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Optimal Hardy-weights for the Finsler
p-Dirichlet integral with a potential

Yongjun Hou

Abstract. Fix an integer n ≥ 2, an exponent 1 < p < ∞, and a domain Ω ⊆ R
n. Let

Ω∗ , Ω \ {x̂}, where x̂ ∈ Ω. Under some further conditions, we construct optimal Hardy-weights
for the Finsler p-Dirichlet integral

Q0[φ; Ω
∗] ,

ˆ
Ω∗

H(x,∇φ)p dx on C∞

c (Ω∗),

and the Finsler p-Dirichlet integral with a potential

QV [φ; Ω] ,

ˆ
Ω

(H(x,∇φ)p + V |φ|p) dx on C∞

c (Ω),

where H(x, ·) is a family of norms on R
n parameterized by x ∈ Ω∗ or x ∈ Ω, respectively, and the

potential V lies in a subspace M̂
q
loc

(p; Ω) of a local Morrey space M
q
loc

(p; Ω).

Jännitteellisen Finslerin–Dirichlet’n p-integraalin äärimmäiset Hardyn painot

Tiivistelmä. Kiinnitetään kokonaisluku n ≥ 2, eksponentti 1 < p < ∞ ja alue Ω ⊆ R
n. Olkoon

Ω∗ , Ω \ {x̂}, missä x̂ ∈ Ω. Eräiden lisäehtojen ollessa voimassa etsitään tässä työssä äärimmäiset
Hardyn painot Finslerin–Dirichlet’n p-integraalille

Q0[φ; Ω
∗] ,

ˆ
Ω∗

H(x,∇φ)p dx joukossa C∞

c (Ω∗),

ja sen jännitteelliselle vastineelle

QV [φ; Ω] ,

ˆ
Ω

(H(x,∇φ)p + V |φ|p) dx joukossa C∞

c (Ω),

missä kukin H(x, ·), muuttujan x ∈ Ω∗ tai x ∈ Ω eri arvoilla, on avaruuden R
n normi, ja jännite V

kuuluu paikallisen Morreyn avaruuden M
q
loc

(p; Ω) erääseen aliavaruuteen M̂
q
loc

(p; Ω).

1. Introduction

We start with the classical one-dimensional and multi-dimensional Hardy inequal-
ities.

Theorem 1.1. [3, Corollary 1.2.2] Let 1 < p < ∞ and let f be a locally abso-
lutely continuous function on (0,∞) such that f ′ ∈ Lp((0,∞)) and that limx→0+ f(x) =
0. Then (

p− 1

p

)p ˆ ∞

0

|f(x)|p
|x|p dx ≤

ˆ ∞

0

|f ′(x)|p dx.

The constant ((p− 1)/p)p is sharp and the equality can only be attained by the zero
function.
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Theorem 1.2. [3, Corollary 1.2.6 and p. 12]

• For all functions

φ ∈
{
C∞

c (Rn \ {0}) if n < p <∞,

C∞
c (Rn) if 1 ≤ p < n,

it holds that ∣∣∣∣
p− n

p

∣∣∣∣
p ˆ

Rn

|φ(x)|p
|x|p dx ≤

ˆ
Rn

|∇φ(x)|p dx,

where the constant |(p− n)/p|p is sharp.
• For p = n, there is no positive constant C such that for all φ ∈ C∞

c (Rn),

C

ˆ
Rn

|φ(x)|n
|x|n dx ≤

ˆ
Rn

|∇φ(x)|n dx.

Throughout this paper, unless otherwise stated, we fix an integer n ≥ 2, an
exponent 1 < p <∞, and a domain (i.e., a nonempty, connected, open set) Ω ⊆ R

n,
and denote Ω \ {x̂} by Ω∗ where x̂ ∈ Ω.

Hardy-type inequalities are a profound tool with important applications in math-
ematical analysis. For example, the monograph [37] by Kutev and Rangelov covers
some applications to singular and degenerate heat and p-heat equations in its conclud-
ing chapter. Hardy-type inequalities are studied across multiple contexts and from
diverse perspectives. For some specific works, see, e.g., [3, 14, 15, 22, 34, 36, 39, 53]
and references therein.

Definition 1.3. The energy functional Q on C∞
c (Ω) is defined by

Q[φ] , Q[φ; Ω] , QV [φ] , QV [φ; Ω] ,

ˆ
Ω

(H(x,∇φ)p + V |φ|p) dx

=

ˆ
Ω

(A(x,∇φ) · ∇φ+ V |φ|p) dx,

where H(x, ·), parameterized by x ∈ Ω, is a family of norms on R
n satisfying Assump-

tions 2.1, the operator A(x, ξ) , ∇ξ (H(x, ξ)p/p) for almost all x ∈ Ω and all ξ ∈ R
n,

and the potential V belongs to a local Morrey space M q
loc(p; Ω) (see Definition 2.7).

Definition 1.4. For each nonempty open set D ⊆ Ω, the functional Q is called
nonnegative in D if for all φ ∈ C∞

c (D), Q[φ;D] ≥ 0. When V = 0, Q0 is called the
Finsler p-Dirichlet integral.

Note that by [27, Remark 2.16] (see also [28, Lemma 4.18]), if Q is nonnegative
in Ω, then Q[φ] ≥ 0 for all φ ∈ W 1,p(Ω) ∩ Cc(Ω).

In the study of Hardy-type inequalities, Hardy-weights are an important concept.
For example, in Theorem 1.2, for n < p <∞ and 1 ≤ p < n, 1/|x|p is called a Hardy-
weight of the p-Dirichlet integral

´
|∇φ|p dx in R

n \ {0} and R
n, respectively. In our

setting, see the definition below.

Definition 1.5. A function g ∈ L1
loc(Ω) is called a Hardy-weight of Q in Ω if

there exists a constant C > 0 such that for all φ ∈ C∞
c (Ω), the following Hardy-type

inequality holds:

Q[φ] ≥ C

ˆ
Ω

|g||φ|p dx.

Lemma 1.6. [27, Lemma 2.17] All Hardy-weights of Q in Ω form a linear space,
which is denoted by H(Ω).
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The Hardy constant is defined as follows.

Definition 1.7. Suppose that Q is nonnegative in Ω. For every g ∈ H(Ω), the
(best) Hardy constant Sg is defined as

inf

{
Q[φ]´

Ω
|g||φ|p dx

∣∣∣∣ φ ∈ W 1,p(Ω) ∩ Cc(Ω) and

ˆ
Ω

|g||φ|p dx > 0

}
.

For a Maz’ya-type characterization of Hardy-weights, see [13, 27], where the
authors also established some attainments of the Hardy constant in a generalized

Beppo Levi space or a subspace W̃ 1,p
0 (Ω) of a Q-Sobolev space, respectively.

With regard to his celebrated estimates of solutions of second-order elliptic equa-
tions, Agmon [1] mentioned a research topic of looking for Hardy-weights that are as
large as possible for an elliptic operator in some neighborhood of infinity in R

n. In
recent years, relevant substantial achievements, called optimal Hardy-weights, have
been made for diverse operator classes. The pioneering work by Devyver, Fraas
and Pinchover [16] dealt with second-order linear elliptic operators. In the absence
of a potential, optimal Hardy-weights were designed for the p-Laplacian and its
weighted generalization, the (p, A)-Laplacian, by Devyver and Pinchover [17] (see
Theorem 1.12 below) and Versano [56], respectively. In [56], under certain condi-
tions, Versano also constucted optimal Hardy-weights for the (p, A)-Laplacian with
a potential. Discrete contexts have also witnessed some relevant advances. Keller,
Pinchover and Pogorzelski [33] and Fischer [20] obtained optimal Hardy-weights for
Schrödinger operators and for a quasilinear counterpart on graphs, respectively. We
also mention the relevant works [12, 32] concering fractional Laplacians on the dis-
crete half-line and on the integers, respectively, and [31] concerning the Euclidean
lattice. For more discoveries on optimal Hardy-weights, see, e.g., by Miura [46], by
Pinchover and Versano [50] and by Takeda [55].

It can be easily checked (cf. [28, Definition 6.3]) that the following definition of
criticality/subcriticality/supercriticality is equivalent to [28, Definition 6.3].

Definition 1.8.

• If H(Ω) = {0}, the functional Q is called critical in Ω;
• if H(Ω) 6= ∅ and H(Ω) 6= {0}, the functional Q is called subcritical in Ω;
• if H(Ω) = ∅, the functional Q is called supercritical in Ω.

Definition 1.9. Suppose that Q is nonnegative in Ω. A nonnegative sequence
{φk}k∈N ⊆W 1,p(Ω) ∩ Cc(Ω) is called a null-sequence with respect to Q in Ω if

• there exists a fixed open set U ⋐ Ω such that ‖φk‖Lp(U) = 1 for all k ∈ N;
• lim

k→∞
Q[φk] = 0.

It turns out that under certain assumptions, a nonnegative functional Q is critical
in Ω if and only if Q admits a null-sequence (see Theorem 2.21 (i)).

Definition 1.10. Suppose that Q is nonnegative in Ω. A ground state of Q is a
positive function φ ∈ W 1,p

loc (Ω) which is an Lp
loc(Ω) limit of a null-sequence.

In [17], optimal Hardy-weights for the p-Dirichlet integral are defined as follows.

Definition 1.11. A nonnegative function W ∈ L∞
loc(Ω

∗) \ {0} is an optimal
Hardy-weight of the p-Dirichlet integral

´
Ω∗ |∇φ|p dx if

• the functional
´
Ω∗ |∇φ|p dx−

´
Ω∗ W |φ|p dx is critical in Ω∗;
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• the functional
´
Ω∗ |∇φ|p dx−

´
Ω∗ W |φ|p dx is null-critical at x̂ and at infinity in

the following sense: For any precompact open set O containing x̂ with O ⊆ Ω,
the ground state v of

´
Ω∗ |∇φ|p dx−

´
Ω∗ W |φ|p dx in Ω∗ satisfies:ˆ

O\{x̂}

|∇v|p dx = ∞ and

ˆ
Ω\O

|∇v|p dx = ∞;

• 1 is also the best constant λ for the inequalityˆ
Ω∗

|∇φ|p dx ≥ λ

ˆ
Ω∗

W |φ|p dx,

restricted to C∞ functions φ that are compactly supported either in a fixed
punctured neighborhood of x̂ or in a fixed neighborhood (not containing x̂)
of infinity in Ω.

Suppose that for a nonnegative function W ∈ L∞
loc(Ω

∗) \ {0},
´
Ω∗ |∇φ|p dx −´

Ω∗ W |φ|p dx is critical in Ω∗ with a ground state v. By [36, Corollary 3.4], if´
Ω∗ Wvp dx = ∞, then 1 is also the best constant λ for the inequalityˆ

Ω∗

|∇φ|p dx ≥ λ

ˆ
Ω∗

W |φ|p dx,

restricted to C∞ functions φ that are compactly supported in any fixed neighborhood
of infinity in Ω∗. See also Lemma 3.13.

The following theorem is the constructed optimal Hardy-weights for the p-Dirichlet
integral

´
Ω∗ |∇φ|p dx in [17]. We define f0(t) , t(p−1)/p for all t ∈ (0,∞).

Theorem 1.12. [17, Theorem 1.5] Suppose that there is a positive p-harmonic
function G in Ω∗ satisfying, for some nonnegative real number σ,





limx→x̂ G(x) = ∞ and limx→∞ G(x) = 0 if 1 < p ≤ n,

limx→x̂ G(x) = σ and limx→∞ G(x) =
{
∞ if σ = 0,

0 if σ > 0,
if p > n.

Let W0 ,
(

p−1
p

)p ∣∣∇G
G

∣∣p and





v , f0(G) and W ,W0 if 1 < p ≤ n, or p > n and σ = 0,

v , f0(G(σ − G)) and W ,(
1

σ−G

)p
W0|σ − 2G|p−2(2(p− 2)G(σ − G) + σ2) otherwise.

Then W is an optimal Hardy-weight of the p-Dirichlet integral
´
Ω∗ |∇φ|p dx in the

sense of Definition 1.11.

Definition 1.13. Let f : X → R be a Gâteaux differentiable convex function on
a Banach space (X, ‖ · ‖), and denote by Tx its Gâteaux derivative at x ∈ X . Then
the function

Df : X ×X −→ R,

(y, x) 7−→ f(y)− f(x)− Tx(y − x),

is called the Bregman distance of f .

In the constructions of [17] and [56], the upper bounds for the corresponding
Bregman distances in the following estimates are pivotal, while the lower bounds are
related to criticality theory (see [47]).
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Lemma 1.14. [48, (3.11)] Let A ∈ R
n×n be a symmetric positive definite matrix.

Then for all ξ, η ∈ R
n,

D|·|pA
(ξ + η, ξ) = |ξ + η|pA − |ξ|pA − p|ξ|p−2Aξ · η ≍ |η|2A(|η|A + |ξ|A)p−2,

where |ξ|A ,
√
Aξ · ξ and both equivalence constants depend only on p.

In the present paper, building on the works [17] and [56], under certain hypothe-
ses, we produce optimal Hardy-weights (see Definition 3.1) for the Finsler p-Dirichlet
integral

Q0[φ; Ω
∗] ,

ˆ
Ω∗

H(x,∇φ)p dx defined on C∞
c (Ω∗),

and the Finsler p-Dirichlet integral with a potential

QV [φ; Ω] ,

ˆ
Ω

(H(x,∇φ)p + V |φ|p) dx defined on C∞
c (Ω),

where the norm family H(x, ·) satisfies some assumptions and the potential V belongs
to a certain local Morrey space. The local Euler–Lagrange equation of QV [·; Ω] in Ω
is the quasilinear elliptic partial differential equation

Q′[u] , −divA(x,∇u) + V |u|p−2u = 0 in Ω.

For V = 0, the equation Q′[u] = 0 reduces to the Finsler p-Laplace equation (see, e.g.,
[10]), which, in Ω∗, is associated with the former functional Q0[·; Ω∗]. See Sections 2.1
and 2.2 for more details. For more insights into the Finsler p-Laplace equation, see,
e.g., [5, 29, 30].

As in [17] and [56], the Bregman distances of H(x, ·)p are also involved in our
setting. In both cases, as a key ingredient, we assume an upper bound (see Assump-
tion 2.14) for the Bregman distances of H(x, ·)p, uniform with respect to almost
all x ∈ Ω∗ or almost all x ∈ Ω. We also present a class of norms (see Example 2.15)
realizing this assumption and the others. For more on Bregman distances, we refer
the readers to, e.g., [2, 42, 49, 53, 54].

In the case of zero potential, we use positive Finsler p-harmonic functions (see
Definition 4.1) satisfying some boundary conditions, while for nonzero potentials, we
exploit Green potentials (see Definition 5.1) with some extra properties. Moreover, we
provide some specific examples of Finsler p-harmonic functions and Green potentials,
with the corresponding properties. In some examples, the principal eigenvalue of Q′

is involved. Thus we also study eigenvalues of Q′ in domains compactly contained
in Ω. Under only Assumptions 2.1 and for V ∈ M q

loc(p; Ω), we demonstrate that the
principal eigenvalue of Q′ is isolated and that all the real eigenvalues of Q′ form a
closed subset of R.

For clarity, we present a special case of the derived optimal Hardy-weights without
a potential, which can be deduced directly from Theorem 4.7 and Examples 4.8 (iii).

Example 1.15. Suppose that p 6= n. Let Ω = R
n and let H be a fixed norm

on R
n satisfying certain assumptions. For all x ∈ R

n, let

H0(x) , sup
ξ∈Rn\{0}

x · ξ
H(ξ)

be the dual norm of H and let G(x) , H0(x)
(p−n)/(p−1) for x 6= 0. Then in R

n \
{0}, W ,

(
p−1
p

)p
H
(
∇G
G

)p
is an optimal Hardy-weight (in the sense of Definition 3.1)

of Q0 and (up to a positive multiplicative constant) H
(p−n)/p
0 is the unique ground

state of Q−W .
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The paper is organized as follows. In Section 2, we introduce the norm fam-
ily H , the operator A, and the local Morrey space M q

loc(p; Ω) together with its sub-

space M̂ q
loc(p; Ω). We also discuss the equation Q′[u] = 0 and review some results

and a notion of criticality theory. In Section 3, we define and investigate optimal
Hardy-weights. In Sections 4 and 5, we construct optimal Hardy-weights for the
functional Q with zero and nonzero potentials, respectively. In the appendix, we
establish the two results on eigenvalues of Q′.

Basic symbols

N the set of positive integers
cp the positive constant (p/(p− 1))p−1

Vol(Γ) the Lebesgue measure of a measurable subset Γ of Rn

Hn−1 the (n− 1)-dimensional Hausdorff measure on R
n

sgn(·) the sign function on R

|ξ| the Euclidean norm of a vector ξ ∈ R
n

|ξ|s the s-norm of a vector ξ = (ξ1, ξ2, . . . , ξn) ∈ R
n (1 < s < ∞),

i.e., |ξ|s , (
∑n

i=1 |ξi|s)
1/s

s′ the conjugate exponent s/(s− 1) of s ∈ (1,∞)
∞ unless otherwise stated, the ideal point in the one-point compactifi-

cation of Ω

K̊,K the interior and closure of K ⊆ R
n, respectively

diam(K) the diameter of K ⊆ R
n

E ⋐ F E is a compact subset of F with E, F ⊆ R
n

Br(x) the open ball centered at x ∈ R
n with radius r > 0

Sr(x) the sphere centered at x ∈ R
n with radius r > 0

Fc(U) the space {f ∈ F(U) | supp f ⋐ U}, where U ⊆ R
n is a nonempty

open set and F(U) is an arbitrary linear space of functions on U
f+ the positive part of a function f , namely max{f, 0}
f− the negative part of a function f , namely −min{f, 0}
C a positive constant which may vary from line to line
f ≍ g cg ≤ f ≤ Cg for some positive constants c and C (called equivalence

constants), where f and g are nonnegative functions and in this case,
are called equivalent

2. Finsler p-Laplace equation with a potential

In this section, after specifying the norm family H and the potential V , we
explicitly present the Finsler p-Laplace equation with a potential Q′[u] = 0. We also
review some criticality theory, laying a foundation for Sections 3, 4, and 5.

2.1. The norm family H, the operator A, and the potential V . In
this subsection, we first define the norm family (H(x, ·))x∈Ω on R

n and subsequently
derive from H an associated variational Lagrangian F and the operator A . Next,

we review the local Morrey space M q
loc(p; Ω) and its subspace M̂ q

loc(p; Ω). Further-
more, we impose an additional assumption on H , which, combined with the con-

dition V ∈ M̂ q
loc(p; Ω), ensures the continuous differentiability of solutions to some

relevant equations.
Our discussion starts with the following norm family H . See also [27, Assump-

tions 2.3].
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Assumptions 2.1. Let H : Ω × R
n be a mapping such that for almost all x ∈

Ω, H(x, ·) is a norm on R
n, with the following properties:

• (Measurability) For all ξ ∈ R
n, the mapping x 7→ H(x, ξ) is measurable in Ω;

• (Local uniform equivalence) for every domain ω ⋐ Ω, there exist two con-
stants 0 < κω ≤ νω <∞ such that for almost all x ∈ ω and all ξ ∈ R

n,

κω|ξ| ≤ H(x, ξ) ≤ νω|ξ|;
• (Uniform convexity) for almost all x ∈ Ω, the Banach space Rn

x , (Rn, H(x, ·))
is uniformly convex;

• (Differentiability with respect to ξ) for almost all x ∈ Ω, the mapping ξ 7→
H(x, ξ) is differentiable in R

n \ {0}.
The norm family H induces the Lagrangian F .

Theorem 2.2. [27, Theorem 2.4] Let (H(x, ·))x∈Ω be a family of norms on R
n

fulfilling Assumptions 2.1 and for almost all x ∈ Ω and all ξ ∈ R
n, let

F (x, ξ) ,
1

p
H(x, ξ)p.

Then

• (Measurability) for all ξ ∈ R
n, the mapping x 7→ F (x, ξ) is measurable in Ω;

• (Local uniform ellipticity and boundedness) for every domain ω ⋐ Ω, there
exist two constants 0 < κ′ω ≤ ν ′ω < ∞ such that for almost all x ∈ ω and all
ξ ∈ R

n,

κ′ω|ξ|p ≤ F (x, ξ) ≤ ν ′ω|ξ|p;
• (Strict convexity and C1 with respect to ξ) for almost all x ∈ Ω, the mapping
ξ 7→ F (x, ξ) is strictly convex and continuously differentiable in R

n;
• (Homogeneity) for almost all x ∈ Ω, all λ ∈ R, and all ξ ∈ R

n, F (x, λξ) =
|λ|pF (x, ξ).

Note that in [28], the Lagrangian F was adopted as the basis of that work (see
[28, Assumption 2.1]). However, the two ways are equivalent (see [27, Remark 2.5]).

Next we define and discuss the operator A.

Definition 2.3. Let (H(x, ·))x∈Ω be a family of norms on R
n fulfilling Assump-

tions 2.1. For almost all x ∈ Ω and all ξ ∈ R
n, let

A(x, ξ) , ∇ξF (x, ξ).

Notation 2.4. Let (H(x, ·))x∈Ω be a family of norms on R
n fulfilling Assump-

tions 2.1. For almost all x ∈ Ω and all ξ ∈ R
n, we also denote H(x, ξ) by |ξ|A in some

places. When the norm family (H(x, ·))x∈Ω is independent of x, with a slight abuse
of notation, we simply write H(x, ξ) and A(x, ξ) as H(ξ) and A(ξ), respectively.

The following relationship between F and A is due to the homogeneity of F .

Lemma 2.5. [24, p. 100] Let (H(x, ·))x∈Ω be a family of norms on R
n fulfilling

Assumptions 2.1. For almost all x ∈ Ω and all ξ ∈ R
n, A(x, ξ) · ξ = pF (x, ξ) =

H(x, ξ)p.

The following theorem consists of some fundamental properties of the operatorA.

Theorem 2.6. [24, Lemma 5.9] Let (H(x, ·))x∈Ω be a family of norms satisfying
Assumptions 2.1. For every domain ω ⋐ Ω, let αω = κ′ω, βω = 2pν ′ω. Then the
vector-valued function A : Ω× R

n → R
n satisfies the following properties:



566 Yongjun Hou

• (Continuity and measurability) For almost all x ∈ Ω, the function ξ 7→ A(x, ξ)
is continuous in R

n, and for all ξ ∈ R
n, the function x 7→ A(x, ξ) is Lebesgue

measurable on Ω;
• (Local uniform ellipticity and boundedness) for all domains ω ⋐ Ω, almost
all x ∈ ω, and all ξ ∈ R

n,

αω|ξ|p ≤ A(x, ξ) · ξ and |A(x, ξ)| ≤ βω |ξ|p−1;

• (Strict monotonicity) for almost all x ∈ Ω and all ξ, η ∈ R
n (ξ 6= η),

(
A(x, ξ)−A(x, η)

)
·(ξ − η) > 0;

• (Homogeneity) for all λ ∈ R \ {0}, A(x, λξ) = λ |λ|p−2A(x, ξ).

Now we are in a position to present the local Morrey space M q
loc(p; Ω) and its

subspace M̂ q
loc(p; Ω). See also [27, Definitions 2.9 and 2.14].

Definition 2.7. Suppose that ω ⋐ Ω is a domain and that f is a real-valued
measurable function on ω.

• For p < n and q > n/p, we define

‖f‖Mq(p;ω) , sup
y∈ω

0<r<diam(ω)

1

rn/q′

ˆ
ω∩Br(y)

|f | dx

and
M q(p;ω) , {f ∈ L1

loc(ω) | ‖f‖Mq(p;ω) <∞};
• for p = n and q > n , we define

‖f‖Mq(n;ω) , sup
y∈ω

0<r<diam(ω)

ϕq(r)

ˆ
ω∩Br(y)

|f | dx,

where ϕq(r) ,
(
log
(
diam(ω)/r

))q/n′

, and

M q(n;ω) , {f ∈ L1
loc(ω) | ‖f‖Mq(n;ω) <∞};

• for p > n and q = 1, we define M q(p;ω) , L1(ω).

Finally, we define the local Morrey space by

M q
loc(p; Ω) ,

⋂

ω⋐Ω
ω is a domain

M q(p;ω).

Definition 2.8. We denote by M̂ q
loc(p; Ω) the space of all the functions f in

M q
loc(p; Ω) satisfying the following conditions: When p < n, q > n; when p ≥ n, for

some θ ∈ (p− 1, p) and all domains ω ⋐ Ω,

sup
y∈ω

0<r<diam(ω)

1

rn−p+θ

ˆ
Br(y)∩ω

|f | dx <∞.

Assumption 2.9. For all x ∈ Ω, A(x, ·) ∈ C1(Rn \ {0}). For every domain ω ⋐

Ω, there exist positive constants ϑω ≤ 1,Λ1,ω,Λ2,ω, and Λ3,ω such that for all x, y ∈ ω,
all ξ ∈ R

n \ {0}, and all η ∈ R
n,

DξA(x, ξ)η · η ≥ Λ1,ω|ξ|p−2|η|2, |DξA(x, ξ)| ≤ Λ2,ω|ξ|p−2,

and

|A(x, ξ)−A(y, ξ)| ≤ Λ3,ω|ξ|p−1|x− y|ϑω .
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See Example 2.15 for a norm family realizing Assumptions 2.1 and 2.9.
Throughout this paper, unless otherwise stated (especially in the appendix), we

assume that (H(x, ·))x∈Ω is a family of norms on R
n satisfying Assumptions 2.1

and 2.9, and that V ∈ M̂ q
loc(p; Ω).

Assumption 2.9 implies the following lower bound (cf. [28, Assumption 2.8]) for
the Bregman distance of | · |pA. The proof is based on Taylor’s formula with integral
remainder. See also [42, p. 163] for a similar calculation.

Lemma 2.10. For every domain ω ⋐ Ω, there exists a positive constant Cω

(independent of x ∈ ω, or ξ, η ∈ R
n) such that for all x ∈ ω and ξ, η ∈ R

n,

|ξ + η|pA − |ξ|pA − pA(x, ξ) · η ≥
{
Cω|η|p if p ≥ 2,

Cω|η|2(|ξ|+ |η|)p−2 if p < 2.

2.2. The equation Q′[u] = 0 and a one-sided simplified energy. In
this subsection, we define the equation Q′[u] = 0 and introduce another assumption
on H which leads to a one-sided simplified energy. The one-sided simplified energy
is instrumental in deriving optimal Hardy-weights.

We first consider the nonhomogeneous Finsler p-Laplace equation with a potential.

Definition 2.11. Let g ∈ M q
loc(p; Ω). A function v ∈ W 1,p

loc (Ω) is a (weak)
solution of the equation

Q′[u] , Q′
V [u] , − divA(x,∇u) + V |u|p−2u = g,

in Ω if for all φ ∈ C∞
c (Ω),ˆ

Ω

A(x,∇v) · ∇φ dx+
ˆ
Ω

V |v|p−2vφ dx =

ˆ
Ω

gφ dx.

A function v ∈ W 1,p
loc (Ω) is a (weak) supersolution of the above equation in Ω if for

all nonnegative φ ∈ C∞
c (Ω),ˆ

Ω

A(x,∇v) · ∇φ dx+
ˆ
Ω

V |v|p−2vφ dx ≥
ˆ
Ω

gφ dx.

A function v ∈ W 1,p
loc (Ω) is a (weak) subsolution of the above equation in Ω if for all

nonnegative φ ∈ C∞
c (Ω),ˆ
Ω

A(x,∇v) · ∇φ dx+
ˆ
Ω

V |v|p−2vφ dx ≤
ˆ
Ω

gφ dx.

A solution/supersolution/subsolution of the homogeneous equation Q′[u] = 0 in Ω is
called Q-harmonic/Q-superharmonic/Q-subharmonic in Ω, respectively.

Definition 2.12. The operator divA(x,∇u) is called the Finsler p-Laplacian
or the A-Laplacian. If the norm family H is a fixed norm, divA(∇u) is also called
the anisotropic p-Laplacian.

Remark 2.13. Recall that for all nonnegative φ ∈ C∞
c (Ω), solutions of the

equation

− divA(x,∇u) + V |u|p−2u = φ(2.1)

are locally Hölder continuous and hence locally bounded in Ω. See [45, Theorem 4.11]
and [51, Theorem 7.5.7]. By [41, Theorem 5.3], under Assumption 2.9 and for V ∈
M̂ q

loc(p; Ω), solutions of Equation (2.1) are continuously differentiable in Ω.
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The following assumed upper bound for the Bregman distance of | · |pA will play
an important role in constructing optimal Hardy-weights. See also [26, Assump-
tion 8.23].

Assumption 2.14. There exists a positive constant C (independent of x ∈ Ω
and ξ, η ∈ R

n) such that for almost all x ∈ Ω and all ξ, η ∈ R
n,

|ξ + η|pA − |ξ|pA − pA(x, ξ) · η ≤ C|η|2A(|ξ|A + |η|A)p−2.

Now we present a class of examples realizing Assumptions 2.1, 2.9, and 2.14
simultaneously.

Example 2.15. Let 2 ≤ s < ∞ and recall that |ξ|s , (
∑n

i=1 |ξi|s)
1/s

for all ξ ∈
R

n. Then (see [27, Corollary 2.30]) | · |ps ∈ C1(Rn) and for all ξ ∈ R
n and i =

1, 2, . . . , n,
∂|ξ|ps
∂ξi

= p|ξ|p−s
s |ξi|s−2ξi.

By [27, Lemma 3.8], there exists a positive constant C(p, s) such that for all ξ, η ∈ R
n,

|ξ + η|ps − |ξ|ps − p|ξ|p−s
s

n∑

i=1

|ξi|s−2ξiηi ≤ C(p, s)|η|2s(|ξ|s + |η|s)p−2.(2.2)

Let A ∈ R
n×n be a symmetric positive definite matrix. Recall that |ξ|A =

√
Aξ · ξ

for all ξ ∈ R
n. By [48, (3.11)], for all ξ, η ∈ R

n,

|ξ + η|pA − |ξ|pA − p|ξ|p−2
A Aξ · η ≍ |η|2A(|ξ|A + |η|A)p−2,(2.3)

where both equivalence constants depend only on p. Now let H(x, ξ) , H(ξ) ,
p
√

|ξ|ps + |ξ|pA (2 ≤ s <∞) for all x ∈ Ω and ξ ∈ R
n. Then H satisfies Assumptions 2.1

and 2.9 (cf. [27, Example 2.31]). There exists a positive constant C0 = C0(s, A) such
that for all ξ ∈ R

n (and all x ∈ Ω),

|ξ|s ≤ H(ξ) ≤ C0|ξ|s and |ξ|A ≤ H(ξ) ≤ C0|ξ|A.
Then by (2.2) and (2.3), for all ξ, η ∈ R

n (and all x ∈ Ω),

|ξ + η|pA − |ξ|pA − pA(ξ) · η

= |ξ + η|ps − |ξ|ps − p|ξ|p−s
s

n∑

i=1

|ξi|s−2ξiηi + |ξ + η|pA − |ξ|pA − p|ξ|p−2
A Aξ · η

≤ C(p, s)|η|2s(|ξ|s + |η|s)p−2 + C(p)|η|2A(|ξ|A + |η|A)p−2

≤ C|η|2A(|ξ|A + |η|A)p−2,

where C =

{
C(p, s) if p ≥ 2,

C(p, s, A) if p < 2.
Hence H also fulfills Assumption 2.14.

The following corollary is called the one-sided simplified energy. See also [48,
Lemma 3.4] and [56, Corollary 2.28 (i)].

Corollary 2.16. [26, Lemma 8.28] Suppose that Assumption 2.14 holds. Take
any positive subsolution v ∈ W 1,p

loc (Ω) of Q
′[f ] = 0 and any nonnegative function u ∈

W 1,p
loc (Ω). If u

p/vp−1 ∈ W 1,p
c (Ω), the product and chain rules for up/vp−1 holds, and vw

satisfies the product rule for w , u/v, then

Q[vw] ≤ C

ˆ
Ω

v2|∇w|2A (w|∇v|A + v|∇w|A)p−2 dx,
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where C is as in Assumption 2.14.

Remark 2.17. For some two-sided simplified energies, see [26, Lemma 8.28],
[27, Lemmas 3.14, 3.15, and 3.16] and [49, Lemma 2.2].

By virtue of Corollary 2.16 and Hölder’s inequality, we may easily obtain the
following upper bound. See also [56, Corollary 2.28 (ii)].

Corollary 2.18. Suppose that Assumption 2.14 holds. Let v be a positive solu-
tion of Q′[f ] = 0 in Ω and let w ∈ W 1,p(Ω)∩Cc(Ω) be nonnegative. Write X(v, w) ,´
Ω
vp|∇w|pA dx andX(w, v) ,

´
Ω
wp|∇v|pA dx. Then there exists a positive constant C

(independent of v, w) such that

Q[vw] ≤
{
CX(v, w) if p ≤ 2,

C
(
X(v, w) +X(v, w)2/pX(w, v)1−2/p

)
if p > 2.

2.3. Criticality theory. Criticality theory is the investigation of positivity
properties of the operator Q′, which can be found in many mathematical works (see,
e.g., [28, 47, 48] and references therein). For its applications, see, e.g., [21, 36].

In this subsection, we collect some results of criticality theory and review positive
solutions of minimal growth.

The following Agmon–Allegretto–Piepenbrink-type (AAP-type) theorem, funda-
mental to criticality theory, connects the functional Q to the equation Q′[u] = 0.

Theorem 2.19. (The AAP-type theorem [28, Theorem 5.3]) The functional Q
is nonnegative in Ω if and only if the equation Q′[u] = 0 in Ω admits a positive
(super-)solution in Ω.

Theorem 2.20. [28, Theorem 6.9] Suppose that Q is nonnegative in Ω. Then
every null-sequence of Q in Ω converges, both in Lp

loc(Ω) and a.e. in Ω, to a unique
(up to a positive multiplicative constant) positive solution of the equation Q′[u] = 0
in Ω. Up to a positive multiplicative constant, every ground state is the unique
positive solution and is also a unique positive supersolution (inW 1,∞

loc (Ω) additionally
for p < 2) of the same equation in Ω.

By [28, Theorem 6.12 (1)], the functional Q is critical in Ω if and only if Q has
a null-sequence in C∞

c (Ω). Checking its proof, we can see that the characterization
(i) in the following theorem also holds.

Theorem 2.21. [28, Theorem 6.12 (1) and (3)] Suppose that Q is nonnegative
in Ω.

(i) The functional Q is critical in Ω if and only if Q has a null-sequence.
(ii) The functional Q is subcritical in Ω if and only if Q admits a positive contin-

uous Hardy-weight in Ω.

The following theorem consists of three perturbation results.

Theorem 2.22. [28, Proposition 6.14 (a) and Corollaries 6.15 and 6.17 ]

(i) Let Ω1 ⊆ Ω2 be two subdomains of Ω with Ω2 \ Ω1 6= ∅. If Q is nonnegative
in Ω2, then Q is subcritical in Ω1.

(ii) If Q is nonnegative in Ω, then the generalized principal eigenvalue λ1(Q;ω)
(see Definition A.1) is positive for all domains ω ⋐ Ω.

(iii) For i = 0, 1, let Vi ∈ M̂ q
loc(p; Ω). Assume that QVi

are nonnegative in Ω

for i = 0, 1. Let Vt , (1 − t)V0 + tV1 for t ∈ [0, 1]. Then QVt is nonnegative
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in Ω for all t ∈ [0, 1]. Moreover, if Vol ({V0 6= V1}) > 0, then QVt is subcritical
in Ω for every t ∈ (0, 1).

Definition 2.23. A smooth (Lipschitz) exhaustion of Ω is a sequence of C∞

(Lipschitz) domains {ωk}k∈N such that for all k ∈ N, ωk ⋐ ωk+1 ⋐ Ω and
⋃

k∈N ωk =
Ω.

Definition 2.24. A compact subset K of Ω is called admissible if K is the
closure of a Lipschitz domain with connected boundary.

Lemma 2.25. [28, arXiv, Lemma 7.3] For every Lipschitz domain ω0 ⋐ Ω, K ,

ω0 is admissible if and only if for some (all) domain(s) ω with K ⊆ ω ⋐ Ω, ω \ K
is a domain. In particular, for every admissible compact subset K of Ω and every
Lipschitz exhaustion {ωi}i∈N of Ω, it holds that ωi \K is a domain for all sufficiently
large i ∈ N.

Remark 2.26. By the above Lemma, it is easy to see that Ω \ K is a domain
for all admissible compact subsets K of Ω. See also [27, Remark 4.22].

We make some simple amendments to [28, Definition 7.3 and arXiv, Defini-
tion 7.4] and write down the following definition.

Definition 2.27. Let K0 be a compact subset of Ω such that Ω\K0 is a domain.
A positive solution u of Q′[w] = 0 in Ω \K0 has minimal growth in a neighborhood

of infinity in Ω if for all admissible compact subsets K of Ω with K0 ⊆ K̊, and all
positive solutions v ∈ C

(
Ω \ K̊

)
of Q′[w] = g in Ω \ K such that u ≤ v on ∂K, it

holds that u ≤ v in Ω \K, where g ∈ M q
loc(p; Ω) for p 6= n, g ∈ Lρ̄

loc(Ω) (ρ̄ > 1) for
p = n, and g is nonnegative a.e. in Ω \ K. The set of all such positive solutions is
denoted by MΩ;K0 or MV

Ω;K0
. If K0 = ∅, then u is called a global minimal positive

solution of Q′[w] = 0 in Ω.

3. Optimal Hardy-weights

In this section, we introduce optimal Hardy-weights and prove some properties
of them.

First, we define optimal Hardy-weights for the functional Q. See also [56, Defi-
nition 2.29]. By Theorem 2.20 and Theorem 2.21 (i), if the functional Q is critical,
then up to a positive multiplicative constant, the equation Q′[u] = 0 has a unique
positive solution, the functional Q has a unique ground state, and the ground state
is the positive solution.

Definition 3.1. A nonnegative function W ∈ M̂ q
loc(p; Ω) is called an optimal

Hardy-weight of Q in Ω if

• (Criticality) the functional QV−W is critical in Ω;
• (Null-criticality with respect to W ) the ground state ψ of QV−W fulfills the
condition

´
Ω
Wψp dx = ∞.

Remarks 3.2. (i) By the null-criticality condition, the zero function is never
an optimal Hardy-weight. Furthermore, by the criticality condition, if Q has
an optimal Hardy-weight in Ω, then Q is subcritical in Ω.

(ii) Given a subcritical functional Q, for every nonnegative φ ∈ C∞
c (Ω) \ {0},

by [28, Proposition 6.18], there is a positive constant τ+ such that QV−τ+φ is
critical. However, for any such Hardy-weight τ+φ, QV−τ+φ is not null-critical
with respect to τ+φ. See also [56, Remark 2.30] for a similar discussion.
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By Theorem 2.21 (ii), a subcritical functional Q has a positive continuous Hardy-
weight in Ω.

Definition 3.3. Suppose that Q is subcritical in Ω and let V ∈ C(Ω)∩H(Ω) be

positive in Ω. The Q-Sobolev space W̃ 1,p(Ω) is defined as
{
u ∈ Lp(Ω, (|V |+ V) dx) | the weak gradient ∇u exists in Ω and ‖u‖W̃ 1,p(Ω) <∞

}
,

where

‖u‖W̃ 1,p(Ω) , Q|V |+V [u]
1/p ,

(
‖|∇u|A‖pLp(Ω) + ‖u‖pLp(Ω,(|V |+V) dx)

)1/p
.

Let W̃ 1,p
0 (Ω) = W̃ 1,p

0,V(Ω) be the closure of W 1,p(Ω) ∩ Cc(Ω) in W̃
1,p(Ω).

Checking [23, p. 2] and the proof of [27, Lemma 4.5], we can extract the following
result.

Lemma 3.4. [27, Lemma 4.5] Suppose that Q is subcritical in Ω. Then the Q-

Sobolev space W̃ 1,p(Ω) is a Banach space and W̃ 1,p(Ω) ⊆W 1,p
loc (Ω).

Recall that for every g ∈ H(Ω), Sg is the Hardy constant (see Definition 1.7).

Lemma 3.5. [27, Lemma 4.9] Suppose that Q is subcritical in Ω. For every g ∈
H(Ω), QV−Sg|g|[φ] ≥ 0 for all φ ∈ W̃ 1,p

0 (Ω) and

Sg = inf

{
Q[φ]

∣∣∣∣ φ ∈ W̃ 1,p
0 (Ω) and

ˆ
Ω

|g||φ|p dx = 1

}
.

The following corollary reveals that W̃ 1,p
0,V(Ω) is actually independent of V.

Corollary 3.6. [27, Corollary 4.10] Suppose that Q is subcritical in Ω and

let V,V ′ ∈ C(Ω) ∩ H(Ω) be positive in Ω. Then W̃ 1,p
0,V(Ω) = W̃ 1,p

0,V ′(Ω).

Remark 3.7. [27, Remark 4.11] The space W̃ 1,p
0 (Ω) is the completion ofW 1,p(Ω)∩

Cc(Ω) with respect to the norm Q
1/p
V + . Therefore, when H(x, ξ) =

√
A(x)ξ · ξ for

almost all x ∈ Ω and all ξ ∈ R
n, with the measurable matrix function A on Ω sat-

isfying some assumptions (see the conditions (1) and (2) in [27, Theorem 3.18]), the

space W̃ 1,p
0 (Ω) is equal to the generalized Beppo Levi space D1,p

A,V +(Ω) in [13] up to an
isometry.

Definition 3.8. Suppose that Q is subcritical in Ω. For every g ∈ H(Ω) \ {0},
the Hardy constant Sg is attained at some φ ∈ W̃ 1,p

0 (Ω) \ {0} if
´
Ω
|g||φ|p dx > 0 and

Sg =
Q[φ]´

Ω
|g||φ|p dx.

Lemma 3.9. [27, Lemma 4.13] Suppose that Q is subcritical in Ω. Let g ∈
H(Ω) ∩M q

loc(p; Ω) \ {0} and suppose that Sg is attained at some φ ∈ W̃ 1,p
0 (Ω) \ {0}.

Then φ is a solution of Q′
V−Sg|g|

[u] = 0 in Ω and either φ or −φ is positive in Ω. For

every two such functions φ and φ′, there exists C ∈ R \ {0} such that φ = Cφ′.

Lemma 3.10. Suppose thatQ has an optimal Hardy-weightW in Ω. Then SW =

1 and SW is not attained at any function in W̃ 1,p
0 (Ω) \ {0}.

Proof. Since QV−W is nonnegative in Ω, we get SW ≥ 1. Clearly, SW < ∞.
Because QV−W is critical in Ω, SW > 1 is forbidden. Then SW = 1.
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Conversely, suppose that SW is attained at some function φ ∈ W̃ 1,p
0 (Ω) \ {0}.

By Lemma 3.9, φ is a solution of Q′
V−W [u] = 0 in Ω and either φ or −φ is positive

in Ω. We may assume that φ is positive in Ω. Otherwise, consider −φ because SW

is also attained at −φ and −φ is also a solution of Q′
V−W [u] = 0 in Ω. Then

up to a positive multiplicative constant, φ is the ground state of QV−W . By the
null-criticality with respect to W ,

´
Ω
Wφp dx = ∞. According to Lemma 3.5, we

obtain Q[φ] ≥
´
Ω
Wφp dx. Since φ ∈ W̃ 1,p

0 (Ω), Q[φ] <∞. Hence,
´
Ω
Wφp dx <∞, a

contradiction. �

Lemma 3.11. Suppose that Q has an optimal Hardy-weight W in Ω. If V1 ∈
M̂ q

loc(p; Ω) fulfills V1 ≥ −εW for some ε < 1, then W +V1 is an optimal Hardy-weight
of QV+V1 in Ω.

Proof. The proof is similar to that of [56, Lemma 2.35]. Note that W + V1 ∈
M̂ q

loc(p; Ω) and that QV+V1−(W+V1) = QV−W is critical in Ω. In addition, W + V1 ≥
(1− ε)W ≥ 0. Let ψ be the ground state of QV−W in Ω. Then ψ is also the ground
state of QV+V1−(W+V1) in Ω. We also haveˆ

Ω

(W + V1)ψ
p dx ≥ (1− ε)

ˆ
Ω

Wψp dx = ∞.

Thus W + V1 is an optimal Hardy-weight of QV+V1 in Ω. �

The following lemma is an analogue of [36, Theorem 3.1]. The proof is similar
and hence omitted.

Lemma 3.12. Suppose that Q is critical in Ω and that QV−W is nonnegative
in Ω \ ω for some nonnegative W ∈ L1

loc(Ω) and some domain ω ⋐ Ω. Let φ be the
ground state of Q in Ω. Then for all domains ω′ ⋐ Ω such that ω ⋐ ω′, it holds
that

´
Ω\ω′ W |φ|p dx <∞.

Lemma 3.13. If W is an optimal Hardy-weight of Q in Ω, then for all compact
sets K ⊆ Ω,

sup{λ ∈ R | QV−λW ≥ 0 in Ω \K} = max{λ ∈ R | QV−λW ≥ 0 in Ω \K} = 1.

Proof. The proof is similar to that of [36, Corollary 3.4]. To obtain a contra-
diction, suppose that there exists a compact set K ⊆ Ω and a constant λ > 1 such
that QV−λW is nonnegative in Ω\K. Therefore, QV −W−(λ−1)W is nonnegative in Ω\ω
for some domain ω ⋐ Ω such that K ⊆ ω. Let φ be the ground state of QV−W in Ω.
By Lemma 3.12, for some domain ω′ ⋐ Ω, it holds that

´
Ω\ω′ W |φ|p dx < ∞. It

follows that
´
Ω
W |φ|p dx <∞, contrary to the null-criticality with respect to W . �

4. Optimal Hardy-weights: Zero potential

In this section, we first prove a corea-type formula and then construct optimal
Hardy-weights for the functional Q0[·; Ω∗]. We also give some examples of Finsler p-
harmonic functions realizing relevant boundary conditions.

Definition 4.1. A Q0-harmonic function in Ω is also called Finsler p-harmonic
in Ω.

We recall the definition of proper maps.

Definition 4.2. Let X and Y be two topological spaces. A map f : X → Y is
proper if f−1(K) is compact for every compact subset K of Y .
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The following coarea-type lemma will be used exclusively in Theorem 4.7. In this
lemma, it is sufficient that Assumptions 2.1 and 2.9 hold in Ω∗.

Lemma 4.3. Let G ∈ C1(Ω∗) be a positive Finsler p-harmonic function in Ω∗

such that G(Ω∗) = (infΩ∗ G, supΩ∗ G) and let h ∈ C2((infΩ∗ G, supΩ∗ G)) be a positive
function. Suppose that G : Ω∗ → (infΩ∗ G, supΩ∗ G) is proper. Let v , h(G). Then

with respect to almost all infΩ∗ G < t < supΩ∗ G,
´
G−1(t)

|∇G|pA
|∇G|

dHn−1 is a positive

constant, denoted by C, andˆ
Ω∗

f(v)|∇v|pA dx = C

ˆ supΩ∗ G

infΩ∗ G

f(h(t))|h′(t)|p dt,

where f is a function on (0,∞) such that f(v) ∈ L1
loc(Ω

∗) is compactly supported
in Ω∗ and f(h(t)) is measurable on (infΩ∗ G, supΩ∗ G).

Proof. We first note that for almost all infΩ∗ G < t1 < t2 < supΩ∗ G, G−1((t1, t2))
is bounded and ∂G−1((t1, t2)) = G−1(t1)∪G−1(t2). Since G : Ω∗ → (infΩ∗ G, supΩ∗ G)
is proper, G−1([t1, t2]) is compact for all infΩ∗ G < t1 < t2 < supΩ∗ G. There-

fore, G−1((t1, t2)) is bounded and ∂G−1((t1, t2)) ⊆ G−1((t1, t2)) ⊆ G−1([t1, t2]) ⊆ Ω∗

for all infΩ∗ G < t1 < t2 < supΩ∗ G. Since G is continuous in Ω∗, ∂G−1((t1, t2)) ⊆
G−1(t1) ∪ G−1(t2) for all infΩ∗ G < t1 < t2 < supΩ∗ G. By the generalized Sard
theorem [6, Theorem 1.2], for almost all infΩ∗ G < t < supΩ∗ G,

Hn−1 ({x ∈ Ω∗ | G(x) = t and ∇G(x) = 0}) = 0.

By virtue of the strong maximum principle [24, 6.5], we deduce that ∂G−1((t1, t2)) ⊇
G−1(t1) ∪G−1(t2) for almost all infΩ∗ G < t1 < t2 < supΩ∗ G. Then ∂G−1((t1, t2)) =
G−1(t1) ∪G−1(t2) for almost all infΩ∗ G < t1 < t2 < supΩ∗ G.

The remaining proof is similar to that of [56, Lemma 2.33]. Suppose that supp f(v) ⊆
ω0 for some domain ω0 ⋐ Ω∗. By [7, Theorem 2.32], we may deduce thatˆ

Ω∗

f(v)|∇v|pA dx =

ˆ
Ω∗

f(h(G))|h′(G)|p|∇G|pA dx

=

ˆ
ω0

f(h(G))|h′(G)|p|∇G|pA dx

=

ˆ
ω0

f(h(G))|h′(G)|p |∇G|
p
A

|∇G| |∇G| dx

=

ˆ supΩ∗ G

infΩ∗ G

ˆ
{x∈ω0|G(x)=t}

f(h(G(x)))|h′(G(x))|p |∇G|
p
A

|∇G| dHn−1 dt

=

ˆ supΩ∗ G

infΩ∗ G

ˆ
{x∈Ω∗|G(x)=t}

f(h(G(x)))|h′(G(x))|p |∇G|
p
A

|∇G| dHn−1 dt

=

ˆ supΩ∗ G

infΩ∗ G

f(h(t))|h′(t)|p
ˆ
G−1(t)

|∇G|pA
|∇G| dHn−1 dt.(4.1)

Note that for almost all infΩ∗ G < t1 < t2 < supΩ∗ G, G−1((t1, t2)) is compactly
contained in Ω∗ and is an open set with almost C1-boundary (see [44, Section 9.3]).
By virtue of the Gauss–Green theorem on open sets with almost C1-boundary [44,
Theorem 9.6], we may conclude that G−1((t1, t2)) has finite perimeter in Ω∗. Recall
(see Lemma 2.5) that for almost all x ∈ Ω∗ and all ξ ∈ R

n,

A(x, ξ) · ξ = pF (x, ξ) = H(x, ξ)p = |ξ|pA.
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Since − divA(x,∇G) = 0 in Ω∗, by [7, Theorems 5.2 and 7.2], we may calculate: for
almost all infΩ∗ G < t1 < t2 < supΩ∗ G,

0 =

ˆ
G−1(t2)

A(x,∇G) · ∇G
|∇G| dH

n−1 −
ˆ
G−1(t1)

A(x,∇G) · ∇G
|∇G| dH

n−1

=

ˆ
G−1(t2)

|∇G|pA
|∇G| dHn−1 −

ˆ
G−1(t1)

|∇G|pA
|∇G| dHn−1.

Therefore, with respect to almost all infΩ∗ G < t < supΩ∗ G,
´
G−1(t)

|∇G|pA
|∇G|

dHn−1 is a

positive (see [18, Theorem 3.10]) constant, denoted by C. Then by (4.1),

ˆ
Ω∗

f(v)|∇v|pA dx = C

ˆ supΩ∗ G

infΩ∗ G

f(h(t))|h′(t)|p dt. �

Remark 4.4. In this lemma, under all the other conditions, if for almost all
infΩ∗ G < t1 < t2 < supΩ∗ G, G−1((t1, t2)) is bounded and ∂G−1((t1, t2)) = G−1(t1) ∪
G−1(t2), then G : Ω∗ → (infΩ∗ G, supΩ∗ G) is proper. The proof is elementary and
hence omitted.

The proof of the following lemma is similar to those of [13, arXiv, Lemma A.1]
and [17, Lemma 2.10]. See also [56, Proposition 3.4].

Lemma 4.5. Suppose that f ∈ C2((0,∞)) and that f and f ′ are both positive
on (0,∞). Then for all positive u ∈ C1(Ω) and all φ ∈ C∞

c (Ω),

ˆ
Ω

A(x,∇(f(u))) · ∇φ dx

= −
ˆ
Ω

(p− 1)f ′(u)p−2f ′′(u)|∇u|pAφ dx+
ˆ
Ω

A(x,∇u) · ∇(f ′(u)p−1φ) dx,

and in the weak sense,

− divA(x,∇(f(u))) = −(p− 1)f ′(u)p−2f ′′(u)|∇u|pA − f ′(u)p−1 divA(x,∇u).
Proof. By the product and chain rules, we may write:

ˆ
Ω

A(x,∇(f(u))) · ∇φ dx

= −
ˆ
Ω

A(x,∇u) · ∇(f ′(u)p−1)φ dx+

ˆ
Ω

A(x,∇u) · ∇(f ′(u)p−1φ) dx

= −
ˆ
Ω

(p− 1)f ′(u)p−2f ′′(u)|∇u|pAφ dx+
ˆ
Ω

A(x,∇u) · ∇(f ′(u)p−1φ) dx. �

Recall that f0(t) = t(p−1)/p for all t > 0. Then

f0 ∈ C∞(0,∞), f ′
0(t) =

p− 1

p
t−1/p and f ′′

0 (t) = −p− 1

p2
t−1/p−1.

The following corollary is a generalization of [56, Corollary 3.6] and the proof is
similar.
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Corollary 4.6. Suppose that Gφ is a positive solution of Q′
cpV [u] = φ in Ω,

where 0 ≤ φ ∈ C∞
c (Ω) and cp = (p/(p− 1))p−1. Then for all ϕ ∈ C∞

c (Ω),ˆ
Ω

A(x,∇(f0(Gφ))) · ∇ϕ dx+

ˆ
Ω

V f0(Gφ)
p−1ϕ dx

= −
ˆ
Ω

(p− 1)f ′
0(Gφ)

p−2f ′′
0 (Gφ)|∇Gφ|pAϕ dx+

ˆ
Ω

f ′
0(Gφ)

p−1φϕ dx

=

ˆ
Ω

(
p− 1

p

)p ∣∣∣∣
∇Gφ

Gφ

∣∣∣∣
p

A

f0(Gφ)
p−1ϕ dx+

(
p− 1

p

)p−1 ˆ
Ω

G
(1−p)/p
φ φϕ dx

Proof. By Lemma 4.5, for all ϕ ∈ C∞
c (Ω),ˆ

Ω

A(x,∇(f0(Gφ))) · ∇ϕ dx

= −
ˆ
Ω

(p− 1)f ′
0(Gφ)

p−2f ′′
0 (Gφ)|∇Gφ|pAϕ dx+

ˆ
Ω

A(x,∇Gφ) · ∇(f ′
0(Gφ)

p−1ϕ) dx

Since f ′
0(Gφ)

p−1ϕ ∈ C1
c (Ω) ⊆W 1,p

c (Ω) and Q′
cpV [Gφ] = φ, we deduce thatˆ

Ω

A(x,∇Gφ) · ∇(f ′
0(Gφ)

p−1ϕ) dx+

ˆ
Ω

cpV G
p−1
φ f ′

0(Gφ)
p−1ϕ dx =

ˆ
Ω

φf ′
0(Gφ)

p−1ϕ dx.

Note that for all t > 0,

cpt
p−1f ′

0(t)
p−1 =

(
p

p− 1

)p−1

tp−1

(
p− 1

p
t−1/p

)p−1

= tp−2+1/p = t(p−1)2/p = f0(t)
p−1.

Therefore, ˆ
Ω

V f0(Gφ)
p−1ϕ dx =

ˆ
Ω

cpV G
p−1
φ f ′

0(Gφ)
p−1ϕ dx.

Furthermore, for all ϕ ∈ C∞
c (Ω),ˆ

Ω

A(x,∇(f0(Gφ))) · ∇ϕ dx+

ˆ
Ω

V f0(Gφ)
p−1ϕ dx

= −
ˆ
Ω

(p− 1)f ′
0(Gφ)

p−2f ′′
0 (Gφ)|∇Gφ|pAϕ dx+

ˆ
Ω

A(x,∇Gφ) · ∇(f ′
0(Gφ)

p−1ϕ) dx

+

ˆ
Ω

cpV G
p−1
φ f ′

0(Gφ)
p−1ϕ dx

= −
ˆ
Ω

(p− 1)f ′
0(Gφ)

p−2f ′′
0 (Gφ)|∇Gφ|pAϕ dx+

ˆ
Ω

f ′
0(Gφ)

p−1φϕ dx

=

ˆ
Ω

(
p− 1

p

)p ∣∣∣∣
∇Gφ

Gφ

∣∣∣∣
p

A

f0(Gφ)
p−1ϕ dx+

(
p− 1

p

)p−1 ˆ
Ω

G
(1−p)/p
φ φϕ dx. �

In the following theorem, it is also sufficient that Assumptions 2.1 and 2.9 hold
in Ω∗. Recall that f0(t) = t(p−1)/p for all t > 0.

Theorem 4.7. Suppose that Assumption 2.14 holds in Ω∗ and that there exists
a positive Finsler p-harmonic function G in Ω∗ satisfying, for some nonnegative real
number σ,





limx→x̂ G(x) = ∞ and limx→∞ G(x) = 0 if 1 < p ≤ n,

limx→x̂ G(x) = σ and limx→∞ G(x) =
{
∞ if σ = 0,

0 if σ > 0,
if p > n.

(4.2)
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Let W0 ,
(

p−1
p

)p ∣∣∇G
G

∣∣p
A
and





v , f0(G) and W ,W0 if 1 < p ≤ n, or p > n and σ = 0,

v , f0(G(σ − G)) and W ,(
1

σ−G

)p
W0|σ − 2G|p−2(2(p− 2)G(σ − G) + σ2) otherwise.

Then in Ω∗, W is an optimal Hardy-weight of Q0 and (up to a positive multiplicative
constant) v is the unique ground state of Q−W .

Proof. We may assume that x̂ = 0. Otherwise, consider the translation Ω− x̂.
The proof is similar to those of [17, Propositions 5.1, 5.2, 5.5, and 5.6].
We first demonstrate that G < σ in Ω∗ if p > n and σ > 0. Let {ωi}i∈N be a

smooth exhaustion of Ω. Since limx→0 G(x) = σ, for each ε > 0, there exists δ > 0

such that G(x) < σ + ε on Bδ(0) \ {0}. In addition, since limx→∞ G(x) = 0, there
exists N ∈ N such that G < σ on ∂ωi for all i > N . We may also assume that Bδ(0) ⋐
ωi for all i > N . By the weak comparison principle [28, Theorem 4.25], G ≤ σ + ε
on ωi\Bδ′(0) for all i > N and all 0 < δ′ ≤ δ. Then G ≤ σ+ε in Ω∗. Furthermore, G ≤
σ in Ω∗ because ε > 0 is arbitrary. By the strong maximum principle [24, 6.5],
either G < σ in Ω∗ or G = σ in Ω∗. Because limx→∞ G(x) = 0, we deduce that G < σ
in Ω∗.

By virtue of (4.2), in all the three cases, it is easy to show that

G(Ω∗) =

(
inf
Ω∗

G, sup
Ω∗

G
)

=

{
(0,∞) if 1 < p ≤ n, or p > n and σ = 0,

(0, σ) otherwise,

and that G : Ω∗ → (infΩ∗ G, supΩ∗ G) is proper.
It is clear that W is nonnegative in Ω∗ in both cases. Since G ∈ C1(Ω∗), G > 0

in Ω∗, and in the second case, G < σ in Ω∗, it is easily seen that W ∈ L∞
loc(Ω

∗) ⊆
M̂ q

loc(p; Ω
∗) in both cases.

Next we prove the criticality of Q−W in Ω∗, which falls naturally into two parts.

• Suppose that 1 < p ≤ n, or p > n and σ = 0. By Corollary 4.6, v is a
positive solution of the equation Q′

−W [u] = 0 in Ω∗. By the AAP-type theorem
(Theorem 2.19), Q−W is nonnegative in Ω∗. We next aim to find a null-sequence
with respect to Q−W in Ω∗ so that by Theorem 2.21 (i), Q−W is critical in Ω∗. For
all k ∈ N (k ≥ 2), let

ϕk(t) ,





0, 0 ≤ t ≤ 1
k2
,

2 + log t
log k

, 1
k2

≤ t ≤ 1
k
,

1, 1
k
≤ t ≤ k,

2− log t
log k

, k ≤ t ≤ k2,

0, t ≥ k2,

wk , ϕk(v), and uk , vwk. Evidently, v−1((1, 2)) is open, ∅ 6= v−1((1, 2)) ⋐ Ω∗,
and for all k ∈ N (k ≥ 2),

´
v−1((1, 2))

upk dx ≥ Vol(v−1((1, 2))) > 0. We claim

that {uk/‖uk‖Lp(v−1((1, 2)))}k∈N (k≥2) is a desired null-sequence. Note that ϕk is Lip-
schitz continuous on [0,∞) for all k ∈ N (k ≥ 2). Then wk is locally Lipschitz
continuous in Ω∗ and hence belongs to W 1,∞

loc (Ω∗) for all k ∈ N (k ≥ 2). It can be
easily seen that wk has compact support in Ω∗ for all k ∈ N (k ≥ 2) because of the
relevant conditions in (4.2). Thus wk ∈ W 1,p(Ω∗) ∩ Cc(Ω

∗) for all k ∈ N (k ≥ 2).
Furthermore, uk ∈ W 1,p(Ω∗) ∩ Cc(Ω

∗) for all k ∈ N (k ≥ 2) because v ∈ C1(Ω∗).
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Obviously, wk and uk are nonnegative in Ω∗ for all k ∈ N (k ≥ 2). By Corollary 2.18,
there exists a positive constant C, independent of k, such that for all k ∈ N (k ≥ 2),

Q−W [uk; Ω
∗] ≤

{
CX(v, wk) if p ≤ 2,

C
(
X(v, wk) +X(v, wk)

2/pX(wk, v)
1−2/p

)
if p > 2,

(4.3)

where X(v, wk) =
´
Ω∗ v

p|∇wk|pA dx and X(wk, v) =
´
Ω∗ w

p
k|∇v|pA dx. By Lemma 4.3

with h = f0 and f(t) = tp|ϕ′
k(t)|p for all t > 0, there exists a positive constant C ′

such that for all k ∈ N (k ≥ 2),

X(v, wk) =

ˆ
Ω∗

vp|∇wk|pA dx =

ˆ
Ω∗

vp|ϕ′
k(v)|p|∇v|pA dx

= C ′

ˆ ∞

0

f0(t)
p|ϕ′

k(f0(t))|pf ′
0(t)

p dt = C ′C(p)

ˆ ∞

0

|ϕ′
k(f0(t))|ptp−2 dt

= C ′C(p)

(
1

log k

)p
(ˆ (1/k)p/(p−1)

(1/k2)p/(p−1)

1

t
dt+

ˆ k2p/(p−1)

kp/(p−1)

1

t
dt

)

= C ′C(p)

(
1

log k

)p−1

and

X(wk, v) =

ˆ
Ω∗

wp
k|∇v|pA dx =

ˆ
Ω∗

ϕk(v)
p|∇v|pA dx = C ′

ˆ ∞

0

ϕk(f0(t))
pf ′

0(t)
p dt

= C ′C(p)

ˆ ∞

0

ϕk(f0(t))
pt−1 dt ≤ C ′C(p)

ˆ k2p/(p−1)

(1/k2)p/(p−1)

1

t
dt = C ′C(p) log k,

where we stipulate that ϕ′
k(1/k

2) = ϕ′
k(1/k) = ϕ′

k(k) = ϕ′
k(k

2) = 0. By (4.3), we
obtain limk→∞Q−W [uk; Ω

∗] = 0. Then the claim follows.

• Suppose that p > n and σ > 0. By considering G/σ, without loss of generality,
we can suppose that σ = 1. Let g(s) , f0(s(1−s)) = (s(1−s))(p−1)/p for all s ∈ (0, 1).

Then g ∈ C2(0, 1) and v = g(G). Since p > n ≥ 2, ϕ(s) , |s|p−2s is continuously
differentiable on R and that ϕ′(s) = (p− 1)|s|p−2. Note that in Ω∗,

− (p− 1)|g′(G)|p−2g′′(G)|∇G|pA

= (p− 1)
p− 1

p
|∇G|pA

(
p− 1

p
(G(1− G))−1/p|1− 2G|

)p−2

×
(
1

p
(G(1− G))−1/p−1(1− 2G)2 + 2(G(1− G))−1/p

)

=

(
p− 1

p

)p

|∇G|pA
(
(G(1− G))−1/p|1− 2G|

)p−2×
(
(G(1− G))−1/p−1(1− 2G)2 + 2p(G(1− G))−1/p

)

=

(
p− 1

p

)p ∣∣∣∣
∇G
G

∣∣∣∣
p

A

(
1

1− G

)p

|1− 2G|p−2(2(p− 2)G(1− G) + 1)(G(1− G))(p−1)2/p

= Wvp−1.
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Then as in Lemma 4.5, for all φ ∈ C∞
c (Ω∗),ˆ

Ω∗

A(x,∇v) · ∇φ dx

= −
ˆ
Ω∗

A(x,∇G) · ∇(|g′(G)|p−2g′(G))φ dx

+

ˆ
Ω∗

A(x,∇G) · ∇(|g′(G)|p−2g′(G)φ) dx

= −
ˆ
Ω∗

(p− 1)|g′(G)|p−2g′′(G)|∇G|pAφ dx =

ˆ
Ω∗

Wvp−1φ dx,

where in the penultimate step, we also used |g′(G)|p−2g′(G)φ ∈ C1
c (Ω

∗) ⊆ W 1,p
c (Ω∗)

andQ′[G] = 0 in Ω∗. Consequently, v is a positive solution of the equationQ′
−W [u] = 0

in Ω∗. As above, by the AAP-type theorem (Theorem 2.19), Q−W is nonnegative
in Ω∗. In order that Q−W is critical in Ω∗, by Theorem 2.21 (i), it suffices to construct
a null-sequence with respect to Q−W in Ω∗. For all k ∈ N (k ≥ 2), let

ϕk(t) ,





0, 0 ≤ t ≤ 1
k2
,

2 + log t
log k

, 1
k2

≤ t ≤ 1
k
,

1, 1
k
≤ t,

wk , ϕk(v), and uk , vwk. We conclude from (4.2) that

lim
x→0

v(x) = lim
x→∞

v(x) = 0.

Therefore, for all k ∈ N (k ≥ 2), wk and uk are compactly supported in Ω∗. It
is a simple matter to check that ϕk is Lipschitz continuous on [0,∞) for all k ∈ N

(k ≥ 2). Since v ∈ C1(Ω∗), wk is locally Lipschitz continuous in Ω∗ and hence belongs
to W 1,∞

loc (Ω∗) for all k ∈ N (k ≥ 2). Then wk ∈ W 1,p(Ω∗) ∩ Cc(Ω
∗) for all k ∈ N

(k ≥ 2). Since v ∈ C1(Ω∗), we further deduce that uk ∈ W 1,p(Ω∗) ∩ Cc(Ω
∗) for

all k ∈ N (k ≥ 2). Clearly, wk and uk are nonnegative in Ω∗ for all k ∈ N (k ≥ 2).
Note that v−1((1/4, 3/4)) is open, ∅ 6= v−1((1/4, 3/4)) ⋐ Ω∗, and for all k ∈ N

(k ≥ 4),
´
v−1((1/4, 3/4))

upk dx ≥ (1/4)pVol(v−1((1/4, 3/4))) > 0. By Corollary 2.18, we

can find a positive constant C, independent of k, such that for all k ∈ N (k ≥ 2),

Q−W [uk; Ω
∗] ≤ C

(
X(v, wk) +X(v, wk)

2/pX(wk, v)
1−2/p

)
,(4.4)

where X(v, wk) =
´
Ω∗ v

p|∇wk|pA dx and X(wk, v) =
´
Ω∗ w

p
k|∇v|pA dx. By Lemma 4.3,

there exists a positive constant C ′ such that for all sufficiently large k ∈ N,

X(v, wk) =

ˆ
Ω∗

vp|∇wk|pA dx =

ˆ
Ω∗

vp|ϕ′
k(v)|p|∇v|pA dx

= C ′

ˆ 1

0

g(t)p|ϕ′
k(g(t))|p|g′(t)|p dt = C ′

ˆ
[0,1]∩g−1(1/k2,1/k)

g(t)p|ϕ′
k(g(t))|p|g′(t)|p dt

= C ′C(p)

(
1

log k

)p ˆ
[0,1]∩g−1(1/k2,1/k)

|1− 2t|p
t(1− t)

dt

≤ C ′C(p)

(
1

log k

)p ˆ
[0,1]∩g−1(1/k2,1/k)

|1− 2t|
t(1− t)

dt

= C ′C(p)

(
1

log k

)p−1
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and

X(wk, v) =

ˆ
Ω∗

wp
k|∇v|pA dx =

ˆ
Ω∗

ϕk(v)
p|∇v|pA dx = C ′

ˆ 1

0

ϕk(g(t))
p|g′(t)|p dt

= C ′C(p)

ˆ 1

0

ϕk(g(t))
p |1− 2t|p
t(1− t)

dt

≤ C ′C(p)

ˆ
[0,1]∩g−1[1/k2,(1/4)(p−1)/p ]

ϕk(g(t))
p |1− 2t|p
t(1− t)

dt

≤ C ′C(p)

ˆ
[0,1]∩g−1[1/k2,(1/4)(p−1)/p ]

|1− 2t|
t(1− t)

dt ≤ C ′C(p) log k,

where we stipulate that ϕ′
k(1/k

2) = ϕ′
k(1/k) = 0. By (4.4), we infer that limk→∞

Q−W [uk; Ω
∗] = 0. Likewise, {uk/‖uk‖Lp(v−1((1/4, 3/4)))}k∈N (k≥4) is a desired null-sequ-

ence.

By Theorem 2.20, up to a positive multiplicative constant, v is the unique ground
state of Q−W in Ω∗.

Next we demonstrate the null-criticality with respect to W . The demonstration
consists of two parts.

• Suppose that 1 < p ≤ n, or p > n and σ = 0. For each 0 < t1 < t2 <∞, by [7,
Theorem 2.32] and checking the proof of Lemma 4.3, we may deduce that

ˆ
G−1((t1, t2))

Wvp dx =

ˆ
G−1((t1, t2))

(
p− 1

p

)p ∣∣∣∣
∇G
G

∣∣∣∣
p

A

Gp−1 dx

=

(
p− 1

p

)p ˆ
G−1((t1, t2))

|∇G|pA
G dx =

(
p− 1

p

)p ˆ
G−1((t1, t2))

|∇G|pA
G|∇G||∇G| dx

=

(
p− 1

p

)p ˆ t2

t1

ˆ
G−1(t)

|∇G|pA
G|∇G| dH

n−1 dt =

(
p− 1

p

)p ˆ t2

t1

1

t

ˆ
G−1(t)

|∇G|pA
|∇G| dHn−1 dt

=

(
p− 1

p

)p

C

ˆ t2

t1

1

t
dt→ ∞ as t1 → 0.

Then
´
Ω∗ Wvp dx = ∞.

• Suppose that p > n and σ > 0. For each 0 < t < σ/4, by [7, Theorem 2.32]
and reviewing the reasoning behind Lemma 4.3, we may calculate:
ˆ
G−1((t, σ/4))

Wvp dx

=

(
p− 1

p

)p ˆ
G−1((t, σ/4))

|∇G|pA
|∇G|G(σ − G) |σ − 2G|p−2(2(p− 2)G(σ − G) + σ2)|∇G| dx

=

(
p− 1

p

)p ˆ σ/4

t

ˆ
G−1(s)

|∇G|pA|σ − 2G|p−2

|∇G|G(σ − G) (2(p− 2)G(σ − G) + σ2) dHn−1 ds

≥ σp−1

2p−2

(
p− 1

p

)p ˆ σ/4

t

1

s

ˆ
G−1(s)

|∇G|pA
|∇G| dHn−1 ds =

σp−1

2p−2

(
p− 1

p

)p

C

ˆ σ/4

t

1

s
ds

→ ∞ as t→ 0.

Therefore,
´
Ω∗ Wvp dx = ∞. �
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Now we present some examples fulfilling the conditions (4.2). See [17, Re-
mark 1.6] for the case of the p-Laplace equation.

Examples 4.8. For simplicity, we only consider x̂ = 0.

(i) Let Ω be a bounded domain such that 0 ∈ Ω and that Ω satisfies an exte-
rior cone condition or even Ωc satisfies a corkscrew condition (see [24, p. 123]). For
all x ∈ Ω∗ and all ξ ∈ R

n, let H(x, ξ) = |x|δ/pN(ξ), where δ ∈ [0,∞) and N is
a uniformly convex norm on R

n which is differentiable in R
n \ {0}. Then H satis-

fies Assumptions 2.1 in Ω∗. Suppose, in addition, that N realizes Assumptions 2.9
and 2.14 in Ω∗. Then H realizes Assumptions 2.9 and 2.14 in Ω∗. Now let p ≤ n. By
[24, Example 2.22 and Theorem 7.39], there exists a Finsler p-harmonic function G
in Ω∗ such that limx→0 G(x) = ∞ and limx→∞ G(x) = 0. Checking the proof of [24,

Theorem 7.39], we see that G is nonnegative in Ω \ Br(0) and positive on Sr(0) for
some r > 0. By virtue of the weak comparison principle [28, Theorem 4.25] and the
strong maximum principle [24, 6.5], we may show that G is positive in Br(0) \ {0}
and Ω \Br(0), respectively. Therefore, G is positive in Ω \ {0}.

(ii) Suppose that 0 ∈ Ω and that p > n. Take any Lipschitz domain ω ⋐ Ω
with 0 ∈ ω. By [28, Theorem 7.4], we may find some G ∈ M0

ω;{0}. By Theo-

rem 2.22 (ii), λ1(Q0;ω) > 0 (see Definition A.1). By Theorem A.6, we may obtain a
positive solution G ∈ W 1,p

0 (ω) of Q′
0[u] = 1 in ω. By the embedding theory of Sobolev

spaces, G is globally Hölder continuous on ω. Then limx→∞G(x) = 0, where ∞ is
the ideal point in the one-point compactification of ω. Take a ball Br(0) ⋐ ω (r > 0).

Since G ∈ M0
ω;{0}, there exists a positive constant C such that G ≤ CG in ω \Br(0).

Therefore, limx→∞ G(x) = 0. Moreover, it is impossible that limx→0 G(x) = 0. Oth-
erwise, fix some τ0 > 0 such that Bτ0(0) ⋐ ω. For each ε > 0, there exists 0 < τ < τ0
such that G ≤ ε on Sτ (0). It follows that G ≤ ε in ω \Bτ (0) and hence in ω \Bτ0(0).

Letting ε → 0, we see that G ≡ 0 in ω \ Bτ0(0). But G is positive in ω \ {0}, a
contradiction.

Now for simplicity, suppose further that the norm family H(x, ξ) does not depend
on x on ω. Take τ0 > 0 still as above. Clearly, Gτ0(x) , G(τ0x) is a positive
solution of Q′

0[u] = 0 in B1(0) \ {0} (cf. the proof of [26, Theorem 9.2 (2)]). By
[52, Lemma 2] (cf. [24, Chapters 6 and 9]), limx→0 Gτ0(x) = σ for some σ ∈ [0,∞).
Thus limx→0 G(x) = limx→0 Gτ0(x/τ0) = σ. Then σ > 0 because limx→0 G(x) = 0 is
forbidden.

(iii) Let Ω = R
n and suppose that the norm family H(x, ·) does not depend

on x ∈ R
n. Recall that for all x ∈ R

n,

H0(x) = sup
ξ∈Rn\{0}

x · ξ
H(ξ)

is the dual norm of H . Then G(x) = H0(x)
(p−n)/(p−1)(p 6= n and x 6= 0) realizes

(4.2) for 1 < p < n, or p > n with σ = 0, respectively. Now we show that G is
Finsler p-harmonic in R

n \ {0}. Since H is uniformly convex, by [4, p. 190] and [9,
(3.6)], H0 ∈ C1(Rn \ {0}). The ensuing proof is similar to the counterpart of [21,
Lemma 4.2]. See also [19, Theorem 3.1]. For each x ∈ R

n \ {0}, we compute:

∇G(x) = p− n

p− 1
H0(x)

(1−n)/(p−1)∇H0(x).
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By [29, p. 1139], for all x ∈ R
n \ {0} and all t 6= 0,

∇H(tx) = sgn(t)∇H(x) and H(∇H0(x)) = 1,

and for all x ∈ R
n,

H (H0(x)∇H0(x))∇H (H0(x)∇H0(x)) = x and x · ∇H0(x) = H0(x),

where we define H(0)∇H(0), H0(0)∇H0(0), and 0 · ∇H0(0) as 0. Then for each x ∈
R

n \ {0},
A(∇G(x)) = H(∇G(x))p−1∇H(∇G(x))

= H

(
p− n

p− 1
H0(x)

(1−n)/(p−1)∇H0(x)

)p−1

∇H
(
p− n

p− 1
H0(x)

(1−n)/(p−1)∇H0(x)

)

=

∣∣∣∣
p− n

p− 1

∣∣∣∣
p−1

H
(
H0(x)

(1−n)/(p−1)∇H0(x)
)p−2×

H
(
H0(x)

(1−n)/(p−1)∇H0(x)
)
∇H

(
p− n

p− 1
H0(x)

(1−n)/(p−1)∇H0(x)

)

=

∣∣∣∣
p− n

p− 1

∣∣∣∣
p−1

H0(x)
(1−n)(p−2)/(p−1)H0(x)

(1−n)/(p−1)−1×

H (H0(x)∇H0(x))∇H
(
p− n

p− 1
H0(x)

(1−n)/(p−1)∇H0(x)

)

= sgn(p− n)

∣∣∣∣
p− n

p− 1

∣∣∣∣
p−1

H0(x)
−nH (H0(x)∇H0(x))∇H (H0(x)∇H0(x))

=

(
p− n

p− 1

) ∣∣∣∣
p− n

p− 1

∣∣∣∣
p−2

H0(x)
−nx,

and

divA(∇G) =
(
p− n

p− 1

) ∣∣∣∣
p− n

p− 1

∣∣∣∣
p−2 n∑

i=1

∂(H0(x)
−nxi)

∂xi

=

(
p− n

p− 1

) ∣∣∣∣
p− n

p− 1

∣∣∣∣
p−2 n∑

i=1

(
H0(x)

−n − nH0(x)
−n−1xi

∂H0(x)

∂xi

)

=

(
p− n

p− 1

) ∣∣∣∣
p− n

p− 1

∣∣∣∣
p−2

(nH0(x)
−n − nH0(x)

−n−1x · ∇H0(x))

=

(
p− n

p− 1

) ∣∣∣∣
p− n

p− 1

∣∣∣∣
p−2

(nH0(x)
−n − nH0(x)

−n) = 0.

Hence G is Finsler p-harmonic in R
n \ {0}.

5. Optimal Hardy-weights: Nonzero potentials

In this section, we present optimal Hardy-weights for the functional Q with
nonzero potentials. We also provide two relevant examples of optimal Hardy-weights.

The basis of our construction is Green potentials defined below.

Definition 5.1. Suppose that Q is subcritical in Ω. For every 0 ≤ φ ∈ C∞
c (Ω) \

{0} such that Ω \ supp φ is a domain, a positive solution Gφ of Q′[u] = φ in Ω such
that Gφ ∈ MΩ; suppφ is called a Green potential of Q′ in Ω with density φ.
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Remark 5.2. Such a Green potential Gφ is always continuously differentiable
in Ω by Remark 2.13.

Definition 5.3. Let ω ⋐ Ω be a domain and let q be as in Definition 2.7. For

p < n, the space Mq(p;ω) consists of all functions f inM q(p;ω) such that |f |
(

p∗−1
p−1

)′

∈
M q(p;ω); for p = n, Mq(p;ω) is defined as Lρ(ω) for some ρ > 1; for p > n, Mq(p;ω)
is defined as M q(p;ω) = L1(ω). Furthermore, we define

M
q
loc(p; Ω) ,

⋂

ω⋐Ω
ω is a domain

M
q(p;ω).

Remark 5.4. Note that(
p∗ − 1

p− 1

)′

=
pn− n+ p

p2
.

It is a simple matter to check that Lρ(ω) ⊆ M q(n;ω) for all ρ > 1. Then for
1 < p < ∞, M

q(p;ω) ⊆ M q(p;ω) and M
q
loc(p; Ω) ⊆ M q

loc(p; Ω). Moreover, for

p < n, L
q
(

p∗−1
p−1

)′

(ω) ⊆ M
q(p;ω) ⊆ L

(
p∗−1
p−1

)′

(ω) and L
q
(

p∗−1
p−1

)′

loc (Ω) ⊆ M
q
loc(p; Ω) ⊆

L

(
p∗−1
p−1

)′

loc (Ω).

Remark 5.5. Let ω ⋐ Ω be a Lipschitz domain. Let H satisfy Assumptions 2.1
and let V ∈ M

q(p;ω). Let g ∈ M q(p;ω) if p 6= n and let g ∈ Lρ̄(ω) (ρ̄ > 1) if p = n.
By [40, Theorem 2] for p < n and [38, Chapter 4, Theorem 7.1] for p = n, solutions
of the Dirichlet problem

{
Q′[u] = g in ω,

u = f on ∂ω,
(5.1)

are bounded in ω, where f ∈ W 1,p(ω) ∩ C(ω). By [45, Theorem 4.11 and Corol-
lary 4.18], solutions of (5.1) are continuous on ω for p ≤ n. For p > n, by the
embedding theory of Sobolev spaces, solutions of (5.1) are also continuous on ω.

Note that in [28, Theorems 4.24 and 4.25], it should have been further assumed
that V ∈ M

q(p;ω) and if p = n, g ∈ Lρ̄(ω) (ρ̄ > 1), while in [28, Theorems 7.2, 7.4,

7.7, 7.8 and 7.9], we need V ∈ M
q
loc(p; Ω) (instead of V ∈ M̃ q

loc(p; Ω) in [28, arXiv]).

Now we show the existence of Green potentials when V ∈ M
q
loc(p; Ω)∩M̂ q

loc(p; Ω).

Lemma 5.6. Let V ∈ M
q
loc(p; Ω) ∩ M̂ q

loc(p; Ω). Suppose that Q is subcritical
in Ω. For every 0 ≤ φ ∈ C∞

c (Ω) \ {0} such that Ω \ supp φ is a domain, there exists
a Green potential Gφ of Q′ in Ω with density φ.

Proof. The proof is based on an exhaustion argument, similar to those of [56,
Lemma 3.2] and [26, Theorem 9.7]. Let {ωk}k∈N be a smooth exhaustion of Ω such
that suppφ ⊆ ω1. By Theorem 2.22 (ii), λ1(Q;ωk) > 0 (see Definition A.1) for all k ∈
N. By Theorem A.6, for every k ∈ N, there exists a positive solution Gk ∈ W 1,p

0 (ωk)
of Q′[u] = φ in ωk. By Remark 5.5, Gk is continuous on ωk for all k ∈ N. By the
weak comparison principle [28, Theorem 4.25], the sequence {Gk}k∈N is increasing
in Ω.

Now we exploit the method of [26, Theorem 9.7] to complete the proof.
If there exists x0 ∈ Ω such that limk→∞Gk(x0) = ∞, then let Γk , Gk/Gk(x0)

for all sufficiently large k ∈ N such that x0 ∈ ωk. By Harnack’s inequality [45,
Theorem 3.14] for p ≤ n and [51, Theorem 7.4.1] for p > n, for all sufficiently
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large k ∈ N, Γk is locally uniformly bounded in Ω. By the Harnack convergence
principle [28, Theorem 3.5], up to a subsequence, in Ω, Γk converges locally uniformly
to a positive solution Γ of Q′[u] = 0 as k → ∞. Since Q is subcritical in Ω, by
Theorem 2.21 (ii), there exists a positive W ∈ C(Ω) such that QV−W is nonnegative
in Ω. By the AAP-type theorem (Theorem 2.19), there exists a positive solution v
of Q′

V−W [u] = 0 in Ω. Let K be an arbitrary admissible compact subset of Ω. Then
there exists a positive constant cK such that Γ ≤ cKv on K. For each ε > 0, up to a
subsequence, for all sufficiently large k ∈ N,

{
Q′[Γk] =

φ
Gk(x0)p−1 ≤ ((1 + ε)cKv)

p−1W = Q′[(1 + ε)cKv] in ωk \K,
Γk ≤ (1 + ε)cKv on ∂(ωk \K).

By Theorem 2.22 (ii), λ1(Q;ωk \ K) > 0 (see Definition A.1) for all sufficiently
large k ∈ N. By the weak comparison principle [28, Theorem 4.25], for each ε > 0,
up to a subsequence, for all sufficiently large k ∈ N, Γk ≤ (1 + ε)cKv in ωk \ K.
Therefore, Γ ≤ (1 + ε)cKv in Ω \ K. Letting ε → 0, we get Γ ≤ cKv in Ω \ K.

Then Γ ≤ cKv in Ω. Let c0 , inf{c > 0 |Γ ≤ cv in Ω}. Clearly, Γ ≤ c0v in Ω
and c0 > 0. Inasmuch as Γ and c0v are respectively positive solutions of Q′[u] =
0 and Q′

V−W [u] = 0 in Ω, it is easy to see that Γ 6= c0v. Consequently, there
exists x1 ∈ Ω such that Γ(x1) < c0v(x1). Furthermore, there exist δ, r > 0 such

that Γ ≤ (1−δ)c0v on Br(x1). By our previous argument, Γ ≤ (1−δ)c0v in Ω, which
is contradictory to the definition of c0.

Therefore, for all x ∈ Ω, {Gk(x)}k∈N is bounded. By Harnack’s inequality [45,
Theorem 3.14] for p ≤ n and [51, Theorem 7.4.1] for p > n, {Gk}k∈N is locally
uniformly bounded in Ω. Then we may use Harnack’s convergence principle [28,
Theorem 3.5] to deduce that up to a subsequence, in Ω, {Gk}k∈N converges locally
uniformly to a positive solution Gφ of Q′[u] = φ.

Next we show that Gφ ∈ MΩ; supp φ. Let K be an arbitrary admissible com-

pact subset of Ω with suppφ ⋐ K̊ and consider an arbitrary positive solution v ∈
C
(
Ω \ K̊

)
of Q′[w] = g in Ω \K such that Gφ ≤ v on ∂K, where g ∈M q

loc(p; Ω) for

p 6= n, g ∈ Lρ̄
loc(Ω)) (ρ̄ > 1) for p = n, and g is nonnegative a.e. in Ω \K. Up to a

subsequence, for all sufficiently large k ∈ N,
{
Q′[Gk] = 0 ≤ g = Q′[v] in ωk \K,
Gk ≤ v on ∂(ωk \K).

By Theorem 2.22 (ii), λ1(Q;ωk \ K) > 0 (see Definition A.1) for all sufficiently
large k ∈ N. By the weak comparison principle [28, Theorem 4.25], up to a subse-
quence, for all sufficiently large k ∈ N, Gk ≤ v in ωk \ K. It follows that Gφ ≤ v
in Ω \K. �

For the construction of optimal Hardy-weights in the case of nonzero potentials,
we need the following preparatory result.

Lemma 5.7. Suppose that Q is subcritical in Ω. Let Gφ be a Green potential
of Q′ in Ω with density 0 ≤ φ ∈ C∞

c (Ω) \ {0} such that Ω \ supp φ is a domain.
Assume the following conditions:

lim
x→∞

Gφ = 0,

ˆ
Ω

|V |Gp−1
φ dx <∞ and

ˆ
Ω

V Gp−1
φ dx < 0 or V ≤ 0 in Ω.
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Then there exist two positive constants C0 and Mφ < supΩGφ such that for almost
all 0 < t < supΩGφ, ˆ

G−1
φ (t)

|∇Gφ|pA
|∇Gφ|

dHn−1 ≤ C0,

and for almost all 0 < t < Mφ with supp φ ⊆ G−1
φ ((t,∞)),

1

C0
≤

ˆ
G−1

φ (t)

|∇Gφ|pA
|∇Gφ|

dHn−1.

Proof. The proof is similar to that of [56, Lemma 3.7]. By our assumption,
limx→∞Gφ = 0. Hence, for every 0 < t < supΩGφ, G

−1
φ ((t,∞)) ⋐ ωt for some

domain ωt ⋐ Ω and Gφ < t in Ω\ωt. By [18, Theorem 5.9 (i)], G−1
φ ((t,∞)) has finite

perimeter in ωt for almost all 0 < t < supΩGφ. By the generalized Sard theorem [6,
Theorem 1.2], for almost all 0 < t < supΩGφ,

Hn−1 ({x ∈ Ω | Gφ(x) = t and ∇Gφ(x) = 0}) = 0.

It follows that ∂G−1
φ ((t,∞)) = G−1

φ (t) for almost all 0 < t < supΩGφ. Then

G−1
φ ((t,∞)) is an open set with almost C1-boundary (see [44, Section 9.3]) for

almost all 0 < t < supΩGφ. Note that G−1
φ ((t,∞)) = {x ∈ ωt | Gφ > t}.

Since − divA(x,∇Gφ) + V Gp−1
φ = φ in Ω, by [7, Theorems 5.2 and 7.2], we may

deduce that for almost all 0 < t < supΩGφ,ˆ
G−1

φ ((t,∞))

(
φ− V Gp−1

φ

)
dx = −

ˆ
∂G−1

φ ((t,∞))

A(x,∇Gφ) ·
−∇Gφ

|∇Gφ|
dHn−1

=

ˆ
G−1

φ (t)

|∇Gφ|pA
|∇Gφ|

dHn−1.(5.2)

Take a positive constant C0 ≥ max{
´
Ω

(
φ+ |V |Gp−1

φ

)
dx, 1/

´
Ω
φ dx}. Then for

all 0 < t < supΩGφ,ˆ
G−1

φ ((t,∞))

(φ− V Gp−1
φ ) dx ≤

ˆ
Ω

(
φ+ |V |Gp−1

φ

)
dx ≤ C0.(5.3)

Since
´
Ω
V Gp−1

φ dx < 0 or V ≤ 0 in Ω, there exists 0 < Mφ < supΩGφ such that for
all 0 < t < Mφ, ˆ

G−1
φ ((t,∞))

V Gp−1
φ dx ≤ 0,

which is proved by contradiction when
´
Ω
V Gp−1

φ dx < 0. Therefore, for all 0 < t <

Mφ with suppφ ⊆ G−1
φ ((t,∞)),

1

C0
≤

ˆ
Ω

φ dx =

ˆ
G−1

φ ((t,∞))

φ dx ≤
ˆ
G−1

φ ((t,∞))

(φ− V Gp−1
φ ) dx.(5.4)

The desired conclusions follow from (5.2), (5.3), and (5.4). �

Our construction of optimal Hardy-weights is done in the following theorem.
Recall that cp = (p/(p− 1))p−1 and that f0(t) = t(p−1)/p for all t > 0.
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Theorem 5.8. Suppose that QcpV is subcritical in Ω. Let Gφ be a Green poten-
tial of Q′

cpV in Ω with density 0 ≤ φ ∈ C∞
c (Ω) \ {0} such that Ω\ supp φ is a domain.

Suppose that Assumption 2.14 and the following conditions hold:

lim
x→∞

Gφ = 0,

ˆ
Ω

|V |Gp−1
φ dx <∞ and

ˆ
Ω

V Gp−1
φ dx < 0 or V ≤ 0 in Ω.

Let

W ,
−(p− 1)f ′

0(Gφ)
p−2f ′′

0 (Gφ)|∇Gφ|pA + f ′
0(Gφ)

p−1φ

f0(Gφ)p−1

=

(
p− 1

p

)p |∇Gφ|pA
Gp

φ

+

(
p− 1

p

)p−1

G1−p
φ φ.

Then 0 ≤ W ∈ L∞
loc(Ω) ⊆ M̂ q

loc(p; Ω) and QV−W is critical in Ω with a ground
state f0(Gφ) (up to a positive multiplicative constant) such that

´
Ω
Wf0(Gφ)

p dx =
∞. In particular, W is an optimal Hardy-weight of Q in Ω.

Proof. The proof is similar to that of [56, Lemma 3.9]. Because f0, f
′
0 > 0, φ ≥ 0

in Ω, and f ′′
0 < 0, we see at once that W is nonnegative in Ω. Recalling that Gφ ∈

C1(Ω) and Gφ > 0 in Ω, we may easily check that W ∈ L∞
loc(Ω). Since QcpV is

subcritical in Ω, Q = QV is subcritical in Ω by Theorem 2.22 (iii). By Lemma 5.7,
there exist two positive constants C0 and Mφ < supΩGφ such that for almost all 0 <
t < supΩGφ, ˆ

G−1
φ (t)

|∇Gφ|pA
|∇Gφ|

dHn−1 ≤ C0,(5.5)

and for almost all 0 < t < Mφ with supp φ ⊆ G−1
φ ((t,∞)),

1

C0
≤

ˆ
G−1

φ (t)

|∇Gφ|pA
|∇Gφ|

dHn−1.(5.6)

Since limx→∞Gφ = 0, we may take a smooth domain ω ⋐ Ω such that supp φ ⊆ ω
and supΩ\ω Gφ < min{1,Mφ}.

As in the proof of Theorem 4.7, for every k ∈ N (k ≥ 2), let

ϕk(t) ,





0, 0 ≤ t ≤ 1
k2
,

2 + log t
log k

, 1
k2

≤ t ≤ 1
k
,

1, 1
k
≤ t ≤ k,

2− log t
log k

, k ≤ t ≤ k2,

0, t ≥ k2,

wk , ϕk(f0(Gφ)), and uk , wkf0(Gφ). Corollary 4.6 implies that f0(Gφ) is a positive
solution of Q′

V−W [u] = 0 in Ω. The AAP-type theorem (Theorem 2.19) further
ensures that QV−W is nonnegative in Ω. Observe that ϕk is Lipschitz continuous
on [0,∞) for all k ∈ N (k ≥ 2). It follows that wk is locally Lipschitz continuous in Ω
and thus belongs to W 1,∞

loc (Ω) for all k ∈ N (k ≥ 2). Because limx→∞Gφ = 0, wk has
compact support in Ω for all k ∈ N (k ≥ 2). Consequently, wk ∈ W 1,p(Ω) ∩ Cc(Ω)
for all k ∈ N (k ≥ 2). Then uk also belongs to W 1,p(Ω)∩Cc(Ω) for all k ∈ N (k ≥ 2)
because f0(Gφ) ∈ C1(Ω). Both wk and uk are nonnegative in Ω for all k ∈ N (k ≥ 2).
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By Corollary 2.18, there exists a positive constant C, independent of k, such that for
all k ∈ N (k ≥ 2),

QV−W [uk] ≤
{
CX(f0(Gφ), wk) if p ≤ 2,

C
(
X(f0(Gφ), wk) +X(f0(Gφ), wk)

2/pX(wk, f0(Gφ))
1−2/p

)
if p > 2,

X(f0(Gφ), wk) ,
´
Ω
f0(Gφ)

p|∇wk|pA dx and X(wk, f0(Gφ)) ,
´
Ω
wp

k|∇(f0(Gφ))|pA dx.
There exists a positive integer N such that for all k > N , 1/k ≤ f0(Gφ) ≤ k in some
domain ω′ ⋐ Ω with ω ⋐ ω′. By enlarging N , we may ensure f0(supω′ Gφ) ≤ N . By
the definition of {ϕk}k∈N, for all k > N , ∇wk = 0 on ω. Thus for all k > N ,

X(f0(Gφ), wk) =

ˆ
Ω\ω

f0(Gφ)
p|∇wk|pA dx.

For every k ∈ N (k ≥ 2), suppose that suppwk ⊆ ωk for some smooth domain ωk ⋐ Ω.
We may also assume that ω ⋐ ωk for all k ∈ N (k ≥ 2). Then by [7, Theorem 2.32],
for all k > N ,

X(f0(Gφ), wk) =

ˆ
ωk\ω

f0(Gφ)
p|∇wk|pA dx

=

ˆ
ωk\ω

f0(Gφ)
p|ϕ′

k(f0(Gφ))|pf ′
0(Gφ)

p |∇Gφ|pA
|∇Gφ|

|∇Gφ| dx

=

ˆ supωk\ω Gφ

infωk\ω Gφ

f0(t)
p|ϕ′

k(f0(t))|pf ′
0(t)

p dt

ˆ
{x∈ωk\ω |Gφ(x)=t}

|∇Gφ|pA
|∇Gφ|

dHn−1,

where it is understood that ϕ′
k(1/k

2) = ϕ′
k(1/k) = 0. By (5.5), for almost all

infωk\ω Gφ < t < supωk\ω
Gφ,

ˆ
{x∈ωk\ω |Gφ(x)=t}

|∇Gφ|pA
|∇Gφ|

dHn−1 ≤
ˆ
G−1

φ (t)

|∇Gφ|pA
|∇Gφ|

dHn−1 ≤ C0.

We now calculate: for all k > N ,

ˆ supωk\ω Gφ

infωk\ω Gφ

f0(t)
p|ϕ′

k(f0(t))|pf ′
0(t)

p dt ≤
ˆ (1/k)p/(p−1)

(1/k2)p/(p−1)

f0(t)
p|ϕ′

k(f0(t))|pf ′
0(t)

p dt

= C(p)

ˆ 1/k

1/k2
sp−1|ϕ′

k(s)|p ds

=
C(p)

logp k

ˆ 1/k

1/k2

1

s
ds =

C(p)

logp−1 k
.

Then for all k > N ,

X(f0(Gφ), wk) ≤
C(p)C0

logp−1 k
.
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Combining supΩ\ω Gφ < 1 with f0(supω′ Gφ) ≤ N yields supωk
Gφ ≤ Np/(p−1). We

proceed to estimate:

X(wk, f0(Gφ)) =

ˆ
ωk

wp
k|∇(f0(Gφ))|pA dx

=

ˆ
ωk

ϕk(f0(Gφ))
pf ′

0(Gφ)
p|∇Gφ|pA dx

=

ˆ
ωk

ϕk(f0(Gφ))
pf ′

0(Gφ)
p |∇Gφ|pA
|∇Gφ|

|∇Gφ| dx

=

ˆ supωk
Gφ

infωk
Gφ

ϕk(f0(t))
pf ′

0(t)
p dt

ˆ
{x∈ωk |Gφ(x)=t}

|∇Gφ|pA
|∇Gφ|

dHn−1

≤ C0

ˆ supωk
Gφ

infωk
Gφ

ϕk(f0(t))
pf ′

0(t)
p dt

≤ C0

ˆ (1/k)p/(p−1)

(1/k2)p/(p−1)

ϕk(f0(t))
pf ′

0(t)
p dt + C0

ˆ Np/(p−1)

(1/k)p/(p−1)

ϕk(f0(t))
pf ′

0(t)
p dt

= C0C(p)

ˆ (1/k)p/(p−1)

(1/k2)p/(p−1)

(
2 +

log f0(t)

log k

)p
1

t
dt + C0C(p)

ˆ Np/(p−1)

(1/k)p/(p−1)

1

t
dt

≤ C0C(p)

ˆ (1/k)p/(p−1)

(1/k2)p/(p−1)

1

t
dt+ C0C(p) log k

≤ C0C(p) log k.

Therefore, limk→∞QV−W [uk] = 0. Take 0 < ε < min{infω f0(Gφ), 1}. Then the
preimage f0(Gφ)

−1((ε/2, ε)) ⋐ Ω and is nonempty and open. Furthermore, there
exists N ′ ∈ N such that for all k ≥ N ′,

ˆ
f0(Gφ)−1((ε/2, ε))

|uk|p dx =

ˆ
f0(Gφ)−1((ε/2, ε))

|ϕk(f0(Gφ))|pf0(Gφ)
p dx

=

ˆ
f0(Gφ)−1((ε/2, ε))

f0(Gφ)
p dx > 0.

Thus {uk/‖uk‖Lp(f0(Gφ)−1((ε/2, ε)))}k≥N ′ is a null-sequence ofQV−W . By Theorem 2.21 (i),
QV−W is critical in Ω. Since f0(Gφ) is a positive solution of Q′

V−W [u] = 0 in Ω, by
Theorem 2.20, f0(Gφ) is a ground state of QV−W up to a positive multiplicative
constant.

Note that in Ω \ supp φ,

W =

(
p− 1

p

)p |∇Gφ|pA
Gp

φ

.

Let 0 < τ < infω Gφ. Note that G−1
φ ((τ, infω Gφ)) ⊆ Ω \ supp φ because suppφ ⊆ ω

and G−1
φ ((τ, infω Gφ)) ⊆ Ω \ ω. Since limx→∞Gφ = 0 and τ > 0, we get G−1

φ ((τ,

infω Gφ)) ⋐ Ω. Hence Gφ is Lipschitz in G
−1
φ ((τ, infω Gφ)). Then by [7, Theorem 2.32]
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and (5.6),ˆ
G−1

φ ((τ, infω Gφ))

Wf0(Gφ)
p dx =

(
p− 1

p

)p ˆ
G−1

φ ((τ, infω Gφ))

|∇Gφ|pA
Gp

φ|∇Gφ|
f0(Gφ)

p|∇Gφ| dx

=

(
p− 1

p

)p ˆ infω Gφ

τ

f0(t)
p

tp
dt

ˆ
{x∈G−1

φ ((τ, infω Gφ)) |Gφ(x)=t}
|∇Gφ|pA
|∇Gφ|

dHn−1

=

(
p− 1

p

)p ˆ infω Gφ

τ

f0(t)
p

tp
dt

ˆ
G−1

φ (t)

|∇Gφ|pA
|∇Gφ|

dHn−1

≥ 1

C0

(
p− 1

p

)p ˆ infω Gφ

τ

f0(t)
p

tp
dt =

1

C0

(
p− 1

p

)p ˆ infω Gφ

τ

1

t
dt.

With sufficiently small τ , we see thatˆ
G−1

φ ((0, infω Gφ))

Wf0(Gφ)
p dx = ∞.

Immediately, we get
´
Ω
Wf0(Gφ)

p dx = ∞. �

With Theorem 5.8 at our disposal, the proof of the following corollary is trivial
and hence omitted. See also [56, Theorem 1.1].

Corollary 5.9. Suppose that Q is subcritical in Ω. Let Gφ be a Green potential
of Q′ in Ω with density 0 ≤ φ ∈ C∞

c (Ω) \ {0} such that Ω \ supp φ is a domain.
Suppose that Assumption 2.14 and the following conditions hold:

lim
x→∞

Gφ = 0,

ˆ
Ω

|V |Gp−1
φ dx <∞ and

ˆ
Ω

V Gp−1
φ dx < 0 or V ≤ 0 in Ω.

Then QV/cp has an optimal Hardy-weight in Ω.

The following corollary is adapted from [56, Corollary 1.2]. The proof is similar.

Corollary 5.10. Let V ∈ M
q
loc(p; Ω)∩ M̂ q

loc(p; Ω). Suppose that Q is subcritical
in Ω, that V ≤ 0 in Ω, and that Assumption 2.14 holds. Let K be an admissible
compact subset of Ω and let G ∈ C

(
Ω \ K̊

)
be a positive solution Q′[u] = g in Ω \K

such that

G > 0 on ∂K, lim
x→∞

G(x) = 0 and

ˆ
Ω\K

|V |Gp−1 dx <∞,

where g ∈ M q
loc(p; Ω) for p 6= n, g ∈ Lρ̄

loc(Ω) (ρ̄ > 1) for p = n, and g is nonnegative
a.e. in Ω \K. Then QV/cp has an optimal Hardy-weight in Ω.

Proof. Take x0 ∈ K̊ and 0 ≤ φ ∈ C∞
c (Ω) \ {0} such that supp φ ⊆ Br(x0) ⊆ K

for some r > 0 and that Ω\ supp φ is a domain. By Lemma 5.6, we may find a Green

potential Gφ of Q′ in Ω with density φ. Since Gφ ∈ MΩ; supp φ and suppφ ⊆ K̊, there
exists a positive constant C such that Gφ ≤ CG(x) in Ω \K. Then

lim
x→∞

Gφ(x) = 0 and

ˆ
Ω

|V |Gp−1
φ dx <∞.

By Corollary 5.9, QV/cp has an optimal Hardy-weight in Ω. �

We conclude the section with two examples realizing the conditions in Corol-
lary 5.10 so that QV/cp has an optimal Hardy-weight. See also [56, Corollary 1.2 and
Remark 3.11].
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Example 5.11. Let V ∈ M
q
loc(p;ω)∩ M̂ q

loc(p; Ω), where ω is a Lipschitz domain
with ω ⋐ Ω. Suppose that Q is nonnegative in Ω. Then Q is subcritical in ω by
Theorem 2.22 (i). By Theorem 2.22 (ii), λ1(Q;ω) > 0 (see Definition A.1). By
Theorem A.6, there exists a positive solution G ∈ W 1,p

0 (ω) of Q′[u] = 1 in ω. By
Remark 5.5, G is continuous on ω. Then

lim
x→∞

G(x) = 0 and

ˆ
ω

|V |Gp−1 dx <∞,

where the ∞ is the ideal point in the one-point compactification of ω. Therefore,
if, in addition, in ω, V ≤ 0 and Assumption 2.14 holds, then QV/cp has an optimal
Hardy-weight in ω by Corollary 5.10.

Example 5.12. Let Ω = R
n, let V ∈ M

q
loc(p;R

n) ∩ M̂ q
loc(p;R

n), and let 1 < p <
n. Suppose that the norm family H(x, ·) does not depend on x ∈ R

n and that suppV
is compact. For all x ∈ R

n, let

H0(x) = sup
ξ∈Rn\{0}

x · ξ
H(ξ)

be the dual norm of H and let G(x) = H0(x)
(p−n)/(p−1) (x 6= 0). Then G is Finsler

p-harmonic in R
n\{0} by Examples 4.8 (iii). Let K be an adimissble compact subset

of Rn such that suppV ⊆ K and that 0 ∈ K̊. Then

Q′[G] = 0 in R
n \K, G > 0 on ∂K, lim

x→∞
G(x) = 0, and

ˆ
Rn\K

|V |Gp−1 dx = 0 <∞.

Suppose further that Q is subcritical, that V ≤ 0, and that Assumption 2.14 holds,
all in R

n. Then by Corollary 5.10, QV/cp has an optimal Hardy-weight in R
n.

Moreover, it follows immediately from [21, Theorem 4.6] that Q0 is subcriti-
cal in R

n. Therefore, there exists a nonnegative function V0 ∈ L∞
c (Rn) \ {0} such

that Q−V0 is nonnegative in R
n (cf. [28, Definition 6.3]). Furthermore, V = −V0/2

realizes our requirements on the potential term in this example.

Appendix A. Eigenvalues of Q′

Throughout the appendix, we need neither Assumption 2.9 nor V ∈ M̂ q
loc(p; Ω).

In other words, we only assume that (H(x, ·))x∈Ω is a family of norms on R
n satisfying

Assumptions 2.1 and that V ∈M q
loc(p; Ω).

We first review some definitions of eigenvalues and eigenfunctions of Q′ and two
relevant fundamental results, where the second result is used in Sections 4 and 5.
After some further preliminaries, we prove that the principal eigenvalue of Q′ is
isolated and that all the eigenvalues of Q′ form a closed set.

Definition A.1. The generalized principal eigenvalue of Q′ in Ω is defined by

λ1 = λ1(Q; Ω) , inf
φ∈C∞

c (Ω)\{0}

Q[φ; Ω]

‖φ‖pLp(Ω)

.

Remark A.2. [28, Remark 4.15] For every domain ω ⋐ Ω,

λ1 = inf
u∈W 1,p

0 (ω)\{0}

Q[u;ω]

‖u‖pLp(ω)

.

Definition A.3. A real number λ is called an eigenvalue with an eigenfunction
v of Q′ in Ω if v ∈ W 1,p

0 (Ω) \ {0} is a solution of Q′
V−λ[u] = 0 in Ω. Such a pair (λ, v)
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is called an eigenpair of Q′ in Ω. An eigenpair (λ, v) is called normalized in Ω
if ‖v‖Lp(Ω) = 1.

Definition A.4. A principal eigenvalue of Q′ in Ω is an eigenvalue with a non-
negative eigenfunction, which is called a principal eigenfunction.

Theorem A.5. [28, Theorem 4.19 and Corollary 5.4] In a domain ω ⋐ Ω,
λ1(Q;ω) is the unique principal eigenvalue of Q′.

Theorem A.6. [28, Theorem 4.22 (3) ⇒ (5)] Let ω ⋐ Ω be a Lipschitz domain.
If λ1(Q;ω) > 0, then for each nonnegative g ∈ Lp′(ω), there exists a nonnegative
solution v ∈ W 1,p

0 (ω) of Q′[u] = g in ω which is either zero (implying g = 0) or
positive.

Next we are going to prove the isolation of λ1. In the proof, we will use Corol-
lary A.8 which is derived from the following result.

Lemma A.7. [11, Theorem 2.1] If v ∈ W 1,p
loc (Ω) is a subsolution of Q′[u] = 0

in Ω, then v+ is a subsolution in Ω.

Corollary A.8. If v ∈ W 1,p
loc (Ω) is a supersolution of Q′[u] = 0 in Ω, then v− is

a subsolution in Ω.

Proof. Note that (−v)+ = v− and then we use Lemma A.7. �

Combining the methods of [47, Theorem 3.9], [43, Theorem 5.5], and [48, Lem-
ma 6.4], we establish the isolation of the principal eigenvalue λ1, bridging a gap in
[28, Theorem 4.19]. We extract part of the proof as the following separate lemma
because it will also be used in Theorem A.12. See also the proof of [47, Theorem 3.9].

Lemma A.9. Let ω ⋐ Ω be a domain. Let {(λ̃k, vk)}k∈N be a sequence of

normalized eigenpairs of the operator Q′ in ω such that limk→∞ λ̃k = λ ∈ R.
Then {vk}k∈N is bounded in W 1,p

0 (ω) and up to a subsequence, it converges to some
function v ∈ W 1,p

0 (ω) a.e. in ω, strongly in Lp(ω), and weakly in W 1,p
0 (ω).

Proof. By the Morrey–Adams theorem [47, Theorem 2.4 (i)], we obtain

ˆ
ω

|∇vk|pA dx ≤ |λ̃k|+
ˆ
ω

|V ||vk|p dx ≤ Cδ + δ

ˆ
ω

|∇vk|p dx

for all 0 < δ < 1 and k ∈ N. Furthermore, via some sufficiently small δ > 0, we con-
clude that {vk}k∈N is bounded in W 1,p

0 (ω). By a simplified version [43, Lemma 5.1] of
the Rellich–Kondrachov theorem, up to a subsequence, for some v ∈ W 1,p

0 (ω), {vk}k∈N
converges to v strongly in Lp(ω) and weakly in W 1,p

0 (ω). Furthermore, up to a sub-
sequence, {vk}k∈N converges to v a.e. in ω. �

Now we can show that λ1 is isolated.

Theorem A.10. Let ω ⋐ Ω be a domain. Then the principal eigenvalue λ1(Q;ω)
is isolated.

Proof. Suppose that λ1 is not isolated. Let {(λ̃k, vk)}k∈N be a sequence of nor-

malized eigenpairs of Q′ such that limk→∞ λ̃k = λ1 and λ̃k 6= λ1 for all k ∈ N.
Then by Lemma A.9, {vk}k∈N is bounded in W 1,p

0 (ω) and up to a subsequence, for
some v ∈ W 1,p

0 (ω), {vk}k∈N converges to v a.e. in ω, strongly in Lp(ω), and weakly

in W 1,p
0 (ω). We still denote the corresponding subsequences by {vk}k∈N and {λ̃k}k∈N.
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Then by [28, Theorem 4.6], we obtain

Q[v;ω] ≤ lim inf
k→∞

Q[vk;ω] = λ1‖v‖pLp(ω).

By Remark A.2, we have
Q[v;ω] ≥ λ1‖v‖pLp(ω).

Then
Q[v;ω] = λ1‖v‖pLp(ω).

By a standard variational argument, (λ1, v) is a normalized eigenpair. By the proof of
[28, Theorem 4.19], v has a fixed sign. We may assume that v is positive. Otherwise,
consider {−vk}k∈N. We follow the methods in [47, Theorem 3.9] and [48, Lemma 6.4].
According to Corollary A.8, v−k is a subsolution of Q′

V−λ̃k
[v] = 0. Then invoking the

Morrey–Adams theorem [47, Theorem 2.4 (i)], we may write, for all k ∈ N, all δ > 0,
and some positive constant C = C(n, p, q),ˆ

ω

|∇v−k |pA dx ≤
ˆ
ω

|V − λ̃k||v−k |p dx

≤ δ‖∇v−k ‖pLp(ω;Rn) + Cδ−n/(pq−n)‖V − λ̃k‖pq/(pq−n)
Mq(p;ω) ‖v−k ‖pLp(ω).

For all 0 < δ < αω and k ∈ N, by virtue of the local uniform ellipticity in Theorem 2.6,
we get

(αω − δ)‖∇v−k ‖pLp(ω;Rn) ≤ Cδ−n/(pq−n)‖V − λ̃k‖pq/(pq−n)
Mq(p;ω) ‖v−k ‖pLp(ω).

By Hölder’s inequality, for all 0 < δ < αω and k ∈ N,

(αω − δ)‖∇v−k ‖pLp(ω;Rn)

≤ Cδ−n/(pq−n)‖V − λ̃k‖pq/(pq−n)
Mq(p;ω) Vol(v−1

k ((−∞, 0)))1−p/p̄‖v−k ‖pLp̄(ω),

where p̄ ,

{
2p if p ≥ n,
np
n−p

if p < n.
By [35, Corollary 3.7], for all 0 < δ < αω and k ∈ N,

(αω − δ)‖∇v−k ‖pLp(ω;Rn)

≤ Cδ−n/(pq−n)‖V − λ̃k‖pq/(pq−n)
Mq(p;ω) Vol(v−1

k ((−∞, 0)))1−p/p̄‖∇v−k ‖pLp(ω),

where the constant C is independent of k ∈ N. By Theorem A.5, for all k ∈ N, v−k 6= 0
and hence ‖∇v−k ‖pLp(ω) 6= 0. Then for all 0 < δ < αω and k ∈ N,

(αω − δ) ≤ Cδ−n/(pq−n)‖V − λ̃k‖pq/(pq−n)
Mq(p;ω) Vol(v−1

k ((−∞, 0)))1−p/p̄.

With the help of the positive principal eigenfunction and Poincaré’s inequality, we
must have ‖V−λ1‖Mq(p;ω) > 0, which implies that for all sufficiently large k ∈ N, ‖V−
λ̃k‖Mq(p;ω) > 0. Now a positive lower bound of Vol(v−1

k ((−∞, 0))) for all sufficiently
large k ∈ N has been clear, which prohibits limk→∞Vol(v−1

k ((−∞, 0))) = 0.
The rest is similar to the counterpart in [47, Theorem 3.9]. Take an arbi-

trary ε > 0 and a compact subset K of ω such that Vol(ω \ K) < ε. Since v is
continuous and positive in ω, v has a positive lower bound on K. Because {vk}k∈N
converges to v a.e. in ω, by [25, Theorem 11.32], there exists a measurable set K ′ ⊆ K
such that Vol(K ′) < ε and {vk}k∈N converges uniformly to v on K \ K ′. Now
that v has a positive lower bound on K, we may conclude that for all sufficiently
large k ∈ N, the functions vk are nonnegative on K \ K ′. Hence for all suffi-
ciently large k ∈ N, v−1

k ((−∞, 0)) ⊆ K ′ ∪ (ω \ K). Furthermore, for all sufficiently
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large k ∈ N, Vol(v−1
k ((−∞, 0))) < 2ε. Then limk→∞Vol(v−1

k ((−∞, 0))) = 0. Contra-
diction! �

The following theorem will be used in Theorem A.12. Recall that 1 < p <∞.

Theorem A.11. [25, Theorem 13.44] Let (X,A , µ) be a measure space, where
A is a σ-algebra of subsets of the set X and µ is a measure on A . Suppose that

{fk}k∈N is a bounded sequence in Lp(X,A , µ) and that fk
k→∞−−−→ f µ-a.e.. Then

fk
k→∞−−−→ f weakly in Lp(X,A , µ).

Inspired by the methods of [43, Theorem 5.1] and [47, Theorem 3.9], we prove:

Theorem A.12. All the real eigenvalues of Q′ in a domain ω ⋐ Ω form a closed
subset of R.

Proof. Let {(λ̃k, vk)}k∈N be a sequence of normalized eigenpairs of Q′ such that

lim
k→∞

λ̃k = λ ∈ R.

By Lemma A.9, {vk}k∈N is bounded inW 1,p
0 (ω) and up to a subsequence, {vk}k∈N con-

verges to a function v ∈ W 1,p
0 (ω) a.e. in ω, strongly in Lp(ω), and weakly in W 1,p

0 (ω).

We continue writing the corresponding subsequences as {vk}k∈N and {λ̃k}k∈N. Note
that by [26, Remark 6.18],ˆ

ω

(
A(x,∇vk)−A(x,∇v)

)
· ∇(vk − v) dx+

ˆ
ω

V |vk|p−2vk(vk − v) dx

= λ̃k

ˆ
ω

|vk|p−2vk(vk − v) dx−
ˆ
ω

A(x,∇v) · ∇(vk − v) dx.

Because {vk}k∈N converges to v weakly in W 1,p
0 (ω) and strongly in Lp(ω), the right

hand side converges to zero. By the Hölder inequality, we get
ˆ
ω

|V ||vk|p−1|vk − v| dx ≤
(ˆ

ω

|V ||vk|p dx
)1−1/p(ˆ

ω

|V ||vk − v|p dx
)1/p

.

Since {vk}k∈N is bounded in W 1,p
0 (ω), by the Morrey–Adams theorem [47, Theo-

rem 2.4 (i)],
(´

ω
|V ||vk|p dx

)1−1/p
is bounded with respect to k ∈ N. For each δ > 0

and all sufficiently large k ∈ N, by the Morrey–Adams theorem [47, Theorem 2.4 (i)],
we obtainˆ

ω

|V ||vk − v|p dx ≤ δ

ˆ
ω

|∇(vk − v)|p dx+ Cδ−n/(pq−n)

ˆ
ω

|vk − v|p dx

≤ δ

ˆ
ω

|∇(vk − v)|p dx+ Cδ.

Because {vk}k∈N is bounded inW 1,p
0 (ω), we deduce that limk→∞

´
ω
|V ||vk−v|p dx = 0.

Hence,

lim
k→∞

ˆ
ω

(A(x,∇vk)−A(x,∇v)) · ∇(vk − v) dx = lim
k→∞

ˆ
ω

V |vk|p−2vk(vk − v) dx = 0.

Using [24, Lemma 3.73], we deduce that {A(x,∇vk)}k∈N converges weakly toA(x,∇v)
in Lp′(ω;Rn). Then for all φ ∈ C∞

c (ω),

lim
k→∞

ˆ
ω

A(x,∇vk) · ∇φ dx =

ˆ
ω

A(x,∇v) · ∇φ dx.(A.1)
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It can be easily seen that {|vk|p−2vk}k∈N is bounded in Lp′(ω) because {vk}k∈N is
bounded in Lp(ω). Since {vk}k∈N converges to v a.e. in ω, {|vk|p−2vk}k∈N converges
to |v|p−2v a.e. in ω. By Theorem A.11, {|vk|p−2vk}k∈N converges weakly to |v|p−2v

in Lp′(ω). Then due to limk→∞ λ̃k = λ ∈ R, for all φ ∈ C∞
c (ω),

lim
k→∞

λ̃k

ˆ
ω

|vk|p−2vkφ dx = λ

ˆ
ω

|v|p−2vφ dx.(A.2)

By the Morrey–Adams theorem [47, Theorem 2.4 (i)], it is a simple matter to check
that {

´
ω
V ±|vk|p dx}k∈N are bounded because {vk}k∈N is bounded in W 1,p

0 (ω). Sim-
ilarly, since {|vk|p−2vk}k∈N converges to |v|p−2v a.e. in ω, by Theorem A.11, for
all φ ∈ C∞

c (ω),

lim
k→∞

ˆ
ω

V ±|vk|p−2vkφ dx =

ˆ
ω

V ±|v|p−2vφ dx.

Then for all φ ∈ C∞
c (ω),

lim
k→∞

ˆ
ω

V |vk|p−2vkφ dx =

ˆ
ω

V |v|p−2vφ dx.(A.3)

Recall that for all k ∈ N and φ ∈ C∞
c (ω),ˆ

ω

A(x,∇vk) · ∇φ dx+
ˆ
ω

V |vk|p−2vkφ dx = λ̃k

ˆ
ω

|vk|p−2vkφ dx.(A.4)

Combining (A.1), (A.2), (A.3), and (A.4), we deduce that for all φ ∈ C∞
c (ω),ˆ

ω

A(x,∇v) · ∇φ dx+
ˆ
ω

V |v|p−2vφ dx = λ

ˆ
ω

|v|p−2vφ dx.

Since ‖vk‖Lp(ω) = 1 for all k ∈ N and {vk}k∈N converges to v in Lp(ω), we conclude
that ‖v‖Lp(ω) = 1. Then v 6≡ 0 in ω. Therefore, λ is an eigenvalue of Q′ in ω and the
desired conclusion follows. �

Note. After the acceptance of this manuscript, the author learned that the fact
in Examples 4.8 (iii) that G is Finsler p-harmonic in R

n \ {0} had been proved in [8,
Lemma 4.2] for p < n and n > 2. See also [57, Remark 4.1].
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[24] Heinonen, J., T. Kilpeläinen, and O. Martio: Nonlinear potential theory of degenerate
elliptic equations. - Dover Publications, Inc., Mineola, NY, 2006.

[25] Hewitt, E., and K. Stromberg: Real and abstract analysis: A modern treatment of the
theory of functions of a real variable. - Springer-Verlag, New York, 1965.

[26] Hou, Y.: On positive solutions of the A-Laplacian with a potential. - MSc Thesis, Technion -
Israel Institute of Technology, 2021.



Optimal Hardy-weights for the Finsler p-Dirichlet integral with a potential 595

[27] Hou, Y.: Finsler p-Laplace equation with a potential: Maz’ya-type characterization and at-
tainments of the Hardy constant. - J. Elliptic Parabol. Equ., 2026, 54 pp.

[28] Hou, Y., Y. Pinchover, and A. Rasila: Positive solutions of the A-Laplace equation with
a potential. - Potential Anal. 60, 2024, 721–758, and arXiv:2112.01755v3.
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[30] Jaroš, J.: A-harmonic Picone’s identity with applications. - Ann. Mat. Pura Appl. 194, 2015,
719–729.

[31] Keller, M., and M. Lemm: Optimal Hardy weights on the Euclidean lattice. - Trans. Amer.
Math. Soc. 376, 2023, 6033–6062.

[32] Keller, M., and M. Nietschmann: Optimal Hardy inequality for fractional Laplacians on
the integers. - Ann. Henri Poincaré 24, 2023, 2729–2741.
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