervals:

Lemma 4.15. (Growth bound) Let us define
Bupn =By N®y pBu 00O By,

where m = T'/7 (T dependent on M ). For all (ug, ug) € Barrn, there exists a unique
solution uy € C([0,T]; H ¢(AL)) to (4.26), and

(4.30) ”:u?\/:HC([O,T];H—E(AL)) S (rMmy
for j = 1,2,3. The constant is independent of N, T, and L. Moreover, uy can

be written as uy = wy + vy, where wy solves (4.4) and satisfies the bounds in
Definition 4.13, and vy € C([0,T]; H'~¢(Ay)) has norm at most TM.

Proof. Although the definition of B); uses the non-truncated linear equation, we
may pass to the truncated equation since C; and §; commute with Py.

By construction, a local solution ug\];) = wg\];) + v](\];) exists on each interval [k7/2,
(k+2)7/2]. As the intervals overlap and each local solution is continuous and unique,
the global solution has the same properties. In the decomposition, the bound on w
and its Wick powers follows from Lemma 4.6. We extend v](\]f) to all times by the

mild solution formula

(4.31) un(t) = —/0 Si_sun(s)®: ds.
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Thanks to the regularizing effect of S;_, it satisfies

t
(4.32) lon ()l pr1-e(a,) §/0 lun ()l -2,y ds S TM.

It thus remains to verify (4.30).
For j =1 the claim follows immediately from

(4.33) ||UN||Loo([o,T},HH(AL)) + ||wN||L°°([O,T];H*E(AL)) STM + M.
For j = 2 we are to estimate

(4.34) il oo e + 2lonwn oo e + 1R oo e

Here the only relevant difference is estimating

(4.35) ”UNwNHLooH—E S HUNHL“’HQEHUJN”LWC—S

with Besov multiplication and Holder. Thanks to regularity of v, we have
(4.36) 103 oo pr2e S NoN oo pra-e < (TM)2.

The case j = 3 follows similarly. O

Moreover, this set of initial data has high probability. Here we use the finite-
dimensional invariance to bound the probabilities.

Lemma 4.16. (Data has high probability) Given k € N, there exists My, such
that jip n(Bu,.z.n) > 1 —27%. The value of My depends on L and T but not N.

Proof. We may first use the triangle inequality and union bound to estimate

F fiﬁ,x lwniloqrriye-can > M

(4.37) k=0,...

m

Z Z <H3w3v3Hc([kT,kTH];c—s(p)) > M) )

]:1 k=0

The pointwise-in-time norms max; [|(u(k7), Opu(kT))[3--(, are bounded with the
same argument. Then P((Ba, 1 n)¢) is bounded from above by

" E || wN ||C( [kT,kT+1];C—¢(p) + E ||u(k:7_)||p
Mp
(4.38) k=0 -
<, Blkwnilleqo s + B ol
Mr '

The expectations are bounded by Section 3.2 and Lemma 4.6 for any large p; this
estimate is uniform in N. Now we substitute m = T/7 and 7 = C, M3 from
Theorem 4.10. To finish the proof, we can choose e.g. p = 6 to get the final estimate

(4.39) P (wy ¢ Bas,zn) < CLTM ™,

which implies that the claim holds when M, = Cp(2*T)'/3. O



476 Nikolay Barashkov and Petri Laarne

4.4. Invariance of non-truncated measure. Let us use Lemma 4.16 to re-
name the sets of initial data defined above. We can then take a limit of these sets
and get a high-probability set of initial data with respect to the untruncated measure
fir, defined in Theorem 3.20. We follow here the argument of Burq and Tzvetkov [23,
Section 6].

Definition 4.17. (High-probability set of data) We define the set Dy, 1, v to equal
By, 1.n, where M, is chosen with Lemma 4.16 such that i x(Dyry) > 1— 27"

Definition 4.18. (Limiting set of initial data) We define Dy, C H(p) as
the set of limits (ug,up) of all sequences ((uon,,, Uy, ) € Dr,LN,)men that have
N,, = 00 and converge in H™¢(p).

Lemma 4.19. (Total variation convergence) We have
lim sup |fiL(A) — fir,n(A)] =0,
N—oo »g

where the supremum is taken over all measurable subsets of H™¢(Ap).
Proof. 1t suffices to consider the measure componentwise. See e.g. [7, Remark 3]
for the result on pp. OJ
Theorem 4.20. (Estimate for Dy ;) We have jir,(Dyz) > 1—27".
Proof. It follows from the definition that

(4.40) limsup Dy, 1. v C Dy 1,

N—oo

and then Fatou’s lemma implies

fr(Dy.) > iir, <lim sup Dk,L,N) > limsup fig, (Dy,,n)

(441) N—oo N—oo
= limsup jir v (Dyry) > 1—27%
N—o00
Here the equality holds by the total variation convergence. 0

To show invariance of the limiting measure as N — oo, we need to approximate
full solutions by Fourier-truncated solutions. The next lemma gives convergence
in a qualitative sense. It depends on pointwise bounds that follow from Fourier
projections in Besov spaces. For them we need to drop the regularity of our target
space by €. Again, this change is irrelevant since ¢ is arbitrarily small.

Theorem 4.21. (Limit solves NLW) For almost all initial data (ug,uy) € Dy 1,
equation (4.1) has a unique mild solution u up to time T, satisfying the moment
bound in Definition 4.13 with M = M. Moreover if u,, are the solutions to (4.26)
with data (uo,n,,, U y,,) from the approximating sequence, then u,, — u in the space
C([0,T); H?¥). Consequently, (4.1) has a unique mild solution for p-almost all
data. We then denote the flow of (4.1) by @y, ;.

Proof. As Theorem 4.10 holds in the untruncated case, the solution u with
limiting initial data (ug, ) exists at least up to a short time. We will extend it to
T by a continuity argument.

As the linear propagators (Ci, S¢): H°(Ar) — H °(AL) are continuous, the lin-
ear part converges for all times:

(4.42) w(t) = Cuo + Suy = lim (Couo,w, + Sy, ) -
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Let us then consider the integral part in (4.2). We need to show that
¢

(4.43) lim Si—s (Pn,: Py, i — ) (z,s)ds =0

m—o0 0

for all 0 <t < T. By Lemma 4.24 the integral is bounded in H'~2¢(A) norm by

(4.44) <jr:nlz}2>,<3 |:w?: — :w?\fm:||L°°([O,T};C*25(AL))

+2-6Nm)Ms exp(CM2),

once we have shown the moment bound
(4.45) I’ o2y < M-

Since ¢ — :w(t)’: only depends on the initial data g, let us introduce the nota-
tions FJ (i) = w’: and FIN (i) == :wf\,:. These functions are measurable as limits
of the continuous approximations from Lemma 3.13.

By the convergence in expectation shown in Lemma 4.6 and changing the prob-
ability space with Skorokhod’s theorem (Lemma 3.18), we have

(4.46) Aim (|7 (o) — FY () | o zysc-e(a,) = O

for pz-almost every . Thus by Egorov’s theorem there exists a set A} such that
fin((A3)7) < 8 and

i N (7 _ FI(i —
(4.47) Aim 5;% [ F75 (to) — F7 (o)l o(jo77; -2 (a,)) = 0
Moreover by Lusin’s theorem we can find A% such that iz ((A%)¢) < 6 and FY is
continuous on AZ.
Let us then set A; = A} N A3, If 4o n,, € As N D1, is a sequence converging
to ug € As N Dy, 1, then

lim ||Fj’Nm(’Ij07Nm) — Fj(’ljo)
m—»00

(4.48) < lim sup [P (ido) — F (@) oo,y e a,)

m—0o0 ﬁoeA(s

. N ovys o I( _
+n}1_r>I;OHF (To,n,) = F7 (1)l oo 71, ¢~ (ay) = 0-

)

loqorye-<any

Hence on this subset of Dy we can approximate :w’: by :wf\,:. Combined with
the definition of Dy n,, this implies (4.45), and the prefactor in (4.44) vanishes as
m — 0o. By convergence in total variation we have

fir,(im sup(As N Dy 1.n)) > limsup fi,(As N Dy r.n)

(4.49) N0
>1-—2%_-26
As we set
(4.50) Q= U U lim sup(As N Dy L),
k=16>0 N7
we have that i (Q) = 1 and on Q there is a unique solution to (4.1). O

We can then proceed to invariance of the measure under the flow just found. The
next lemma shows that it is enough to show that fi; o ®;, and ji;, coincide when
tested against a nice class of test functions. We then only need to apply pointwise
bounds for the flow in a high-probability set.
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We will further advance this strategy in Lemma 5.10. This technique of adapting
the test functions to the specific model is very common; see the book of Ethier and
Kurtz [27, Section 3.4].

Lemma 4.22. (Test functions) Let F be the set of bounded Lipschitz functions
@: H™*(Ar) — R. Let uy and uy be Borel probability measures on H=2*(Ap). If

/ o) dun(f) = / o) dua(f)

for all p € F, then puy = po.

Proof. Tt suffices to show that F separates points in the sense of [27]. The claim
then follows from [27, Theorem 3.4.5].

Fix two distinct elements (f, f') and (g,¢’) in H™2*(Az). By general theory of
distributions, there exist a, f € C*°(Ay) such that (o, f — g) # 0 or (B, f' — ¢') # 0.
We then define the bounded functions

(4.51) m(f, f) = arctan({c, f)), ma(f, f') = arctan((83, f')).

They are Lipschitz continuous since

(4.52)  |arctan((3, f')) — arctan((8, g)| < |8, /" = g ) S 1Bl allf = 'l 122

and similarly for n; in H~?¢. Hence 1; and 7, belong to F, and by construction
n:(f, f') # ni(g,g’) for at least one of i =1, 2. O

Theorem 4.23. (Invariance of finite-volume measure) We have i (®pA) =
fr(A) for all t € [0,T].

Proof. We apply Lemma 4.22 so that it suffices to show

(4.53) [ r@vdane - [ 1)

for all bounded and Lipschitz continuous f: H~2¢(A;) — R. We split the integrals
over the sets Dy 1, N Qs n and (D, N Qs n)¢, where we restrict the linear solution w
to

Qs N = {(un,u’n) max |:(Pyw)’: — :wj:HLOO([O,T};C*E(p)) < 5} :

je{1,2,3}

By Lemma 4.6 we have [i;(Qsn) > 1 — 9 for all N large enough. We can then
estimate the residual contribution as

(4.54) 2/iL((Dr,r N Qs.n)) [ f 1o

/(D (@) — F(P) diin(d)| <

k,.NQs5,N )

Let us then note that

/ 1(8) diin(@) = / () (@)

4 / F(@48) iz () — in(@)]
(4.55)

/ (@) = F(@1nu@)] difn ()
/ (@) diL() — fizn (@),
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On the second and fourth lines we use boundedness of f and the total variation
convergence, whereas the third line vanishes by invariance of the truncated flow.
Hence we can write
Jim | [ @0.) - 1(2) 4l
— 00

< lim |f(@L,:B) — f(PrneP)| diin + 2/ ((Dr,e N Lo, n) ) fll oo
(456) N—roo Dy, 1.NQs5,. N

< [ (ing 271 fin 15 - ndl A
D — 00

k,LNQs N

+ 20 ((Dr, N Qs 3)) 1 f |l -

It therefore suffices to bound the difference of flows in both components.

By the uniform bounds in Theorem 4.20, we know that the full solution u(t) =
I, @y (1) and the truncated solution uy(t) = I, Py v+(Pntp) are well-defined for
all t < T. We split the pathwise difference u(t) —uy(t) again into linear and Duhamel
parts

t

(4.57) w(t) —wn(t) + / Si_s[u(s)?: — Pyun(s)*:] ds.
0

For the linear part we use the bound

[w(t) = wn ()| gr-2e(a,) = I Ponvw() || g-2e(a, )
(4.58) S 27wl g—a,)
< 27N,

coming from the definition of Dy, ;. We separate the estimate for the Duhamel term
as Lemma 4.24 below. Together they give the bound

(4.59) T [u(t) = un (D)l 42 S 5M} exp(CMR).

For the time derivative component dyu(t) = ly®y (), we use Lemma 4.25 to

find

(4.60) ]\}grgo [0su(t) — Opun ()| r-1-2:(n,) S SMP exp(CM?).

Hence (4.56) is bounded by (4.59) and (4.60) and the measure of (Dy N Qs n)¢. We

can now finish by passing first 6 — 0 and then k& — oo. OJ
The pointwise bounds used in the preceding two theorems are as follows:

Lemma 4.24. (Fourier approximation, nonlinearity) Let us denote

Hy = max [w’s — oyl poe go,ry;0-26(a,))-
When the initial data (ug,uj) € Dy r, the solutions u and uy to (4.1) and (4.26)

satisty

< (Hy +27°) M exp(CM)
H1=2¢(Ap)

/0 Si—s [fu(s)®s — Pyun(s)®:] ds

forall 0 <t <T.
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Proof. Let us write the left-hand side ||[v(t) — vn (t)]| gi-2- as

/Ot Si—s [ru(s)* — un(s)’:] ds + /Ot S Poncun(s)®: ds

The last term is bounded with boundedness of S; and the Bernstein estimate:

(4.61)

H1-2e

¢
(4.62) / | Po iy (8)2:]] yae ds S 27N M.
0

Similarly, we estimate the other terms as

t
/ Si—s| — un(s)*]ds 5/ [:u(s)?: — sun ()] 2- ds.
H1-2¢ 0

We can rewrite the pointwise difference as

(4.63)

3
3 o ‘
s — b = Z (J) (wd ¥ — W vf’\, ])
(4.64) o
3 . . . . .
— <]> [(w’: — wh vy 4w (03—l ])} .
=0

When j = 0, the first summand vanishes, and otherwise it is bounded with
t
) s
/ | (w’: — wl v || y—ee ds

(4.65) / s — syl 0% e s

<

- wN ||Loo [OT] c— 25 UNHLOO(OT} H1l- 25)

< HyMP .

The second summand vanishes when 7 = 3, and for j < 2 we have

t
/ s (6% — o3| a. ds < / e 6% — 07 o s

(4.66)
< / B9 oo 0 — o1 s,
0
where
Mol e + 2onlpses G =0,
(4.67) K5 = ol s + lowlles =1,

L, J=
is bounded by C'M?. Hence we have shown
l(t) = o ()l -2e S (27 + Hy) My

t 2
D Sy

from which Gronwall’s inequality yields

(469) No(t) = on(Dllr-ar S (27 + Hy) M p(/ > Killv e d) 0

(4.68)

U — ON || g1z ds,
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Lemma 4.25. (Fourier approximation, derivative) Under the assumptions of
Lemma 4.24, we also have

Jim 0(t) — 0w (), S (v + 2N MY exp(CMR).
Proof. By the mild formulation we have

U(t -+ S) — U(t) . Ct+s - Ctuo i 8t+s - Stu,
- 0
S

S

t J—
(4.70) - / M:u(r)gz dr
0

s
1 t+s

— —/ Sppsriu(r)d:dr,
S Jt

The first two terms give a bounded operator from H2*(Ar) to H '72(Ar) as s — 0,
as can be seen by considering the Fourier multiplier symbols. Lemma 4.15 implies
that :u(r): is continuous in r, so the last two terms converge to

(4.71) /t Crpu(r)®: dr + u(t)?:.

Hence
[O[u(t) — un (O]l gr-1-2-a,

T
(472) SJ HP>N’IIO”H_25(AL) + /0 ”u(T)B - :uN(T)3:”H_1_25(AL) dT

+ [|u(t)?: — :U/N(t)3:||H—1—26(AL)'

Now the first term is estimated as in (4.58) and the second term is at most C'(Hy +
27*N)YM3 exp(CM2) by a direct modification of Lemma 4.24. Finally, the last term
is bounded by (4.64) and (4.69). O

5. Global invariance of NLW

Let us now move to (NLW) over R* x R,. Lemma 4.3 states that at any given
point the linear propagators only depend on the light cone, and we show below in
Lemma 5.2 that the same holds for the nonlinear term. We are thus able to go back
to periodic solution theory. Within any bounded region of R? x R, it is impossible
to distinguish between different L-periodized flows as soon as L is large enough. We
use this property to pass L — oo.

Let us first define what we mean by a solution to (NLW). We still fix 7" > 0
throughout this section. We pass to R, in the concluding Lemma 5.12.

Definition 5.1. (Solution on R?) Let ug, uf, be random distributions with Law (u,
ug) = i1, and set w(t) == Cyug + Spuy.

A distribution u solves (NLW) on R? with initial data (ug,uy) if there exists
v: Ry x R* = R such that

o u=w+ U,

e for any spatial cutoff x € C>°(R?) we have yv € C([0,T] x H'~¢), and
3

o u(t) = /0 s, [Z (?);wsj(s);m(s)] ds.

Jj=1
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Note that the right-hand side of the last point is well-defined since v is a function,
wl: € C([0,T],C%(p)) by Lemma 4.7, and the kernel of S;_; has bounded support
by Lemma 4.3.

Let us then introduce some notation used in this section. As in Section 4 we
will denote by (ur, o, u}, o) initial data sampled from fiz,, and by uy, the corresponding
solution to (4.1) constructed in Lemma 4.21, where also the flow @, ; is defined. We
will write wr,(t) = Syuo, + Ciug 1, as in (4.4) and decompose uy, = wy, + vy, as before.

We will also need some spatial cutoffs. Given R > 0, we define two smooth,
non-negative functions on R2:

e x; =1 on B(0,R) and x; = 0 outside of B(0,2R), and
e xo=1o0n B(0,2R+T) and x2 = 0 outside of B(0,3R+T).

We will first contruct the infinite-volume solution started from initial data sam-
pled from g in Section 5.1. In the process we will show that the unperiodic flow
can be approximated by periodic solutions started from periodic data. Then we will
show invariance in Section 5.2.

5.1. Construction of solution in infinite volume. Assuming that the period
is large enough, a periodic solution restricted to a compact domain D and horizon
time 7' is independent of the periodization. However, the initial data sampled from
fir, still depends on the period L. In this section we quantify the convergence of
solutions and construct a limiting solution as L — oo.

Let us first construct a probabilistic solution set associated with compact D C R2.
This argument is analogous to Lemma 4.16, but with a twist: by Theorem 4.10 the
growth bound in D is independent of the periodization, but the local solution time
7 is not. However, at discrete times {k7} we can use the invariance of measure; this
property is qualitative and holds for all period lengths.

Lemma 5.2. (Finite speed of propagation, nonlinear part) Fix R > 0 and let
L>3R+T. Let wy, be as above. Assume that vy, € C([0,T]; H'7¢(Az)) solves

(5.1) o(t) = /Ot i St-s (3) X2 wi(s)* 7 0(s)" ds.

Then UL|B(O,R) (t) = 6|B(O,R) (t) for all t S T.

Proof. 1t is sufficient to show that (0 —vz)1p(,rir—r) = 0. To see this we observe
that by Lemma 4.3

150,r+1-1) (0 —vL)(1)

(5-2) ' (3 3—i.[~i i
= 1B(0,R+Tt)/ Z ; Si—s1p,pe7—s)(wy 0" — vy])(s) ds.
0 =1

Now we can use Lemma 2.12 to bound the above expression as
11B0,r+7—1) (0 —vL) ()|l y1/a

t 3
3 o ,
[ 30 (3) s rtsamer-ui 0 — o) as
0 =1

Hl—¢
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Mimicking the proof of Lemma 4.9, the norm can be estimated by

2 <112
(1 + HUL”c([o,ﬂ;Hl—E(AL)) + HU”C([O,T};Hl—E(AL)))

(5.4) 3 et _
x Z/O i ()L el gz _a,)ILB0R+T-0(0(8) =vL(D] fr1/3(a ) d5-
=1

We can again use Lemma 2.12 to estimate
||3w%7i(8):1B(O7R+T_S)HB;EOO(AL)

(55) 5 H 1B(07R+T—8) ”BM};(AL) ” :wL<S)3il: ”C—E(AL)
S (R4 D) lwr(s)*fle—ca, -

which is integrable in time (for almost all wy). Hence we have shown

180,171 (0(t) — vL(0)[] 10

t
S wn(8)’ oz 11808178 (0(5) = 0L(8)) | 11124, DS,
0 (Ar)

and Gronwall’s inequality implies that the left-hand side is zero for all ¢. O]

(5.6)

Remark 5.3. That a solution o to (5.1) exists follows from a straightforward
fixed-point argument for ¢ < 7 ~ min(M ¢, R~¢) where

3
M= Z Ll 2o,y 0 (BO3RLT)) -

i=1
Then (|0l ¢ o,r; sr-<(a,)) < 2M. The rest of the argument in Lemma 5.2 holds up to
time T', but below we will use the result only for a short time interval.

Lemma 5.4. (Bound for v in a bounded domain) For any compact D C R? and
q > 1, there exists a constant Cp r independent of L such that

ﬁL(HULHC([QT};HPE(D)) > M) < CD7TM_q.
Proof. First, we have the following bound for any 7 > 0:

< sup ||UL||Loo([m,(k+1)r};HI—E(D))'

57 v oo : —€
(5.7) vzl ([0,T]; H'==(D)) 0<k<T/t

Let R satisty D+ B(0,7) C B(0, R). If we assume that
(58) ”:<q)linq)L,kTuO,L)j:Hc([OJ];H—Qa(B(O’R))) S M

for j =1,2,3 and all k£ < T/, then the local solution theory and Lemma 5.2 imply
that a local nonlinear part vy, exists and

(5.9) ||UL||Loo([kr,(kﬂ)r],Hl*f(D)) < 2M.

This requires that 7 < M~¢ for ¢ € N sufficiently large. From now on we fix 7 = M ~°.
The probability that vy, can be constructed is bounded from below by the prob-
ability of assumption (5.8) holding. That in turn is bounded by

P2
(5.10) L=P | max  |(PunPrirtior) e n-2momy > M
k=0,....T/T
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It is here that we use the invariance of fi;, under ®;;. As in Lemma 4.16, we can
then bound the probability from below by

. 1. [|1P
E [|:(®untuo. )’ lleo,; -2 (mo,m)

(5.11) 1-CTM Afv
The expectation is bounded by Lemma 4.6 uniformly in L. Again we conclude by
choosing p > ¢+ q. O

We will now construct the full solution u by showing that uy, is a Cauchy sequence.
Let us first show that the nonlinear parts vy, form a Cauchy sequence in a probabilistic
set.

Lemma 5.5. (Stability, ¢* component) Assume that
max [lwrill ooy c-2e < My 0Ll ooy e (Bo.ReTY) <M
hold for all L € NU {o0}. Set
T . .
Hi=sup [ Guds = 50d)(5) g ds.
J<3J0

Then for all R there exists C' > 0 (depending on R) such that
(512) H]-B(O,R-l—T—t) (’UL/ — UL>HH1/4 SJ eXp(C'M3)HL7L/.
Consequently

X1 (ur — uL/><t)”H*25(p)

S lixel(uo,z, ug 1) — (UO,L’au/O,L’)]HH—s(p) + exp(CM®)Hy, 1,

Proof. The second claim will follow from the first and properties of the linear
propagators (Lemmas 4.3 and 4.4). We thus estimate 1p(o,z47—t) (v —vr). We can
repeat the computations from Lemma 5.2 to obtain

11B0,r+7—0)(vr — ) || /4

t
S / 1B(O,R+Tft)8tfs[:UL/(S>3: — :uL(3)3:] ds
0

H1/4

(5.13) t 5 5

< ”13(0,R+T—t)”3i/4 / ”Stfs]-B(O,R-i-T—s)[:UL’(S) L 3UL(5) 3]HH1735 ds
»O0 0

t
S / ”13(0,R+Tfs)[:uL/(S>3: - ZUL<8)3Z]HH,25 ds.
0

We then perform the same manipulations as in Lemma 4.24, only replacing the
Fourier cutoff N by the period length L and multiplying everything by 1o r+7—s)-
Thanks to Lemma 2.12 and the bounded support, we can measure :w’ : in a weighted
norm, such as in

| 1w%(5)1(vL' - UL)(S)lB(o,mTfs) ||H—zs
(5.14) S ||1B(0,R+Tfs)1w%(5)3||3;500 11B0,r17—s) (VL —vL)(5)| 174
S (R+T)%1po,r+7—s) HBiilfo Hiwi(s):Hc—s(p)

X ||1B(0,R+Tfs)(vl/ - UL)(5)||H1/4-



Invariance of ¢* measure under nonlinear wave and Schrédinger equations on the plane 485

In the end, we have bounded

11B0,r+7—t) (v — vL) ()| 170

5.15 ‘e~

B15) - [H [ Sl e moer (e = 0.
and again Gronwall gives

(516) ||1B(O,R+Tft)('UL’ _UL(t))||H1/4 5 M3 eXp(CM?’)HL,L/. |:|

We can then show that the limit of the Cauchy sequence really is a solution in
our sense.

Lemma 5.6. (Limit is a solution) Let (ug,uy) be distributed according to ji.
Then there exists almost surely a solution to (NLW) on R? with initial data (ug, u)
in the sense of Definition 5.1. Furthermore for every compact D C R? we have

i fi[[vll oo, ey = M) = 0.

Proof. Let uy, be the solutions contructed in Section 4 with initial data (uo,z, g 1,)-
By Lemma 3.18 we may put ug , and wy, for all L in the same probability space P, and
assume that (uo,, u ;) — (o, ug) in H*(p) and :wi: — ' in L'([0, T]; H*(p)) al-
most surely. We first need to show that vy, has almost surely a unique limit as L — oco.
By Lusin’s theorem we can find As such that fip(As) > 1 — 8 and F/(idy) == w’: is
continuous on Ay. Let us temporarily fix R > 0 and define a set where v;, = up, —wy,
satisfies a good bound:

DL,M7R = {||UL||C([O,T];Hle(B(O,R-i-T))) S M} N Ag, and
Doo,M,R = lim sup IDL,MJQ.
L—o0
Recall that by Lemma 5.4 we have P(Dy . z) > 1 — M~ —§, and by Fatou also
P(Doomr) > 1—M"7—06. We also observe that any v € Du ar g is the limit of a
(random) subsequence vy, such that ||vr, lc o7y, - (Bo.R)) < M-
By Lemma 5.5 we have

(5.18) 1m0 @, — 0Ol sy S xPCM?) Hp e,

and by assumption Hy o, — 0 almost surely as L — oo. This shows that 1p(,r47—1)
vr, () is a Cauchy sequence also in the space C([0,T]; H/*(R?)). Let us denote its
limit by vf. We need that show that for R’ > R we have vf| 5 ) = vR,|B(0,R).

(5.17)

Indeed note that v® is the limit of another random subsequence v, , where vy,
satisfies

(5.19) < M.

1o, Ollcgo.ry -« so.r+m)

This implies that also [jvz, () < M, so Lemma 5.5 gives

||C([0,T];H1‘5(B(0,R)))
(5.20) 1150.m+7—0) (V1 = Vi ) () /gy < exp(CMP)Hy, 1.

Again the right-hand side goes to 0 as n — oo, which implies the claim. Thus we
can set v(x,t) == v®(z,t) if |x] < R+ T —t, and this is uniquely defined.

To show that u satisfies Definition 5.1, we need to prove that the above holds for
any spatial cutoff; that is, that we can pass R — oo.
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In the above, we already passed n — oo to take the infinite-volume limit. As we
then take the union of Dy ar g over all M > 0, we get a set of probability 1. We can
then intersect over R € N.

Finally, we still need to show that

t
(5.21) v(t) = / Si_su(s)?
0
Equivalently, we can show that

Tim [ (0(8) = v, ()l 1-ae

(5.22) t
< lim / ISselxa(cu(s)% — s, ()]l gnae yy s

n—oo
vanishes as L,, — oco. Here we again used Lemma 4.3 to move y» into the integral.
By Lemma 4.4 we are left with estimating

3

> [w(sYixav(s)* 7 = wp, (sVixovr, (5)° 7]

7=0

(5.23) lim

n—oo

LY([0,T]; H==(p))

By assumption wy, converges in L'([0,T]; C™%(p)), and by the first part of this proof
XUz, — X2v in L HY4(R?). As vy, is a bounded sequence in L= H'%(p), it follows
that xovr, — xov also in L% H'%(p). Therefore the product can be estimated with
Theorem 2.4 and taken to the n — oo limit. This shows that u satisfies the mild
formulation. We can then conclude by taking union over § > 0. O

Remark 5.7. A small modification of the proof of Lemma 5.5 gives that the
solution u with initial data (ug,uy) sampled from fi in the sense of Definition 5.1 is
unique. We will from now on denote its flow as ®;(uo, uj) = u(t).

Since we are interested in the invariance of a product measure, we also need to
show that the sequence of 0,uy, converges to dyu. This can be bootstrapped from the
mild solution formula as in Lemma 4.25.

Lemma 5.8. (Stability, white noise component) Assuming u and uy, as in Lem-
ma 5.5, we have almost surely
10:[ur (8) = w122 ) S [Ix2[(w0, up) = (ur.0, wp o)l ()
+Ixa[u®)® = up ()]l -2
+ Hp, oo M? exp(CM?).
Proof. By passing to the mild formulation we have

u(t+s) —u(t) Cirs — C Siys — S

. =x— [X2u0] + X1 [x2u)
X1 ! 3
(5.24) s (Sirs—r — Si—r)[x2:u(r)”:] dr
0
X1 t+s

- Sivs_r[x2:u(r):] dr.

t

The first two terms give a bounded linear operator from H~(p) to H 172(p) as s — 0
by Lemma 4.4. Since :u(r)?: is continuous in r by Lemma 5.6 and Corollary D.2, the
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last two terms converge to

t
(5.25) Xl/ Cipxo:u(r)®:dr + xixomu(t)?:.
0

The same computations can be done for uy. Reusing the proof of Lemma 5.5, we

then find

t
(5.26) / 1Co—rxoiu(r)?: — 3UL(7’)33”H—1—25(,)) dr < Hy, oo M? exp(CM?). O
0

5.2. Proof of invariance. As is well known, the Borel o-algebra of R? can
be generated by just closed balls. We will show an analogous result for the Borel
o-algebra of H™2*(p): the o-algebra is generated by restrictions of distributions to
compact domains.

Theorem 5.9. (o-algebra from compact-domain functions) Let s,s" € R, and
let A® be the family of Borel sets where inclusion only depends on restrictions to
compact domains:

A® = {A C H*(p) Borel: 3 compact D s.t. fe A< flpe A VfeH(p)}.

That is, 14(f) = ga(f|p) for some ga: H*(D) — {0,1}. Then
1. the Borel o-algebra of H*(p) is a sub-o-algebra of o(A*);
2. the Borel o-algebra of H*(p) x H* (p) is a sub-c-algebra of o(A*) x o(A*).

Proof. By the definition of the product o-algebra, it suffices to show the first claim
for any s € R. To do that, it is sufficient to construct the closed ball B = B(f, R)
for arbitrary f € H* and R > 0. By density, we can even assume f € C°(R?). We
can write

B={setr@ [ parlo- 8" - s )

- {gemp): [ oty

N
= lim sup {g € H°(p): Z

N—oo

Ki(z —y)(f —9)(y)dy

RQ

dr < RZ}
(5.27)
[ e [t ete = )7 - ) 0]

lmmn=1

x U Xn (Y) Ks(z = y)(f — 9) () dy] dz < RQ}.

Here we denote by K, the convolution kernel of (1 — A)¥/2, by (4;);en some mea-
surable partitioning of R?, e.g. by unit squares, and by (x;) a smooth partition of
unity such that Supp x; C A; + B(0,1). For finite NV, the set thus depends on f and
g only inside the compact set U, A; + B(0,1).

Since taking a lim sup is a closed operation within the g-algebra, this proves that
closed balls can be constructed from sets in A°. OJ

We now repeat the argument of Theorem 4.23. Thanks to the finite speed of
propagation, we can assume our Lipschitz test functions to be local in R2.

Lemma 5.10. (Reduction to bounded domains) Let F be the set of bounded
Lipschitz functions p: H~*(p) — R that depend only on the restriction of argument
to some compact domain: for any ¢ € F, there exists a compact D C R? such that

o(f) = @(flp) for all f € H*(p).
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Let p, and py be Borel probability measures on H=%(p). If

/ o) dun(f) = / () dpa(f)

for all p € F, then puy = po.

Proof. We repeat the argument of Lemma 4.22. Fix two distinct points (f, f’)
and (g,¢') in H™2*(p). There again exist a, § € C>°(R?) such that {a, f — g) # 0 or
(B, f"— g') # 0; note that these functions are compactly supported. Then

(5.28) m(f, f) = arctan({e, f)), n2(f, f') = arctan((3, f'))

are bounded, depend on their arguments only on Supp o U Supp £, and are Lipschitz
continuous over the weighted spaces since

(5.29) [arctan((8, f')) —arctan((8, g)| S [(B, f'=9) S 1Bl 2z 1S =9 ll =122
and similarly for n; in H~2¥(p). O

Theorem 5.11. (Global invariance) We have jio ®, ' = ji forall 0 <t < T.

Proof. We know a priori that the pushforward measure ji o ®; ' exists as @,
is a measurable map. (It is well-defined by Remark 5.7. By Theorem 5.9, we only
need to check restrictions to bounded domains. There &, is almost surely defined as
composition of small-time periodic flows.)

By the weak limit and finite-volume invariance, we also have that for all bounded
and continuous f: H*(p) — R,

(530) /f(’lj()) d/j: lim / f(q)L,tﬁLﬂ) d,JL
H L—oo H

Recall that the weak limit is unique along a fixed subsequence L — oco. To show
fi = jio ®; ', we then only need to show that

(531) hm f((IDLtuLO d[LL—/ f (I)tUQ

Lemma 5.10 lets us assume that f is Lipschitz in H~2¢ and depends on the restriction
of its arguments to some B(0, R). We can further pass to a common probability space
by Lemma 3.18.
Let G be the set on which all of the following hold:
||UL||C([0,T};Hlff(B(o,RJrT))) <M, ||’U||C([O,T};Hlff(B(O,R—i—T))) < M,

(5.32) » ‘
>l leqoy sy + I0illogomy oy < M-

We suppress the dependency on L and M in the notation for simplicity. For any
k € N, we can choose M such that P(G) > 1 —27* for all L (sufficiently large). It is
essential that M only depends on R,7T" and not L. We can then estimate

Jim E|f(®ris0) — (Pl
(5.33) < lim E[1g[f(Prsiin0) = f(@eito)]| + 27| f ]l
< lim Lip, B (Lg|lxi [Prs@iro = Peitollly-zep) A L) + 27 fllc.

Here we used respectlvely the boundedness and Lipschitz continuity of f. Note that
the spatial cutoff y; depends on f through R.
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The two components of H~%*(p) are estimated with Lemmas 5.5 and 5.8, leading
to the upper bound

B (I (r,0 = @)l 20y A1) + B (Ialiu)’s = s (0]l A1)

+ exp(CME[H o A 1].

The initial data converges almost surely as . — oo and dominated convergence
allows us to commute limit and expectation. Hence the first two terms vanish in the

limit. The same holds for the third term as L — oo with M still fixed. We then pass
k — oo (and hence M — o) to get the claim. O

(5.34)

We can finally post-process this result to obtain that the solution is almost surely
in C([0,00); H¢(p)) instead of only the bounded time interval [0,7]. This finishes
the proof of Theorem 1.1.

Lemma 5.12. Let u be the solution constructed in Lemma 5.6. Then [i-almost
surely u survives for infinite time and

u € C([0,00); H(p)).

Proof. Since [i is invariant under ®; we have

(5.35) Eq [||:u3:||I£P([O,T};H*E(p))} =T Ez ||:u8:||?{75(p)

for any 7" > 0. From this and Theorem 3.24 we deduce

(5.36) i (1o 2 T°) ST72

Thus by Borel-Cantelli there exists ji-almost surely 7" > 0 such that
cr3.1|P 3

for every T' > T*. This also implies that

(5.38) e o o1 112y < Colt +T7)%

Thus from the mild solution formula, Minkowski’s integral inequality, and the ¢-
dependent bound for S; in Lemma 4.4, we obtain that

/ St su
H1=2¢(p)

(1)’ 122 0,17; 12 ()
< (t + T*)4+a’

where « is the parameter of p. Therefore v is continuous in ¢ as an integral of an LP
function. Finally, we observe that w; is continuous since S; and C; are continuous in
t, and that uniqueness follows from finite-time uniqueness. O

[0 (] <

(5.39)

6. Weak invariance of NLS

Let us then turn to proving Theorem 1.2. We begin by considering the nonlinear
Schrodinger equation

(6.1) 10y, + Aup, = :uL|uL\2:,
’ Law (ur(0)) = ¢5 1,

on A x R. Invariance of the periodic complex ¢35 measure under this equation was
shown already by Bourgain [12]; see also [50] that expands the result in a pedagogic
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way. The notions of solution and invariance are both weaker than in the wave case,
as explained in the latter reference.

Remark 6.1. Our construction of the complex ¢3 measures and renormalized
objects in Section 3 uses the massive Gaussian free field, but no mass term appears
in (6.1). This is not an issue as the L? norm is conserved under the nonlinear
Schrodinger flow; see the discussion around [50, Eq. (1.8)].

Theorem 6.2. (Solution in periodic space; [50, Theorem 1.4]) Equation (6.1)
has almost surely a weak solution in C(Ry; H=¢(Ay)) for any L > 0 and € > 0. The
law of uy(t) is the complex ¢ ; measure for all t > 0.

Our preceding extension argument is broken for two reasons. The linear propa-
gator

(6.2) Tou = exp(itA)u = F~* [exp(—it|§|2)ﬂ(§)}

does not increase the regularity of its argument. Therefore the mild solution

(6.3) ur(t) = Trur(0) +/0[ —siur(s)ur(s)]*](z) ds

is not amenable to the fixpoint argument of Section 4 in a Besov space. Moreover,
NLS does not possess finite speed of propagation: wave packets propagate at a speed
proportional to their frequency squared. This means that the argument in Section 5
is not applicable either.

However, if we can accept some loss of regularity, we can still use the previous
tightness argument. That allows us to approximate full-space solutions by (a subse-
quence of) periodic solutions. This sense of invariance was introduced by Albeverio
and Cruzeiro [2] in the context of Navier—Stokes equations.

Compactness is given by a version of the usual embedding theorem for Holder-
continuous functions:

Lemma 6.3. (Compact embedding II) For any 0 < « < 1, the Hélder space
C*([0,T]; H*(p)) is defined by the norm

17(t) = f(s)]

0<sAL<T |t — s|*

Hs(p).

||f||ca([o,T};Hs(p)) = ||f||L;>°Hs(p) +

Then the embedding
C*([0,T]; H¥(p)) = C=([0, T; H**(p""))
is compact.

Proof. This is an application of the Arzela—Ascoli theorem. Fix R > 0 and let
B be the ball B(0, R) in C*([0,T]; H*(p)). By [10, X.§2.5, Corollary 1], it suffices
to verify two conditions.

First, B must be equicontinuous from [0, 7] to H*~¢(p'*¢). By construction we
have for all f € B and 0 < s <t < T the bound

(6.4) 1F(8) = f ()| gmeprey < BRIt = 5[,

so this condition holds.

Second, for any fixed ¢ € [0,7] the point evaluations B[t| := {f(t): f € B}
must have compact closure in H*7¢(p'*¢). This is true by Theorem 2.9 since Blt] is
bounded in H*(p).
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This implies that any sequence u, in B has a subsequence that converges in
C([0,T]; H5=(p'™¢)). We can upgrade the convergence to C¢ in time, since for any
v = U, — Uy, With n, m in the subsequence we have

[o(t) = v(s)| H: (p)

Hsfs(pl+5) < H’U(t) - U<S>’
|t—8|€ — \/H,UHL?OHS*E(phLE) |t_8|2€ ’

where the second term is again bounded in B. Hence the subsequence u,, is Cauchy
in C=([0, T; H*=*(p"*)). O

We first collect a lemma needed for the tightness proof. The linear propagator
7T; is an isometry over an unweighted Besov space H*(R?). This is not the case in
a weighted space. By giving up some differentiability, we can still get a bound that
depends on time.

Let us emphasize that we have not tried to find optimal bounds. A strong
invariance result would require no loss of differentiability at all (possibly assuming a
sufficiently short time interval).

(6.5)

Lemma 6.4. (Weighted estimate) Fix 1 < p,q < oo, and let us assume that the
weight p over R? has form p(z) = (1+|z|*)~® for @ € N. The Schrédinger propagator
T; then satisfies for all s € R the estimate

Proof. We will estimate the LP norm inside
||7;f||35’q(p) = ||2k8||Ak7;f||Lp(p)”zZ-

Let us first assume k£ > 0. We can write AyT; = ApALT; where A is a smooth
indicator of a larger annulus, given by multiplier symbol ¢(27%.). Let K} be the
convolution kernel of A} 7y; by weighted Young’s inequality [41, Theorem 2.1] we then
have

(6.6) Sk * (k) oy < K Ly 1A% Nl o -

As in Theorem 2.8, we can write the L! norm as

60 [ @)l [ emptge e ag
R2 R2
Since we assumed « to be integer, it is a direct computation to verify
2\« T « iz
(6.5 (14 )2 = (1 0, — 08)" %6,

Since this operator is self-adjoint, we can bound (6.7) with

69 [ vl

The inner integral is bounded by C(1+ 2(@+2*2+2) gince ¢ is smooth and compactly
supported. The integral over x is finite since the weight is integrable. This gives the
required bound.

The case k = —1 also gives a constant factor since the multiplier A’ |7; is rapidly
decreasing. Again we define A’ | as a smooth indicator of a larger ball, taking value
1 in the support of A_;. 0

dzx.

(1 - 0, — 0)+ [p(2 )] | ag .

Theorem 6.5. (Tightness) Assume that p is as in Lemma 6.4 and € > 0. The
sequence of periodic solutions uy, is tight in CV/272([0, T]; H=*~472(p'**)).
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Proof. We will show that

2
(6.10) SU B [[urlcara—eo 1y p-emse(y) < 00

This implies tightness in a slightly less regular space by Lemma 6.3.
From the mild formulation of the equation we obtain that

t
(6.11) ur(t) —up(s) = (T — Ts)ur(0) —|—/ ﬁ,r:uL(r)|uL(r)|2:dr,
so we will need to estimate

(612) | / T () ug (r) [ dr| (T = T a0l ymaie .

H-o=i=2(p)

For the first term, we can use Cauchy—Schwarz to exchange the integrals:

. , 1/2
(6.13) < |t—s|'? [/ ||7;—T:UL(T)|UL(T)|2:||H*O‘*475(p) dT]

[ T

===z (p)

. 1/2
2
Sl ol [ T s )Pl ]
0

Here we used the bound from Lemma 6.4. The Wick power is bounded in expectation
by Theorem 3.24, and the bound is uniform in L.
For the second term we use the functional derivative

(6.14) (A — 7R f = /t(—iA)e_”Af dr

and fundamental theorem of calculus to compute

t
I = s Ol y-oeseviy = || [ ATrus0)ar]

H-o=4=2(p)

T 1/2
(6.15) <t— s [ [T dr]

0
1/2

T
N s|1/2 [/ (1+ T2a+4)||UL(0)||§rs(p) dr]
0

Again the expectation is bounded. All of these estimates are uniform in L and hold
for all ¢, s € [0, 7. O

By changing the probability space with Skorokhod’s theorem (Lemma 3.18) we
can assume that u; — wu almost surely. Convergence of wu; in distribution on
CY2=2(10, T); H=*"*=%(p)) implies that u () converges in distribution on H =42
(p). Since Law(ur(t)) = pr, it follows that any limit point v will have Law (u(t)) = p.

We still need to establish that u solves the equation; with the loss of regularity,
we see that it satisfies the mild formulation. However, this result gives no information
about pathwise properties in H¢(p) where the ¢3 measure is supported.
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Theorem 6.6. @imit solves NLS) There exists a probability space P and ran-
dom variable @ € L*(P, C*([0,T]; H=“%%(p))) such that

alt) = /Tu Ja(s)P

and Law(u(t)) = u for all t € [0,T].

Proof. For clarity we omit the tildes on @ in the proof. In addition to almost
sure convergence of uy, and :u3:, we have by tightness

(6.16) up, —u in LA(P; C([0,T); H**=(p))).
Holder continuity implies that we also have convergence of
(6.17) ur(t) = u(t) in  L*(P; H*%(p))

for all ¢ € [0, T7.

We repeat the approximation argument of Lemma 4.7. Let f3°(u) approximate

«u?: as in Lemma 3.13. Then

/0 Tis(u(s)®s — up(s dS—/ Ti-s( — [**(u(s))) ds
(6.18) T / T (u(s)) — 5 (ur(s))) ds
i / TeosCun(s)® — 5 (up(s))) ds,

We will now bound the expectation uniformly in L. The third term, and analogously
the first, is bounded with

T Gun(s) — F(un(s))) ds

H=4=¢(p)

(6.19)
St Slip E,.. l:%: — fé(g0>HH*E(p) ST

where we used our bound on 7 and Lemma A.3.
To bound the second term, we use boundedness of f39:

(620) BT sf* (w(s)lly-azy SEIF @)z S Eu(s)i-1<(,),

and the same for uy. This glves that

(6.21) hm E s ( — g (s)®)ds S 0
H=4¢(p)

Since 0 was arbitrary, this implies that

(6.22) hm E / Ti—s(u —ug(s)®:)ds = 0.
H=4=<(p)

By passing to a further subsequence, we then have almost sure convergence of these
nonlinear terms. This finishes the proof. O

Finally, we can modify the post-processing argument from Lemma 5.12 to ex-
tend the solution from the time interval [0, 7] to R,. This completes the proof of
Theorem 1.2.
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Appendix A. Proof of Lemma 3.13

Let us begin with some approximation results for the Green’s function.

Lemma A.1. Let Q = A; or Q = R?, and let ¢1, o be two Gaussian fields in §2
with translation invariant law, considered as elements of C~%(p). Let us fix a Fourier
cutoff x € C>*(R?) supported on the unit ball and define xs(x) = x(dx). Denote

o lims 0 E[(xs * ¢1)(2) (x5 * ¢1)(y)] = Gi(x — y),
o lims 0 E[(xs * ¢2(2)) (X5 * ¢2(y))] = Ga(x — y),
o lims o E[(Xs * ¢1(2)) (x5 * ¢2)(y)] = Gr2(z — y),

and assume that for all 2 < g < co we have

1G1llpsa + [1G2ll psa + [1Gr2ll s S 1,
|G = Giallpse + [|Ga = Giallpse <7

Then for j < 3,2 < p < oo, and k > 2/p we have
E ||:61: = :6hille-niy S 772

In the complex case this also holds with :¢’: replaced by :|¢|*:, ¢?, or :|6|*¢:.

Proof. We treat the real case. The complex case follows similarly. Furthermore
we set j = 3 for concreteness, as the other cases are simpler. By Theorem 2.7 we can
consider the B, 5/ ? norm instead. Then

Zz—kpm/2E||Ak(;¢3 ¢2 ||Lp 22 kpr/2 [E’Ak ¢3 - ¢3)( )’ ]p/2

k>—1 k>—1

by translation invariance of the law and hypercontractivity. It is hence sufficient to
show that

(A.2) E A6 — 63 (0)] < v2H/2.
Let K} be the kernel of A,. We apply Wick’s theorem to get

/ Ku(2) Kuly) E[(63(2): — 63(2)) (6 (v): — :63(y)7)] dz dy
- Kk<x>Kk<y>3![Gl<x—y>3+G2<x—y>3—261,2<x—y>3 de dy
(A.3) / Ku(2)K(y lGl G12)(G2 + GGy s+ G2,)

+ (GQ - GLQ)(G% + GQGLQ + Gi2):| (l‘ — y) dx dy
S WE Lo (NG a0 + 1Gallas + 1Galls0) S 7270

In the last line we used that | K|l ;o1 S 2%/4, which follows from interpolating the
L' and L* bounds for the kernel. Choosing ¢ = 4/x, we get that (A.1) converges. [

Lemma A.2. Let x; be a mollifier as above, 2 < p < oo, and G € W14(R?) for
all ¢ < 2. For a < 1/3p we have

o

Ixs ¥ G — Gl 135 S0 and ||xs*xo*G — x5 %G| 13p SO
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Furthermore on LT?, the truncated Green’s function takes the form

Ny = Y _ b e

1 m2 + |n|?
n€,[n|<N

Then for any N1 < Ny € N and p < oo, there exists a > 0 such that
1G™ () = G| oy S Ny

Proof. The first statement follows from the assumption, Besov embedding, and

the convolution estimate [30, Lemma A.8]. The second is proven in [50, Lemma 4.2].
0J

With these estimates, we can first prove Lemma 3.13 and then state a result on
the convergence of Fourier-truncated fields. In the following proof we work with the
more convenient smooth cutoff instead of sharp truncation, but this does not change
the limiting objects.

Lemma A.3. Let Z be sampled from v and Zy, from vy,. Define Zs = x5((V))Z,
Zrs = xs({(V))Zp, and as = E[(Z5)?]. In the real case we define

22 = (Z5)® — 3asZ;,
whereas in the complex case we put
22) = Zs| Zs|* — 2a5 75,
f2(2) = (Z5)* — as.

Then if 2 < p < 0o and 1 € L*(P, BS, , (p'/*)), there exists a > 0 such that

3p,3p
(A4) B2 + )% — f9(Zs + )|l s ) S 07 and
(A5) sup B (2 + )% = 2 (Zus + 05 S 0"

Analogous statements hold for :(Z + )?: and in the complex case.

Proof. We show only (A.4) in the real case. Equation (A.5) follows similarly,
once we note that we may replace the renormalization constant by as = IEZ(% . as
in Lemma 3.8. Furthermore the square and the complex case follow analogously.

Since f39 restricts the Fourier support of its argument to a bounded set, it follows
that its image is in L?*(p) and the map is continuous.

Denote 15 = xs((V))®. Then as in Lemma 3.11 we have

3
(A.6) PR Zs +0)°) =D (Ze) 505,
7=0

where :-:5 denotes Wick ordering with renormalization constant as. We can then
estimate

s R
1:(Zs) 5057 — VARUE ]|’B,;;(p)
3—5 P
(A7) Y[ R 28 AN 7 P
+ ||:Zj:||(2*5(p1/4)||¢5 — ?/)3 ]||Bgi,/2(p3/4)'
We then take expectation and apply Holder. Then the bound for
. . Ap
(A.8) E|:Z}:5 — :Z]:Hc,g(pw)
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follows from Lemmas A.1 and A.2 under the Green’s function bounds given in [29,
Chapter 7]. For 1 — 15 we use the Bernstein estimate

(A.9) 1 = sl perz < 2l e .
These finish the proof. O

Lemma A.4. Let Z;, be sampled from vy, and let 1 € L*(P, B (Ar)). Then
there exists o > 0 such that for all N > §—! we have

E[1{(Py(Z + )% — 153 (Pu(Zis + WDl s S 5

Proof. The proof is a minor modification of Lemma A.3, using now the second
estimate in Lemma A.2. OJ

Appendix B. Computations for Theorem 3.22

For brevity, we drop the subscript L from the notation. The following estimates
are uniform in the period length L and hold also in the infinite volume. Similarly, we
do not write the time dependency since these pointwise-in-time estimates are uniform
by stationarity.

Recall that we consider either the real or complex scalar field. In order to prove
Theorem 3.22, we need to bound the absolute value of (3.24) or (3.26) with

(B.1) Q(Z) +8 (M2l 320 + W0lre) + 1013 a3))

where Q(Z) is bounded in expectation and ¢ > 0 is chosen to be small.

We bound each of the terms in the following lemmas, selecting QQ(Z) to consist of
norms of Wick powers of Z. The norms have bounded expectation by Lemma 3.10.
In each lemma we use the product inequality (Theorem 2.4) and Besov duality (The-
orem 2.5). These calculations are originally due to Mourrat and Weber [41].

Lemma B.1. Let p; and py be polynomial weights and s, > 0. We have the
following two estimates:

1£%11 55 ,(pupn) S I 2oy 1]

1

2
15205y S 1 s 1

1

Hete(p2)

Hste(p2)

In the complex setup we can replace f* by f|f|* or f|f[*.

Proof. [30, Lemma A.7]. The decomposition used in the proof adapts naturally
to the complex variant. O

Lemma B.2. Assume that p € L'(R?) and € < 1/4. Then for any § > 0 there
exists a constant C' > 0 that
2
H(p) )

[ 703 2ds| < CIZ1euy + 6 (190Eagmy + 1
RQ

In the complex case we can replace ¥ on the left by ¥|i|’.

Proof. We first use duality and Lemma B.1 to estimate

(B.2) [ 1925 2) o 5 16 o |2l

2
5 ”wHL‘l(pl/Q) H’l/}”H2E(p7/8)|’Z”075(p1/8)'
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Inside the middle Besov norm, we can trade off some weight via

(B.3) 7P A1l e < 105l sllo®* Aged ] sy

We can also increase the regularity from 2e to 1/2. This simplifies the interpolation
1/2 1/2 1/2 1/2

B el e ST om0l ) S IR 191,

We substitute this back into (B.2) and finish with Young’s inequality. O

Lemma B.3. Assume that p'/? € L'(R?) and ¢ < 1/2. Then for every § > 0
there exists a constant C' > 0 such that
2
Hs(p) ) -

4
[ 02 da] S O gimy +8 (1l + 101

The same result holds in the complex case with :Z%: replaced by either :|Z|2: or Z*
on both sides, and 1* optionally replaced by [|* on the left.

Proof. Again, duality and Lemma B.1 give

(5.5) A = P T M
We can again trade off some weight in
(B.6) (el PP i POVRY Vel [P

We can increase the regularity in the middle term and make the weight larger in the
last term to make them match the statement. Young’s inequality again finishes the
proof. The complex variants are proved identically. 0]

Lemma B.4. Assume that p'/? € L'(R?) and e < 1. Then for every § > 0 there
exists C' > 0 such that

/ P73 du
R2

The same bound holds with :Z|Z|*: in place of :Z?:.
Proof. By duality

2
< C||:Z3:||075(p1/2) +0l|v|

2
Hs(p)

(B.7) 100525 o S Wl o1 250y
Then we do a series of tradeoffs in
(B.8) g ey S 18l ey S 19l

and finish with Young’s inequality. The other two cases are identical. 0

Lemma B.5. Assume that p'/? € L'(R?). Then there exists C' > 0 such that

2
Hs(p) ) -

The same bound also holds if either v on the left is replaced by ).

< C 46 (10l gagpra) + 0]

W(Vp* - Vi) de
RQ

Proof. Let us observe that we can write the dot product components as
20w p(x)?
(BY)  @")0) = L+ 23 + a3 ) 0w) = oD o)

1422+ 22
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The factor in front is uniformly bounded by ap(z)?. Thus

[ 1@ Vi@l de <o [ i@l i) d

RQ

(B.10) < a9l g2 [Vl 12
<€+ (Ilagn + 1)

where we did again a weight—L? tradeoff and applied Young. O

Appendix C. Exponential tails

In order to prove the existence of Wick powers, we need to establish exponential
tails of some weighted Besov norms for gbg ; uniformly in L. More concretely we will
define the measure

(1) An(A) = =

_ Z_LAexp(h(||<v>‘€¢||Lp(p)))duL(cb),

where h: R — R is a smooth function, constant near 0 and growing linearly at infinity,
and Zj is the associated normalization constant. We will prove that sup; Z; < oo.

We begin with the following lemma. In finite volume the Gaussian tails of up,
are not difficult to establish; see [7, Section 3]. This a priori bound means that the
assumptions of the lemma are satisfied. The lemma then makes the uniform bound
easier to derive.

Lemma C.1. [6, Lemma A.7] Let (2, F) be a measurable space and v be a
probability measure on (). Let S: )+ R be a measurable function such that

exp(9) € L' (dv).
exp(S)dv. Then

/ exp(S) dv < exp ( / S(x) dvs> .

Proof. Multiplying both sides of

Define dvg = TowE) expés) ™

(C.2) dvg = exp(S) dv

[ exp(S)dv
by exp(—S) and integrating we obtain

(C.3) ( / exp(—S) dvg) < / exp(S) dv) _1

Then it remains to apply Jensen’s inequality to the first factor. O

We choose S = h(||[p(V) “¢||;,) and v = g in the lemma. Then the claim
follows if we can find a uniform estimate for

(©4) [, ) Gl i 0)

To do this we again use stochastic quantization. By the chain rule the gradient
operator of h is
e R (llp(V) "¢l ) S -
(C.5) Vo h([lp{V) "0l ) = —— (V) ) (V)
V)0l 1o
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and in the complex valued case

©6)  Voh(lot)“oll,,) = LU Olin) iy-e o205y
19) ol

We can write the right-hand side via the adjoint of p(V)™° as

(©7) v(g) = ZUAY) Olw) () rgy-ope [(pmy 0]
V) ol

and analogously in the complex case. We then have the following lemma:

Lemma C.2. The measure fi; is an invariant measure for the equation
X + (m? = A)X +: X3 =V(X) + &,
and in the complex case
X + (m? — A)X + | X)PX: =V(X) +¢,
where & is space-time white noise.

Proof. Note that V is continuous on C~°(Ap). With this in mind the proof
becomes a minor modification of the proof of Da Prato and Debussche [25, Section 4]
and we omit it. O]

Again performing the Da Prato-Debussche trick, i.e. decomposing X = Z + W,
we obtain that v satisfies

(C.8) o)+ (m* = A+ (Z + ) =V (Z + ).
We again test the equation with pi) to obtain

8t/p@/_)2 dx +m2/p@52 dx + / ’V@Z_)}de + /@54dx + G(Z,%)
(C.9) o
— [v(z+ 0)ids

where the residual term G is as in Theorem 3.22. From the definitions and Holder’s
inequality

[ vz +iias

_ h/(”ﬂ(v)*&/f”m) V7€Z+@ bt vfe 1/; "
)z [y ez + 9y o9y (o0

1 _ —p—1 _ -
< ———— V) (Z + D) [0 (V) ()|
~ e 1 Lr(p) Lr(p)
V) (Z + )l g ’
L . Lo
S DY 0Dy S Wolla—eqaey 19y < €+ 1505

We thus have that
o 1 _ _
(C.11) /pV(Z+1p)z/1 dr < B (mz/m/}Q +/\Vz/1\2d:c) +C.

We also apply the reasoning from Section 3.2 to the remainder term G(Z,). Upon
taking an expectation, the time derivative and white noise integrals vanish.

This implies again the boundedness of H! norm. Besov embedding then gives
sup; E HzﬁHiP( ») < 00, which gives the statement for exponential tails in L” norm.

(C.10)
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Corollary C.3. Asp was arbitrary, we also have

sup [ exp(6ze-a) dhs on) < .

This implies that E [|¢p[|f—2. () 18 finite uniformly in L for any p < oo.

Proof. By Besov embedding it is sufficient to prove the claim with ||¢, || Byi(p) I
place of [|¢r|¢c-2-(,). Now by Lemma C.1 we have

(C.12) 10g/6XP(||¢L||B,;;(p))dML(¢L) §/||¢L||B,;;(p) dpir(or),

and the right-hand side is bounded by the above discussion. 0

Appendix D. Continuity of linear solution

In this appendix we show that the linear solution (4.4) is continuous in time in
the polynomially weighted space. The proof holds both for periodic and full-space
initial data: this dependency is fully encapsulated in the Green’s function G as in
Appendix A.

We first show the claim for the flow started from Gaussian data.

Lemma D.1. (Continuity with GFF data) Let wy be sampled from the Gaussian
free field v (or vy) and & from the white noise measure on R? (respectively Ap).
Denote by w; = Cywy + §;&p the solution to the linear wave equation. For j =1, 2,
3, there exist versions :wi: € C([0,T]; C~*(p)) such that P(:w]: = :w]:) = 1 for all
t € [0,T], and for all p < oo we have

~i P
B[ | oo, 1502 () < 0©-

Proof. The results are given by the Kolmogorov continuity theorem once we have
the estimates

(D.1) Ewiloay S 1, Bl —wllha, S s/

~

for some > 0 and all ¢ € [0,7] and |s| < 1. We only prove the second estimate
here as the first one is similar.

By stationarity we can fix t = 0, and by Besov embedding replace the space
by B,-(p) for p large. As the weight belongs to L?, translation invariance and
hypercontractivity reduce the computation to

. —-— ke . . 2
(D.2) B flwd: — wfillye gy S D0 277 [B Al — ] (0)]]

E>—1

p/2

As in Lemma A.1, the expectation is then expanded with the convolution kernels
and Wick’s theorem as

[ g E {<:ws<x>ﬂ': () ()~ :wo<y>f:>} de dy
03) =2 ] K@Ku0)Glo -y dody

o / K (2) K ()5 [Elws (@)wo(y)]) da dy.

Here we again used stationarity.
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Let us then remark that

E[Cswo(z)wo(y)] = /K E[wo(x — 2)wo(y)] dz
(D-4) /K Glx—y—2)dz
=C;G(x —v),

where f(s is the convolution kernel of Cs. (This formal computation can be made
rigorous with Lemma A.2.) Together with the independence of wy and &, this gives

(D.5) Ef[ws(x)wo(y)] = E[(Cswoy + Ss&o)(w)wo(y)] = C.G(x — y).
Hence we have shown
06 03 =2 [ K@) Kuw)lG(e — ) ~ .Gl — ) dndy,

Since for ¢ > 2 we have
|G = CGll 50 S NG = CGllyee
(D.7) = [[(V)' (1 = cos({V)$))C || 2
Ss*(V) G e,

we can proceed with the same Hélder estimate as in (A.3) to get

j i P _ 9 p/2
(D.8) El[:wl: — wgill g2 ) S Z o—kpe [|s|€/ 22k/Q] .
k>—1
We now choose ¢ = 2/¢ and p such that p > 4/e. 0

Corollary D.2. (Continuity with ¢3 data) The statements of Lemma D.1 hold
also for w; == Cyzg + Si&y, where 2y is sampled from the ¢3 measure p (or puy) and &
from the white noise measure on R? (respectively Ay).

Proof. By Theorem 3.26 we can decompose zy = wg + v, where wy is as in
Lemma D.1 and ¢ € H**(p). Since C; is continuous in time, the results follow by
expanding :(Cywg +C1))’:, Besov product and embedding formulas, and boundedness
of C; as in Lemma 4.4. O
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