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Boundary behavior of analytic functions
in certain Banach spaces

Héctor N. Salas

Abstract. For Banach spaces of analytic functions in the unit disk in which the polynomials

are dense and their point evaluations continuous, we prove the following: If they contain a function

such that the limit superior of its modulus is infinity almost everywhere in the unit circle, then the

same is true for a residual set of functions.

Analyyttisten funktioiden rajakäytös eräissä Banachin avaruuksissa

Tiivistelmä.Yksikkökiekon analyyttisten funktioiden Banachin avaruuksissa, joissa polynomit

ovat tiheässä ja pistearvotukset jatkuvia, todistetaan seuraava tulos: jos tällainen avaruus sisältää

yhdenkin funktion, jonka itseisarvon yläraja-arvo on ääretön melkein kaikkialla yksikköympyrällä,

niin tällaisia funktioita on Bairen jäännösjoukon verran.

1. Introduction

The Banach spaces of analytic functions in the unit disk D that we considered
satisfy the requirement that the polynomials are dense and the point evaluations
(or some variant) are continuous. Our main result is that if those spaces contain
a function such that the limit superior of its modulus is infinity almost everywhere
in the unit circle T, then the same is true for a residual set of functions. A key
ingredient for the proof is the Baire Category Theorem. Examples of this class of
spaces are the Hardy weighted spaces Sν for ν < 0, and the Dirichlet type spaces
Dp

p−1 for 2 < p.
Other authors have considered Baire Category type arguments to obtain proper-

ties of some classes of analytic or meromorphic functions. See, for instance, Bagemihl
[3] and Anderson [2]. The aims and methods of their papers are different from ours.
Our approach is more in line with the paper by Bernal-Gónzalez and Bonilla [4],
Section 3.

The remainder of the paper is organized as follows. In the second section, we
recall the definition of three classes of spaces:

(i) Classic spaces Hp.
(ii) Weighted Hardy spaces Sν for ν ∈ R.
(iii) Dirichlet type spaces Dp

p−1 for 2 < p.

We introduce the concept of L1-average continuous point evaluations and prove
a lemma concerning point evaluations which will be used in the proof of the first
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theorem. Bulancea and Salas showed in [5] that if ν < 0, then there is an f ∈ Sν

that is strongly annular. Refining that construction, we can prove that the same is
true for an f ∈ Ŝ0 =

⋂

ν<0 Sν .
In the third section, we prove our main results and obtain some of their conse-

quences. One of them is that the classical Hardy space H2 = S0 is a first category
subset of Ŝ0 =

⋂

ν<0 Sν . (This is a complete metric space when endowed with a
metric coming from a denumerable family of norms.) Another consequence is that
Hp is a first category subset of Dp

p−1 for 2 < p. This is based in the following facts:

i) The classical result of Littlewood and Paley [11] which says that Hp ⊂ Dp
p−1

for 2 < p.
ii) Abkar [1] showed that the polynomials are dense in D

p
p−1.

iii) Girela and Pelaéz [9] showed that if 2 < p, then there exists a function
f ∈ D

p
p−1 with limr↑1 |f(reiθ)| = ∞ a.e. on T.

The last section consists of a few questions and comments.

2. Preliminary results

Recall that residual sets contain dense sets Gδ. A Gδ set is a denumerable
intersection of open sets. For the unit circle T the Lebesgue normalized measure is
denoted by dm(θ) = 1

2π
dθ. If E ⊂ T is Lebesgue measurable, then |E| denotes its

measure.
The classes of analytic functions in D such that for 0 < p < ∞

‖f‖p = lim
r→1

(ˆ
|f(reiθ)|p dm(θ)

)
1

p

< ∞

are called Hardy spaces Hp, a standard reference is the book by Duren [8]. They are
separable Banach spaces for 1 ≤ p with norm given by the above formula. The set
of bounded analytic functions in D is also a Banach space denoted by H∞. It is not
separable. The norm of f is given by

‖f‖∞ = sup
r→1

max{|f(reiθ)| : eiθ ∈ T}.

A theorem of Fatou says that the radial limit (actually nontangential)

lim
r→1

f(reiθ) = f(eiθ)

exists almost everywhere for f ∈ H∞. Therefore the radial limit exists also for the
class of quotients of bounded functions, the Nevannlina class N . Moreover, Hp ⊂ N
and also

‖f‖p =
(ˆ

|f(eiθ)|p dm(θ)

)1/p

.

Thus, Hp can be identified with {f ∈ Lp(T, dm(θ)) : f̂(n) = 0 for n < 0}. In partic-
ular, the classical Hardy space H2 is a Hilbert space.

For each sequence of positive numbers β = {βn}n the weighted Hardy space
H2(β) is the Hilbert space of the analytic functions in D for which the norm induced
by the inner product is

〈

∞
∑

n=0

anz
n,

∞
∑

n=0

bnz
n

〉

=

∞
∑

n=0

anbnβ
2
n
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is finite. Thus, for f(z) =
∑∞

0 anz
n the norm is given by

(

∞
∑

0

|an|2β2
n

)1/2

= ‖f‖H2(β).

The monomials form a complete orthogonal system, and so they are dense in H2(β).
Also, convergence in H2(β) implies uniform convergence on compact subsets of the
unit disk. We will focus on Sν , the weighted Hardy spaces with weights βn = (n+1)ν ,
where ν is a real number. If ν1 > ν2, then Sν1 is strictly contained in Sν2; if ν > 1

2
,

then Sν is contained in the disk algebra A. For ν = 0 we recover the classical Hardy
space; that is, H2 = S0. We also see that S1/2 is the classical Bergman space, while
S−1/2 is the classical Dirichlet space. The Hardy weighted spaces are sometimes
called weighted Dirichlet spaces. On p. 15 of Cowen and MacCluer [7], these spaces
are called Hardy weighted spaces if the norm is obtained from Taylor coefficients,
Bergman spaces if the norm is obtained from |f |, and Dirichlet spaces if the norm is
obtained from |f ′|. The three norms are equivalent but not identical.

The normalized area measure in D is denoted by dA(z) = 1
π
dx dy = 1

π
r dr dθ

where z = x+ iy = reiθ. For −1 < α, 0 < p, the weighted Bergman space Ap
α is the

set of analytic functions in D contained in LP (D, (1− |z|2)α dA(z)). When 1 ≤ p, Ap
α

are Banach spaces with norm

‖f‖Ap
α
=

(

(α + 1)

ˆ
D

(1− |z|2)α|f(z)|p dA(z)
)1/p

.

A2
0 is the classical Bergman space. A general reference for these spaces is the book

by Hedenmalm, Korenblum and Zhu [10].
The spaceDp

α = {f : f ′ ∈ Ap
α} is said to be Dirichlet type if α ≤ p+1, [9]. Colonna

and Mart́ınez-Avendaño [6] called them weighted Dirichlet spaces. For 1 ≤ p they
are separable Banach spaces when endowed with the norm

‖f‖Dp
α
= |f(0)|+ ‖f ′‖Ap

α
.

In particular, D2
0 is the classical Dirichlet space and D2

1 = H2. As mentioned in
Introduction, we are interested in Dp

p−1 when 2 < p, in which case

Hp ⊂ Dp
p−1

according to [11] and the polynomials are dense according to [1].
The following lemma will be used in the proof of the first theorem.

Lemma 2.1. Let E be a Banach space of continuous (real or complex) functions
in a complete metric space X in which point evaluations are continuous. If K ⊂ X

is compact, then there exists a constant CK for which

|f(x)| ≤ CK‖f‖ for all x ∈ K.

Proof. Let Lx be the bounded linear functional Lx(f) = f(x). The Uniform
Bounded Principle says sup{‖Lx‖ : x ∈ K} < ∞ or sup{Lx(f) : x ∈ K} = ∞ for all
f ∈ E belonging to some dense Gδ in E. But for each f the sup{|f(x)| : x ∈ K} is
finite because f is continuous and K is compact. �

Definition 2.2. Let E be a Banach space of analytic functions in D. The point
evaluations are L1-average continuous ifˆ 2π

0

|f(reiθ)| dm(θ) ≤ C(r)‖f‖
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for all f ∈ E and C(r) ∈ R
+ for all 0 ≤ r0 ≤ r < 1.

Remark 2.3. Lemma 2.1 implies that if the point evaluations are continuous
then they are also L1-average continuous.

Definition 2.4. An analytic function in D is called strongly annular if a sequence
of positive radii rk ↑ 1 is such that

lim
k→∞

min{|f(z)| : |z| = rk} = ∞.

Remark 2.5. Redett showed in [12] that each weighted Bergman space contains
an strongly annular function.

The following proposition shows that H2 = S0 is properly contained in Ŝ0 =
⋂

ν<0 Sν . It will be used in Corollary 3.17.

Proposition 2.6. There exists a strongly annular function function f in D that
belongs to all S−ν with ν > 0.

Proof. We will construct a function f such that f ∈ S−νk where νk ↓ 0, when
k → ∞. Let f(z) =

∑∞

k=1 ckz
nk satisfy that the sequence {nk}k is going to ∞ very

fast and also that the sequence of radii {rk} is increasing to 1 very fast. Let {ck}k
be a sequence of positive numbers such that

(2.7) c1 > 1 and ck −
k−1
∑

j=1

cj > k.

The idea of the construction is that for |z| = rk the dominant term in |f(z)| is
ckr

nk

k . In the k-step, it is first chosen nk and then rk is chosen. The process is as
follows: n1 is chosen first, and then r1 such that

c1

(n1 + 1)ν1
<

1√
2

and c1r
n1

1 > 1.

Assume that n1, · · · , nk and r1, · · · , rk have been chosen in such a way that

for 1 ≤ j ≤ k,
cj

(nj + 1)νj
<

1√
2j
,(2.8)

c1r
n1

1 −
k
∑

j=2

cjr
nj

1 > 1,(2.9)

1 < p < k =⇒ cpr
np

p −
∑

1≤j<p

cj −
∑

p<j≤k

cjr
nj

p > p,(2.10)

ckr
nk

k −
k
∑

j=1

cj > k.(2.11)

Now we find nk+1 large enough such that

ck+1

(nk+1 + 1)νk+1

<
1√
2k+1

and c1r
n1

1 −
k+1
∑

j=2

cjr
nj

1 > 1,

1 < p < k + 1 =⇒ cp −
∑

1≤j<p

cj −
∑

p<j≤k+1

cjr
nj

p > p.
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We can now choose rk+1 with rk < rk+1 < 1 but sufficiently near to 1 such that

ck+1r
nk+1

k+1 −
k
∑

j=1

cj > k + 1.

This shows that (2.7), (2.8), (2.9), (2.10) and (2.11) are valid for all k ∈ N. If |z| = rp,

then use (2.10) or (2.9) if p = 1 and allow any p

p ≤ cp|rp|np −
∑

1≤j<p

cj −
∑

p<j

cjr
nj

p ≤ |f(z)|

Thus
min{|f(z)| : |z| = rp} ≥ p.

To conclude, we need to show that if ν > 0, then f ∈ S−ν . Let ν > νk > 0.
Therefore, using inequality (2.8)

∞
∑

j=1

(

cj

(nj + 1)ν

)2

≤
k−1
∑

j=1

(

cj

(nj + 1)ν

)2

+

∞
∑

j=k

(

cj

(nj + 1)νj

)2

≤
k−1
∑

j=1

(

cj

(nj + 1)ν

)2

+
∞
∑

j=k

1

2j
< ∞.

This completes the proof of the proposition. �

3. Main results

Theorem 3.1. Let E be a Banach space of analytic functions in the unit disk D

in which the polynomials are dense and the point evaluations are continuous. Assume
that there exists f ∈ E such that

|{eiθ : lim sup
r→1

|f(reiθ)| = ∞}| = 1.

Then
{g ∈ E : |{eiθ : lim sup

r→1
|g(reiθ)| = ∞}| = 1}

is a residual set in E.

Proof. For each natural number M we can find a radius rM < 1 such that

(3.2) FM = {eiθ : ∃r ≤ rM and |f(reiθ)| ≥ M} and |FM | ≥ 1− 1

M
.

Each FM is a closed set and therefore measurable.
Let Pn be a dense polynomial sequence in E. For each n, k ∈ N let Bn,k be a ball

centered at Pn +
1
k
f with radius ǫ(n, k) to be determined momentarily. For each n, k

we can find M = M(n, k) so large that

(3.3)
M

k
> k + ‖Pn‖∞ + 1.

According to Lemma 2.1 there exists CM such that for all z with |z| ≤ rM , it holds
that

(3.4) |h(z)| ≤ CM‖h‖ for all h ∈ E.

We now choose ǫ(n, k) = min
{

1
k
, 1
CM

}

.

Claim 3.5. If z = reiθ, r ≤ rM , |f(z)| ≥ M and g ∈ Bn,k, then |g(z)| > k.
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By inequality (3.4) and our choice of ǫ(n, k) we have
∣

∣

∣

∣

Pn(z) +
1

k
f(z)− g(z)

∣

∣

∣

∣

≤ CM

∥

∥

∥

∥

Pn +
1

k
f − g

∥

∥

∥

∥

< CMǫ(n, k) ≤ 1.

Using the fact that |f(z)| > M, the above inequality, the triangular inequality
and (3.3)

|g(z)| ≥ 1

k
|f(z)| − |Pn(z)| −

∣

∣

∣

∣

Pn(z) +
1

k
f(z)− g(z)

∣

∣

∣

∣

≥ M

k
− ‖Pn‖∞ − 1 > k.

The claim is now proved.
As a consequence, we have that for any g ∈ B(n, k)

FM ⊂ A(n, k) = {eiθ : ∃r ≤ rM and |g(reiθ)| ≥ k}
and therefore using (3.2) and (3.3)

(3.6) |A(n, k)| ≥ 1− 1

M
≥ 1− 1

k2
.

We now define the open sets

Wk =
⋃

1≤n,k≤j B(n, j)

which are dense since each polynomial Pn is a limit point of Wk. Using Baire’s
category theorem, we have that

W∞ =
⋂

1≤k Wk

is a residual set in E.

Claim 3.7. If g ∈ W∞, then |{eiθ : lim supr→1 |g(reiθ)| = ∞}| = 1.

For each k there are n and j ≥ k such that g ∈ B(n, j). Thus we have np, jp
where jp → ∞ and g ∈ B(np, jp) for all p.

Let
⋃

p=sA(np, jp) = As. Then (3.6) implies that |As| = 1. Let
⋂

1≤s As = A and

since As+1 ⊂ As it follows that |A| = 1. If eiθ ∈ As, then there exists r such that
|g(reiθ)| ≥ js. Thus we have that

lim sup
r→1

|g(reiθ)| = ∞,

proving the second claim and therefore completing the proof of the theorem. �

Remark 3.8. The referee provided an alternative proof of the above result using
Lemma 2 and Theorem 1 of [4].

Corollary 3.9. Let ν < 0. The set

{g ∈ Sν : lim sup
r→1

|g(reiθ)| = ∞ for almost all eiθ}

is residual in Sν .

Proof. In Sν the polynomials are dense and the point evaluations are continuous
[7]. By Proposition 5.8 of [5] there exists a function f that satisfies the condition
of the preceding theorem and therefore the conclusion of such a theorem is also
obtained. �

As we said in the introduction, Ŝ0 =
⋂

ν<0 Sν is a complete metric space. The
requirement is that the norms ‖ ‖Sνk

satisfy limk→∞ νk = 0 and νk < 0 for all k.
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Corollary 3.10. The set

{g ∈ Ŝ0 : lim sup
r→1

|g(reiθ)| = ∞ for almost all eiθ}

is (i) residual in Ŝ0, and therefore (ii) H2 = S0 is a first category subset of Ŝ0.

Proof. (i) We used the function obtained in Proposition 2.6 and a similar ap-
proach as in the preceding theorem. In the definition of the radius of the ball B(n, k)
we use ‖h‖Sνk

in (3.4).

(ii) The functions in H2 are convergent almost everywhere in T, but the set of

functions in Ŝ0 that behave badly when approaching the boundary T is a residual
set. This concludes the proof. �

Theorem 3.11. Let E be a Banach space of analytic functions in the unit disk
D such that the polynomials are dense and the point evaluations are L1-average
continuous. Let φ be an increasing positive continuous function on 0 ≤ r0 ≤ r < 1
with limr→1 φ(r) = ∞. Assume further that there exist f ∈ E and a sequence rp → 1
for which

lim
p→∞

1

φ(rp)
min{|f(rpeiθ)| : eiθ ∈ T} = ∞.

Then

{g ∈ E : |{eiθ : lim sup
r→1

1

φ(r)
|g(reiθ)| = ∞}| = 1}

is a residual set in E.

Proof. We adapt the plan used in Theorem 3.1. Let {Pn : n ∈ N} be a dense set
of polynomials in E. By hypothesis, for each r < 1 there exists C(r) such that

(3.12)

ˆ 2π

0

|h(reiθ)| dm(θ) ≤ C(r)‖h‖

for all h ∈ E.
For each (n, k), choose M = M(n, k) and p(n, k) such that

‖Pn‖∞ + k ≤ M,(3.13)

2kM2 <
1

φ(rp(n,k))
min{|f(rp(n,k)eiθ)| : eiθ ∈ T}.(3.14)

Let B(n, k) be the ball centered at Pn +
1
k
f and radius

(3.15) ǫ(n, k) = min

{

1

k
,

1

C(rp(n,k))

}

.

For g ∈ B(n, k), let

H = H(n, k) =

{

eiθ :
1

φ(rp(n,k))
|g(rp(n,k)eiθ)| < M

}

.

Now we estimate |H|, the Lebesgue measure of H . Let r = rp(n,k). Then the first
inequality is due to (3.14), and the second is the triangle inequality. In the following,
we may assume that φ(r) > 2:

2M2|H| ≤
ˆ
H

1

kφ(r)
|f(reiθ)| dm(θ)

≤ 1

φ(r)

(ˆ
H

|g(reiθ)|+ |Pn(re
iθ) +

1

k
f(reiθ)− g(reiθ)|+ |Pn(re

iθ)| dm(θ)

)

.
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We now get an upper bound for each of the last three summands:
The definition of H implies that

1

φ(r)

ˆ
H

|g(reiθ)| dm(θ) ≤ M |H| ≤ M.

The fact that g ∈ Bn, the radius (3.15) and the L1 average continuity (3.12) and also
w.l.g. we may assume that r is sufficiently near to 1 such that φ(r) > 2:

1

φ(r)

ˆ
H

∣

∣

∣

∣

Pn(re
iθ) +

1

k
f(reiθ)− g(reiθ)

∣

∣

∣

∣

dm(θ)

≤ 1

φ(r)

ˆ
T

∣

∣

∣

∣

Pn(re
iθ) +

1

k
f(reiθ)− g(reiθ)

∣

∣

∣

∣

dm(θ) ≤ 1

φ(r)
≤ 1

2
M.

For the last summand we use (3.13)

1

φ(r)

ˆ
H

|Pn(re
iθ)| dm(θ) ≤ 1

φ(r)

ˆ
T

|Pn(re
iθ)| dm(θ) ≤ 1

2
M.

Consequently,

2M2|H| ≤ 2M =⇒ |H| ≤ 1

M
and 1− 1

M
≤ |T \H|.

As in the previous theorem, the open sets

Wk =
⋃

1≤n,k≤j B(n, j)

are dense since each polynomial Pn, is a limit point of Wk. Using Baire’s category
theorem again, we have that

W∞ =
⋂

1≤k Wk

is a residual set in E.
Let g ∈ W∞. Arguing as in Claim 3.7 we obtain

lim sup
r→1

1

φ(r)
|g(reiθ)| = ∞

for almost all eiθ ∈ T. �

Remark 3.16. The referee indicated that in Dp
p−1, for 2 < p, point evalua-

tions are continuous. In these spaces, it can also be directly proved that the point
evaluations are L1-average continuous.

Corollary 3.17. The space Hp is a first category subset of Dp
p−1 for 2 < p.

Proof. By Fatou’s theorem a function in Hp converges a.e. on T. On the other
hand, the density of the polynomials [1], Remark 2.3 and Remark 3.16, and Theo-
rem 3.5 in [9] allow us to use the preceding theorem. �

4. Concluding remarks

Question 4.1. Does there exist a Banach space of analytic functions in D in
which the point evaluations are not continuous but they are L1-average continuous?

Question 4.2. How does Sν fit into Ŝν =
⋂

µ<ν Sµ in general? When ν = 0,
the answer is given by Corollary 3.10. There we have a powerful tool in terms of
convergence or not on the boundary.
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Remark 4.3. How does
⋃

µ>ν Sµ fit in Sν? By [5, Prop. 5.3] each Sµ is compactly
embedded in Sν , when µ > ν, and is first category since Sν is infinite dimensional.
Since

⋃

µ>ν Sµ =
⋃

µn>ν Sµ for any sequence limn→∞ µn = ν, it follows that the union
is a first category subset of Sν .

Remark 4.4. The density of the polynomials in both theorems could be replaced
by the density of the disk algebra A.

References

[1] Abkar, A.: Density of polynomials in certain weighted Dirichlet spaces. - J. Math. Ext. 16:1,
2022, 1–11.

[2] Anderson, J.M.: Category theorems for certain Banach spaces of analytic functions. - J.
Reine Angew. Math. 249, 1971, 83–91.

[3] Bagemihl, F.: On power series, areas and length. - Michigan Math. J. 4, 1957, 281–283.

[4] Bernal-Gónzalez, L., and A. Bonilla: Families of strongly annular functions: linear
structure. - Rev. Mat. Complut. 26:1, 2013, 283–297.

[5] Bulancea, G., and H.N. Salas: Recurrent operators on function spaces. - Complex Anal.
Oper. Theory 19, 2025, art. no. 151.

[6] Colonna, F., and R. Mart́ınez-Avendaño: Hypercyclicity of composition operators on
Banach spaces of analytic functions. - Complex Anal. Oper. Theory 12:1, 2018, 305–323.

[7] Cowen, C., and B. MacCluer: Composition operators on spaces of analytic functions. -
CRS Inc. Press, 1995.

[8] Duren, P.: Theory of Hp spaces. - Pure and Applied Mathematics 38, Academic Press, New
York, 1970; Dover reprint, 2000.
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