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Optimal Hardy-weights for the Finsler
p-Dirichlet integral with a potential

Yongjun Hou

Abstract. Fix an integer n > 2, an exponent 1 < p < oo, and a domain  C R™. Let
Q£ Q\ {#}, where # € Q. Under some further conditions, we construct optimal Hardy-weights
for the Finsler p-Dirichlet integral

Qo[¢: 2] = | H(x,V$)Pda on CF(Q),
Q*
and the Finsler p-Dirichlet integral with a potential

Qulp: 0] 2 / (H(x, Vo) + VIgPP) dz on CF(Q),

where H(x,-) is a family of norms on R™ parameterized by x € Q* or x € ), respectively, and the
potential V' lies in a subspace M (p; Q) of a local Morrey space M (p; ).

Jannitteellisen Finslerin—Dirichlet’n p-integraalin darimmaéiiset Hardyn painot

Tiivistelm&. Kiinnitetdin kokonaisluku n > 2, eksponentti 1 < p < oo ja alue 2 C R”. Olkoon
Q* 2 Q\ {2}, missi & € Q. Eriiiden lisiehtojen ollessa voimassa etsitiifin tissd tyGssi dirimmiiset
Hardyn painot Finslerin-Dirichlet’n p-integraalille

Qolo; Q] & H(z,V¢)Pdx joukossa CZ°(Q2),
o
ja sen jannitteelliselle vastineelle

Qulp: 0] / (H(z,Vé)’ + VIgl?) dz joukossa CZ(Q),

missd kukin H(zx,-), muuttujan « € Q* tai « € Q eri arvoilla, on avaruuden R™ normi, ja jinnite V'

kuuluu paikallisen Morreyn avaruuden M (p; Q) erdéseen aliavaruuteen ]\//\[1%0(1’§ Q).

1. Introduction

We start with the classical one-dimensional and multi-dimensional Hardy inequal-
ities.

Theorem 1.1. [3, Corollary 1.2.2] Let 1 < p < oo and let f be a locally abso-
lutely continuous function on (0, o) such that f’ € LP((0,00)) and that lim, o+ f(z) =

0. Then 1poo‘f<)‘
p—1 @ e [P dae
<p)/ |x|pd§/o'f”'d'

The constant ((p—1)/p)P is sharp and the equality can only be attained by the zero
function.
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Theorem 1.2. [3, Corollary 1.2.6 and p. 12]
e For all functions
5e {Cg@(Rn \{0}) ifn<p< oo,
C>®(R™) if1<p<n,
it holds that
p—n
p

where the constant |(p — n)/p|’ is sharp.
e For p = n, there is no positive constant C' such that for all $ € C°(R"),
C o) dz < |Vo(z)|" dx.
R?’L

ge | T|"

' [T [ et dn

[P

Throughout this paper, unless otherwise stated, we fix an integer n > 2, an
exponent 1 < p < oo, and a domain (i.e., a nonempty, connected, open set) Q2 C R"
and denote 2\ {2} by Q* where & € Q.

Hardy-type inequalities are a profound tool with important applications in math-
ematical analysis. For example, the monograph [37] by Kutev and Rangelov covers
some applications to singular and degenerate heat and p-heat equations in its conclud-
ing chapter. Hardy-type inequalities are studied across multiple contexts and from
diverse perspectives. For some specific works, see, e.g., [3, 14, 15, 22, 34, 36, 39, 53]
and references therein.

Definition 1.3. The energy functional Q@ on C°(£2) is defined by

Ql6] 2 Qlo: 2 2 Quld] 2 Qs ) 2 / (H(z, Vo) + V|of) da

Q
- /Q (A(z, Vo) - Vo + VIgP) da,

where H (z, ), parameterized by x € €2, is a family of norms on R" satisfying Assump-
tions 2.1, the operator A(z, &) £ V¢ (H(z,£)P/p) for almost all z € Q and all £ € R,
and the potential V belongs to a local Morrey space M (p; Q) (see Definition 2.7).

loc
Definition 1.4. For each nonempty open set D C €2, the functional () is called
nonnegative in D if for all ¢ € C°(D), Q[¢; D] > 0. When V' = 0, Q) is called the
Finsler p-Dirichlet integral.

Note that by [27, Remark 2.16] (see also [28, Lemma 4.18]), if ) is nonnegative
in 2, then Q[¢] > 0 for all ¢ € WP(Q) N C.().

In the study of Hardy-type inequalities, Hardy-weights are an important concept.
For example, in Theorem 1.2, forn < p < co and 1 < p < n, 1/|x|P is called a Hardy-
weight of the p-Dirichlet integral [ |V¢[P dz in R™\ {0} and R™, respectively. In our
setting, see the definition below.

Definition 1.5. A function g € L () is called a Hardy-weight of @ in  if
there exists a constant C' > 0 such that for all ¢ € C°(Q2), the following Hardy-type
inequality holds:

Qg = C /Q glloP da.

Lemma 1.6. [27, Lemma 2.17] All Hardy-weights of ) in ) form a linear space,
which is denoted by H(S2).
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The Hardy constant is defined as follows.

Definition 1.7. Suppose that ) is nonnegative in 2. For every g € H(f2), the
(best) Hardy constant Sy is defined as

. Q4]
mf{fﬂ glloPde

For a Maz’ya-type characterization of Hardy-weights, see [13, 27], where the
authors also established some attainments of the Hardy constant in a generalized

¢ € WP (Q)NC.(Q) and/ lg]|p|P dz > o}.
Q

Beppo Levi space or a subspace WO1 P(Q) of a Q-Sobolev space, respectively.

With regard to his celebrated estimates of solutions of second-order elliptic equa-
tions, Agmon [1] mentioned a research topic of looking for Hardy-weights that are as
large as possible for an elliptic operator in some neighborhood of infinity in R”. In
recent years, relevant substantial achievements, called optimal Hardy-weights, have
been made for diverse operator classes. The pioneering work by Devyver, Fraas
and Pinchover [16] dealt with second-order linear elliptic operators. In the absence
of a potential, optimal Hardy-weights were designed for the p-Laplacian and its
weighted generalization, the (p, A)-Laplacian, by Devyver and Pinchover [17] (see
Theorem 1.12 below) and Versano [56], respectively. In [56], under certain condi-
tions, Versano also constucted optimal Hardy-weights for the (p, A)-Laplacian with
a potential. Discrete contexts have also witnessed some relevant advances. Keller,
Pinchover and Pogorzelski [33] and Fischer [20] obtained optimal Hardy-weights for
Schrodinger operators and for a quasilinear counterpart on graphs, respectively. We
also mention the relevant works [12, 32| concering fractional Laplacians on the dis-
crete half-line and on the integers, respectively, and [31] concerning the Euclidean
lattice. For more discoveries on optimal Hardy-weights, see, e.g., by Miura [46], by
Pinchover and Versano [50] and by Takeda [55].

It can be easily checked (cf. [28, Definition 6.3]) that the following definition of
criticality /subcriticality /supercriticality is equivalent to [28, Definition 6.3].

Definition 1.8.
o If H(Q2) = {0}, the functional @ is called critical in €;

o if H(Q2) # 0 and H(Q) # {0}, the functional @ is called subcritical in Q;
o if H(Q2) =0, the functional @ is called supercritical in €.

Definition 1.9. Suppose that () is nonnegative in €2. A nonnegative sequence
{Prtren € WHP(Q) N C.(Q) is called a null-sequence with respect to @ in € if
e there exists a fixed open set U & Q) such that ||| z») = 1 for all k € N;
e lim Q[¢ox] = 0.
k—o0
It turns out that under certain assumptions, a nonnegative functional () is critical
in  if and only if ) admits a null-sequence (see Theorem 2.21 (i)).

Definition 1.10. Suppose that @) is nonnegative in Q2. A ground state of Q) is a
positive function ¢ € W,57(Q) which is an L?_(2) limit of a null-sequence.

In [17], optimal Hardy-weights for the p-Dirichlet integral are defined as follows.

Definition 1.11. A nonnegative function W € L2 (Q*) \ {0} is an optimal

loc
Hardy-weight of the p-Dirichlet integral fQ VolP dx if

VolPde — [, W]¢[P dux is critical in Q*;

e the functional [,.
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e the functional [,,. |[V¢[P dz— [,. W|¢[P dz is null-critical at Z and at infinity in

the following sense: For any precompact open set O containing # with O C €,
the ground state v of [,,. |[Vo[P da — [,. W|¢[? da in Q* satisfies:

/ |IVulPdz = o0 and / |VoulP dz = oo;

e 1 is also the best constant A for the inequality

[ welrae=x [ wigpas
Q* Q*

restricted to C'*° functions ¢ that are compactly supported either in a fixed
punctured neighborhood of Z or in a fixed neighborhood (not containing )
of infinity in 2.

Suppose that for a nonnegative function W e L2 (%) \ {0}, [,. |Vo[Pdz —
Jor Wlo|Pdz is critical in Q* with a ground state v. By [36, Corollary 3.4], if
fm WP dz = oo, then 1 is also the best constant A for the inequality

[ welrae=x [ wigpas
Q* Q*

restricted to C* functions ¢ that are compactly supported in any fixed neighborhood
of infinity in 2*. See also Lemma 3.13.

The following theorem is the constructed optimal Hardy-weights for the p-Dirichlet
integral [i,. [V¢[Pdz in [17]. We define fo(t) £ t®~1/P for all ¢ € (0, 00).

Theorem 1.12. [17, Theorem 1.5] Suppose that there is a positive p-harmonic
function G in 2 satisfying, for some nonnegative real number o,

lim, ,; G(x) =00 and lim, ,5G(x) =0 ifl1<p<n,
oo ifo =0,

lim, ,; G(x) =0 and lim, .xG(x)= 0 Fo >0 if p>n.

Let Wy = (%)p ’%}p and
v= fo(G) and W = W, ifl<p<n,orp>nando=0,
v= fo(G(o —G)) and W £
(i)p Wolo —2G|P72(2(p — 2)G(0 — G) + 02) otherwise.
Then W is an optimal Hardy-weight of the p-Dirichlet integral fQ |Vo|Pdx in the
sense of Definition 1.11.

Definition 1.13. Let f: X — R be a Gateaux differentiable convex function on
a Banach space (X, | - ||), and denote by T, its Gateaux derivative at x € X. Then
the function

Dy X x X — R,
(v, z) — f(y) — f(z) — Tuly — 2),
is called the Bregman distance of f.

In the constructions of [17] and [56], the upper bounds for the corresponding
Bregman distances in the following estimates are pivotal, while the lower bounds are
related to criticality theory (see [47]).
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Lemma 1.14. [48, (3.11)] Let A € R™*" be a symmetric positive definite matrix.
Then for all £, € R",

Dy (& +n,€) = |&+nlfy — €% — plElP2AE - n < [nA(Inla + [€]4)" 2,
where |€|4 2 /AE - € and both equivalence constants depend only on p.

In the present paper, building on the works [17] and [56], under certain hypothe-
ses, we produce optimal Hardy-weights (see Definition 3.1) for the Finsler p-Dirichlet
integral

Qolo; ] = H(z,V¢)Pdx defined on C°(Q"),
Q*
and the Finsler p-Dirichlet integral with a potential

Qulo: ) 2 / (H(x, V6’ + V|o") dz defined on C(),

where the norm family H (z, -) satisfies some assumptions and the potential V' belongs
to a certain local Morrey space. The local Euler-Lagrange equation of Qv [-; Q] in Q
is the quasilinear elliptic partial differential equation

Q'[u] & —divA(z, Vu) + V|ulf2u =0 in Q.

For V' = 0, the equation @'[u] = 0 reduces to the Finsler p-Laplace equation (see, e.g.,
[10]), which, in Q*, is associated with the former functional Qq[-; 2*]. See Sections 2.1
and 2.2 for more details. For more insights into the Finsler p-Laplace equation, see,
e.g., [5, 29, 30].

As in [17] and [56], the Bregman distances of H(x,-)? are also involved in our
setting. In both cases, as a key ingredient, we assume an upper bound (see Assump-
tion 2.14) for the Bregman distances of H(z,-)P, uniform with respect to almost
all z € Q" or almost all x € Q. We also present a class of norms (see Example 2.15)
realizing this assumption and the others. For more on Bregman distances, we refer
the readers to, e.g., [2, 42, 49, 53, 54].

In the case of zero potential, we use positive Finsler p-harmonic functions (see
Definition 4.1) satisfying some boundary conditions, while for nonzero potentials, we
exploit Green potentials (see Definition 5.1) with some extra properties. Moreover, we
provide some specific examples of Finsler p-harmonic functions and Green potentials,
with the corresponding properties. In some examples, the principal eigenvalue of ()’
is involved. Thus we also study eigenvalues of )" in domains compactly contained
in Q. Under only Assumptions 2.1 and for V € M (p;2), we demonstrate that the
principal eigenvalue of Q' is isolated and that all the real eigenvalues of @' form a
closed subset of R.

For clarity, we present a special case of the derived optimal Hardy-weights without
a potential, which can be deduced directly from Theorem 4.7 and Examples 4.8 (iii).

Example 1.15. Suppose that p # n. Let 2 = R"™ and let H be a fixed norm
on R” satisfying certain assumptions. For all z € R", let

x-&

Hoy(z) & sup
eern\fo} H ()
be the dual norm of H and let G(z) £ Hy(z)®~/®=1 for x # 0. Then in R™ \
{0}, w £ (ijl)pH(%)p is an optimal Hardy-weight (in the sense of Definition 3.1)
Hép—n)/p

of Qo and (up to a positive multiplicative constant) is the unique ground

state of Q_yw .
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The paper is organized as follows. In Section 2, we introduce the norm fam-
ily H, the operator A, and the local Morrey space Ml‘éc( ; Q2) together with its sub-

space MI%C( ;2). We also discuss the equation Q'[u] = 0 and review some results
and a notion of criticality theory. In Section 3, we define and investigate optimal
Hardy-weights. In Sections 4 and 5, we construct optimal Hardy-weights for the
functional () with zero and nonzero potentials, respectively. In the appendix, we

establish the two results on eigenvalues of @'.

Basic symbols

N the set of positive integers

[on the positive constant (p/(p —1))P~1

Vol(T") the Lebesgue measure of a measurable subset I" of R”

H ! the (n — 1)-dimensional Hausdorff measure on R™

sgn(-) the sign function on R

€] the Euclidean norm of a vector £ € R"

1€]s the s-norm of a vector & = (£,&,...,&) € R" (1 < s < o),

n s\1/s
., [€ls £ (20 61"
s the conjugate exponent s/(s — 1) of s € (1,00)
00 unless otherwise stated, the ideal point in the one-point compactifi-
cation of (2

K K the interior and closure of K C R", respectively

diam(K) the diameter of K C R™

EeF E is a compact subset of F' with E, F C R"

B,.(z) the open ball centered at € R with radius » > 0

Sy (z) the sphere centered at x € R™ with radius r > 0

F.(U) the space {f € F(U) | supp f € U}, where U C R" is a nonempty
open set and F(U) is an arbitrary linear space of functions on U

fr the positive part of a function f, namely max{f,0}

f the negative part of a function f, namely —min{f,0}

C a positive constant which may vary from line to line

f=g cg < f < Cg for some positive constants ¢ and C' (called equivalence

constants), where f and g are nonnegative functions and in this case,
are called equivalent

2. Finsler p-Laplace equation with a potential

In this section, after specifying the norm family H and the potential V', we
explicitly present the Finsler p-Laplace equation with a potential Q'[u] = 0. We also
review some criticality theory, laying a foundation for Sections 3, 4, and 5.

2.1. The norm family H, the operator A, and the potential V. In
this subsection, we first define the norm family (H(z,-)).cq on R™ and subsequently
derive from H an associated variational Lagrangian F' and the _operator A . Next,
we review the local Morrey space My (p;§2) and its subspace Mff)c( ). Further-
more, we impose an additional assumption on H, which, combined Wlth the con-
dition V' € MI%C( ;§2), ensures the continuous differentiability of solutions to some
relevant equations.

Our discussion starts with the following norm family H. See also [27, Assump-
tions 2.3].
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Assumptions 2.1. Let H : {2 x R" be a mapping such that for almost all x €
Q, H(zx,-) is a norm on R", with the following properties:

e (Measurability) For all £ € R", the mapping = — H(x,§) is measurable in 2;
e (Local uniform equivalence) for every domain w & 2, there exist two con-
stants 0 < k,, < 1, < oo such that for almost all x € w and all £ € R,

kol€] < H(x, ) < vul€l;

e (Uniform convexity) for almost all x € ), the Banach space R? = (R", H(z, -))
is uniformly convex;

e (Differentiability with respect to &) for almost all x € ), the mapping £ +—
H(z,€) is differentiable in R™ \ {0}.

The norm family H induces the Lagrangian F.

Theorem 2.2. [27, Theorem 2.4] Let (H(z,"))zeq be a family of norms on R"
fulfilling Assumptions 2.1 and for almost all x € ) and all £ € R", let

Flz,6) & %H@g)p.

Then

e (Measurability) for all £ € R™, the mapping x +— F(z,§) is measurable in €;

e (Local uniform ellipticity and boundedness) for every domain w € 2, there
exist two constants 0 < k], < v/, < oo such that for almost all x € w and all
£ eR”,

RLIEP < F(x,€) < wilEl;

e (Strict convexity and C! with respect to &) for almost all z € ), the mapping
£ — F(x,€) is strictly convex and continuously differentiable in R";

e (Homogeneity) for almost all x € Q, all A € R, and all £ € R™, F(z,\{) =
[APE (2, €).

Note that in [28], the Lagrangian F' was adopted as the basis of that work (see
[28, Assumption 2.1]). However, the two ways are equivalent (see [27, Remark 2.5]).
Next we define and discuss the operator A.

Definition 2.3. Let (H(x,-)).cq be a family of norms on R™ fulfilling Assump-
tions 2.1. For almost all x € 2 and all £ € R”, let

A(z,€) & VeF(2,6).

Notation 2.4. Let (H(z,-))zcq be a family of norms on R™ fulfilling Assump-
tions 2.1. For almost all x € Q and all £ € R™, we also denote H(x, &) by |£] 4 in some
places. When the norm family (H(z,-)).cq is independent of x, with a slight abuse
of notation, we simply write H(z, ) and A(z,€) as H(§) and A(), respectively.

The following relationship between F' and A is due to the homogeneity of F'.

Lemma 2.5. [24, p. 100] Let (H(z,))zeq be a family of norms on R™ fulfilling
Assumptions 2.1. For almost all x € §) and all £ € R", A(x,§) - & = pF(x,§) =
Hir.c).

The following theorem consists of some fundamental properties of the operator A.

Theorem 2.6. [24, Lemma 5.9] Let (H(z,-))zeq be a family of norms satisfying
Assumptions 2.1. For every domain w € 2, let a, = k., B, = 2Pv/,. Then the
vector-valued function A : ) x R" — R" satisfies the following properties:
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e (Continuity and measurability) For almost all x € €2, the function £ — A(z,§)
is continuous in R™, and for all £ € R™, the function x — A(x,§) is Lebesgue
measurable on §2;

e (Local uniform ellipticity and boundedness) for all domains w € €, almost
all v € w, and all £ € R™,

aulé]” < A(w,§) & and  |A(w, ) < B [E]7
e (Strict monotonicity) for almost all x € Q and all {,n € R (£ #n),
(A(z, ) — A(z,m) (£ —n) > 0;
o (Homogeneity) for all A € R\ {0}, A(z, \§) = A |AP2 A(z, ).
Now we are in a position to present the local Morrey space My (p;€) and its
subspace Ml‘éc( ;). See also [27, Definitions 2.9 and 2.14].

Definition 2.7. Suppose that w € () is a domain and that f is a real-valued
measurable function on w.

e For p <n and g > n/p, we define
1
e 2 s [ iflda
(p ) Tn/q mer(y)

Yyew
0<r<diam(w)

and
M (p;w) £ {f € Lipe(w) | [1fllrsagp) < 00}

e for p=n and ¢ > n , we define

£l 2 sup wam/‘ 1/l da,
wNBr(y)

Cw
O<7"<d1am(w)

where ¢, (r) £ (log (diam(w)/r))q/nl, and
M (n;w) £ {f € Lioe() | [flarsy < 00}
e for p > n and ¢ = 1, we define M?(p;w) = L' (w).
Finally, we define the local Morrey space by
Mi ()& () Mi(pw).

L we
w is a domain

Definition 2.8. We denote by Ml‘éc( ;) the space of all the functions f in

M (p; Q) satisfying the following cond1t1ons When p < n, ¢ > n; when p > n, for
some 9 € (p—1,p) and all domains w € €,
),
sup — |f|dx < 0.
vew TP Jp o
0<r<diam(w)

Assumption 2.9. For all z € Q, A(z,-) € C*(R™\ {0}). For every domain w €
(2, there exist positive constants ¥, < 1, Ay, Aa,, and As,, such that forall z,y € w,
all £ € R™\ {0}, and all n € R",

DeA(z,€)n -1 > MolélP2nl?,  [DeA(x, &) < Agulé]P2,
and

A, ) — Aly, )] < Al — o™
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See Example 2.15 for a norm family realizing Assumptions 2.1 and 2.9.

Throughout this paper, unless otherwise stated (especially in the appendix), we
assume that (H(x,-))zeq is a family of norms on R"™ satisfying Assumptions 2.1
and 2.9, and that V € Mff)c(p; ).

Assumption 2.9 implies the following lower bound (cf. [28, Assumption 2.8]) for
the Bregman distance of | - |*y. The proof is based on Taylor’s formula with integral
remainder. See also [42, p. 163] for a similar calculation.

Lemma 2.10. For every domain w € {2, there exists a positive constant C,,
(independent of x € w, or £,n € R™) such that for all z € w and &, n € R™,

Culn|P if p > 2,

‘g +77|.A o |€|.A —p.A(a:,&) = {Cw|71|2(|§| + |77|)p72 ifp < 2.

2.2. The equation Q’[u] = 0 and a one-sided simplified energy. In
this subsection, we define the equation @'[u] = 0 and introduce another assumption
on H which leads to a one-sided simplified energy. The one-sided simplified energy
is instrumental in deriving optimal Hardy-weights.

We first consider the nonhomogeneous Finsler p-Laplace equation with a potential.

Definition 2.11. Let g € M. (p;Q). A function v € W 'P(Q) is a (weak)
solution of the equation

Q') 2 Qylu] £ —div Az, V) + V]~ = g,
in Q if for all ¢ € C(Q),

. p—2 —
/QA(x,Vv) V¢dx+/QV|v| vo dx /Qggbdx.

A function v € WXP(Q) is a (weak) supersolution of the above equation in € if for

all nonnegative ¢ € C2°(12),
/ Az, Vv) - Vodz +/ Vv v dz > / godx.
Q Q Q

A function v € WLP(Q) is a (weak) subsolution of the above equation in € if for all

nonnegative ¢ € C°(Q),

. p—2
/Q.A(ZE,VU) V¢dx+/ﬂV|v| vgbdxg/gggbdx.

A solution/supersolution/subsolution of the homogeneous equation @’'[u] = 0 in Q is
called Q-harmonic/Q-superharmonic/Q-subharmonic in ), respectively.

Definition 2.12. The operator div . A(x, Vu) is called the Finsler p-Laplacian
or the A-Laplacian. If the norm family H is a fixed norm, div.A(Vu) is also called
the anisotropic p-Laplacian.

Remark 2.13. Recall that for all nonnegative ¢ € C°(Q), solutions of the
equation

(2.1) —div A(z, Vu) + V§ulPu = ¢
are locally Holder continuous and hence locally bounded in 2. See [45, Theorem 4.11]

and [51, Theorem 7.5.7]. By [41, Theorem 5.3|, under Assumption 2.9 and for V €
Wi

loc

(p; ), solutions of Equation (2.1) are continuously differentiable in €.
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The following assumed upper bound for the Bregman distance of | - |} will play
an important role in constructing optimal Hardy-weights. See also [26, Assump-
tion 8.23].

Assumption 2.14. There exists a positive constant C' (independent of z € Q
and &, n € R") such that for almost all x € 2 and all £, € R",

€+l — €1 — pA(x,€) -0 < Clnl4(1€]a + [nla)>.
Now we present a class of examples realizing Assumptions 2.1, 2.9, and 2.14
simultaneously.

Example 2.15. Let 2 < s < oo and recall that ||, £ (37, |§Z~|s)1/8 for all £ €
R"™. Then (see [27, Corollary 2.30]) | - |2 € C'(R") and for all £ € R™ and i =

1,2,...,n
8|£| p s s—2

By [27, Lemma 3.8], there exists a posmve constant C(p, s) such that for all £, n € R™,
(22) [+ alE —[€R = plEE D16l Em: < Cp, s)nlz (€] + nl,)7 2
i=1

Let A € R™™ be a symmetric positive definite matrix. Recall that |{|4 = VAE - &
for all £ € R™. By [48, (3.11)], for all {,n € R™,

(2.3) €+ nl% — €15 — plEf2AE -0 < Inl4(1€]a + [nla)P 2,

where both equivalence constants depend only on p. Now let H(x, &) & H(¢) £
YNEE+[ES (2 < s <oo)forallz € Qand ¢ € R™. Then H satisfies Assumptions 2.1
and 2.9 (cf. [27, Example 2.31]). There exists a positive constant Cy = Cy(s, A) such
that for all £ € R™ (and all x € Q),

€ls < H(E) < Col¢ls and  [§]a < H(S) < Col¢]a
Then by (2.2) and (2.3), for all £,n € R" (and all x € Q),

&+ 0l — €% — pAE) -
= [+ nls — [ —p|§|’s"sz [6il*26ms + 1€+l — €% — plEf? AL -

< C(p, s)nl3(I€]s + Inls)P~ : +C( A (€la+ |n]a)~?
< Clnl%(1€]a + [nla)? 2,
(

D, S) if p>2,

Hence H also fulfills Assumption 2.14.
C(p,s,A) ifp<2.

where C' = {

The following corollary is called the one-sided simplified energy. See also [48,
Lemma 3.4] and [56, Corollary 2.28 (i)].

Corollary 2.16. [26, Lemma 8.28] Suppose that Assumption 2.14 holds. Take

any positive subsolution v € W,.?(Q) of Q'[f] = 0 and any nonnegative function u €
WEP(Q). Ifu? /vP~ € WIP(Q), the product and chain rules for u? /vP~" holds, and vw

loc
satisfies the product rule for w = u/v, then

Qlow] < c/ 2|Vl (0] Vol + vVl P2 da,
Q
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where C' is as in Assumption 2.14.

Remark 2.17. For some two-sided simplified energies, see [26, Lemma 8.28],
[27, Lemmas 3.14, 3.15, and 3.16] and [49, Lemma 2.2].

By virtue of Corollary 2.16 and Holder’s inequality, we may easily obtain the
following upper bound. See also [56, Corollary 2.28 (ii)].

Corollary 2.18. Suppose that Assumption 2.14 holds. Let v be a positive solu-
tion of Q'[f] = 0 in Q and let w € W'(Q)NC.(Q) be nonnegative. Write X (v, w) =
Jo vP|Vwl|f dz and X (w,v) £ [, w?|Vv|% dz. Then there exists a positive constant C
(independent of v, w) such that

CX(v,w) ifp <2,
Qow] < . .
{C’ (X (v,w) + X (v, w)*? X (w,v)'=%P) ifp>2.

2.3. Criticality theory. Criticality theory is the investigation of positivity
properties of the operator ()', which can be found in many mathematical works (see,
e.g., [28, 47, 48] and references therein). For its applications, see, e.g., [21, 36].

In this subsection, we collect some results of criticality theory and review positive
solutions of minimal growth.

The following Agmon—Allegretto—Piepenbrink-type (AAP-type) theorem, funda-
mental to criticality theory, connects the functional @ to the equation Q'[u] = 0.

Theorem 2.19. (The AAP-type theorem [28, Theorem 5.3]) The functional Q
is nonnegative in ) if and only if the equation Q'[u] = 0 in Q admits a positive
(super-)solution in Q.

Theorem 2.20. [28, Theorem 6.9] Suppose that Q) is nonnegative in ). Then
every null-sequence of () in § converges, both in L} () and a.e. in 2, to a unique
(up to a positive multiplicative constant) positive solution of the equation Q'[u] = 0
in Q. Up to a positive multiplicative constant, every ground state is the unique
positive solution and is also a unique positive supersolution (in I/VIECOO(Q) additionally
for p < 2) of the same equation in ).

By [28, Theorem 6.12 (1)], the functional @ is critical in € if and only if ) has
a null-sequence in C2°(Q2). Checking its proof, we can see that the characterization
(i) in the following theorem also holds.

Theorem 2.21. [28, Theorem 6.12 (1) and (3)] Suppose that @) is nonnegative
in Q.

(i) The functional Q) is critical in € if and only if ) has a null-sequence.
(ii) The functional Q) is subcritical in § if and only if ) admits a positive contin-
uous Hardy-weight in 2.

The following theorem consists of three perturbation results.
Theorem 2.22. [28, Proposition 6.14 (a) and Corollaries 6.15 and 6.17 |

(i) Let ; C Qy be two subdomains of  with Q5 \ Q1 # (0. If Q is nonnegative
in §2o, then () is subcritical in €2;.
(i) If @ is nonnegative in €2, then the generalized principal eigenvalue A\ (Q;w)
(see Definition A.1) is positive for all domains w € 2.
(iii) For i = 0,1, let V; € ]\/J\I‘f)c(p; ). Assume that @y, are nonnegative in €2
fori =0,1. Let V; £ (1 —t)Vy +tV; for t € [0,1]. Then Qy, is nonnegative
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in Q for all t € [0,1]. Moreover, if Vol ({Vi # V1}) > 0, then Qy, is subcritical
in Q for every t € (0,1).

Definition 2.23. A smooth (Lipschitz) exhaustion of € is a sequence of C*
(Lipschitz) domains {wy}ren such that for all & € N, wy, € w1 € Q and (Jy oy wi =
Q.

Definition 2.24. A compact subset K of Q is called admissible if K is the
closure of a Lipschitz domain with connected boundary.

Lemma 2.25. [28, arXiv, Lemma 7.3] For every Lipschitz domain wy € 0, K =
Wy is admissible if and only if for some (all) domain(s) w with K Cw € Q, w\ K
is a domain. In particular, for every admissible compact subset K of () and every
Lipschitz exhaustion {w; };en of €2, it holds that w; \ K is a domain for all sufficiently
large i € N.

Remark 2.26. By the above Lemma, it is easy to see that 2\ K is a domain
for all admissible compact subsets K of €. See also [27, Remark 4.22].

We make some simple amendments to [28, Definition 7.3 and arXiv, Defini-
tion 7.4] and write down the following definition.

Definition 2.27. Let K be a compact subset of 2 such that Q\ K is a domain.
A positive solution u of Q'[w] = 0 in Q\ Ky has minimal growth in a neighborhood
of infinity in Q if for all admissible compact subsets K of ) with K, C K , and all
positive solutions v € C(€\ K) of @'w] = gin Q\ K such that v < v on 0K, it
holds that u < v in Q\ K, where g € M} (p; Q) for p #n, g € L (Q) (p > 1) for
p = n, and ¢ is nonnegative a.e. in {2\ K. The set of all such positive solutions is
denoted by Mgq.k, or MK;KO. If Ko =0, then w is called a global minimal positive

solution of Q'[w] =0 in Q.

3. Optimal Hardy-weights

In this section, we introduce optimal Hardy-weights and prove some properties
of them.

First, we define optimal Hardy-weights for the functional Q). See also [56, Defi-
nition 2.29]. By Theorem 2.20 and Theorem 2.21 (i), if the functional @ is critical,
then up to a positive multiplicative constant, the equation @’[u] = 0 has a unique
positive solution, the functional () has a unique ground state, and the ground state
is the positive solution.

Definition 3.1. A nonnegative function W € M} _
Hardy-weight of Q in € if

e (Criticality) the functional Qy _y is critical in €2
e (Null-criticality with respect to W) the ground state ¢ of Qy_y fulfills the
condition [, WP dz = oco.

Remarks 3.2. (i) By the null-criticality condition, the zero function is never
an optimal Hardy-weight. Furthermore, by the criticality condition, if ) has
an optimal Hardy-weight in €2, then @) is subcritical in €.

(ii) Given a subcritical functional @, for every nonnegative ¢ € C(Q) \ {0},
by [28, Proposition 6.18], there is a positive constant 7, such that Qv_,, 4 is
critical. However, for any such Hardy-weight 7. ¢, Qv_-, 4 is not null-critical
with respect to 7¢. See also [56, Remark 2.30] for a similar discussion.

(p; Q) is called an optimal
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By Theorem 2.21 (ii), a subcritical functional @) has a positive continuous Hardy-
weight in €.

Definition 3.3. Suppose that @ is subcritical in 2 and let V € C(Q) NH(2) be
positive in Q. The Q-Sobolev space WP(Q) is defined as

{ue LP(Q, (JV|+ V) dz) | the weak gradient Vu exists in Q and [ullip@) < 0o},

where

1/p
el iy 2 Quiev [ ”? 2 ([1Vul oy + 14l grisvyan) -

Let Wol’p(ﬂ) = Wo P(2) be the closure of W'?(Q) N C,() in WLe(Q).

Checking [23, p. 2] and the proof of [27, Lemma 4.5], we can extract the following
result.

Lemma 3.4. [27, Lemma 4.5] Suppose that @ is subcritical in €). Then the Q-
Sobolev space W'?(Q) is a Banach space and W'?(Q) C WLP(Q).

Recall that for every g € H(€2), S, is the Hardy constant (see Definition 1.7).

Lemma 3.5. [27, Lemma 4.9] Suppose that @) is subcritical in ). For every g €
H(Q), Qu_s,40] > 0 for all ¢ € WyP(Q) and

5, —nt { Ql ' 6 € W37 and [ llloprds =1}

The following corollary reveals that W& P(Q) is actually independent of V.

Corollary 3.6. [27, Corollary 4.10] Suppose that @) is subcritical in Q and
let V, V' € C(Q) NH(Q) be positive in 2. Then Wolg(Q) = Wolg,(Q)

Remark 3.7. [27, Remark 4.11] The space WO’ (€2) is the completion of VV1 P()N

C.(2) with respect to the norm Q%//f Therefore, when H(z,§) = /A ¢ for
almost all z € 2 and all £ € R", with the measurable matrix functlon A on Q sat-

isfying some assumptions (see the conditions (1) and (2) in [27 Theorem 3.18]), the
space I/VO P(Q) is equal to the generalized Beppo Levi space DA ",+(€) in [13] up to an
isometry.

Definition 3.8. Suppose that @ is subcritical in Q. For every g € H(2) \ {0},
the Hardy constant Sy is attained at some ¢ € Wol’p(Q) \ {0} if [, ]9ll¢[" dz > 0 and

QY]
Jo lglloPdz
Lemma 3.9. [27, Lemma 4.13] Suppose that Q) is subcritical in Q. Let g €

H(Q) N ML (p;2) \ {0} and suppose that S, is attained at some ¢ € Wol’p(Q) \ {0}.
Then ¢ is a so]ution of Q’stg‘g‘[u] = 0 in Q and either ¢ or —¢ is positive in (). For

every two such functions ¢ and ¢, there exists C' € R\ {0} such that ¢ = C¢'.
Lemma 3.10. Suppose that () has an optimal Hardy-weight W in Q2. Then Sy, =
1 and Sy is not attained at any function in W&’p(ﬁ) \ {0}.

Sy =

Proof. Since Qv _w is nonnegative in €2, we get Sy > 1. Clearly, Sy < oo.
Because Qv _y is critical in €2, Sy, > 1 is forbidden. Then Sy = 1.
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Conversely, suppose that Sy, is attained at some function ¢ € W,?(Q) \ {0}.
By Lemma 3.9, ¢ is a solution of @, _y,[u] = 0 in 2 and either ¢ or —¢ is positive
in 2. We may assume that ¢ is positive in 2. Otherwise, consider —¢ because Sy
is also attained at —¢ and —¢ is also a solution of Qf,_,/[u] = 0 in €. Then
up to a positive multiplicative constant, ¢ is the ground state of Qy_y. By the
null-criticality with respect to W, fQ W@Pdr = oo. According to Lemma 3.5, we
obtain Q[¢] > [, W¢? dz. Since ¢ € Wy (Q), Q¢] < co. Hence, JoWePdz < o0, a
contradiction. OJ

Lemma 3.11. Suppose that ) has an optimal Hardy-weight W in Q). If V| €
]\/Zlic(p; 0) fulfills V} > —eW for some e < 1, then W + V] is an optimal Hardy-weight
of Qy 4y, in Q.

Proof. The proof is similar to that of [56, Lemma 2.35]. Note that W + V] €
]\Z%C(p; Q) and that Qviv,—w4vy) = Qv_w is critical in Q. In addition, W 4 V; >
(1 —e)WW > 0. Let 9 be the ground state of Qy_w in €. Then 1) is also the ground
state of Qviv,—w4v;) in 2. We also have

/(W+V1)1/dex2(1—5)/W@/}pdx:oo.
Q 0

Thus W + V; is an optimal Hardy-weight of Qy .y, in Q. U

The following lemma is an analogue of [36, Theorem 3.1]. The proof is similar
and hence omitted.

Lemma 3.12. Suppose that () is critical in €2 and that Qv _y, is nonnegative
in Q\ @ for some nonnegative W € L. _(Q) and some domain w € . Let ¢ be the

ground state of () in Q. Then for all domains w' € ) such that w € W', it holds
that [, Wl dz < cc.

Lemma 3.13. If W is an optimal Hardy-weight of () in €2, then for all compact
sets K C €,
sup{)\ER ‘ QV*)\W ZO IHQ\K}II’H&X{)\ER | QV*)\W ZOIHQ\K} =1.

Proof. The proof is similar to that of [36, Corollary 3.4]. To obtain a contra-
diction, suppose that there exists a compact set K C  and a constant A > 1 such
that Qv_xw is nonnegative in Q\ K. Therefore, Qv _w_—1yw is nonnegative in Q\w
for some domain w € €2 such that K C w. Let ¢ be the ground state of Qy_y, in (2.
By Lemma 3.12, for some domain w’ € €2, it holds that fQ\U Wl¢Pder < co. It

follows that fQ W|¢|P dz < oo, contrary to the null-criticality with respect to W. O

4. Optimal Hardy-weights: Zero potential

In this section, we first prove a corea-type formula and then construct optimal
Hardy-weights for the functional Ql-; 2*]. We also give some examples of Finsler p-
harmonic functions realizing relevant boundary conditions.

Definition 4.1. A (QQg-harmonic function in €2 is also called Finsler p-harmonic
in ).
We recall the definition of proper maps.

Definition 4.2. Let X and Y be two topological spaces. A map f: X — Y is
proper if f~1(K) is compact for every compact subset K of Y.
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The following coarea-type lemma will be used exclusively in Theorem 4.7. In this
lemma, it is sufficient that Assumptions 2.1 and 2.9 hold in Q*.

Lemma 4.3. Let G € C*(Q*) be a positive Finsler p-harmonic function in 0*
such that G(Q*) = (infg: G, supg. G) and let h € C*((infg- G, supg. G)) be a positive
function. Suppose that G: Q* — (info« G, supg. G) is proper. Let v = h(G). Then

vG .
VG4 g1 is a positive

with respect to almost all info- G < t < supq. G, fG—l(t el

constant, denoted by C', and

supox G

Felde = [ fhi o

ian* G

where f is a function on (0,00) such that f(v) € LL.(Q*) is compactly supported

in Q* and f(h(t)) is measurable on (infg. G, supq. G).

Proof. We first note that for almost all infq: G < t; < ty < supg. G, G71((t1,t2))
is bounded and G~ ((t1,t2)) = G (t;) UG~ (2). Since G: Q* — (info- G, supg. G)
is proper, G71([t1,t2]) is compact for all infq: G < t; < t3 < supg. G. There-
fore, G((t1,t2)) is bounded and G~ ((t1,t2)) € G—1((t1,t2)) € G~ ([t1,t2]) C O
for all infox G < t; < ty < supg. G. Since G is continuous in Q*, 0G~((t1,12)) C
G7t)) UG (ty) for all info- G < t; < ty < supg- G. By the generalized Sard
theorem [6, Theorem 1.2], for almost all info« G < t < supg« G,

H' 1 ({z € Q" | G(x) =t and VG(z) = 0}) = 0.

By virtue of the strong maximum principle [24, 6.5], we deduce that 0G~'((t1,t5)) 2
G~ (t1) UG™L(ty) for almost all info- G < t; < ty < supg« G. Then dG1((t1,12)) =
G~ Y(t1) UG 1(ty) for almost all info« G < t; < ty < supg: G.

The remaining proof is similar to that of [56, Lemma 2.33]. Suppose that supp f(v) C

wp for some domain wy € Q*. By [7, Theorem 2.32], we may deduce that

| f@IVelide = [ F(G)IN(GIVGE da
/ (G W (@PIVGI dx

e
W (G)P—==2 VG| d
/ s P R VG ds
supg+ G a
/ PG (G P D gy a
infox G J {z€wo| G(z)=t} VG|
o FMG)I (G ) P ap
infor G J {2€Q*| G(z)= VG|
supgx G
@y - / F)I )P / VO g at,
ian* G G*l(t |VG|

Note that for almost all info- G < 1 < t2 < supg. G, G~ ((t1,12)) is compactly
contained in * and is an open set with almost C''-boundary (see [44, Section 9.3]).
By virtue of the Gauss—Green theorem on open sets with almost C'-boundary [44,
Theorem 9.6], we may conclude that G=*((¢1,2)) has finite perimeter in 2*. Recall
(see Lemma 2.5) that for almost all z € Q* and all £ € R",
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Since — div A(z, VG) = 0 in Q*, by [7, Theorems 5.2 and 7.2], we may calculate: for
almost all info: G < t; <ty < supg- G,

VG VG
0:/ A2, VG) - —— dH"™ — / A, VG) » = dH"!
o OV Y
VG 1 / VG .
= dH"™ dH"™
/ ) VG 1) VG
Therefore, with respect to almost all infg: G < t < supq. G, fG—l( IVGIA dH" 1

positive (see [18, Theorem 3.10]) constant, denoted by C. Then by ( )

supgx G
f)Volyde =C F(R(0) W (B)]7 dt. O

infox G

Remark 4.4. In this lemma, under all the other conditions, if for almost all
info- G < t; < ty < supg- G, G71((t1,t)) is bounded and G~ ((t1,12)) = G71(t;) U
G~ (ty), then G: Q* — (infg- G,supg. G) is proper. The proof is elementary and
hence omitted.

The proof of the following lemma is similar to those of [13, arXiv, Lemma A.1]
and [17, Lemma 2.10]. See also [56, Proposition 3.4].

Lemma 4.5. Suppose that f € C?((0,00)) and that f and f’ are both positive
n (0,00). Then for all positive u € C'(Q) and all ¢ € C(),

/A z,V(f(u)))-Vodz
- / (0 — 1)f ()" ()| Vul'pda + / Az, V) - V(f ()P~ ) da,

and in the weak sense,

—div A(z, V(f(u))) = —(p = )./ ()" " (w)|Vul) — ()"~ div Az, Vu).

Proof. By the product and chain rules, we may write:
[ A V(@) Vods
/ Az, V) - V(f ()P )b de + / Az, Va) - V(f/(w)P'¢) de
—— [ D7 wlVaieds + [ Ale. Vo) V(£ wr 6 dn O

Recall that fy(t) = t®=1/? for all ¢+ > 0. Then

1 —1
fo € C®(0,00), fo(t) =2t and f(t) = —L U,
P p

The following corollary is a generalization of [56, Corollary 3.6] and the proof is
similar.
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Corollary 4.6. Suppose that Gy is a positive solution of Q;, y/[u] = ¢ in €,
where 0 < ¢ € C>*(Q) and ¢, = (p/(p — 1))P~'. Then for all p € C>(Q),

/ Az, V(fo(Gy))) - Ve dar + / V oGy da

Q Q

- / (0 — D FY(Go)P 2 f2(G) VG o d + / £2(Co) o da
VG,

_ / (p‘ 1),, fo(Goy o da + <p—_ l)pl / GU PPy da
Q p G¢ A ¢ p Q ¢

Proof. By Lemma 4.5, for all ¢ € C°(Q),

/QA(J;, V(fo(Gy))) - Vep da

p

- / (0 — D FYGo)P 2 f2(G) VG yp d + / Az, VGy) - V(f3(Gy)P ')

Since f5(Gy)P ' € CL(Q) CWIP(Q) and Q;, [G4] = ¢, we deduce that

| A VG V(fy(Gar ) dn+

Q

VG UGyl dr = / o 1(Co o .

Note that for all t > 0,

p \"! p—1 o 2
Cptp—1f6<t)p—1 _ (p = 1) =1 ( ; tl/p> — p=2+1/p — (=17 /p — fo(t)p’l.

Therefore,

[ vaGor ot = [ aVer (G s
Q Q
Furthermore, for all ¢ € C(Q),

/ Az, V(Jo(Go))) - Vpda + / VoGP Yo da
Q Q
= —/Q(P— 1) f5(Gg)P? 6’(G¢)|VG¢|?4<Pd$+/QA(%VG@'V(fé(G¢)p_1<P) dx
—l—/chG{;_lfO’(Gd))pl(pdx
Q
_ / (0 — D SYGo)P 2 (o) VG o da + / f1(Go) b da
VG,

p—1\" P -1 <p - l)pl/ (1-p)/p
= Gy)P de + | —— G dz. O
/Q( p ) Gy AfO( o) p Q ? ¢

In the following theorem, it is also sufficient that Assumptions 2.1 and 2.9 hold
in Q. Recall that fy(t) = t®»=Y/? for all t > 0.

Theorem 4.7. Suppose that Assumption 2.14 holds in €2* and that there exists
a positive Finsler p-harmonic function G in * satisfying, for some nonnegative real
number o,

lim, ,; G(x) =00 and lim, ,G(x) =0 ifl1<p<n,

(4.2) lim, ,; G(x) =0 and lim, ,xG(x)= {

oo ifo=0,

if p>n.
0 ife>o0, “P7"
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Let W, & (p—> lvg}p and

v £ fo(G) and W £ W, ifl<p<n,orp>mnando=0,
v = fo(Glo —G)) and W £
(525)" Wolo —2GP72(2(p — 2)G(0 — G) + %)  otherwise.

Then in Q*, W is an optimal Hardy-weight of Qo and (up to a positive multiplicative
constant) v is the unique ground state of QQ_y .

Proof. We may assume that £ = 0. Otherwise, consider the translation €2 — .

The proof is similar to those of [17, Propositions 5.1, 5.2, 5.5, and 5.6].

We first demonstrate that G < o in Q* if p > n and ¢ > 0. Let {w;}ien be a
smooth exhaustion of Q. Since lim, ,oG(z) = o, for each € > 0, there exists § > 0
such that G(z) < o + ¢ on Bs(0) \ {0}. In addition, since lim,_,s G(x) = 0, there
exists N € N such that G < ¢ on dw; for all i > N. We may also assume that Bs(0) €
w; for all i > N. By the weak comparison principle [28, Theorem 4.25], G < o + ¢
onw; \By(0) foralli > N and all0 < ¢’ < 4. Then G < o+¢ in Q*. Furthermore, G <
o in Q* because € > 0 is arbitrary. By the strong maximum principle [24, 6.5],
either G < 0 in Q* or G = ¢ in Q*. Because lim,_,5 G(x) = 0, we deduce that G < o
in *.

By virtue of (4.2), in all the three cases, it is easy to show that

L )
G() = (ig;fg,supfi) = {(O’OO) tLspsmorp=mand e =0
* Q*

(0,0)  otherwise,

and that G: Q* — (info« G, supg. G) is proper.
It is clear that TV is nonnegative in * in both cases. Since G € C'(Q*), G
in Q*, and in the second case, G < o in Q¥ it is easily seen that W € L (9

MY (p; 2*) in both cases.

loc
Next we prove the criticality of Q_y in 2%, which falls naturally into two parts.

0
) <

>
)

e Suppose that 1 < p < n, or p > n and ¢ = 0. By Corollary 4.6, v is a
positive solution of the equation @'y, [u] = 0 in Q*. By the AAP-type theorem
(Theorem 2.19), @_w is nonnegative in Q*. We next aim to find a null-sequence
with respect to @Q_w in Q* so that by Theorem 2.21 (i), Q_y is critical in Q*. For
all k € N (k> 2), let

(

0, 0<t<5,
2+ mSt<q

or(t) =< 1, = <t <k,
2— %, k<t<K,
0, t> k2

\

wy, £ op(v), and up = vwg. Evidently, v=1((1,2)) is open, § # v71((1,2)) € Q,
and for all k € N (k > 2), [ 14 uhdz = Vol(v™!((1,2))) > 0. We claim
that {ur/||ukllLr@w-1((1,2)) tren (h>2) is a desired null-sequence. Note that ¢y, is Lip-
schitz continuous on [0,00) for all £ € N (k > 2). Then wy is locally Lipschitz
continuous in Q* and hence belongs to WL (Q*) for all k € N (k > 2). Tt can be
easily seen that wj, has compact support in Q* for all £ € N (k > 2) because of the
relevant conditions in (4.2). Thus w, € WHP(Q*) N C.(Q*) for all k € N (k > 2).
Furthermore, u, € WHP(Q*) N C.(Q*) for all k£ € N (k > 2) because v € C1(Q*).
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Obviously, wy and uy are nonnegative in Q* for all k € N (k > 2). By Corollary 2.18,
there exists a positive constant C', independent of k, such that for all k € N (k > 2),

CX(’U,U}k) lfp < 27

(4.3) Q-wu; ] < {C (X (v, wi) + X (v, w) P X (wy, v)'=2P) if p > 2,

where X (v, wg) = [q. v?|Vwyly dz and X (wy,v) = [,. wh| Vol dz. By Lemma 4.3
with h = fo and f(t) = t?|¢(t)|? for all £ > 0, there exists a positive constant C’
such that for all k € N (k > 2),

X(o,w) = [ IVwlide = [ oA 0FITeds

= [T hPlAOIP et =C'C) [ G
0 0
1 P (1/k)r/(p=1) 1 k2p/ (p—1) 1
=C'C —dt+ / —dt
(p) (lOg k) (/(1/k2)p/(p—l) t kp/(p—1) t

) (102 k)p_l

Xweo) = [ wlloltde = [ aoP9elide = [T alhOr ey

and

2p/(p—1)
k 1

IUWMAMW@NW%%RSOQMZ Lat = co) togh,

1/k2)p/ (1)
where we stipulate that ¢ (1/k%) = ¢, (1/k) = o, (k) = ¢, (k*) = 0. By (4.3), we
obtain limy . Q _w [ug; 2] = 0. Then the claim follows.

e Suppose that p > n and o > 0. By considering G/, without loss of generality,
we can suppose that o = 1. Let g(s) £ fo(s(1—s)) = (s(1—s))®?"D/? for all s € (0,1).
Then g € C?(0,1) and v = g(G). Since p > n > 2, ¢(s) = |s|P"%s is continuously
differentiable on R and that ¢'(s) = (p — 1)|s[P~2. Note that in %,

— (= DIg@I"g"(9)IVGIL

— — p—2
= (=P VgL (M e -9 —2gl)

(G(1—G)) VP11 —2G)% +2(G(1 — g))—l/p)
- (1) wok (9 - 9 26 x
((G(1=G) 74 (1 = 2G)* + 2p(G (1~ G)) ")

p (ﬁ)p 11— 26 2(2(p — 2)G(1 — G) + 1)(G(1 — G)) D/
A
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Then as in Lemma 4.5, for all ¢ € C2°(Q*),

A(x Vv)-Veodx

/ Az, VG) - V(lg'(9) ¢ (G))¢ da

Az, VG) - V(g9 ?g'(G)¢) dx

O*
= —/Q*(p— D)Ig'(9)P%¢"(G)|VG | dx :/ WPl de,

where in the penultimate step, we also used |¢'(G)|P~2¢'(G)¢ € CHQ*) C WIr(Q¥)
and Q'[G] = 01in Q*. Consequently, v is a positive solution of the equation Q" y, [u] =0
in 2. As above, by the AAP-type theorem (Theorem 2.19), Q_y is nonnegative
in Q*. In order that QQ_y is critical in 2*, by Theorem 2.21 (i), it suffices to construct
a null-sequence with respect to @_y in Q*. For all k € N (k > 2), let

0, 0<t< g,
or(t) &2+ 15, E<t<
, P<t

k= op(v), and uy, = vw,. We conclude from (4.2) that

limv(z) = lim v(x) = 0.
z—0

Therefore, for all k € N (k > 2), wy and u; are compactly supported in Q*. It
is a simple matter to check that ¢y is Lipschitz continuous on [0,00) for all k € N
(k > 2). Since v € C'(Q*), wy, is locally Lipschitz continuous in 2* and hence belongs
to Wh°() for all k € N (k > 2). Then wy, € WHP(Q*) N C.(*) for all k € N
(k > 2). Since v € CY(2*), we further deduce that u, € WP(Q*) N C.(Q*) for
all k € N (k > 2). Clearly, wy and uy, are nonnegative in Q* for all k € N (k > 2).
Note that v='((1/4,3/4)) is open, 0 # v='((1/4,3/4)) € Q*, and for all £ € N
(k> 4), fv—l((1/4,3/4)) uf dz > (1/4)? Vol(v=1((1/4,3/4))) > 0. By Corollary 2.18, we
can find a positive constant C, independent of k, such that for all £ € N (k > 2),

(4.4) Q-wlur; V] < C (X (v, wy) +X(v wi) Y7 X (wy,, v) 27

where X (v, wy) = [, v?|Vwg|y dz and X (wy,v) = [,. wy|Vv|% dz. By Lemma 4.3,
there exists a positive constant C’ such that for all sufficiently large k € N,

X (v, wy) = / vp|Vwk|Adx—/ VPl (0) [P Vol da
Q*

- / 9P leita)Plg P ae = ¢ 97 leh(ale)Plg ()P e

[0,1]ng~*(1/k2,1/k)

1 1—2tP
log k [0,1]Ng=1(1/k2,1/k) t(1—1)
1 1-2
e ( ) 12,
log k [0 1Ng=1(1/k2,1/k) t(1-1)

,_
o

o=
=N
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and

1
Xwno) = [ wfivopide = [ alopVolids = [ atala

1
/ 11— 2t|P
= P~ _ dt
¢ C(p)/O wr(g(t)) =1
1— 2t
< C/C(p)/ @k(g(t))pg dt
[0,1]Ng=1[1/k2,(1/4)(>=1)/7] t(1—1)

1—2¢
<C0k >/ =21 4 < o) og k,
[0,1]Ng=1[1/k2,(1/4)(P=1)/p] tH(1—t)

where we stipulate that ¢} (1/k?) = ¢} (1/k) = 0. By (4.4), we infer that lim_,

Q-wlug; ] = 0. Likewise, {up/||ur||rrw-1((1/4,3/4)) }ren (k>a) s a desired null-sequ-
ence.

By Theorem 2.20, up to a positive multiplicative constant, v is the unique ground
state of QQ_y in Q*.

Next we demonstrate the null-criticality with respect to W. The demonstration
consists of two parts.

e Suppose that 1 <p <n, or p >n and ¢ = 0. For each 0 < t; < t5 < o0, by [7,
Theorem 2.32] and checking the proof of Lemma 4.3, we may deduce that

1\ P
/ WP de = / (p_l)
“1((t1,t2)) G=1((t1,t2)) p A
p p AN\ P p
<p 1) / N9A 4, — (p—l) / V9 v do
p L((t1,t2)) g p G ((t1,t2)) \VQ\
p—1 / / IVG|% 1 <P—1) /t2 1/ VG5 1
= dH" " dt = | —— — dH" " dt
< ) 1(t) g|vg| p 6 tJg1 VG|
:<p;1> C/ —dt 200 as t; — 0.
p t1 13

Then fﬂ* WP dr = oo

e Suppose that p > n and ¢ > 0. For each 0 < t < 0/4, by [7, Theorem 2.32]
and reviewing the reasoning behind Lemma 4.3, we may calculate:

/ WP dx
G1((t,0/4))

—1\? e -
B (p ) /w /) W\ —2G1P72(2(p — 2)G(0 — G) + 0%)|VG| dx

—1 o/4 p o )
( ) / / (s) |V|g|g||g (o —G|p) 2(p—-2)G(c —G) + 02) dH" ds
oP1

2

_ o/4 p—1 _ p o/4
> p-1 / 1/ VO gyt qs = (P21 C/ Las
2 p t S Jg-1(s) VG| 2r—2 p t S

—o00 as t—0.
Therefore, [,. WP dz = co. OJ

V—gp

Grtdx




580 Yongjun Hou

Now we present some examples fulfilling the conditions (4.2). See [17, Re-
mark 1.6] for the case of the p-Laplace equation.

Examples 4.8. For simplicity, we only consider = 0.

(i) Let © be a bounded domain such that 0 € 2 and that € satisfies an exte-
rior cone condition or even ¢ satisfies a corkscrew condition (see [24, p. 123]). For
all z € QF and all ¢ € R™, let H(x,&) = |7|%PN(€), where § € [0,00) and N is
a uniformly convex norm on R™ which is differentiable in R™ \ {0}. Then H satis-
fies Assumptions 2.1 in Q*. Suppose, in addition, that N realizes Assumptions 2.9
and 2.14 in 2*. Then H realizes Assumptions 2.9 and 2.14 in 2*. Now let p < n. By
[24, Example 2.22 and Theorem 7.39], there exists a Finsler p-harmonic function G
in Q* such that lim, ,o G(x) = 0o and lim, ,55G(x) = 0. Checking the proof of [24,
Theorem 7.39], we see that G is nonnegative in 2\ B,.(0) and positive on S,(0) for
some r > 0. By virtue of the weak comparison principle [28, Theorem 4.25] and the
strong maximum principle [24, 6.5], we may show that G is positive in B,.(0) \ {0}
and Q \ B,(0), respectively. Therefore, G is positive in 2\ {0}.

(ii) Suppose that 0 € Q and that p > n. Take any Lipschitz domain w € €
with 0 € w. By [28, Theorem 7.4], we may find some G € Mg;{o}' By Theo-
rem 2.22 (ii), A (Qo;w) > 0 (see Definition A.1). By Theorem A.6, we may obtain a
positive solution G € Wy (w) of Q4[u] = 1 in w. By the embedding theory of Sobolev
spaces, G is globally Holder continuous on @. Then lim, ,s= G(x) = 0, where & is
the ideal point in the one-point compactification of w. Take a ball B,.(0) € w (r > 0).
Since G € Mg;{o}, there exists a positive constant C' such that G < CG in w\ B,(0).
Therefore, lim, 5 G(x) = 0. Moreover, it is impossible that lim, o G(z) = 0. Oth-
erwise, fix some 75 > 0 such that B,,(0) € w. For each € > 0, there exists 0 < 7 < 79
such that G < e on S,(0). It follows that G < e in w\ B,(0) and hence in w \ B, (0).
Letting ¢ — 0, we see that G = 0 in w \ B (0). But G is positive in w \ {0}, a
contradiction.

Now for simplicity, suppose further that the norm family H(x, £) does not depend
on v on w. Take 75 > 0 still as above. Clearly, G, (¥) = G(mz) is a positive
solution of Qj[u] = 0 in By(0) \ {0} (cf. the proof of [26, Theorem 9.2 (2)]). By
[52, Lemma 2] (cf. [24, Chapters 6 and 9]), lim, ,o G, (z) = o for some o € [0,00).
Thus lim, o G(z) = lim, 0 G, (/7)) = 0. Then o > 0 because lim, 0 G(z) = 0 is
forbidden.

(iii) Let © = R™ and suppose that the norm family H(z,-) does not depend
on x € R™. Recall that for all z € R™,

Hy(z) = z-&
o(@) geilr}{){o} H(¢)

is the dual norm of H. Then G(x) = Hy(x)®™/®=D(p #£ n and z # 0) realizes
(4.2) for 1 < p < n, or p > n with ¢ = 0, respectively. Now we show that G is
Finsler p-harmonic in R™ \ {0}. Since H is uniformly convex, by [4, p. 190] and [9,
(3.6)], Hy € C*(R™\ {0}). The ensuing proof is similar to the counterpart of [21,
Lemma 4.2]. See also [19, Theorem 3.1]. For each z € R\ {0}, we compute:

VG (z) = 7; - THO(x)(l_")/(p_l)VHo(x).
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By [29, p. 1139], for all x € R™\ {0} and all ¢ # 0,
VH(tx) =sgn(t)VH(x) and H(VHy(x)) =1,
and for all z € R",
H (Ho(x)VHy(z)) VH (Ho(z)VHy(z)) =2 and z-VHy(z)= Hy(x),

where we define H(0)VH(0), Hy(0)VHy(0), and 0- VHy(0) as 0. Then for each z €
R™\ {0},
A(VG(z)) = H(VG(2))" ' VH(VG(x))

p—1

H (Ho(2) ="/ "DV Hy (2))" " x

_|\pP="
=T

H (Ho(z) "=/ DV Hy(z)) VH <p — THO(x)(l—")/(p_l)VHo(x))

p—

1
Ho(x)(lfn)(p%)/(pfl)H0<x)(1*n)/(pfl)*1 X

_|p=n
=7

H (Ho(2z)VHy(z)) VH (1; — ?H(](x)(lm/(pl)vm(x))

Hy(2)™ H (Ho(2)V Ho(z)) VH (Ho(2)V Ho(z))

—n

p_

_(p—n\|p—n
S \p—-1/|p-1

and

= sgn(p —n)

—n P2 N O(Hy(z) "
p Z( () ")

p—1

)
()] S (e maner 2
)

div A(VG) = (

p—n n 1
p—1 (nHo(x)™™ —nHo(z) x - VHy(z))

_ (p - n) ?;:T " (nHy(z)™ — nHy(z)™) = 0.

Hence G is Finsler p-harmonic in R™ \ {0}.

5. Optimal Hardy-weights: Nonzero potentials

In this section, we present optimal Hardy-weights for the functional ) with
nonzero potentials. We also provide two relevant examples of optimal Hardy-weights.
The basis of our construction is Green potentials defined below.

Definition 5.1. Suppose that @) is subcritical in Q. For every 0 < ¢ € C°(Q) \
{0} such that Q \ supp ¢ is a domain, a positive solution G4 of Q'[u] = ¢ in Q such
that Gy € Mq.suppo 1s called a Green potential of ' in © with density ¢.
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Remark 5.2. Such a Green potential G, is always continuously differentiable
in 2 by Remark 2.13.

Definition 5.3. Let w € €2 be a domain and let ¢ be as in Definition 2.7. For

pr-1)’
p < n, the space M?(p; w) consists of all functions f in M?(p;w) such that | f] (5=) €
M(p;w); for p = n, M?(p;w) is defined as L?(w) for some p > 1; for p > n, M?(p;w)
is defined as MY(p;w) = L'(w). Furthermore, we define
ML) 2 [ M(pw)

L we
w is a domain

Remark 5.4. Note that

p—1\" pn—n+p

p=1)
It is a simple matter to check that L°(w) C M9(n;w) for all p > 1. Then for
1 < p < oo, Mi(p;w) € MI(p;w) and M{ (p; Q) C M (p;Q). Moreover, for

loc

p < o 2D ) € mir) < 26 0 ana 207 (0) < )

L

Remark 5.5. Let w € €2 be a Lipschitz domain. Let H satisfy Assumptions 2.1
and let V € M4(p;w). Let g € M9(p;w) if p #n and let g € LP(w) (p > 1) if p = n.
By [40, Theorem 2] for p < n and [38, Chapter 4, Theorem 7.1] for p = n, solutions
of the Dirichlet problem

51) {Qﬁdzginw

u=f on Jw,

are bounded in w, where f € W'P(w) N C(w). By [45, Theorem 4.11 and Corol-
lary 4.18], solutions of (5.1) are continuous on @ for p < n. For p > n, by the
embedding theory of Sobolev spaces, solutions of (5.1) are also continuous on .
Note that in [28, Theorems 4.24 and 4.25], it should have been further assumed
that V € M?(p;w) and if p =n, g € LP(w) (p > 1), while in [28, Theorems 7.2, 7.4,

7.7, 7.8 and 7.9], we need V € M (p; Q) (instead of V € MI%C( ) in [28, arXiv]).
Now we show the existence of Green potentials when V' € M{ _(p; Q)N Mlqoc( ;Q2).

Lemma 5.6. Let V. € M{ (p;2) N Ml‘f)c( ; Q). Suppose that @) is subcritical
in Q2. For every 0 < ¢ € C°(2) \ {0} such that §2\ supp ¢ is a domain, there exists
a Green potential G, of Q' in Q with density ¢.

Proof. The proof is based on an exhaustion argument, similar to those of [56,
Lemma 3.2] and [26, Theorem 9.7]. Let {wy}ren be a smooth exhaustion of 2 such
that supp ¢ C wy. By Theorem 2.22 (ii), A;(Q;wx) > 0 (see Definition A.1) for all k €
N. By Theorem A.6, for every k € N, there exists a positive solution Gy € Wol’p(wk)
of Q'[u] = ¢ in wy. By Remark 5.5, G}, is continuous on wy, for all £ € N. By the
weak comparison principle [28, Theorem 4.25], the sequence {Gy}ren is increasing
in ).

Now we exploit the method of [26, Theorem 9.7] to complete the proof.

If there exists zop € Q such that limy_,. Gi(29) = oo, then let Ty £ G}/Gr(x0)
for all sufficiently large & € N such that xy € wy. By Harnack’s inequality [45,
Theorem 3.14] for p < n and [51, Theorem 7.4.1] for p > n, for all sufficiently
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large k£ € N, I'y is locally uniformly bounded in 2. By the Harnack convergence
principle [28, Theorem 3.5], up to a subsequence, in €2, T’y converges locally uniformly
to a positive solution T" of Q'[u] = 0 as k — oo. Since @ is subcritical in Q, by
Theorem 2.21 (ii), there exists a positive W € C(2) such that Qy_y is nonnegative
in Q. By the AAP-type theorem (Theorem 2.19), there exists a positive solution v
of Q_wlu] =0in Q. Let K be an arbitrary admissible compact subset of §2. Then
there exists a positive constant cx such that I' < cxv on K. For each € > 0, up to a
subsequence, for all sufficiently large k € N,

Q0] = grper < (L4 )exop™ W = Q1+ e)exe] inwp\ K,
Iy < (1+¢)ekv on O(wy \ K).

By Theorem 2.22 (ii), A\ (Q;wi \ K) > 0 (see Definition A.1) for all sufficiently
large k € N. By the weak comparison principle [28, Theorem 4.25], for each ¢ > 0,
up to a subsequence, for all sufficiently large k¥ € N, I'y, < (1 4 €)cgv in wy \ K.
Therefore, I' < (1 4+ €)cgv in Q\ K. Letting ¢ — 0, we get I' < ¢cgv in 2\ K.
Then I' < cxv in Q. Let ¢y £ inf{c > 0| < cv in Q}. Clearly, I' < ¢ov in
and ¢y > 0. Inasmuch as T' and cqu are respectively positive solutions of Q'[u] =
0 and Qf_y[u] = 0 in €, it is easy to see that I' # cov. Consequently, there
exists 1 € 2 such that I'(z1) < cyv(x1). Furthermore, there exist §,7 > 0 such
that I' < (1 —9)cov on B,(x1). By our previous argument, I' < (1 —6)cov in §2, which
is contradictory to the definition of cy.

Therefore, for all € Q, {Gx(z)}ren is bounded. By Harnack’s inequality [45,
Theorem 3.14] for p < n and [51, Theorem 7.4.1] for p > n, {Gg}ren is locally
uniformly bounded in 2. Then we may use Harnack’s convergence principle [28,
Theorem 3.5] to deduce that up to a subsequence, in Q, {Gj}ren converges locally
uniformly to a positive solution G, of Q'[u] = ¢.

Next we show that G, € Mq.quppe. Let K be an arbitrary admissible com-

pact subset of 2 with supp¢ € K and consider an arbitrary positive solution v €
C (Q \ K) of Q'[w] =g in Q\ K such that G4 < v on 9K, where g € M (p; ) for
p#mn, g€ Ll (Q)(p>1)for p=n, and g is nonnegative a.e. in @\ K. Up to a
subsequence, for all sufficiently large k € N,

QG =0<g=Q] mw\K,
Gr <w on O(wy \ K).

By Theorem 2.22 (ii), A\ (Q;wi \ K) > 0 (see Definition A.1) for all sufficiently
large k € N. By the weak comparison principle [28, Theorem 4.25], up to a subse-
quence, for all sufficiently large & € N, G < v in wy \ K. It follows that G, < v
in O\ K. O

For the construction of optimal Hardy-weights in the case of nonzero potentials,
we need the following preparatory result.

Lemma 5.7. Suppose that () is subcritical in Q). Let G, be a Green potential
of Q' in Q with density 0 < ¢ € C(Q) \ {0} such that 2\ supp ¢ is a domain.

Assume the following conditions:

lim G, =0, / |V|Gf;fl dr < oo and / VG?;I dr <0orV <0 inQ.
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Then there exist two positive constants Cy and My < supq G, such that for almost
all 0 <t < supg Gy,

and for almost all 0 < t < M, with supp ¢ C G;l((t, 0)),

p
i S/ ‘VG¢‘.A danll
Co = Ja1w VGl

Proof. The proof is similar to that of [56, Lemma 3.7]. By our assumption,
lim, .= G, = 0. Hence, for every 0 < t < supg Gy, G;l((t, o0)) € wy for some
domain w; € Q and Gy < ¢ in Q\w;. By [18, Theorem 5.9 (i)], G, *((t, 00)) has finite

perimeter in w; for almost all 0 < t < sup, G4. By the generalized Sard theorem [6,
Theorem 1.2], for almost all 0 < t < supg G,

H ({z € Q | Gy(x) =t and VGy(z) = 0}) = 0.

It follows that 8G;1((t, o0)) = G;l(t) for almost all 0 < t < supyGy. Then
G;l((t, o0)) is an open set with almost C'-boundary (see [44, Section 9.3]) for
almost all 0 < t < supyGy. Note that G;l((t, ) = {z € w | Gy, > t}.
Since —div A(z, VGy) + VG?;I = ¢ in Q, by [7, Theorems 5.2 and 7.2], we may
deduce that for almost all 0 < t < supq G,

) NGy
/_1 ((b - VGZ 1) dr = —/ o A(I‘, VG¢) : ﬁ dH !
Gy ((t,00)) G ((t,00)) o

‘VGMZ -1
5.2 = / dH" .
( ) G, () |VG¢\

Take a positive constant Coy > max{ [, (¢ + |V|G§_1) dz,1/ [,¢dx}. Then for
all 0 <t < supg Gy,

(5.3) /G y

) ))(gb — VG{;*) dr < /Q (¢ + |V|G§;1) dz < C,.
® t,00

Since fQ VGf;fl dz < 0or V <0in Q, there exists 0 < My < supg G4 such that for

all 0 <t < My,
/ VGhhdr <0,
G ((t.00))

which is proved by contradiction when [, VGf;fl dx < 0. Therefore, for all 0 < t <
M, with suppé C G, (1, 0).

1
(5.4) — < / ¢ dz =/ ¢de < / (6 - VG da.
Co ~ Ja G5 ((t,00)) G5t (1,00))

The desired conclusions follow from (5.2), (5.3), and (5.4). O

Our construction of optimal Hardy-weights is done in the following theorem.
Recall that ¢, = (p/(p — 1))?~! and that f,(t) = tP~V/P for all ¢ > 0.
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Theorem 5.8. Suppose that ()., is subcritical in 2. Let G4 be a Green poten-
tial of Q. y, in © with density 0 < ¢ € C°(Q2) \ {0} such that 2\ supp ¢ is a domain.
Suppose that Assumption 2.14 and the following conditions hold:

lim G, =0, / |V|Gf;fl dr < oo and / VG?;I dr <0orV <0 inQ.

Let

—(p = Df(Go)P 2§ (Go)IVGy'y + fo(Gy)P '
fo(Gg)p—t

p—l)”IVG¢|€’4 (p—l)”‘l -
= + G 7Pg.
( p Gy p 60

Then 0 < W e L2 (Q2) C M\l‘ic(p; Q) and Qy_w is critical in Q with a ground
state fo(Gg4) (up to a positive multiplicative constant) such that [, W fo(Gy)P dz =

0o. In particular, W is an optimal Hardy-weight of () in ().

Proof. The proof is similar to that of [56, Lemma 3.9]. Because fy, f; >0, ¢ >0
in ©, and fJ < 0, we see at once that W is nonnegative in (). Recalling that G, €
C'(Q) and G4 > 0 in Q, we may easily check that W e L2 (Q). Since Q.,v is
subcritical in Q, @ = Qy is subcritical in 2 by Theorem 2.22 (iii). By Lemma 5.7,
there exist two positive constants Cp and My < supg, G4 such that for almost all 0 <

t < supg Gy,

‘VGMZ -1
(5.5) / AR < Gy,
Gl VG| ’

W £

and for almost all 0 <t < M, with supp ¢ C G;l((t, 0)),

1 ‘VGMZ -1
5.6 — g/ ——2dH" .
( ) Co G, () |VG¢\

Since lim, s G4 = 0, we may take a smooth domain w € 2 such that supp¢ C w
and supg\; Gy < min{1, My}.
As in the proof of Theorem 4.7, for every k € N (k > 2), let

(0, 0<t<b,
24 g @ ST
e(t) = 4 1, F<t<k
2— =L k<t<k,
0, t > k2,

wi £ oi(fo(Gy)), and ug = wy. fo(Gy). Corollary 4.6 implies that fy(Gy) is a positive
solution of Qf,_/[u] = 0 in Q. The AAP-type theorem (Theorem 2.19) further
ensures that @)y _y is nonnegative in 2. Observe that ¢y is Lipschitz continuous
on [0,00) for all k € N (k > 2). Tt follows that wy, is locally Lipschitz continuous in 2
and thus belongs to W,2>°(Q) for all k € N (k > 2). Because lim, ;5 Gy = 0, w;, has
compact support in Q for all k € N (k > 2). Consequently, wy, € WP(Q) N C.(Q)
for all £ € N (k > 2). Then uy, also belongs to Wh?(Q) N C,(Q) for all k € N (k > 2)
because fo(Gy) € CH(2). Both wy and uy are nonnegative in Q for all k € N (k > 2).
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By Corollary 2.18, there exists a positive constant C', independent of &, such that for
all k e N (k > 2),

CX(fo(Gg)swr) if p<2,

Qv-wlw] < {C (X (fo(Gg)ywr) + X (fo(Go), wi)*P X (wy, fo(Gy))' 7)) if p > 2,

X (fo(Gg),wi) = [, fo(Gy)P|Vwity dz and X (wg, fo(Gg)) = [, wh|V(fo(Ge))|% dz.
There exists a positive integer N such that for all k > N, 1/k < fO(G¢) < k in some
domain v’ €  with w € w’. By enlarging N, we may ensure fy(sup,, G4) < N. By
the definition of {y }ren, for all & > N, Vw, = 0 on @. Thus for all £ > N,

X (fo(Gy),w) = - fo(Gy)P |V |?y .

For every k € N (k > 2), suppose that supp wy C wy, for some smooth domain wy, € €.
We may also assume that w € wy, for all £ € N (k > 2). Then by [7, Theorem 2.32],
for all £ > N,

X(fo(Gg),wi) = Jo(G)P|Vwy 'y dx

wk\w

VG, IE
— [ R @I GG N E A v da
VG|

wi\w

supwk\wG¢ VG N
:/ fo@)P |y (folt ))I”fé(t)”dt/ | Cf'““ AH,
nt (zewn\B| Gola)=t) | VGl

wk\E

where it is understood that ¢, (1/k*) = ¢,(1/k) = 0. By (5.5), for almost all
inf,\z Gy <t <sup,,\z Gy,

/ |VG¢|.A dH" 1 / |VG¢|A dH" 1 CO-
{rcw,\w| Gy (x)=t} ‘VGtﬁ‘ L) ‘VGtﬁ‘

We now calculate: for all £ > N,

SUpP,, \w Gy ) , (1/k)p/(p—1) / ,
/ Jo(&)P @i (fo(8))IP fo(t)P di S/ Jo(£)P @i (fo(8))IP fo(t)P di
inf,, \zGo (1/k2)p/(p—=1)
1/k
—C) [ s
1/k2
C(p) /”kl C(p)
= —ds = Q1
log"k Ji2 s log’™" k
Then for all £ > N,
(p)Co




Optimal Hardy-weights for the Finsler p-Dirichlet integral with a potential 587

Combining supg,; Gy < 1 with fo(sup,, Gg) < N yields sup,, Gy < NP/~ We
proceed to estimate:

X (wn foGa)) = / WV (fo(G)) Py da

Wik

B / e(fo(G))" fo(Gy)PIVGy|hy da

VGl
- [ athlCor G G VG, 0

Py G0 / VG, |P
= / cpk(fO(t))pfo(t)p dt/ | VC?LA dHn—l
infu.;k Gy {z€wy, |G¢(m):t} ‘ ¢|

Supy,, Gy
<Gy / o folt)f ()7 dt

nf“,,C Gy

Np/(p—1)

(1/k)?/(P=1)
<Gy /( e fo®)P £t + Cy / (o) (0 dt

1/192)17/(17*1) (1/19)17/(17*1)

(1/k)r/(P=1) 1o ONP 1 N/ (p=1) 1
_ COC(p)/ (2+ 8 /ol )) —dt+CoC(p)/ L
(1/k2)p/(0=1) log & t (1/kp/e-1 t

(1/k)P/(P=1) 1
<ccly) | Lat + CoCp) logk
(1/k2)p/(>—1)

< CoC(p) log k.

Therefore, limy_,oo Qv_wlug] = 0. Take 0 < ¢ < min{infz fo(Gy4),1}. Then the

preimage fo(Gg)7'((/2,¢)) € Q and is nonempty and open. Furthermore, there
exists V' € N such that for all £ > N,

/ wfdo = | [P oGP ol G do
fo(Gy)~1((e/2,2)) fo(Gy)~H((e/2,9))

_ / fo(Gy)P da > 0.
fo(Gg)~1((e/2,¢))

Thus {ur/||uellLefo@,)-1((e/2, ) o> N is a null-sequence of Qv _y . By Theorem 2.21 (i),
Qv_w is critical in 2. Since fy(Gy) is a positive solution of @y, _y [u] = 0 in €, by
Theorem 2.20, fy(Gy4) is a ground state of Qv_w up to a positive multiplicative
constant.

Note that in Q \ supp ¢,

w— (P 1Y IVGula
P Gy

Let 0 < 7 < infz G4. Note that G;l((T, inf7 G)) C Q \ supp ¢ because supp ¢ C w
and G;l((r, inf;5Gy)) € @\ @. Since lim, ;5 G, = 0 and 7 > 0, we get G;l((r,
inf; Gy)) € Q. Hence G is Lipschitz in G;l((T, inf; G)). Then by [7, Theorem 2.32]
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and (5.6),
|VGs[L
W fo(Gy)? dz = ( ) VG,|dx
/Ggl((Tvinwad))) ’ ¢ " Tlnf—G’d) ) G |VG | ( ) | ¢|
. p infg Gd>
p T 2eG, ((1,infs Gy)) | Gy ()=t} \VGM

_ (p - 1)p/1nf Ge f / |VG¢|.A dH" 1
p T t) |VG¢|

1 -1 p infz G o infz Gy
> (P== / o) g L (P=1 / Lat.
Co\ p T tP Co\ »p T t

With sufficiently small 7, we see that

/ W fo(Gy)P do = o0
S1((0,inf5 Gy))

Immediately, we get [, W fo(Gy)? dz = oo. O

With Theorem 5.8 at our disposal, the proof of the following corollary is trivial
and hence omitted. See also [56, Theorem 1.1].

Corollary 5.9. Suppose that () is subcritical in §). Let G4 be a Green potential
of Q' in Q with density 0 < ¢ € C(Q) \ {0} such that 2\ supp ¢ is a domain.
Suppose that Assumption 2.14 and the following conditions hold:

lim Gy =0, / |V|G§)_1 dz < oo and / VG;’)_1 dr <0orV <0in.

Then Qy/., has an optimal Hardy-weight in (2.
The following corollary is adapted from [56, Corollary 1.2]. The proof is similar.

Corollary 5.10. Let V € M} (p; Q)N MI%C( Q). Suppose that @ is subcritical
in €2, that V < 0 in €0, and that Assumption 2.14 holds. Let K be an admissible
compact subset of Q and let G € C(Q\ K) be a positive solution Q'[u] = g in Q\ K
such that

T—00

G>0 on 0K, lim G(z)=0 and / |V|GP~ 1 dz < oo,
O\K

where g € M (p; Q) forp#n, g € L (Q) (p > 1) for p = n, and g is nonnegative
a.e. in Q\ K. Then Qvyc, has an optimal Hardy-weight in 2.

Proof. Take zg € K and 0 < ¢ € C*(Q) \ {0} such that supp ¢ C B, () C K
for some r > 0 and that 2\ supp ¢ is a domain. By Lemma 5.6, we may find a Green
potential G, of () in Q with density ¢. Since G, € Mg, supp ¢ and supp ¢ C K, there
exists a positive constant C' such that G, < CG(z) in Q \ K. Then

lim Gy(z) =0 and / |V|Gf;fl dz < 0.
0

r—00
By Corollary 5.9, Qy/., has an optimal Hardy-weight in 2. O

We conclude the section with two examples realizing the conditions in Corol-
lary 5.10 so that Qv/., has an optimal Hardy-weight. See also [56, Corollary 1.2 and
Remark 3.11].



Optimal Hardy-weights for the Finsler p-Dirichlet integral with a potential 589

Example 5.11. Let V € M{ (p;w)N M\l‘ic(p; 2), where w is a Lipschitz domain
with w € ). Suppose that @) is nonnegative in 2. Then (@ is subcritical in w by
Theorem 2.22 (i). By Theorem 2.22 (ii), A\(Q;w) > 0 (see Definition A.1). By
Theorem A.6, there exists a positive solution G € W,?(w) of @[u] = 1 in w. By

Remark 5.5, G is continuous on w. Then

lim G(z) =0 and / V|GP ! dx < oo,
T—r00 w

where the o0 is the ideal point in the one-point compactification of w. Therefore,
if, in addition, in w, V' < 0 and Assumption 2.14 holds, then Qv/., has an optimal
Hardy-weight in w by Corollary 5.10.

Example 5.12. Let Q = R", let V € M} _(p;R™) N ]\/Zlic(p; R™), and let 1 <p <
n. Suppose that the norm family H(x,-) does not depend on x € R™ and that supp V'

is compact. For all z € R", let

x-&
Hy(z) = sup
eern\ {0} H(§)
be the dual norm of H and let G(x) = Hy(x)®~™/®=1 (2 #£ 0). Then G is Finsler
p-harmonic in R™\ {0} by Examples 4.8 (iii). Let K be an adimissble compact subset

of R™ such that suppV C K and that 0 € K. Then

T—00

Q'G]=0inR"\ K, G >00n 9K, lim G(z)=0, and / V|G dx =0 < .
R\ K

Suppose further that @) is subcritical, that V' < 0, and that Assumption 2.14 holds,
all in R™. Then by Corollary 5.10, Qv/., has an optimal Hardy-weight in R".

Moreover, it follows immediately from [21, Theorem 4.6] that (o is subcriti-
cal in R™. Therefore, there exists a nonnegative function V, € LX(R™) \ {0} such
that @_y, is nonnegative in R™ (cf. [28, Definition 6.3]). Furthermore, V' = —V;/2
realizes our requirements on the potential term in this example.

Appendix A. Eigenvalues of Q’

Throughout the appendix, we need neither Assumption 2.9 nor V' € ]\/Zlic(p; Q).
In other words, we only assume that (H (z, -))zcq is a family of norms on R” satisfying
Assumptions 2.1 and that V' € M (p; Q).

We first review some definitions of eigenvalues and eigenfunctions of ()" and two
relevant fundamental results, where the second result is used in Sections 4 and 5.
After some further preliminaries, we prove that the principal eigenvalue of Q' is
isolated and that all the eigenvalues of @' form a closed set.

Definition A.1. The generalized principal eigenvalue of Q' in €2 is defined by
;)
A =M(Q;) = M-
9eC=@\0} (|9l 0(q)
Remark A.2. [28, Remark 4.15] For every domain w € {2,
y= e el
uewd P\ (0} [[ul7p)

Definition A.3. A real number A is called an eigenvalue with an eigenfunction

v of @ in Qif v € WyP(Q)\ {0} is a solution of @, ,[u] = 0in Q. Such a pair (), v)
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is called an eigenpair of ' in Q. An eigenpair (A, v) is called normalized in €
i v ooy = L.

Definition A.4. A principal eigenvalue of Q' in € is an eigenvalue with a non-
negative eigenfunction, which is called a principal eigenfunction.

Theorem A.5. [28, Theorem 4.19 and Corollary 5.4] In a domain w € 2,
M (Q;w) is the unique principal eigenvalue of Q)'.

Theorem A.6. [28, Theorem 4.22 (3) = (5)] Let w € 2 be a Lipschitz domain.
If M\ (Q;w) > 0, then for each nonnegative g € L¥ (w), there exists a nonnegative
solution v € Wy P (w) of Q'[u] = g in w which is either zero (implying g = 0) or
positive.

Next we are going to prove the isolation of A\;. In the proof, we will use Corol-
lary A.8 which is derived from the following result.

Lemma A.7. [11, Theorem 2.1] If v € W,2(Q) is a subsolution of Q'[u] = 0
in Q, then v* is a subsolution in Q.

Corollary A.8. If v € W,2"(Q) is a supersolution of Q'[u] = 0 in Q, then v~ is
a subsolution in 2.

Proof. Note that (—v)* = v~ and then we use Lemma A.7. O

Combining the methods of [47, Theorem 3.9], [43, Theorem 5.5], and [48, Lem-
ma 6.4], we establish the isolation of the principal eigenvalue A;, bridging a gap in
[28, Theorem 4.19]. We extract part of the proof as the following separate lemma
because it will also be used in Theorem A.12. See also the proof of [47, Theorem 3.9].

Lemma A.9. Let w € Q be a domain. Let {(\,v)}een be a sequence of
normalized eigenpairs of the operator ()' in w such that lim_, M = M\ € R
Then {v }ren is bounded in Wy*(w) and up to a subsequence, it converges to some
function v € Wy (w) a.e. in w, strongly in LP(w), and weakly in Wy (w).

Proof. By the Morrey—Adams theorem [47, Theorem 2.4 (i)], we obtain
/ Vg% da < [\l +/ [V ||o|? dz < Cs +5/ |Vug|P do

for all 0 < 0 < 1 and k£ € N. Furthermore, via some sufficiently small § > 0, we con-
clude that {v; }ren is bounded in W,y (w). By a simplified version [43, Lemma 5.1] of
the Rellich-Kondrachov theorem, up to a subsequence, for some v € Wy (w), {vi bren
converges to v strongly in LP(w) and weakly in VVO1 P(w). Furthermore, up to a sub-
sequence, {vy }ren converges to v a.e. in w. O

Now we can show that \; is isolated.

Theorem A.10. Letw € 2 be a domain. Then the principal eigenvalue A\ (Q; w)
is isolated.

Proof. Suppose that ); is not isolated. Let {(\g, v) een be a sequence of nor-
malized eigenpairs of (' such that limy_,. Sxk = )\ and 5\k # A for all £ € N.
Then by Lemma A.9, {v;}ren is bounded in W, ”(w) and up to a subsequence, for
some v € WyP(w), {vx}ren converges to v a.e. in w, strongly in LP(w), and weakly
in W, (w). We still denote the corresponding subsequences by {vg been and { g bren.
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Then by [28, Theorem 4.6], we obtain
Qvse] < liminf Qlussw] = Mol
—00

By Remark A.2, we have

Qv;w] = Al”“”ip( )
Then

Qu;w] = )‘le”ip(w)-
By a standard variational argument, (A, v) is a normalized eigenpair. By the proof of
[28, Theorem 4.19], v has a fixed sign. We may assume that v is positive. Otherwise,
consider {—vy }ren. We follow the methods in [47, Theorem 3.9] and [48, Lemma 6.4].
According to Corollary A.8, v is a subsolution of ¢}, . [v] = 0. Then invoking the
Morrey—Adams theorem [47, Theorem 2.4 (i)], we may write, for all £ € N, all § > 0,
and some positive constant C' = C'(n, p, q),

[1vutids < [ 1V =Sl s
< S|V By + CO PNV — X[ BE D w17 -

Forall 0 < § < a, and k € N, by virtue of the local uniform ellipticity in Theorem 2.6,
we get

(= IV 1y < CO NV = Ml B oy 1

By Holder’s inequality, for all 0 < § < a, and k € N,
(0w = ) IVoR 1o )
< CF PV = MRt Vol v (=00, 0)) /l[uy [

M (p;w)

2 if p>
where p £ P 1 b= By [35, Corollary 3.7], for all 0 < 0 < «,, and k € N,
n"—_pp if p < n.

(@ = )V Iz eny
< oMY — N[BT Vol (v ((—00, 0)) 7V |1, -

M (p;w)

where the constant C' is independent of £ € N. By Theorem A.5, for all k € N, v, # 0
and hence ||V, |7, # 0. Then for all 0 < § <, and k € N,
(o = 8) < OOV — R R0 Vol(o (=00, 0)) /7.

With the help of the positive principal elgenfunctlon and Poincaré’s inequality, we
must have ||V —=A1||ara(p;wy > 0, which implies that for all sufficiently large k € N, ||V —
Ml aragp:w) > 0. Now a positive lower bound of Vol(v; ' ((—00,0))) for all sufficiently
large k € N has been clear, which prohibits limy_,.. Vol(vk’l((—oo, 0))) =0.

The rest is similar to the counterpart in [47, Theorem 3.9]. Take an arbi-
trary ¢ > 0 and a compact subset K of w such that Vol(w \ K) < €. Since v is
continuous and positive in w, v has a positive lower bound on K. Because {v}ren
converges to v a.e. in w, by [25, Theorem 11.32], there exists a measurable set K’ C K
such that Vol(K’) < ¢ and {wvg}ren converges uniformly to v on K \ K. Now
that v has a positive lower bound on K, we may conclude that for all sufficiently
large £ € N, the functions vy are nonnegative on K \ K’. Hence for all suffi-
ciently large k € N, v, '((—00,0)) € K’ U (w \ K). Furthermore, for all sufficiently
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large k € N, Vol(v, '((—00,0))) < 2e. Then limy,_,+ Vol(v; ' ((—00,0))) = 0. Contra-
diction! 0

The following theorem will be used in Theorem A.12. Recall that 1 < p < co.

Theorem A.11. [25, Theorem 13.44] Let (X, <7, 1) be a measure space, where
o/ is a o-algebra of subsets of the set X and p is a measure on </. Suppose that

{fr}ren is a bounded sequence in LP(X, o/ p) and that fy N f p-a.e.. Then
fr LN f weakly in LP(X, o, 11).
Inspired by the methods of [43, Theorem 5.1] and [47, Theorem 3.9], we prove:

Theorem A.12. All the real eigenvalues of () in a domain w € ) form a closed
subset of R.

Proof. Let {(\s, vi) Yeen be a sequence of normalized eigenpairs of Q' such that

k—ro00
By Lemma A.9, {v),} ren is bounded in W, (w) and up to a subsequence, {v; } e con-
verges to a function v € W, (w) a.e. in w, strongly in LP(w), and weakly in WP (w).

We continue writing the corresponding subsequences as {vy }ren and { Ay }ren. Note
that by [26, Remark 6.18],

/ (A(x, Vo) — Alzx, Vv)) V(v —v)de + / V|ve[P vk (v — v) d

w

= S\k/ |og [P 20k (v — v) dz — / Az, Vv) - V(vp —v) dz.

Because {vj, }ren converges to v weakly in W, ”(w) and strongly in LP(w), the right
hand side converges to zero. By the Holder inequality, we get

1-1/p 1/p
/ \VHvk|p’1|vk —v|dx < (/ |V ||vg|P dx) (/ |V ||ogp — v\pdx) )

Since {vg}ren is bounded in W, ?(w), by the Morrey-Adams theorem [47, Theo-

rem 2.4 ()], ([ [V]|vxl? dx)l_l/p is bounded with respect to k € N. For each § > 0
and all sufficiently large k& € N, by the Morrey—Adams theorem [47, Theorem 2.4 (i)],
we obtain

/|V||vk —v|Pde < 5/ |V (v —v)|”dx+C’cS_"/(pq_")/|wC —v|Pdx
< 5/ V(05 — v)[P da + C6.

Because {vy, }ren is bounded in Wy (w), we deduce that limy,_, o L IVI|vg—v|P dz = 0.
Hence,

lim [ (A(z, Vo) — A(z, Vo)) - V(v —v)de = klim / V|og|P~ 20k (v — v) dz = 0.

k—oo |,

Using [24, Lemma 3.73], we deduce that {A(x, Vug) }ren converges weakly to A(z, Vo)
in L (w; R™). Then for all ¢ € C®(w),

(A.1) lim [ A(z,Vuvg) - Vodr = /A(x, Vu) - Vodz.

k—oo [,
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It can be easily seen that {|v,[P~2vj}ren is bounded in L (w) because {vj}ren is
bounded in LP(w). Since {vj}ren converges to v a.e. in w, {|vk|P?vx }ren converges
to [v[P7?v a.e. in w. By Theorem A.11, {|vy|P2v; }ren converges weakly to |v[P~2v
in L” (w). Then due to limy_,o Ay = A € R, for all ¢ € C®(w),

(A.2) klim S\k/ lve [P 2vpp o = )\/ [v[P~%v¢ dz.
— 00 w w

By the Morrey—Adams theorem [47, Theorem 2.4 (i)], it is a simple matter to check
that { [ V*|vr? dz}ren are bounded because {vy}ren is bounded in Wy (w). Sim-

ilarly, since {|vg[P~2vy}ren converges to |[v|P~?v a.e. in w, by Theorem A.11, for
all p € C*(w),

k—oo [, w

lim Vi|vk|p_21)k¢dx:/Vi|v|p_21)¢>dx.

Then for all ¢ € C°(w),

(A.3) klim / V0|og|P 2opgp dar = / V0v|[P~?vé dr.
—00 w w
Recall that for all £ € N and ¢ € C°(w),
(A4) /A(:c, Vug) - Vo dx+/V|vk|p21}k¢ dzx = S\k/ |og [P 2 v dav.

Combining (A.1), (A.2), (A.3), and (A.4), we deduce that for all ¢ € C°(w),

/.A(x, Vv)~V¢dx+/V|v\p2v¢dx: )\/ [v[P~?v¢ dz.

Since |[vg||zr(w) = 1 for all k& € N and {vj}ren converges to v in LP(w), we conclude
that [|v|/zrw) = 1. Then v # 0 in w. Therefore, A is an eigenvalue of @' in w and the
desired conclusion follows. O]

Note. After the acceptance of this manuscript, the author learned that the fact
in Examples 4.8 (iii) that G is Finsler p-harmonic in R" \ {0} had been proved in [8,
Lemma 4.2] for p < n and n > 2. See also [57, Remark 4.1].
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