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On the projections of almost Ahlfors regular sets

Tuomas Orponen and Kevin Ren

Abstract. We show that the “sharp Kaufman projection theorem” from 2023 is sharp in the
class of Ahlfors (1,0 ¢)-regular sets. This is in contrast with a recent result of the first author,
which improves the projection theorem in the class of Ahlfors (1, C)-regular sets.

Melkein Ahlfors-sdannéllisten joukkojen projektioista

Tiivistelmi. Todistamme, ettd ”tarkka Kaufmanin projektiolause” vuodelta 2023 on tarkka
Ahlfors (1,5~ ¢)-sddnnollisten joukkojen luokassa. Tilanne on siis pdinvastainen kuin Ahlfors (1, C)-
sdannollisten joukkojen luokassa, jossa ensimméinen kirjoittaja on &skettédin todistanut Kaufmanin

tulosta voimakkaamman projektiolauseen.

1. Introduction

This note demonstrates that projection theorems for Ahlfors (1,5 ¢)-regular sets
cannot be stronger than projection theorems for general sets—and in particular they
are not as strong as available projection theorems for Ahlfors (1, C)-regular sets.

Definition 1.1. (Ahlfors (s, C)-regularity) Let C,s > 0. A Borel measure p on
R® is Ahlfors (s, C)-regular if

(1.2) C™'r* < pu(B(x,r)) <Cr®, x €sptp, 0<r < diam(sptp).

A closed set K C R? is called Ahlfors (s, C')-regular if K = spt u for some non-trivial
Ahlfors (s, C)-regular measure pu.

In 2023, the first author and Shmerkin [8] obtained the following projection
theorem for “almost” Ahlfors regular sets (only the 1-dimensional case is stated for
simplicity):

Theorem 1.3. [8, Corollary 4.9] For every C > 0 and 0 < t < 7 < 1, there
exist dg, € > 0 such that the following holds for all § € (0,0q]. Let p be an Ahlfors
(1,07¢)-regular probability measure with K := sptyu C B(1), and let v be a Borel
probability measure on |0, 1] satistying v(B(z,r)) < Cr™ for all z € [0,1] and r > 0.
Then, there exists 6 € spt v such that

(1.4) Ns(mg(K)) > 6~ 1+D/2,

Here, Ns(K) is the d-covering number of K, and my(z,y) := x+0y for (z,y) € R?,
0 € R. In [9], the second author and Wang showed that the Ahlfors (1,0~¢)-regularity
of 1 can be relaxed to the Frostman condition u(B(z,7)) < 6 r (for x € R? and
r > 0). This is the sharp Kaufman projection theorem—being the sharp version
of Kaufman’s projection theorem [5] from the 60s. A qualitative version of this
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result can be stated in terms of Hausdorff dimension: if K C R? is a Borel set with
dimyg K =1, then

(1.5) dimp{0# € [0,1]: dimp mp(K) <t} <max{2t—1,0}, 0<t<1.

(To see the similarity, ¢ in (1.4) corresponds with max{2t — 1,0} in (1.5), and we
make the questionable conversion Ns(S) = 6~ 4mu(5)  Also, Kaufman proved the
weaker version of (1.5) with the right hand side replaced by ¢; the stronger bound
in (1.5)/(1.4) matches the numerology of the Szemeredi-Trotter theorem [10] about
incidences between points and lines in the plane.)

As the name “sharp Kaufman” suggests, the projection theorem from [9] is sharp
under the hypothesis p(B(z,7)) < 6~°r, or even p(B(z,r)) < r. This can be deduced
from [11, p. 10] with some effort; more recent sources are [3, Lemma 3.1] and [2,
Appendix]. However, it remained open until now whether the numerology in (1.4)
could be improved in the class of (1,0 )-regular measures. Our first main result
shows that this is not the case:

Theorem 1.6. For every 0 < 7 < t < 1 with t,7 € Q, there exists )y =
do(t,7) > 0 such that the following holds for all 6 € (0,dy]. There exists an Ahlfors
(1,1og(1/6)™/¢=7))-regular probability measure y with spt u = K € B(1) C R? and
a Borel probability measure v on [0, 1] satisfying v(B(z,r)) < Cr™ for all z € [0, 1]
and r > 0 (where C' > 0 is an absolute constant) such that

(1.7) Ns(mg(K)) <6 0HD/2 9 € spto.

Theorem 1.6 shows that the numerology (1.4) is sharp even if the hypothesis of
Ahlfors (1,07¢)-regularity is upgraded to (1,1log(1/0)¢)-regularity (for C = C(t,7) >
1). In contrast, a recent result [7] of the first author yields an improvement over (1.4)
in the class of Ahlfors (1, C)-regular measures (only the 1-dimensional case is stated
for simplicity):

Theorem 1.8. For every C > 0, 7 € (0,1], there exists &g > 0 such that the
following holds for all § € (0,0¢]. Let u be an Ahlfors (1,C')-regular probability
measure on R? with K := sptyu C B(1). Let v be a Borel probability measure on
[0,1] satistying v(B(z,r)) < Cr" for all x € [0,1] and r > 0. Then, there exists
0 € sptv such that

Ng(ﬁg(K)) 2 5_1+T.

Remark 1.9. As noted in [7, Corollary 1.5], Theorem 1.8 yields the following
qualitative corollary regarding the upper box dimension dimg of the projections of
Ahlfors regular sets in the plane: if K C R? is closed and Ahlfors 1-regular, then

(1.10) dimy {0 € [0, 1]: dimpmy(K) < 1} = 0.

More recently, Wu [12, Theorem 1.6] has obtained the far stronger conclusion the set
{6 € [0,1]: dimpmy(K) < 1} is at most countable.

Seeking optimal projection theorems for Ahlfors regular (and “almost” Ahlfors
regular) sets is partly motivated by very strong projection theorems available for
self-similar and self-affine sets and measures, see [1, 4]. It seems interesting to find
out if the underlying dynamics is necessary for these results, or if some weaker and
more statistical notion of “uniformity” or “scale-invariance” would be enough.

Remark 1.11. The proof of Theorem 1.8 is effective. It seems likely that it
would yield a statement, where the constant “C” is replaced by an extremely slowly
increasing function of 1/, perhaps a function which grows slower than any iterated
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logarithm. It would be interesting to determine the sharp growth of this function.
Theorem 1.6 shows that log(1/8)¢ grows too rapidly, but loglog(1/§) remains plau-
sible, as far as we know. This question is closely related to the open problem about
whether (1.10) can be upgraded to dimy{# € [0,1]: dimygme(K) < 1} = 0.

We then state a second negative result which shows that even “strict” Ahlfors
regularity of p is not sufficient to yield any improvement over (1.4) if the Frostman
constant of the measure v is allowed to grow like a logarithm of 1/0. Again, positive
results remain plausible if the Frostman constant of v only grows like loglog(1/4).

Theorem 1.12. For every 0 < 7 < t < 1 with t,7 € Q, there exists 6y =
do(t,7) > 0 such that the following holds for all § € (0,80]. There exists an
absolute constant C' > 0, an Ahlfors (1,C)-regular probability measure p with
sptu = K C B(1) C R? and a Borel probability measure v on [0, 1] satisfying
v(B(x,7)) < Clog(1/8)>"4=7/t="p7 for all x € [0,1] and r > 0 such that

(1.13) Ns(mo(K)) < 6~ UHD/2 9 spto.

Remark 1.14. The proofs of Theorems 1.6 and 1.12 show that even the unions
Upespt » To(JC) satisfy the same d-covering number estimates (1.7) and (1.13). We also
mention that the sets K in both Theorems 1.6-1.12 are product sets, and the set K in
Theorem 1.6 is self-similar. This does not contradict Hochman’s projection theorem
[4] for self-similar sets, because the number of similitudes generating K depends on 4.
Finally: the set K in Theorem 1.12, while a product set, and strictly Ahlfors regular,
is not a product of two strictly Ahlfors regular sets. Indeed for products of strictly
Ahlfors regular sets the positive result [6, Theorem 3.6] sometimes contradicts the
numerology of Theorem 1.12.

Structure of the paper. Section 2 contains preliminaries. Section 3 contains
the main construction, see Proposition 3.1, which yields Theorem 1.6 immediately.
The proof of Theorem 1.12 requires an additional rescaling argument, and is com-
pleted in Section 4.

Acknowledgements. We would like to thank the reviewers for reading the paper
carefully, and for giving many useful comments.

2. Preliminaries

Here we record some elementary results which will allow us to easily identify that
certain measures are (s,C)-regular with a bound on the constant “C”. Below, for
A C R? and r € 27N the notation D,(A) stands for dyadic cubes of side-length
intersecting A, and |A|, := |D,(A)| is the dyadic r-covering number of A (which is
comparable to the standard r-covering number N,.(A)).

Definition 2.1. ((s,C)-regularity between two scales) Let 0 < 6 < A < 1,
s €[0,d], and C > 1. A set P C [0,1]¢ is called (s, C)-regular between scales § and
A if
(2.2) CHR/r)* <|PNQ|, <C(R/r)*, §<r<R<A, QEeDg(P).
Here r, R € 27N,

The next proposition spells out the connection between (s, C')-regular sets (as
above) and Ahlfors (s, C')-regular measures as in Definition 1.1.
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Proposition 2.3. Let s € [0,d], C > 1, and § € (0, 3]. Assume that P C [0, 1]
is (s, C)-regular between scales 6 and 1. Then there exists an Ahlfors (s, 04(C?))
regular probability measure supported on the é-neighbourhood of P.

Proof. Let § < 6 be the largest dyadic scale such that v/d-§ < §, thus 2% . § >

§ where k := [log(2v/d)] ~q 1. Let v be a fixed (but arbitrary) (s, A)-regular

probability measure on [0,1]¢, where A > 1 is an absolute constant (for example

a self-similar measure generated by two similitudes with contraction ratios 2-/*, or

v :=dg if s = 0). Define the measure y in the statement of the proposition as follows.

Igor each @ € Ds(P), let vg := ﬁ - Tov, where Tg: [0,1] = @ is a rescaling map.
et

W= Z vQ-.
)

QE'DQ(P

d

Clearly, spt u C Dy(P) is contained within the Vd - § < -neighbourhood of P. We
observe the following preliminary properties:

(P1) u([0,1]%) = 1
(P2) w(Q) = 229 for all Q € D.(P), r € [5,1] N 27N;

IPls

(P3) uw(Q N B(x,r)) <q ACr® for all Q € Ds(P), x € spty, and r < V/d - §, and
additionally u(Q N B(z,r)) 24 (AC)™'r* if z € Q N spt .

Items (P1) and (P2) are clear. For (P3), we first record the important fact that
(2.4) C167° Sq|Pls Sa CO°.

Indeed, we first have |Plors < |Pls < 28| P|yrs, and |Plors can in turn be estimated
using (2.2) with » = 2¥§ and R = 1. Now, fix Q € Ds(P) and = € sptu: if
Q N B(x,r) = 0, then the first part of (P3) holds trivially. If on the other hand
Q) N B(z,r) 3y, then using the Ahlfors (s, A)-regularity of v,

1 2r\° Y
MQN Ber) < WQN B 20) < o A (7) <) ac
5 9
The second part of (P3) is an easier application of the Ahlfors (s, A)-regularity of v,
and (2.4). Henceforth, we absorb the absolute constant A into the implicit constants.
We first check the upper inequality for the (s, O4(C?))-regularity of ju:

(25) M(B(l’,t)) Sd Cztsa x esptp, t < \/E

Let first € R? and § < t < v/d. Let t := min{max{t,d8},1} ~q t, and pick
¢ € (t,2t)N 27N, Then B(xz,t) may be covered by Cy dyadic cubes Q of side-length
0(Q) = £. Each of those cubes @ has y measure

®2) [PNQls _ 2PN Qs
Q) = | b < —
|P|s |Pls

using (2.4) and (2.2) with r = 2%§ and R = ¢(Q). Thus, u(B(z,t)) <q C*.

If t <9, then B(z,t) can only intersect <y 1 many cubes in Ds(P). For each
such @, we use (P3) to obtain u(Q N B(z,t)) Sq Ct°. Thus, u(B(x,t)) Sq Ct° as
well.

Finally, we check lower inequality for the (s, Oq(C?))-regularity of ju:

(2.6) C2t" Sa p(B(x,t)), € sptp, t < Vd.

Sa CP(Q)° Sq CP° <4 O
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Fix x € spt u and first suppose 20v/d <t < 1. Then B (x,t) contains a dyadic cube

Q) € D.(P) with r € [ﬁ, \/LE] N 27N, Therefore, we find by (2.4),

_1PNQls  [PNQlos
p(B1) 2 plQ) = =5 == 2 5

Finally, if t < 26v/d, then let t = min{t, 5v/d} ~ t. We have u(B(x,t)) > u(B(z,1))
24 C7't* by applying (P3) to the dyadic cube Q € D;(P) containing z. In either
case, we have proven (2.5). O

In the following, for m € Ns,, 7 € m%, and A C R?, the notation D™(A) stands for
the m-adic cubes of side-length r in R intersecting A. We also write |A|™ := |D™(A)|.
Note the following comparison between dyadic and m-adic covering numbers: if r € 2%
and r € m” with r < r, then

(2.7) Al <q|Al,, ACRY
since every element of D}'(A) can be covered by <y 1 elements of D,.(A).
Definition 2.8. (Uniform sets) Let m,n > 2, and let {A;}7_; € m™" with
A, <A, 1<...<A <Ay:=1.

2a Q) Z2a C72¢.

A set P C [0,1]% is called {A;, m ;?;(}—um'form if there is a sequence {NV; ?;& Cc N»
such that [PNQ[R ,, = N; forall j € {0,...,n — 1} and all Q € D} (P).

Lemma 2.9. Let m € N, A e m ™, and let P C [0,1)* be {AJ, m}—;-uniform.
Assume moreover that N; = A™* for all 0 < j < n —1. Then P is (s,04(A3%))-
regular between scales 0 := A" and 1.

Proof. Clearly, if a € {0,...,n — 1} and @ € Daa(P), then
(2.10) IPNQ%, = (A" be{a,...,n}.

This looks like (2.2), except that (2.2) is a statement about dyadic covering numbers
and dyadic scales (r, R), whereas (2.10) only concerns the special (not necessarily
dyadic) pairs (r,R) = (A’ A%). For (r,R) with R € 2N and § <r < R < 1,
choose a,b € {1,...,n} such that a < b and A® <r < A’ ! and A® < R < A* L
For Q € Dg(P), note that P N Q can be covered by Cy elements Q € D%, ,(P).
Moreover, for each such @ € DR..(P),
= &7 Apm (210 a—1-b\s —2s s

[POQL Sa [PNQ[R =" (A7) < AT(R/r),
To prove the matching lower bound, first assume that 7, R € [A% A%?] for some
a € {2,...,n}. In this case R/r < A2 and for Q € Dgr(P) we may use the
trivial estimate [P N Q|, > 1 > A%(R/r)*. Assume finally that r € [A? A*!] and
R € [A% A*7 Y for some a < b — 2. Fix Q € Dg(P). Since R > A® certainly
R > 2A“*1. This implies that we can find a cube @ € DR, with Q C Q (take the
element of DX.,, containing the centre of Q). Sincea+1<b—1,

@) (010) | o pes
IPNQL Za [PNQ[R1 =" (A2 > A¥(R/r)?,

as claimed. O

Corollary 2.11. Let s € [0, 1], and let m € N>y be such that also m* € N. For
each0 < j <m®—1, pick a numbert; := m~'k; in such a way that k; € {0,...,m—1},
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and k; # kj fori # j. Let S C [0, 1] be the self-similar set generated by the similitudes
w]': [07 1] — [07 1]7

() =m e +t;, 0<j<m®—1
Then S is (s,0(m?%))-regular between the scales m™™ and 1, for all n € N.

Proof. The set S is {m™/, m}"~ -uniform with branching numbers N; = m*, so
the claim follows immediately from Lemma 2.9. U

3. The main construction

The next proposition contains the construction used to prove both Theorems 1.6—
1.12. In fact, the proposition implies Theorem 1.6 immediately (take K := A x B),
but Theorem 1.12 will require an additional argument. In the statement, a Borel
measure v on R? is called (7, C)-Frostman if v(B(z,r)) < Cr™ for all x € R? and
r > 0.

Proposition 3.1. For every 0 < 7 < t < 1 with 7,t € Q, there exist )y =
do(t,7) > 0 such that the following holds for all § € (0,dy|. There exist an absolute
constant C' > 0,

. fz (TTT,log(1/6)37/(t_7))—regular probability measure ua with A := sptus C
0, 1},

3 [a (1]_77,log(1/5)37/(t_7))—regular probability measure pp with B = spt ug C
0, 1],

e a (7,C)-Frostman Borel probability measure v with © := sptv C [0, 1]
such that

(3.2) Ns(A+©B) < 6 UH/2,

It would be convenient to assume that some powers of log(1/§) are integers. In
such a case we can actually prove a version of Proposition 3.1 with slightly better
constants:

Lemma 3.3. Forevery0 <7<t <1 with7,te€Q, define € := t_TT. There exist
8o = do(€) > 0 such that if 6 € (0,dy] satisfies

log(1/6), (log(1/8))"¢, (log(1/8))7/¢, (log(1/8))+7/ (%),

3.4
34 (log(1/6))17/%9) € N,

then there exists an absolute constant C' > 0,

° F (TTT,Clog(l/d)ﬁ/e)-regu]ar probability measure py with A = sptpus C
0,1],

) ,[a (I]TT,Clog(l/é)G/e)—regular probability measure pup with B := sptug C
0,1],

e a (7,C)-Frostman Borel probability measure v with © := sptv C [0, 1]
such that

(3.5) Ns(A+OB) < §~UH0/2+e/2

To deduce Proposition 3.1 from Lemma 3.3, observe that (3.4) has solutions of
the form

(5227”K, nENZQ,
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where K = K(t,7) is the least common multiple of the denominators of the rational

numbers o and 7. Now given § € (0, 272", we may find n > 2 such that 2" <

61 < 20D The key point is that for n > ng = no(t, e, K),

€
DE< (14— ) .nK
(n+1) —< +1+t—e) "

Thus, for § < 27 , we have § > §' := 2~ (D™ > §l+e/(1+t=9)  Pipally, Lemma 3.3
applied to ¢’ implies Proposition 3.1 for §, provided dy is small enough.

Proof of Lemma 3.3.  Choose dy(¢) > 0 so small that for any ¢ < o,
(3.6) loglog(1/0) >4 and log(1/8) <6 </2.
We also define

_ loglog(1/0)
Ho) = elog(1/4)

Consider the following three self-similar sets A, B,© C [0,1]. Let A C [0, 1] be the
self-similar set generated by the similitudes

and p:= 60 =1log(1/8)""< € (0, 3)-

(@) = pr+ jp 02 0<j<p D2
Let B C [0, 1] be the self-similar set generated by the similitudes

() = pr+jp T 0< < pT TR
Let © C [0, 1] be the self-similar set generated by the similitudes
(3.7) i) =pr+jpT, 0<j<p -1

Note that m = p~! € Ns, by hypothesis (3.4). Therefore, by Corollary 2.11 ap-
plied with n := [£(6)71], s := (1 + 7)/2, and t; = jp~ /2 € N, the set A is
(2, Clog(1/6)3/¢)-regular between the scales p" < § and 1. Then, by Proposi-
tion 2.3 the é-neighbourhood [A]; supports a (%, C'log(1/8)%<)-regular probability
measure. The proof below will show that (3.2) holds for [A]s, hence for A" = spt p.

By the same argument, B is (57, C'log(1/8)%/€)-regular between scales ¢ and 1,
and [Bls supports a (157, C'log(1/8)%¢)-regular probability measure.

Regarding ©, we claim that the canonical equal-weights self-similar measure v
on O satisfies v(B(z,r)) S r7 for all z € [0,1] and r > 0. By self-similarity, it suffices
to check this for p < r < 1. Note that v is supported on the union of the intervals
I =1[jp",jp" +p] with 0 < j < p77" —1, and v(I;) = p". Further, B(x,r) intersects
< max{r/p”, 1} intervals I; for p < r < 1. Therefore v(B(z,r)) S max{r,p"} <17,
as claimed.

We then begin to study the set A+ OB from (3.2). To begin with, observe that
A, B and O can be expressed in the following way:

(38) A= {Zp] . ]{;jp(l-‘r’r)/?: kj c N7 0 S kj S p—(1+7)/2 . 1} ’

Jj=0
and

B = {pr‘ pt 2 eN, 0< < p R 1} :

J=0
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and
= {ij-rjpT:TjEN, OSTjgp_T—l}.
=0
We claim that A + ©B is contained in the O(d)-neighbourhood of the following set

H:
{Zp pIt2: 5 €N, 0§sk§2n-p‘“”>/2},

where still
n = [£05)™] = [elog(1/6)/ loglog(1/6)].
We note that since € < § and log(1/6) > 2loglog(1/4) (from (3.6)), we get

elog(1/6) { < log(1/6)
~ loglog(1/0) ~ loglog(1/0)°
Let us use this to complete the proof of (3.2). From (3.6), (3.9), and definition of p,

we see that p" > p-0 > §'+</2. Thus, we get the following estimate for the cardinality
of H:

(3.9)

‘Hl < (2n . p—(1+7)/2)n < (271)” . 5—(1—‘1—7’)/2—6/2'
Now, we have by (3.9) (since loglog(1/d) > 2 from (3.6)),
elog(1/6)/loglog(1/8)+1
(2n)n < <l2l(l)g(2:{?()5)) < log<1/5)elog(1/5)/loglog(1/6)+1 < 5736/2.
0g log

Therefore, (2n)" < §=3¢/2 < §3¢/2+(7=/2 This shows that |H| < §~(1+D/2€ Since
Ns(A+OB) < |H|, finally Ns(A + ©B) < 6~ (+0/2+</2 for § > 0 small enough.
To prove the inclusion A+ ©B C [H]cs, fix

0 = Zpi -ript and b= Zp] 1 p=/2
i=0 =0
Note that here r;p” < 1 and [;p11=7/2 < 1. Furthermore p" < 4, and p < %, SO

n+1
(3.10) >

k>n+1

<25-p§5.

This shows that 8 and b lie d-close to their level-n approximations

=Y perp” and (b= p - Lpt
=0 =0

Since similarly |a — [a],]| < § for a € A, it suffices to show that [a], + [6],.[b]. € [H]cs-
To get started with this, note that

Z pz+] r; 3,0 (14+7)/ Zp Z nljp(lJrr)/Q_

4,j=0 = i+j=k

We claim that every sum of the form above is d-close to

(3.11) [0b],, = Zpk Z riljp T2,

k=0  i+j=k
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Write
(6] 6] Z > rilip R = Ry (b,0).

k=n+1 i+j=k
To see that R,(b,0) < 0, first observe that

Z Tikjp(1+T)/2

i+j=k
since 7;1;p1+7)/2 < 1. Combining this with (3.10), and recalling (3.6), (3.9), we get

4n 4
Fn(b,0) < 0 (log(1/9))1e — 0 loglog(1/0) — g

Finally, note that every sum of the form appearing in (3.11) is contained in the

set
{Zp pIt2: 5 €N, OSSkSTL'P_(HT)/Q}-

This is because 7;l; € {0,...,p~F7/2} for every (i, ;) fixed, and the inner sum in
(3.11) contains < k < n terms. We have now shown that ©B C [H']¢cs. On the
other hand, also A C [H']s, because clearly [a],, € H' for every a € A (recall (3.8)).
We have now shown that A + ©B C [H'|cs + [H'|cs C [H]acs, and the proof is
complete. O

< k-max |rik;p2 < 2n, ke {0,...,2n},

4. Proof of Theorem 1.12

Fix0<7<t<1witht,7 € Q, and let 6 > 0 be so small that the conclusions of
Proposition 3.1 hold. Let Ay, By be the self-similar sets from the proof of Proposition
3.1, thus Ay C [0, 1] is the self-similar set generated by the similitudes

pj(x) = px+jpH20<j<p R
and By C [0, 1] is the self-similar set generated by the similitudes
pi(x) = px+jpt 2 0<j<p 0o

Here, p = (log1/8')~¢, where € := == and ¢’ € [' /(179 5] is the parameter in our
)l/e (1 + E)1/e < 1,

deduction of Proposition 3.1 from Lemma 3.3. Since (1 +
we obtain that p ~ (log1/§)~%/(=7),

Note that Ag X By C [0, 1]? is also a self-similar set generated by p~! similitudes
with contraction ratio p. Thus, for each 5 > 1, the set Ay x By is covered by a
family Q; of squares of side-length p/, with cardinality |Q;| = p_j whose horizontal
separation is p/ =1 - p(1+7)/2 and whose vertical separation is p/~' - p(1=7)/2,

We start by claiming that the set

K = AO X p(H_T)/QBO = A() x B

is Ahlfors (1, C)-regular for an absolute constant C' > 0. For each j > 1, note that
K is covered by the images of the squares Q; under the map

Ty(z,y) = (z, 1 T72y).

These images, denoted R;, are rectangles of dimensions p/ x p/ - p(*7/2 whose
horizontal separation remains p?~* - p(!*7)/2 but whose vertical separation is only p’

1+t €
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(by horizontal and vertical separation we literally mean the horizontal and vertical
separation of the centres of the rectangles).

The set K supports the measure p := T) 1o, where p is the canonical self-similar
measure on Ay X By. Note that u(R) = p’ for each R € R;.

We now claim that u(B(x,r)) ~ r for all z € K and 0 < r < 10, where
the implicit constants are absolute. Fix 0 < r < 10, and let 5 > 1 such that
10p7 <r < 10p77 1

Case where 10p7 < r < 10p7~ 1. p(+7)/2 Any maximal family of rectangles
in R; such that the centres have a common z-coordinate is called a j-stack. The

horlzontal separation of two distinct j-stacks is at least pi=! - p+7)/2 Since r <
100771 - p(+7/2 the disc B(x,r) can meet < 30 j-stacks, see Flgure 1.
LTI N l}jé

p]fl - p1+7)/2

; pi=1. p1+7)/2

am———
id .,
Semmem”

.
~~~~~~~~

Figure 1. The case 10p7 <r < pi—1. p+7)/2,

Since the vertical separation of R;-rectangles inside a fixed j-stack is p’, the
disc B(z,r) meets < r/p’ rectangles in a fixed j-stack. This gives the upper bound
w(B(z,7)) < p7 - (r/p?) = 7. But since 10p7 <7 < p/~1-10p*7/2  also the converse
holds: B(z,r) contains = r/p’ rectangles in the j-stack containing x. Therefore
u(B(z,r)) ~r.

LT
~
LT

"""""""""""" pjf1

r
P o—
‘R —

Figure 2. Case p/ - p(1+7)/2 < < 10p7~ 1.

Case where 10p7 1 . p(1+7)/2 < p < 10p~*. In this range the disc B(x,r)
will intersect multiple j- stacks S1,...,8, CRj:
r

(4.1) e

The key observation this time is that the vertical separation of (vertically) neighbour-
ing rectangles R,R’ € R;_; is p/ !, see Figure 2. Since r < 10p7!, the disc B(z,r)
may only intersect those Rj-rectangles in a fixed stack S; which are additionally
contained in R 3 x, or at most 30 neighbours of R in R;_;. Let

Sz(R/) = U{R € Rji R S SZ and R C R,}, Rl € ijl.
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Then pu(S;(R)) = p=% - p+7/2 This gives u(B(x,7)) < r when combined with
(4.1). The lower bound p(B(x,r)) 2 r follows by observing that B(z,r) also contains
~r/(pP71 - p+7)/2) sets of the form S;(R). This proves the Ahlfors (1, C)-regularity
of p.

To complete the proof of Theorem 1.12, let 1 be the (self-similar) (7, C')-Frostman
measure from Proposition 3.1, with ©¢ := spt v, and let v be the push-forward of v
under the map 6 — p~+7)/20. Then 7 is a probability measure on R, and

(4.2) 7(B(z,1)) = vo(B(pMH 2, pH7/2p0)) < pr4n)/2em g e R r > 0.

The measure v is not quite admissible for Theorem 1.12, because it is not a probability
measure on [0, 1]. To fix this, we define v := ([0, 1]) ' 7|jp1. Note that

7([0,1]) = wo([0, /" *772)) = ([0, p]) = 97,
using the self-similar definition of vy (see (3.7)). Combining this lower bound with
(4.2) leads to v(B(z,r)) < p" /27 ~ (log 1/6)37(=7/(=7) for all 2 € R and 7 > 0.
Finally, writing sptv =: © C p~(1+7/2Q,, we have Ay + OB C Ay + O¢B,
(recalling B = pU"+7)/2B), and therefore
Ns(mo(K)) < N5(Ag + ©B) < Ns(Ag + ©gBy) <6~ g eo,
by Proposition 3.1. This completes the proof of Theorem 1.12.
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