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Generalizations of Koga’s version
of the Wiener–Ikehara theorem

Bin Chen and Jasson Vindas

Abstract. We establish new versions of the Wiener–Ikehara theorem where only boundary

assumptions on the real part of the Laplace transform are imposed. Our results generalize and

improve a recent theorem of Koga (2021). As an application, we give a quick Tauberian proof of

Blackwell’s renewal theorem.

Wienerin–Ikeharan lauseen Kogan muunnelman yleistyksiä

Tiivistelmä. Tässä työssä löydetään Wienerin–Ikeharan lauseelle uusia muunnelmia, missä

Laplacen muunnoksen reaaliosalle tehdään ainoastaan reunaoletuksia. Nämä lauseet yleistävät ja

parantavat Kogan (2021) viimeaikaista tulosta. Sovelluksena saadaan lyhyt Tauberin-tyyppinen

todistus Blackwellin uusiutumislauseelle.

1. Introduction

The Wiener–Ikehara theorem [35] is a foundational result in complex Tauberian
theory. Originally devised to significantly simplify an early result of Landau [24]
and so deliver one of the quickest deductions of the prime number theorem, it has
found countless applications in diverse areas of mathematics such as operator theory,
partial differential equations, and number theory. The interested reader is referred
to the books [10, Chapter 10], [21, Chapter III], and [32, Chapter II.7] for excellent
accounts on the subject and the recent articles [3, 7, 9, 17, 19, 26, 28, 33, 36] for
some developments during the last decade. See also [1, 4, 8, 23, 31] for closely related
complex Tauberian theorems for Laplace transforms, such as the Ingham–Karamata
theorem.

In one of its many forms, the Wiener–Ikehara theorem states that if a non-
decreasing function S has convergent Laplace transform L{S; s} =

´∞

0
e−sxS(x) dx

for ℜe s > 1 and if there is a constant a ∈ R such that the analytic function

(1.1) G(s) = L{S; s} −
a

s− 1

admits L1
loc-boundary behavior on the whole boundary line 1 + iR, then

(1.2) S(x) ∼ aex as x→ ∞.
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Naturally, the hypothesis of L1
loc-boundary behavior covers the case of continuous

extension, and in particular that of analytic continuation. On the other hand, we
point out that the boundary requirements on the Laplace transform can further be
taken to a minimum if one employs the so-called local pseudofunction boundary
behavior (cf. [7, 9, 22]). The pseudofunction approach plays a major role in modern
complex Tauberian theory (cf. [21, Chapter III]).

Very recently [19], Koga has obtained an interesting generalization of this version
of the Wiener–Ikehara theorem with L1

loc-boundary behavior, where only the bound-
ary properties of the real part of the Laplace transform are needed. His result also
weakens the non-decreasing hypothesis on S to log-linear slow decrease, a Tauberian
condition that was introduced and studied in [7, 36] and that is intimately connected
with exact Wiener–Ikehara theorems, that is, complete Laplace transform character-
izations of the asymptotic behavior (1.2). We call a function S log-linearly slowly

decreasing (at ∞) if for each ε there are h, x0 > 0 such that

S(y)− S(x)

ex
≥ −ε for x ≤ y ≤ x+ h and x ≥ x0.

Koga’s main motivation to establish a novel version of the Wiener–Ikehara theo-
rem was to provide a Dirichlet series generalization of the Kolmogorov–Erdős–Feller–
Pollard renewal theorem [12, 20] (cf. [15, Sections XIII.3 and XIII.11]). Moreover,
he also obtained a Tauberian theorem for power series and applied it to give a new
proof of the classical quoted renewal theorem. Upon a minor reformulation (cf. Re-
mark 7.2), Koga’s Tauberian theorem for Laplace transforms reads:

Theorem 1.1. [19, Theorem 2] Let S ∈ L1
loc[0,∞) be log-linearly slowly de-

creasing and satisfy

(1.3)

ˆ ∞

1

|S(x)|

x2ex
dx <∞.

Let U(s) = ℜe L{S; s}. Assume there are λ > 0 and g ∈ L1(−λ, λ) such that

(1.4) U(σ + it) ≥ g(t), for a.e. t ∈ (−λ, λ) and σ ∈ (1, 2].

If in addition U has L1
loc-boundary behavior on the boundary open subset 1 + i(R \

{0}), namely, if there is f ∈ L1
loc(R \ {0}) such that on any finite closed interval I

not containing the origin we have

(1.5) lim
σ→1+

ˆ
I

|U(σ + it)− f(t)| dt = 0,

then (1.2) must hold for some constant a ∈ R.

The aim of this paper is to considerably improve Koga’s theorem by showing that
it still holds true if one removes condition (1.3) from its set of hypotheses. In addition
to hold under weaker assumptions, we shall also consider a new useful alternative
hypothesis for the boundary behavior of ℜe L{S; s} near s = 1.

Theorem 1.2. (Laplace transforms) Let S ∈ L1
loc[0,∞) be log-linearly slowly

decreasing and have convergent Laplace transform on ℜe s > 1. Suppose that the

harmonic function U(s) = ℜe L{S; s} has L1
loc-boundary behavior on 1 + i(R \ {0})

and that there is some λ > 0 such that one of the following two conditions holds:

(B.1) there is g ∈ L1(−λ, λ) such that (1.4) holds;

(B.2) sup
1<σ<2

ˆ λ

−λ

|U(σ + it)| dt <∞.
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Then

(1.6) S(x) ∼ aex as x→ ∞,

where a ∈ R is in fact given by

(1.7) a = lim
σ→1+

(σ − 1)U(σ).

When S is non-decreasing, it is clearly automatically log-linearly slowly decreas-
ing. In this case however, it is more natural to work with its Laplace–Stieltjes trans-
form L{dS; s} =

´∞

0−
e−sxdS(x) instead of the Laplace transform of the function.

We shall show the following version of our Tauberian theorem for Laplace–Stieltjes
transforms.

Theorem 1.3. (Laplace–Stieltjes transforms) Let S be log-linearly decreasing

and of local bounded variation on [0,∞) with convergent Laplace–Stieltjes transform

on ℜe s > 1. Suppose that the hypotheses of Theorem 1.2 are satisfied with U(s) =
ℜe L{dS; s} instead of ℜe L{S; s}. Then (1.6) and (1.7) still hold true.

Working with this new formulation has great practical value as in certain situ-
ations it is easier to apply than Theorem 1.2. In fact, we will deduce the following
corollary of Ingham–Karamata type from Theorem 1.3. We shall exemplify its use-
fulness in Section 2 by giving a quick Tauberian proof of Blackwell’s renewal theorem
[2]. We also give there a simpler treatment of Koga’s renewal theorem for Dirichlet
series [19, Theorem 5] based on Theorem 1.3.

Corollary 1.4. (Ingham–Karamata type theorem) Let T be a function on [0,∞)
such that T (x) +Mx is non-decreasing, for some constant M > 0, and such that its

Laplace–Stieltjes transform converges on ℜe s > 0. Suppose that U(s) = ℜe
´∞

0−
e−sx

dT (x) has L1
loc-boundary behavior on iR \ {0} and that there is some λ > 0 such

that one of the following two conditions holds:

(B0.1) there is g ∈ L1(−λ, λ) such that U(σ + it) ≥ g(t) for a.e. t ∈ (−λ, λ) and

σ ∈ (0, 1];

(B0.2) sup
0<σ<1

ˆ λ

−λ

|U(σ + it)| dt <∞.

Then, there is a function τ(x) = o(1) as x→ ∞ such that

(1.8) T (x) = ax+

ˆ x

0

τ(u) du+ o(1) as x→ ∞,

where a is given by

(1.9) a = lim
σ→0+

σU(σ).

We shall also prove the next Tauberian theorem for power series, which improves
upon [19, Theorem 3].

Theorem 1.5. (Power series) Let F (z) =
∑∞

n=0 cnz
n be analytic on the unit disc

D with real coefficients {cn}
∞
n=0. Suppose that the harmonic function U(z) = ℜeF (z)

has L1
loc-boundary behavior on ∂D \ {1} and there is some θ0 ∈ (0, π) such that one

of the following two conditions holds:

(b.1) there is g ∈ L1(−θ0, θ0) such that U(reiθ) ≥ g(θ) for a.e. θ ∈ (−θ0, θ0) and

r ∈ [0, 1);

(b.2) sup
0<r<1

ˆ θ0

−θ0

|U(reθ)| dθ <∞.
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Then {cn}
∞
n=0 is convergent. In particular, its limit is given by

(1.10) lim
n→∞

cn = lim
r→1−

(1− r)U(r).

The plan of the article is as follows. We discuss in Section 2 how Theorem 1.3,
Corollary 1.4, and Theorem 1.5 can be applied to renewal theory [16, Chapter XI];
our applications emphasize the role of the assumptions (B.1), (B0.1), and (b.1) in the
corresponding cases, which make the theorems relatively simple to apply. In Section
3, we obtain a slight extension of the exact Wiener–Ikehara Tauberian theorem [7,
Theorem 3.6], where we shall show that (1.2) holds if and only if S is log-linearly
slowly decreasing, its Laplace transform converges for ℜe s > 1, and the real part of
the function G given by (1.1) has so-called local pseudofunction boundary behavior
on 1 + iR. Section 4 is devoted to the proofs of Theorem 1.2 and Theorem 1.3; our
approach there will be to reduce them to the exact Wiener–Ikehara theorem from
Section 3. Theorem 1.5 will be shown in Section 5, while a proof of Corollary 1.4 will
be given in Section 6. Finally, we close the article with some remarks and further
extensions of our Tauberian theorems, which will be discussed in Section 7.

2. Application: Renewal theorems

Before showing our new versions of the Wiener–Ikehara theorem, we illustrate
their usefulness with some applications. Our first application is to probability theory.
We will give in this section a quick simple Tauberian proof of a fundamental result
in renewal theory, namely, the renewal theorem [16].

Let dP be a probability measure1 on [0,∞) that is continuous at the origin,
namely, P (0) = 0. Its renewal function Q is determined by the convolution equation

(2.1) dQ = δ + dQ ∗ dP,

where hereafter δ stands for the Dirac delta measure concentrated at 0. In fact, the
solution to (2.1) is given by the convergent2 series dQ =

∑∞
n=0 dP

∗n.
We shall distinguish two cases for dP . We say that it is lattice if there is α > 0

such that dP is concentrated on αN = {α, 2α, 3α . . . } (when α is maximal we call it
its span); otherwise, we shall call dP non-lattice. We mention that the expectation
of the probability measure dP may or may not be finite, and in the latter case the
limit in (2.2) is interpreted as 0.

Theorem 2.1. (The renewal theorem [2, 12, 20]) If dP is non-lattice, then, for

each h > 0,

(2.2) Q(h + x)−Q(x) →
h´∞

0
x dP (x)

, x→ ∞.

For lattice dP with span α > 0, the relation (2.2) holds for all h = nα, n ∈ N.

Proof. We divide the proof into the corresponding two cases.

1All measures considered in this article are locally finite Borel measures and their primitives
are normalized to be right continuous and supported on the same interval as the measure when
applicable.

2Unlike dP , the measure dQ might not be finite, the convergence is thus interpreted in e.g. the
space of Radon measures.
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Non-lattice dP (Blackwell’s renewal theorem). Let F (s) := L{dQ; s}. Laplace
transforming (2.1), we obtain

(2.3) F (s) =
1

1−G(s)
, ℜe s > 0,

with G(s) = L{dP ; s}. The function G(s) clearly extends continuously to the imag-
inary axis iR (because dP is a finite measure), and, with the exception of s = 0,
we have G(s) 6= 1 for all other points of {s : ℜe s ≥ 0} (since otherwise dP would
necessarily be lattice). We conclude that F has a continuous extension to iR \ {0}
and in particular has L1

loc-behavior on this boundary subset. Furthermore,

ℜe F (s) =
1−

´∞

0−
e−σx cos(tx) dP (x)

|1−G(s)|2
> 0, σ = ℜe s > 0.

Corollary 1.4 (version with assumption (B0.1)) applied to the non-decreasing function
Q then yields

Q(x) = ax+

ˆ x

0

τ(u) du+ o(1)

with (see (1.9))

a = lim
σ→0+

σF (σ) = lim
σ→0+

σ

1−
´∞

0−
e−σx dP (x)

=
1´∞

0
x dP (x)

and some function τ(x) = o(1), whence (2.2) follows at once.

Lattice dP (the Kolmogorov–Erdős–Feller–Pollard renewal theorem). In this case
dP (x) =

∑∞
n=0 pnδ(x − nα) and dQ(x) =

∑∞
n=0 qnδ(x − nα) with q0 = 1, p0 = 0,

and
∑∞

n=1 pn = 1. Furthermore, these non-negative sequences are linked by the
convolution relation

(2.4) qn =
n∑

k=1

pkqn−k, n ≥ 1.

Since we assumed α to be maximal, we have 1 = gcd{n : pn 6= 0}, which implies
that G(reiθ) 6= 1 for all θ ∈ [−π, π] \ {0}. Here G stands for the power series
G(z) =

∑∞
n=1 pnz

n, which is continuous on the closed unit disc. Due to (2.4), we
obtain F (z) =

∑∞
n=0 qnz

n = (1−G(z))−1. As in the previous the case, we also have
ℜe F (z) > 0 for all z ∈ D (since ℜe G(z) < 1 on D). Hence, Theorem 1.5 allows us
to conclude that

lim
n→∞

qn = lim
r→1−

1− r

1−
∑∞

n=1 r
npn

=
1∑∞

n=1 npn
,

which completes the proof of the renewal theorem. �

We can also give a simpler proof than Koga’s original one for his version of the
renewal theorem for Dirichlet series. The symbol ⋆ below stands for the Dirichlet
convolution [32] of two arithmetic functions, while e denotes the identity of this
convolution, namely, the arithmetic function e : N → R given by e(1) = 1 and e(n) =
0 for n ≥ 2.

Theorem 2.2. [19, Theorem 5] Let g : N → [0,∞) be such that
∑∞

n=2 g(n)/n =
1, g(1) = 0, and no set {dk : k ∈ N} with d ≥ 2 entirely contains {n : g(n) 6= 0}. If f
is defined through f = e + f ⋆ g, then

lim
x→∞

1

x

∑

n≤x

f(n) =
1

∑∞
n=2

g(n) logn
n

.
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Proof. We set S(x) =
∑

n≤ex f(n), so that F (s) = L{dS; s} =
∑∞

n=1 f(n)/n
s.

The familiar properties of Dirichlet series and f = e + f ⋆ g yield (2.3) with now
G given by the Dirichlet series of g, i.e., G(s) =

∑∞
n=2 g(n)/n

s, which continuously
extends to ℜe s = 1. In view of [19, Lemma 11], the assumption on {n : g(n) 6= 0}
implies that G(1 + it) 6= 1 for t 6= 0. Obviously, ℜe F (s) > 0 on the entire open
half-plane ℜe s > 1. An application of Theorem 1.3 thus shows that

lim
x→∞

S(x)

ex
= lim

σ→1+
(σ − 1)F (σ) = lim

σ→1+

(σ − 1)

1−G(σ)
=

1
∑∞

n=2
g(n) logn

n

. �

3. Exact Wiener–Ikehara theorem revisited

One of the exact Wiener–Ikehara theorems from [7] states that for S ∈ L1
loc[0,∞)

to satisfy S(x) ∼ aex is necessary and sufficient that S is log-linearly slowly decreas-
ing, its Laplace transform converges for ℜe s > 1, and

G(s) = L{S; s} −
a

s− 1

has local pseudofunction boundary behavior on 1 + iR. We wish to replace G by its
real part in this characterization. This will be done in fact in Corollary 3.2 below,
but before we move on, let us briefly recall what is meant by local pseudofunction
boundary behavior.

In this and the next sections, we shall make use of Schwartz distribution theory.
Our notation for calculus with distributions is as in the standard textbooks [34] or
[14]; in particular, we make use of dummy variables of evaluation to facilitate our
manipulations. As usual, D(I) stands for the space of smooth test functions with
compact supports on an open set I ⊂ R, while D′(I) is the space of distributions on
I. We say that f ∈ D′(I) is a local pseudofunction if for every ϕ ∈ D(I) the (dis-
tributional) Fourier transform of ϕf (which is entire by the Paley–Wiener theorem)
is a continuous function that vanishes at ±∞. We then write f ∈ PFloc(I). Note
that L1

loc(I) ⊂ PFloc(I), thanks to the Riemann–Lebesgue lemma. In what follows
we exploit that D′ and PFloc are both (fine) sheaves, which means we can work with
localizations due to the existence of smooth partitions of unity [34].

Let I ⊂ R be open. A harmonic function U on ℜe s > 1 is said to have distribu-
tional boundary values on 1 + iI if there is u ∈ D′(I) such that

lim
σ→1+

U(σ + it) = u(t) in D′(I),

that is, if for each test function ϕ ∈ D(I),

lim
σ→1+

ˆ ∞

−∞

U(σ + it)ϕ(t) dt = 〈u(t), ϕ(t)〉.

We say that U has local pseudofunction boundary behavior on 1 + iI if it has dis-
tributional boundary values there and its boundary distribution u ∈ PFloc(I). We
refer to [13, 25] for the theory of boundary values of harmonic functions in distri-
bution spaces (the article [25] actually deals with the general case of distributional
boundary values for zero solutions of partially hypoelliptic constant coefficient par-
tial differential operators, such as the Laplacian in our case). We point out that the
harmonic function U has distributional boundary values on 1 + iI if and only if for
each compact K ⊂ I one can find k = k(K) such that

(3.1) U(σ + it) = O

(
1

(σ − 1)k

)
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for t ∈ K and, say, 1 < σ < 2.
The next lemma is our most important technical tool in this section.

Lemma 3.1. Let U be a real-valued harmonic function on the half-plane ℜes > 1
and let I ⊆ R be open. If U has local pseudofunction boundary behavior on the

boundary set 1 + iI, so does any harmonic conjugate to U .

Proof. Let V be a harmonic conjugate to U . Note that since U has distributional
boundary values, then V should also admit a boundary distribution3. It suffices to see
that the analytic function F = U + iV has local pseudofunction boundary behavior
on 1 + iI. We first show this under the additional assumption U(s̄) = U(s). Using
the Cauchy–Riemann equations, we see that (V (s)−V (s̄))/2 must also be harmonic
conjugate to U . Therefore, dropping a constant summand, we may assume that V
satisfies V (s̄) = −V (s). We might also assume that I is symmetric about the origin.
Set

u(t) = lim
σ→1+

U(σ + it) ∈ PF loc(I)

and

f(t) = lim
σ→1+

F (σ + it) ∈ D′(I).

Since f is the boundary value of an analytic function, [7, Proposition 2.1] implies
that 〈f(t), ϕ(t)eiht〉 = o(1) as h → −∞, for each ϕ ∈ D(I). Our assumption is
〈u(t), ϕ(t)eiht〉 = o(1) as |h| → ∞. We also notice that u is an even distribution,
while f(t)− u(t) is odd. For h > 0 and ϕ ∈ D(I) real-valued and even,

〈f(t), ϕ(t)eiht〉 = 〈f(t), ϕ(t)(eiht + e−iht)〉+ o(1)

= 〈u(t), ϕ(t)(eiht + e−iht)〉+ o(1)

= o(1) as h→ ∞.

Likewise, for ϕ ∈ D(I) real-valued and odd,

〈f(t), ϕ(t)eiht〉 = 〈u(t), ϕ(t)(eiht − e−iht)〉+ o(1)

= o(1) as h→ ∞.

Decomposing an arbitrary test function into real and imaginary parts, and then each
of them into the sum of their even and odd parts, we obtain that 〈f(t), ϕ(t)eiht〉 = o(1)
as |h| → ∞ for each ϕ ∈ D(I), namely, f ∈ PF loc(I).

A small variant of the above argument also applies when U satisfies U(s) =
−U(s̄). Finally, the general case follows from these two particular ones by writing
U(s) = (U(s) + U(s̄))/2 + (U(s)− U(s̄))/2. �

Lemma 3.1 and [7, Theorem 3.6] together thus yield:

Corollary 3.2. Let S ∈ L1
loc[0,∞). Then, S(x) ∼ aex holds if and only if S is

log-linearly slowly decreasing, its Laplace transform is convergent on ℜe s > 1, and
the harmonic function

(3.2) ℜe

(
L{S; s} −

a

s− 1

)

admits local pseudofunction boundary behavior on the whole line ℜe s = 1.

3This is easily seen for a harmonic function on the unit disc U(reiθ) =
∑

n∈Z
cnr

|n|einθ, because
having distributional boundary values in this case becomes equivalent to {cn}n∈Z being of at most
polynomial growth (see e.g. [13]). Since our assertion is local, the general case follows by applying
conformal maps mapping boundary segments into disc arcs.
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Remark 3.3. Let S be of local bounded variation, so that L{dS; s} = sL{S; s}.
Since smooth functions are multipliers for local pseudofunctions, L{S; s}− a/(s− 1)
has local pseudofunction boundary behavior on a given boundary subset if and only if
L{dS; s}−a/(s−1) does it. Employing Lemma 3.1 once more, we might replace (3.2)
by the hypothesis that the real part of L{dS; s}−a/(s−1) has local pseudofunction
boundary behavior on ℜe s = 1.

Remark 3.4. Lemma 3.1 highlights a key advantage of the local pseudofunction
approach over L1

loc-boundary behavior. In fact, it is well-known that if a harmonic
function has L1

loc-boundary behavior, the distributional boundary values of its har-
monic conjugate functions do not necessarily belong to L1

loc (see e.g. [18, p. 73])

4. Proof of Theorem 1.2 (and Theorem 1.3)

We are now ready to show Theorem 1.2. We will do so with the aid of Corol-
lary 3.2. Observe that it suffices to prove (1.6), since once this is established (1.7)
automatically holds by the familiar real Abelian result for Laplace transforms.

The first part of our proof consists in showing that any of our assumptions imply
that U admits a boundary distribution on 1 + iR. This is actually our hypothesis
away from the boundary point s = 1, where we even have the stronger L1

loc-boundary
behavior. So, we must then still establish the existence of a boundary distribution
in a boundary neighborhood of 1. We need some preparation for it.

Let Φ: D → Ω be a conformal equivalence between the unit disc and a region Ω ⊂
{s : ℜe s > 1} whose boundary is a smooth (namely, C∞) Jordan curve that meets
the line ℜe s = 1 in a closed segment containing the interval 1 + i(−λ, λ). Classical
results from the theory of conformal maps (see [27, Theorem 2.6, p. 24; Theorem 3.5,
p. 48; Theorem 3.6, p. 49] guarantee that Φ extends to a smooth diffeomorphism
Φ: D → Ω, and we may assume that Φ(1) = 1. Moreover, if Φ(J) = 1+ i[−λ, λ], then
Φ has analytic extension through an open circular arc containing J , as one infers
from the Schwarz reflection principle for analytic arcs [5, Theorem 4.8, p. 19]. We
consider the harmonic function V = U ◦ Φ.

Claim 4.1. The function V belongs to the harmonic Hardy space h1(D).

Proof. If (B.2) is satisfied, we directly get V ∈ h1(D), as inferred from4 [11,
Theorem 10.1, p. 168] and [27, Theorem 3.5, p. 48]. Assume now that (B.1) holds.
Applying again [11, Theorem 10.1, p. 168], we conclude that V has L1

loc-boundary
behavior on any boundary arc that does not contain the boundary point 1. Combining
the latter fact with a.e. existence of the radial boundary limits of V , we obtain that
V belongs to the harmonic Hardy space h1(S) for any disc sector of the form

S = {z ∈ D : arg z /∈ J ′} with a closed subarc 1 ∈ J ′ ( J.

Let us fix such a sector S. We also write J = {eiθ : θ ∈ [α, β]}. We have

sup
0<r<1

ˆ
[−π,π]\(α,β)

|V (reiθ)| dθ <∞,

because V ∈ h1(S). Therefore, we just need to bound the integral of |V (reiθ)| over
[α, β] as r → 1−. Using the mean value property of harmonic functions and condition

4Theorem 10.1 is only stated for analytic functions in [11, p. 168], but the proof given there
applies to harmonic functions as well.
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(B.1), we obtainˆ β

α

|V (reiθ)| dθ ≤

ˆ β

α

|g(ℑm (Φ(reiθ)))| dθ +

ˆ β

α

[V (reiθ)− g(ℑm (Φ(reiθ)))] dθ

≤ 2

ˆ β

α

|g(ℑm (Φ(reiθ)))| dθ + 2πV (0) +

ˆ
[−π,π]\(α,β)

|V (reiθ)| dθ

= 2

ˆ β

α

|g(Φ(eiθ))| dθ + o(1) + 2πV (0) +

ˆ
[−π,π]\(α,β)

|V (reiθ)| dθ

= O(1), r → 1−,

where in the third line we have used that Φ(reiθ) → Φ(eiθ) = ℑm (Φ(eiθ)) and
(Φ(reiθ))′ → (Φ(eiθ))′ uniformly on [α, β]. This shows that V ∈ h1(D), also under
(B.1). �

We can now establish our original claim:

Claim 4.2. U admits a boundary distribution on a boundary neighborhood of
1.

Proof. In view of [11, Theorem 1.1, p. 2] and Claim 4.1, the harmonic function
V is a Poisson–Stieltjes integral, whence we readily obtain the bound

V (z) = O

(
1

1− |z|

)
, |z| < 1.

Since Φ extends to a diffeomorphism between complex neighborhoods of J and 1 +
i[−λ, λ], we also have

U(σ + it) = O

(
1

σ − 1

)
, σ + it ∈ (1, 2]× [−λ, λ].

The latter bound yields the claim (see Section 3). �

We can now move to the second part of the proof. Let

u(t) = lim
σ→1+

U(σ + it) in D′(R).

By assumption u = f on R \ {0} with f ∈ L1
loc(R \ {0}). If (B.1) holds, then u − g

should be a non-negative measure on (−λ, λ). When (B.2) is satisfied, u is a measure
on (−λ, λ), as follows from the Banach–Alaoglu theorem (or Helly’s selection principle
as is better known in the Lebesgue-Stieltjes measure context), because (B.2) tells us
that {U(σ + i · ) : 1 < σ < 2} is bounded in the dual of C[−λ, λ]. Summarizing, in
every case we have shown that the distribution u is a Radon measure on R. Using
the Lebesgue decomposition of u (Lebesgue–Radon–Nikodym theorem [30, p. 121]),
we conclude that f ∈ L1

loc(R) and that f is its absolutely continuous part, while its
singular part must have point support at 0. Hence, u = f + πaδ for some constant
a ∈ R, where as usual δ stands for the Dirac delta distribution. Finally, using the
well-known formula (cf. [14, Eq. (2.17), p. 58])

lim
σ→1+

1

σ − 1 + it
=

−i

t− i0
= πδ(t)− i p.v.

(
1

t

)
,

we deduce from Corollary 3.2 that S(x) ∼ aex as x→ ∞, because (3.2) has boundary
value distribution f ∈ L1

loc(R) ⊂ PFloc(R). This completes the proof of Theorem 1.2.
The proof of Theorem 1.3 is exactly the same as the one we just gave, but now

making use of Remark 3.3.
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5. The power series case: proof of Theorem 1.5

The proof of Theorem 1.5 is similar to that of Theorem 1.2, but simpler since we
can avoid using Corollary 3.2 via a more direct argument. It suffices to show that
{cn}

∞
n=0 converges to some finite limit, because then necessarily (1.10) should hold

due to Abel’s classical limit theorem for power series. As in Section 4, the assump-
tions imply that U(reiθ) converges distributionally to a boundary measure, which
is absolutely continuous with respect to the Lebesgue measure off 2πZ. Therefore,
there are f ∈ L1[−π, π] and a ∈ R such that

lim
r→1−

U(reiθ) = aπδ(θ) + f(θ)

in, say, the dual of C∞[−π, π]. Now,

cnr
n =

1

2π

ˆ π

−π

F (reiθ)e−inθ dθ

=
1

2π

ˆ π

−π

F (reiθ)(e−inθ + einθ) dθ

=
1

π

ˆ π

−π

U(reiθ) cosnθ dθ,

where we have used that {ck}
∞
k=0 is real. Taking r → 1−,

cn = a +
1

π

ˆ π

−π

f(θ) cosnθ dθ = a + o(1) as n→ ∞,

in view of the Riemann-Lebesgue lemma.

6. Proof of Corollary 1.4

We set S(x) =
´ x

0−
eu dT (u). Using that T (x) +Mx is non-decreasing, we see

that S is log-linearly slowly decreasing; in fact, for y ∈ [x, x+ h],

S(y)− S(x)

ex
= e−x

ˆ y

x+

eu(dT (u) +M du)−Me−x

ˆ y

x

eudu

≥ M(1− eh) = o(1),

h → 0+. The hypotheses (B0.1) and (B0.2) translate into the conditions (B.1) and
(B.2), respectively, for the real part of the Laplace–Stieljes transform of S. Theo-
rem 1.3 then yields S(x) ∼ aex with a given by (1.9). Writing τ(x) = e−xS(x)− a =
o(1), noticing that dT (x) = e−x dS(x), and integrating by parts, we obtain,

T (x) = a(x+ 1) + τ(x) +

ˆ x

0

τ(u) du

= ax+ a+

ˆ x

0

τ(u) du+ o(1).

The asymptotic formula (1.8) now follows upon redefining τ on a finite interval so
that the constant a gets absorbed into its integral on such an interval.

7. Concluding remarks

We end this article with some remarks.
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Remark 7.1. Theorem 1.1 is also directly covered by the version of Theorem 1.2
with the assumption (B.2). In fact, suppose that (1.3) and (1.4) are satisfied. Let
ϕ be a real-valued even non-negative smooth function with support on (−λ, λ) such
that ϕ(t) = 1 for t ∈ [−λ/2, λ/2]. Let ϕ̂(x) =

´∞

−∞
ϕ(t)e−itxdx, so that ϕ̂ is a

Schwartz function. Then, since U(σ + it)− g(t) ≥ 0 in the considered range,
ˆ λ/2

−λ/2

|U(σ + it)| dt ≤

ˆ λ/2

−λ/2

|g(t)| dt+

ˆ ∞

−∞

(U(σ + it)− g(t))ϕ(t) dt

≤ 2

ˆ ∞

−∞

|g(t)|ϕ(t) dt+

ˆ ∞

−∞

L{S; σ + it}ϕ(t) dt

= 2

ˆ ∞

−∞

|g(t)|ϕ(t) dt+

ˆ ∞

0

e−xS(x)e−(σ−1)xϕ̂(x) dx

≤ 2

ˆ ∞

−∞

|g(t)|ϕ(t) dt+

ˆ ∞

0

e−x|S(x)||ϕ̂(x)| dx <∞.

Remark 7.2. Koga originally stated his Tauberian theorem (cf. [19, Theorem 2])
by only imposing the boundary requirements for the Laplace transform on a sequence
tending to 1+. More precisely, in addition to (1.3), he assumes5 the existence of
σn → 1+ such that

(7.1) lim
n→∞

ˆ
I

|U(σn + it)− f(t)| dt = 0,

for some f ∈ L1
loc(R \ {0}) and any finite closed interval I not containing the origin,

and

(7.2) U(σn + it) ≥ g(t), for a.e. t ∈ (−λ, λ) and n ∈ N,

for some λ > 0 and g ∈ L1(−λ, λ).
We have however (7.1) is equivalent to (1.5) in our case. In fact, since (1.3), which

allows us to view e−xS(x) as a tempered distribution, ensures [34, Section 6.6.9,
p. 100] that L{S; s} has distributional boundary values on ℜe s > 1, the relation
(1.5) might be inferred from (7.1) by using a standard localization argument to-
gether with the (distributional) Schwarz reflection principle [29] (see also [6, 25] for
generalized reflection principles). Likewise, the condition (7.2) follows from (1.4)
and (1.3) (where one might need to subtract a constant from g resulting from the
application of the reflection principle). Alternatively, one can also see that Koga’s
original set of hypotheses is covered by those of Theorem 1.2 via the same argument
employed in Remark 7.1, which clearly yields, say,

sup
n∈N

ˆ 2λ/3

−2λ/3

|U(σn + it)| dt <∞.

The latter condition in turn implies (via localization and the reflection principle once
more) that (B.2) holds with λ replaced by, say, λ/2.

Remark 7.3. As Koga, we could also have only assumed in Theorem 1.2 and
Theorem 1.3 that (1.4) just holds on a sequence σ = σn → 1+. Exactly the same
argument given in Section 4 would then still yield that the boundary distribution of
U is a Radon measure. This comment also applies to Corollary 1.4 and Theorem 1.5.

5His formulation of (7.1) in [19, Theorem 2] is slightly different, but equivalent in view of the
well known completeness of the L1-spaces.
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Remark 7.4. Sometimes one is just interested in deducing an upper bound

(7.3) S(x) = O(ex)

from relatively mild regularity boundary properties of the Laplace transform. For
instance, such criteria play an important role in abstract analytic number theory (see
e.g. [10, Chapter 11] for applications to Beurling primes). The following extension
of [7, Proposition 3.1] (cf. [10, Theorem 10.1]) could then be useful in that respect.
We call S log-linearly boundedly decreasing if there is h > 0 such that

(7.4) lim inf
x→∞

inf
y∈[x,x+h]

S(y)− S(x)

ex
> −∞,

that is, if there are x0,M > 0 such that

(7.5) S(x+ u)− S(x) ≥ −Mex, for 0 ≤ u ≤ h and x ≥ x0.

We also use the notation Ac(R) for the subspace of compactly supported elements of
the Wiener algebra, namely, those compactly supported continuous functions such
that their Fourier transforms belong to L1(R).

Theorem 7.5. Let S ∈ L1
loc
[0,∞) and let ϕ ∈ Ac(R) \ {0} be even real-valued

and have non-negative Fourier transform. Then, (7.3) holds if and only if S is log-

linearly boundedly decreasing, has convergent Laplace transform on ℜe s > 1, and
there is a sequence σn → 1+ such that

(7.6) Iϕ(h) = lim
n→∞

ˆ ∞

−∞

(ℜeL{S; σn + it})ϕ(t) cosht dt

exists for each h > 0 and Iϕ(h) = O(1) as h→ ∞.

We will make use of the following lemma, which is basically shown within the
proof of [7, Proposition 3.1].

Lemma 7.6. Let S ∈ L1
loc
[0,∞) be log-linearly boundedly decreasing and let

ψ ∈ L1(R) \ {0} be non-negative. Ifˆ ∞

0

e−xS(x)ψ(x− h)dx = O(1) as h→ ∞,

then S(x) = O(ex) as x→ ∞.

Proof. Modifying S in a finite interval, we may assume that (7.5) holds for all
x ≥ 0. Iterating the inequality (7.5), one finds that there is C such that

(7.7) S(x)− S(y) ≥ −Cex for all x ≥ y ≥ 0.

Set B =
´∞

0
e−xψ(x)dx > 0. Using (7.7), we obtain

e−hS(h) =
1

B

ˆ ∞

0

e−x−hS(h)ψ(x) dx

≤
1

B

ˆ ∞

0

e−x−hS(x+ h)ψ(x) dx+
C

B

ˆ ∞

0

ψ(x) dx

≤
1

B

ˆ ∞

0

e−xS(x)ψ(x− h) dx+
C

B

ˆ ∞

−h

ψ(x) dx

+
|S(0)|

B

ˆ h

0

e−xψ(x− h) dx = O(1). �
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Proof of Theorem 7.5. Set τ(x) = e−xS(x) and ϕ̂(x) =
´∞

−∞
ϕ(t)e−itx dx. That

the conditions are necessary is easy to verify. In fact, it is clear that S must be
log-linearly boundedly decreasing. Also,ˆ ∞

−∞

ℜeL{S; σn + it} ϕ(t) cosht dt =
1

2

ˆ ∞

−∞

L{S; σn + it}ϕ(t)
(
eiht + e−iht

)
dt

=
1

2

ˆ ∞

0

e(1−σn)xτ(x) (ϕ̂(x− h) + ϕ̂(x+ h)) dx,

so that

Iϕ(h) =
1

2

ˆ ∞

0

τ(x) (ϕ̂(x− h) + ϕ̂(x+ h)) dx.

Hence,

lim sup
h→∞

|Iϕ(h)| ≤
1

2
‖ϕ̂‖L1(R) lim sup

x→∞
|τ(x)|.

Conversely, let us now show the sufficiency of the conditions for (7.3). Some of the
following arguments already occur in the proof of [7, Proposition 3.1]. Since changing
a function on a finite interval does not violate the assumption (7.6), we may assume
that (7.7) holds. In addition, we may also thus suppose without loss of generality
that S is non-negative. In fact, if needed, one replaces S by S(x) − S(0) + Cex,
whose Laplace transform also satisfies (7.6). So, in what follows we work with the
assumption τ ≥ 0. Applying Lemma 7.6, it suffices to establish that (τ ∗ϕ̂)(h) = O(1)
as h→ ∞. Thus (the use of Parseval’s relation is justified by [7, Lemma 3.4])

0 ≤

ˆ ∞

0

e(1−σn)xτ(x)ϕ̂(x− h) dx ≤

ˆ ∞

0

e(1−σn)xτ(x) (ϕ̂(x− h) + ϕ̂(x+ h)) dx

=

ˆ ∞

−∞

L{S; σn + it}ϕ(t)
(
eiht + e−iht

)
dt = 2

ˆ ∞

−∞

ℜeL{S; σn + it} ϕ(t) cosht dt.

The Beppo Levi theorem yields 0 ≤ (τ ∗ ϕ̂)(h) ≤ 2Iϕ(h) = O(1), h→ ∞. �

For example, Theorem 7.5 could have been used in Section 4 to directly show that
U(s) has distributional boundary values under (B.2) without having to pass through
the conformal map argument, because once τ(x) = e−xS(x) = O(1), the Laplace
transform L{S; s} tends to the (distributional) Fourier transform of τ on ℜe s = 1.
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