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Szego6 type correlations for
two-dimensional outpost ensembles

Yacin Ameur and Ena Jahic

Abstract. We consider two-dimensional Coulomb systems for which the coincidence set con-
tains an outpost in the form of a suitable Jordan curve. We study asymptotics for correlations along
the union of the outpost and the outer boundary of the droplet. These correlations turn out to have
a universal character and are given in terms of the reproducing kernel for a certain Hilbert space of
analytic functions, generalizing the Szeg6 type edge correlations obtained recently by Ameur and
Cronvall. There are several additional results, for example on the effect of insertion of an exterior
point charge in the presence of an outpost.

Korrelationer av Szegs-typ for tvadimensionella utpostensembler

Sammanfattning. Vi betraktar tvadimensionella coulombsystem for vilka koincidensméngden
for hinderproblemet innehaller en utpost i form av en lamplig jordankurva. Vi studerar asympto-
tiska egenskaper for korrelationer lings unionen av utposten och randen av coulombdroppen. Dessa
korrelationer visar sig besitta en universell karaktér som pa ett smidigt sitt kan beskrivas i termer
av den reproducerande kdrnan for vissa Hilbert-rum av analytiska funktioner, vilka pa ett naturligt
sitt generaliserar de randkorrelationer av Szeg6-typ som nyligen inférts av Ameur och Cronvall.
Det finns flera ytterligare resultat, som bland annat behandlar effekten av infoérande av en yttre
punktladdning i ndrvaro av en utpost.

1. Introduction and main results

We continue the investigation of two-dimensional outpost ensembles, such as
introduced recently in [7, 5]. Thus we study Coulomb systems which accumulate in
the vicinity of a connected droplet (S), but with a number of outliers dispersed along
a smooth Jordan curve (Cy) in the exterior of the droplet. See Figure 1.

Under suitable conditions the number of outliers (near C3) has an asymptotic
Heine distribution; in particular the expected number is strictly positive and finite
even in the thermodynamic limit, as the total number of particles increases indefi-
nitely (cf. [7, 5]). The statistical behaviour differs starkly from outpost ensembles
appearing in the literature on Hermitian random matrices, [12, 15, 24].

The outpost regime is critical in the following sense. Under Laplacian growth
it represents a point at which the droplet changes topology, the outpost being the
“germ” of a new ring-shaped component. Drawing on the principle that criticality
merits special attention, we shall delve deeper into this particular regime and shed
some new light on the associated function theory.

In the spirit of [6, 5, 18], we shall study asymptotic long-range correlations along
the union of the outpost and the outer edge of the droplet. We will find that these
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correlations are conveniently expressed in terms of the reproducing kernel of a suitable
Hilbert space of analytic functions, providing a natural generalization of the Szeg6
type asymptotics in [6].

We remark that several aspects of the “post-critical” regime of disconnected
droplets are investigated in [7, 5, 4]. Tt is shown in [4] that, assuming radial symmetry,
the Szegd kernel describing correlations along the edge of a spectral gap oscillates
with the number of particles. Intuitively, oscillations in the correlation functions are
caused by random bilateral displacements of particles back and forth across a spectral
gap. In the present case the displacements are unilateral, from S to C5, and this is
not enough to cause oscillations.

1.1. Two-dimensional outpost ensembles. We recall the outpost model
from [7]. While the following conditions may seem restrictive at first glance, we
reassure the reader that examples are abundant. See Section 1.5 for several related
comments and specific examples, cf. also [7].

1.1.1. Background from potential theory. We consider Coulomb systems
z; }7 C C picked randomly with respect to the Gibbs measure
jf

1 nz
(1.1) AP, (21, 2n) = IT | —szZHe ) dA(z)

" 1<i<j<n

where Q: C — RU{+o00} is a subharmonic function with values in RN {400} which
is finite on some open set and satisfies

lim inf Q)

> 1.
|z]—o0 210g| ‘

The normalizing constant Z,,, chosen so that (1.1) is a probability measure on
C", is known as the partition function; the growth of () near infinity ensures that it
is well-defined and strictly positive.

Here and throughout we write dA(z) = 7~ 'd?z for the normalized area measure
on C.

For convenient reference, we now recall some notions and results from weighted
potential theory. We refer to [26] for proofs and further details.

The Frostman equilibrium measure with respect to () is the unique compactly
supported probability measure o = ¢[@] on C which minimizes the weighted energy

functional
= // log w) + / Qdup
c2? |Z - C

over all compactly supported Borel probability measures p on C. The support S =
S|Q] = supp o is called the droplet with respect to Q.

Assuming (as we shall) that Q is C%-smooth in a neighbourhood of S, then o is
absolutely continuous with respect to the normalized area measure dA(z) = %dQZ,
and in fact (cf. [26])

(1.2) do(z) = AQ(z) - 15(2) dA(2).

Here and throughout, A := 89 = (92 + 02) is the normalized Laplacian, i.e.,
the standard Laplacian divided by 4.
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Figure 1. The coincidence set S* = S U Cs for the outpost potential described in Section 1.5
with o = —0.5, 1 = 0.735 and r, = 1.

Next we define the obstacle function Q(z) to be the pointwise supremum of
s(z), where s(w) ranges over all subharmonic functions s: C — R which satisfy
s(w) < 2log|w| + O(1) as w — oo. Then Q is globally C*'-smooth and @ is
harmonic on C\ S, see [26]. In particular do = AQ dA.

We define the coincidence set for the obstacle problem by

S ={Q=0Q}.
This set satisfies S C S* (again cf. [26]).
While the overwhelming majority of investigations on Coulomb gas ensembles

assume that S = S*, we shall here, following [5, 7], investigate an interesting class of
potentials for which the “shallow set” S* \ S has positive capacity.

1.1.2. Class of outpost potentials. Given the droplet S, we will write U
for the connected component of C \ S containing infinity. If I' C C is a Jordan
curve we write Int I' and Ext I" for the bounded and unbounded component of C\ T,
respectively.

We shall assume that the boundary OU is a single, regular Jordan curve C. We
shall also assume that (S*\ S)NU is a Jordan curve Cy and that ((z) is real-analytic
and strictly subharmonic in a neighbourhood of C; U Cs.

Let D, = {|z| > 1} Uoo and let ¢; : U — D, be the conformal mapping of the
form

(13) ¢1(Z) = lz+a0,1+a1,11+---
T1 z
for z in a neighbourhood of co, where r; = Cap Cy > 0. (See Figure 2.)

Following [7], we impose two assumptions, or compatibility conditions, restricting
the class of curves C5 and the values of the Laplacian AQ) along Cy U Cs.

The first compatibility condition is that ¢; should map the outpost C5 to a
circle centered at the origin, of radius ry/r; where ro > 7y is arbitrary but fixed.
The normalized conformal map ¢, : ExtCy — D, is then simply ¢ = o1 and
ry = Cap Cs.



616 Yacin Ameur and Ena Jahic

¢t w)

2
n

-1 1
Figure 2. Outpost potential modeled on an elliptic Ginibre potential, cf. Section 1.5.

Next consider the ring-shaped domain G = (Ext C}) N (Int Cy). Let

) = Lozl o)

log(ra/m1)
be the harmonic function which is 0 along Cy and 1 along Cy. Also let H(z) be the
harmonic real-valued function on G with boundary values H(z) = 1log AQ(z) on
Ch U Ch.

Standard results about the Dirichlet problem (e.g. [11, Section 21]) imply that

there exists a holomorphic function h; on GG and a uniquely determined real constant
¢ such that

(1.4) H(z) =Rehi(z) + cw(z), (z€q).

The function hy(z) is unique up to an additive pure imaginary constant.
The second compatibility condition is that hq(z) should extend to a holomorphic
function on U. We fix it uniquely by requiring that h;(cc0) be a real number.

Remark 1. In the following, the symbol “¢” is reserved for the constant in (1.4).
In the case of radially symmetric potentials, i.e. Q(z) = Q(|z]), an explicit formula
for ¢ is given in [7, Section 1.3.1]. In general ¢ is related to the Szegd projection of
H in a known way, see [11, Theorem 21.1], cf. also [7].

1.1.3. The correlation kernel. Consider the point process {z;}} picked ran-
domly with respect to (1.1).

For k < n, the k-point correlation function R, is defined by the requirement
that, for all bounded continuous functions f on C*,

E.(f(z1,...,2,)) = M

| F Ry dA®E.
n! Ck
The process {z;}] is determinantal, i.e., there exists a kernel K, (z,w) such that
Ry p(wy, ... wg) = det(Kn(wi.wj))ﬁjzl.
Indeed, a correlation kernel K,,(z, w) for the process {z;}} can be constructed in
the following way.

Consider the space of weighted polynomials
Wy = {f(2) = p(z) - e72"9®); p € Pol(n — 1)}

where Pol(n — 1) is the set of holomorphic polynomials of degree at most n — 1. We
equip W, with the norm inherited from L?(C;dA).
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The reproducing kernel of the space W, is then a correlation kernel for {z;}7; in
the following this canonical correlation kernel is always chosen. We can write

(1.5) K,(z,w) = Z ejn(2)ejn(w

where the wavefunction
(1.6) €in(2) = Yjnpjn(2)e” 2"

is normalized by p;,(2) = 27 + aj_1,2'"' + -+ + ap,, the j:th monic orthogonal
polynomial with respect to the norm

bl = / plPe @ dA

and 95 = 1/[Pllnc- -

By a cocycle we mean a function c¢(z,w) of the form c(z,w) = a(z)a(w), where
a(z) is a continuous unimodular function. Then, for any kernel K(z,w) we have
det(K (2, 25)c(2i, 2j))7 j=1 = det(K(zi, 2))7,=1- Le., the kernels K and cK give rise
to the same determinantal process.

Given these proviso, we consider the reproducing kernel K, (z,w) for the space
W,,. We shall derive asymptotics as n — oo for ¢,(z, w)K,(z,w) in cases when z, w
are in a vicinity of CyUCy, where ¢, (z, w) are suitable cocycles. These correlations are
expressed in terms of the reproducing kernel of a Hilbert space of analytic functions
on U, which we now turn to.

1.2. Associated Szeg6 kernels and the Heine distribution. For a function
f(2) analytic in U, having appropriate boundary values along C, we define a squared
norm by

2
AQE)

(Here and throughout, |dz| denotes the usual arclength measure.)
As above, let hi(2) be the analytic function in the exterior Ext C; (the connected

IF1T=@ |f(2)?
Cy

component in C containing oo) which is real at oo and solves the boundary value
problem

1
Rehy = 3 log AQ, (along ().

Let Hy be the Hilbert space of all analytic functions f: U — C such that || f]|; <
oo and f(oo) = 0. This is a weighted Hardy space of the type considered in [6, 4].
We denote by

(1 7) S (Z w) _ 1 /¢/ /¢/ +h1
' RO o 1—¢1<>¢1<>

the reproducing kernel for the space H;. (Here and throughout, 1/ ¢/ (z) denotes the
branch of the square root which is real at infinity.)
In addition, we shall consider the following equivalent norm on H,

) 2 ld=| o ldz|
19) Il = § VO s + £, aam
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We denote by Hj 5 the Hilbert space of analytic functions on U normed by || - |1 2
and by Si2(z, w) the reproducing kernel for Hj »; as we shall see below this kernel
has several useful representations.

Lemma 1.1. When z,w € Ext ('} we have the representation

(19) 8172(2’,’[1)) =

1 00 ’f’l 27
SN (o L(h1(2)+h1(w)) 1 _
¢1( ) ¢ ( ) It jzl )J 7"} 23 +e CT;—?] )

where c is the constant in (1.4).

A proof is given in Section 2.

It is important to note that S (2, w) continues meromorphically, as a function
of (z,w), to a larger domain.

Namely, let D be any domain in C containing C U Ext C such that ¢; continues
analytically to D and satisfies |¢1| > r1/ry there. We also assume that hy(z) and
¢1(z) have analytic continuations to D.

It follows easily from Lemma 1.1 that (cf. Section 2 for details)

(1.10)  Si2(z,w) = Si(z,w)

—c. 1-25

oo
/— /— 1 (b (2) 4+ (@) 1 e r,
+ QSI QZS, 2 i i E 1-2j 1-2;5
27r ]:1 J Yry Y 4 emery

where S;(z,w) is the Szegd kernel in (1.7). Note that the sum in the second line
of (1.10) is analytic in (z,w) for all (z,w) € D x D, so the formula provides a
sesqui-meromorphic continuation.

We proceed to define some further objects required in order to formulate our
main results.

Let ¢;(z) be the analytic function in Ext C; solving the boundary value problem
Req; = @ on C (and having ¢;(00) real). Likewise, let go(2) be the analytic function
on Ext C such that Re ¢, = @Q along (5.

In [7, Lemma 2.1] it is shown that ¢ (2)e29®) = ¢y(2)e2%2() on Ext Cy. We can
thus unambiguously define an analytic function by

(1.11) u(z) = 1 (2)eFn ) = ho(z)ei e

for z in the domain D above. Closely related is the following identity for the obstacle
function

(1.12) Q(2) = 2log |p1(2)| + Requ(z), (2 € ExtC)).

We next recall a few facts concerning the Heine distribution.
A discrete random variable X, taking values in Z, = {0,1,2,...}, is said to have
a Heine distribution with parameters # > 0 and 0 < ¢ < 1 if

k(k—l)@k

(1.13) PUX=H) = (—(9;1Q)oo q2(Q§Q)k - B2

where the g-Pochhammer symbols are defined by

o0

G =T[0-2), (o =][0-20).

J=0
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The fact that this defines a probability distribution on Z, follows by the ¢-
binomial theorem, see [5] and references therein; we denote this distribution by
He(, q).

For convenient reference, we recall the following result from [7, Theorem 1.2]
(cf. [5, Corollary 1.10]).

Theorem 1.2. [7, Theorem 1.2] Let N be a fixed neighbourhood of Cy, small
enough that its closure does not intersect the droplet S. Let {z;}} be a random
sample from (1.1), and define X,, to be the number of j’s between 1 and n such
that z; € N. Then X,, converges in distribution, as n — oo, to a Heine distribution
X ~ He(0,q) with parameters

2
(1.14) 0 = Ee_c, q= (ﬂ) :
) )

The expectation of this Heine distribution is given by
1-2j

> r
(1.15) pi=EX =)
o e

2
1-25°
c+r2 J

We will not use Theorem 1.2 in what follows; in fact, we shall give an alternative
proof which implies a slightly better convergence.

1.3. Main results on kernel asymptotics. For k = 1,2 we denote the “belt”
about C} by

(1.16) By = {z; dist(z,Cy) < M logn}

n

where M is a fixed, large enough constant.
We have the following result.

Theorem 1.3. Suppose that (z,w) satisfies
(1.17) z,w € BiUExtCy  and  |¢1(2)¢1(w) — 1] > n,

where 1 > 0 is arbitrary but fixed. Also let § > 0 be an arbitrary but fixed constant
in the range 0 < 8 < 1. We then have the convergence (with u(z) given by (1.11))

(1.18)
Ko(z,w) = V2mn - (u(z)u(w))e” s @&HHRW) g o (2 w) - (1+0O(n™?), n— oo,
where the implied constant is uniform in (z,w) satisfying (1.17).

We note that Theorem 1.3 generalizes the Szegd type convergence obtained by
Ameur and Cronvall for connected coincidence sets in [6, Theorem 1.3].

Remark 2. Our proof of Theorem 1.3 as well as of several following results uses
approximations, notably associated with the method of summation by parts from
[6]. This method is associated with a certain margin of error. We believe that the

optimal error term in (1.18) should be O(n2), and that the subleading correction
might be quite interesting. See e.g. [4, Section 1.7] for a somewhat related discussion.

Combining the above result with (1.12), we obtain the following consequence.

Corollary 1.4. Let V(z) be the harmonic continuation of Q|gy ¢, inwards across
C to a neighbourhood D of Cy UExt Cy. Then for all (z,w) satisfying (1.17)

(1.19) | K, (2, w)| = V2rn e 2 @-VE2@Q@VIW) g o (2 w)| - (14 O(nP)).
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The estimate (1.19) implies that that K,(z,w) is negligible when z or w is in
Ext Cy \ (By U By). Indeed, there is a constant ¢; > 0 such that

(1.20) (Q —Q)(2) > ¢ (dist(z,C1 UCy))?, 2 € ExtCy.

This latter estimate follows by a straightforward Taylor expansion, as in the proof of
[1, Lemma 2.1]. Using (1.19), (1.20) we obtain the following corollary.

Corollary 1.5. Suppose that z,w € By U Ext (', and at least one of the points
z,w are in the complement Ext C; \ (B U Bs). Given an arbitrarily large constant
N, we may choose M in (1.16) large enough that |K,(z,w)] < Cn™ where C is a
constant depending only on (), M and N.

We next turn to detailed asymptotics in cases when both z,w are in By U Bs.

If p € C1UC, we write v(p) for the exterior unit normal to the curve C; to which
p belongs.

Given two points p, q € C U Cy we consider nearby points z, w of the form

S t

m”(ﬁ% w=q-+ m”(@),

where s, ¢ are real numbers with [s|, [t| < My/logn.

We have the following theorem for the case when at least one of the points z, w
is near Cy. (Here and in what follows, 8 denotes an arbitrary but fixed number in
the interval 0 < 8 < %L)

(1.21) z=p+

Theorem 1.6. Suppose that p,q € C; U Cy. If both p and g are in C we also
assume that |p — q| > n for some small but fixed n > 0. Then there are cocycles
¢n(z,w) such that, as n — oo,

(1.22) a2, 0) Ko (z,0) = V210 - S19(p, q) - e 25+ (14 O(nP)).
The implied O-constant is uniform for all such p and q in question.

We also have the following result for the density K,(z, z) near the outpost, prov-
ing Gaussian decay as one moves away from Cs.

Theorem 1.7. Let p € C5 and set

t
p—i—m”(?)-

Then, as n — oo, we have uniformly for |t| < M+/logn,

Ko(z:2) = | "2 )] - (1 + O,

where p is the expectation of the Heine distribution given in formula (1.15).

(1.23) z=

The behaviour of K,,(z, z) for z near C} is more involved and will not be studied
here. See however Section 1.6 for several related comments.

We note the following consequence of Theorem 1.7.

Let {z;}} be a random sample and let Y,, denote the number of indices j, 1 <
j < n, such that z; € By, where By is the neighbourhood of C in (1.16). Evidently

E,.[Y.] = | K.(z z2)dA(z).
B2
We can now state the following result, which improves on the rate of convergence
in Theorem 1.2.



Szegd type correlations for two-dimensional outpost ensembles 621
Corollary 1.8. Asn — oo, we have the convergence E,[Y,] = - (1+ O(n=?)).

1.4. Berezin measures and analytic carriers. Fix a point z € Ext C; and
consider the following probability measure on C

Kalz )P
K,(z,2)

This is known as a Berezin measure; probabilistically it measures the repulsive effect
obtained by inserting a point charge at z, cf. [9, Section 7.6].

Asymptotic properties, as n — oo, of Berezin measures have been well studied
in cases where there are no outposts. For example, if z is in the droplet, then under
mild assumptions, f, , converges weakly to the Dirac measure ¢,, while if z is in the
exterior, then u, . converges to the harmonic measure w, of the exterior domain, see
e.g. 9, Section 7].

We turn to the asymptotics of the measures p, . in the present setting with an
outpost Cs. In the following, the point z is fixed in Ext Cy, and we identify p,, , with
the functional

(1.24) din, - (w) dA(w).

ung<f>:=:/£hfdﬂnz.

Let us denote by A(Ext C}) the algebra of analytic functions on Ext C} which
extend continuously to Cf.
We have the following theorem.

Theorem 1.9. Let f € A(ExtCy). Extend f by continuity to C in some way.
Then, for any given N > 0, we have as n — oo

pnz(f) = B (F) +02(f) - 1+ 0 7) + [ flle - O(n™™)

bf) are the functionals

|Sl,2<z7 Q)‘Z
SLQ(Z, Z)

| fllc denotes the sup-norm of the extended function.
Moreover, we have the following reproducing property

(1.26) b (f) + 62 (f) = f(2).

Finally, if we set r = |po(2)| (sor > r1/rs), then the total mass of the measure b? s

where bi” and

(1.25) b@qw:(jﬂ@ dgl, (k=1,2);

S Y _)2
]:1 T%72J€_C+Téi2]
1-25 .
Z?O 7’72]'%
Jj=1 ry Jeerym

b1 =

The equation (1.26) says that the functional b + P has the same exterior
analytic carrier as the point evaluation d,, over functions f € A(Ext Cy), i.e., bt (f)+
2
b (f) = 6:(1).
In the well studied case without outposts, the Berezin measure rooted at an
exterior point z is supported on C; and is given by

where S;(z,w) is the Szegd kernel (1.7). Moreover, w, is the harmonic measure for
Ext Cy. (See [6, 9, 19] and references therein.)

|dq’7 (q € Cl)?
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0.0

T T T T T
1 2 3 4 5
r

Figure 3. The total mass of the measure bg) as a function of r = ¢a(z), r > 22, with

r1?

7‘1:1,7”2:1.5,6:1.

In conclusion, the three probability measures 9., w,, bgl) + bg) all have the same
carrier with respect to A(Ext Cy).
Remark 3. The total mass bgz)(l) of the measure b is an increasing function

—1

. . T .
of r = ¢o(2); it increases from 0 at r = = to =T —e,=T, A8 T — +00, see Figure 3.
1 2

1.5. A few concrete examples. As noted in [7], it is easy to generate examples
of outpost potentials meeting all conditions imposed above. For example, let us
explain how the ensemble in Figure 1 was generated. The point of departure is a
class of 1-point unbounded quadrature domains considered in the recent work [21].
(The complement C \ S is a quadrature domain in a suitable generalized sense, see
[6, 21] and references therein.)

As in [7, Section 1.3.1] we could start with any Hele-Shaw potential, i.e., a po-
tential whose Laplacian is constant in a neighbourhood of the droplet. Let us pick a
potential Q(z) of the form studied in [21, Section 2]

- (|z\2 — 2Re(a - log(z — 2))), zeK,

~+00, otherwise,

(1.27) Q1(2) =

where K is a simply connected compact subset of C, chosen so that the droplet
S = S[Q4] is compactly contained in the interior of K while 2 ¢ K; « is a complex
parameter such that |a| < 24+Rea. The droplet S then has normalized area [ dA =
\/ﬂ. Write Cl =085.

For simplicity, we choose —1 < a < 0. As is shown in [21, Section 2.1] the
normalized conformal map ¢; : Ext C; — D, has the inverse

\w0|2—1

w — wy + 2

o7 (w) = rw - 12171'1”0‘2 . (web,),
— Wy

where wy is a real root to the equation

2, 4 3 2 —
riw, — 2riwy — awy — 2rwe +4 = 0.
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Figure 4. Droplets corresponding to the potential (1.27) with o = —0.5, r; € {0.225,0.375,
0.525,0.6,0.675,0.712,0.731} and critical value 71, = 0.75.

The droplet is well defined with smooth boundary when r; > 0 is below a certain

critical value 7, = 71.(), at which the edge develops a cusp of type (3,2). (The

droplet corresponding to 7, is maximal and is understood in a local sense [21].)
Now fix any 71,7y with 0 < r; < ry, and ro > 71, and set

.
Cy = ¢ (2T).
1

We now define a family of outpost potentials having C5 for an outpost. To accomplish
this, we use the general device given in [7, Section 1.3.1]. Namely, we fix an arbitrary
constant ty > 0 and put

Ql(z)a ) . FARS Nla

_ )5 (o1 (2)° = (r2/r1)%) =

R e T BB
00, otherwise,

where N is a small neighbourhood of S, N3 a small neighbourhood of C5, and
N1NN5 = . All conditions for an outpost potential are then satisfied with hy = 1/,
and ¢ = $log(tor1).

The outpost ensemble in Figure 2 was generated in a similar way, but starting
from an elliptic Ginibre potential Q1(2) := -(|2]* + Re(az?)), where a is a complex
parameter with |a| < 1.

1.6. Comments and related work. Outposts in the context of one-dimensional
ensembles have been well studied, but tend to behave quite differently from the
present ones. See [7, Remark 4] for a comparison.

In [5], a large n expansion for the free energy is given for radially symmetric
potentials having a circular outpost in the unbounded component of the complement
of the droplet. The outpost affects the constant term and can be expressed in terms
of ¢-Pochhammer symbols. A generalization to the present kind of outpost potentials
is conjectured in [7].
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Very recently, in [25], Noda obtained several new results in this direction. Among
other things, he considers radially symmetric potentials such that the coincidence
set accommodates an arbitrary number of circular outposts, and derives free energy
asymptotics for such ensembles. This leads to the introduction of a new kind of multi-
dimensional Heine distribution, which in a sense, accounts for interactions between
different outposts.

We finally mention a few related problems, which we omit to discuss for reasons
of length.

Firstly, it is natural to study diagonal asymptotics K, (z, z) when z is in a vicinity
of the outer edge C of the droplet. This case differs from the above studied case,
since bulk interactions enter the asymptotic picture. Indeed, if we fix p € C] and
scale about p as in (1.23), then we have the leading order error-function asymptotic

erfct

2

(1.28) Kn(z,2) = nAQ(p) - +o(n), (n—o0),
which should be compared with Theorem 1.7, in which K, (z, z) has order of magni-
tude y/n. The asymptotics in (1.28) has been verified at the edge of a wide variety of
two-dimensional ensembles, cf. the recent work [16] and references therein. A proof of
(1.28) in the present situation can either be based on the approximations in Lemma
3.2 and Lemma 3.3 below, or by adapting the general method of proof in [16]. (We
omit details.)

In addition to (1.28), subleading asymptotics has recently been found in a variety
of settings [2, 4, 14] making it plausible that there should be an expansion of the
form (still in the situation of (1.23) with p € )

er

et /nAQR) - Clpomit) + O1),  (n— o0),

(1.29) K,(z,2z) =nAQ(p) 5

where C(p,n;t) oscillates in n, in a bounded way, as n — oco. It is an interesting
problem (which we shall not consider here) to identify the coefficient C'(p, n;t).

Secondly, we recall that Szeg6 type asymptotics for the correlation kernel is
worked out for radially symmetric potentials with ring-shaped spectral gaps in [4].
In this case, the long-range correlations K, (p, q), where p, g are distinct points along
the edge of a spectral gap, “oscillate” in n. It is likely that these correlations should
have universal generalizations, in a setting of spectral gap potentials as in [7]. (In this
connection, we note that a “parallel” but different kind of Szeg6 type correlations,
at the edge of an annular spectral gap with hard edge constraints, is proved for the
class of model Mittag-Leffler ensembles in [3]. Such droplets are not postcritical for
Laplacian growth, but rather by imposing a hard wall.)

1.7. Plan of this paper. In Section 2 we derive various representations for the
weighted Szegé kernel Sy (2, w), and we prove Lemma 1.1. In Section 3 we discuss
various relevant approximation formulas for the wavefunctions, i.e., the weighted
orthogonal polynomials e;,(z) with respect to the weight e "9/2. We require two
partially overlapping approximation formulas, one for the “edge regime”, meaning
indices j with n — Cy/nlogn < j <n —1, and another for the “bifurcation regime”,
where n —log?n < j < n—1. In Section 4, we combine all these approximations and
prove Theorem 1.3. In Section 5 we prove Theorem 1.6 and Theorem 1.7. Finally, in
Section 6 we prove Theorem 1.9 and Corollary 1.8.
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2. Szego6 kernels

In this section, we prove the formulas for the Szeg6 kernel S »(2,w) in Lemma 1.1,
and we prove a few other representations that will come in handy.
To this end, we note that for k£ = 1, 2, the functions

"e0(2) 1h,) :
k(z) = —F—Le2" ) =1,2,...
fj,k( ) (qubk(z))] (] )
form an orthogonal basis for the Hilbert space H; o (see (1.8)) with
dz| |dz| - -1
1(2)]? | =2 ¥, 2(2)]? = e ¢ 2
b 1P P :
and
|dz| 1-2j )2 |dz| 1-2j
fin(2))? =€ 2mry | &lg fia(z =21, .
02‘ J1< )’ AQ(z) | 3,2 (Z) 2
Now define
kja = fiallfe =21 - (™ + ey ), =l fizlia =21 (7 e+ ).
Then
Sl2zw Zf]l fJ,( )

J,l
1-25

(2.1) = VAN w)ed D f: Y
]:1

( )jrl 2]‘|’€c

This proves Lemma 1.1.

The formula (2.1) is convenient in cases when both z and w are close to the curve
C1, since ¢1(2)¢1(w) is nearly unimodular.

For applications in which one or both the points z, w are near C5, we note the fol-
lowing alternative representations, which are obtained from (2.1) and the relationship

$2 = L1
Lemma 2.1. The kernel S; »(z,w) is given by

(2.2)
00 1-2j5

Si2(z,w) \/ P5(2) v ¢2 )e2(haE)thatw)) Z E —2;

< Ve Y 4

J=1

(2.3) \/gb,—\/%— L (hy (2)+ () Z B (ryr2)7 7

( ))i T} 2e—c/2 4 ec/2réf2j'

3

J:1

3. Wavefunctions and their approximations

Recall the representation K, (2, w) = Y20 ' €,(2)e;jn(w), the wavefunction e;,,(2)

being given by (1.6).

We are particularly interested in asymptotics when both z and w are in By U
Ext Cy. In this case, terms in (1.5) with j < n — Cy/nlogn give a negligible
contribution, and the sum can be approximated by just summing over j:s with

j=n+ O(yv/nlogn).
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Lemma 3.1. If j < n — C+y/nlogn where the constant C' is large enough, then
for each N > 0 there is a constant Ky such that

lejn(2)] < Kyn™, (2 € By UExt C)).

The proof is standard, e.g. see [7, Lemma 3.6].

When the points z,w € By U Ext Cy, the essential contribution to the sum (1.5)
comes from indices 7 with n — M+/nlogn < j < n — 1. These indices constitute the
edge regime.

As observed in [7], in the present setting a further bifurcation regime is prevalent
for indices j with n —log*n < j <n — 1.

To account for all possibilities, we now state two partially overlapping approxi-
mation formulas for the wavefunctions e;, (%), to be used in tandem in what follows.

We first recall the more well known approximation formula used for connected
coincidence sets going back to [22].

For all j with n — M+/nlogn < j < n —1 we put 7 = j/n and consider the
potential @, = Q/7. Let S; = S[Q/7] be the 7-droplet. These droplets form an
increasing chain: 7 < 7/ implies S; C S,.

Also (at least for n large enough) 0S5, is a real-analytic Jordan curve, see e.g. [6,
21] and references therein. Let U, := C\ S, be the exterior domain and

¢.: U, — D,

the exterior conformal map with ¢,(c0) = oo and ¢ (c0) > 0.
We also require the two analytic functions ¢,(z) and h,(z) on U, which solve the
boundary value problems

1
(3.1) Req, =Q, Reh, = 5 log AQ, along 05,

normalized by mapping co — oo and being real at oo.

To state our next result, we also introduce the “obstacle function” Q.(z). By
definition @Q,(z) is the pointwise supremum over s(z) where s(w) is a subharmonic
function on C such that s(w) < 27log|w| + O(1) as w — oo. The coincidence
set S* = {Q. = Q,} satisfies S = S, when 7 < 1 is close enough to 1; also
Q-(2) = 27log |z| + O(1) as z — 0.

We now define an approximation (or

13

weighted quasi-polynomial”) E;,,(z) by

(3.2 Bjn(z) i= (%) VEE) - (e - e B ),

The exterior approximation “e;, ~ L;,” works well as long as j does not enter
the bifurcation regime.

Lemma 3.2. Suppose that j satisfies n — Cy/nlogn < j < n —log*n. Then for
all z € B; U Ext Cy we have the estimate

(3.3) lejn(2) — Ejn(2)| < K+/logn - e~ 3(@-@)(),

where K is a large enough constant (depending only on Q).

Proof. For j < n—1log®n the effect of the outpost is negligible by [7, Lemma 3.7],
i.e., if £ is an arbitrarily small neighbourhood of the droplet S, then e;,(2) as well
as Ej,(z) are uniformly O(n™") on C\ & for any given N > 0. When applying
the standard approximation scheme in [22, 6] (using “Hormander estimates”) it is
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easy to see that the approximation with £}, (2) works virtually unaltered. We omit
details.! 0

For 7 in the bifurcation regime, an exterior approximation formula for the wave-
function e;,(2) is deduced in [7, Section 3.4]. We now recall this formula.

Recall that ¢,: Ext Cy — D,, k = 1,2 are the exterior conformal mappings.

For j close to n we consider the holomorphic function in B; U Ext C4

j+1/2

rd
Djn(2) = q1(00)+ 4 (00 \/¢/ Jpu(2) eFn ezt (@),

62

Here ¢y, h; are holomorphic functions in Ext C with
1
Reqy =Q, Reh; = 3 log AQ, along Cf,
fixed by the condition that ¢; and h; are real at infinity.
As shown in [7, Section 2], we have for z € Ext Cy
j+1/2

Dj(2) = 2 VEh(2) a2 errleita),

efnqz(oo)-l— ha(00)

Here gy, ho are the holomorphic on Ext Cy solving the boundary problems
1
Reqgy =Q, Rehy = 3 log AQ, along (5,

and real at infinity.
It is easy to see (cf. [7, Section 1.3]) that

(3.4) hy = hi +c

where ¢ is the constant in (1.4).
Let us also set

Cim = Q_W(T%jJrlefnql(oo)fhl(oo) + T§j+1€7nq2(oo)fh2(oo))

-3 —ln z
(3.5) Fin(2) 1= ¢; 2®;,(2)e 290

Lemma 3.3. Suppose that n — log2 n < j<n-—1. Then for all z € B; UExt C}
we have the estimate

ejn(2) = Fin(2)] < Ky/logn - e72n(@ Q)
where K is a large enough constant depending only on Q).

Proof. This is precisely [7, Theorem 3.5]. O

and

"t is equally easy to see that the approximation procedure works for the higher order approx-
imants in [22]. However, we shall here merely be concerned with the first-order approximation by

Ejn(2).



628 Yacin Ameur and Ena Jahic

4. Approximation of the correlation kernel

We now prove Theorem 1.3. The idea is inspired by the paper [5].
For z,w € By UExt C; we consider the approximation of K,(z,w) by the sum

2 (2, w) + Zg"z) (z,w) where

(4.1) 20w = S BB
j=n—C+/nlogn

and

(4.2) S0Gw) = S (Eyn(2)Fon) — Eyn(2) Bynlw)).

j=n—log?n

The first term EY” requires no new analysis; it is easily handled using the method
of proof of [6, Theorem 1.3].
1

Lemma 4.1. Let 8 be any number with 0 < 8 < ;. Then for all z,w €
B1 U Ext Cy such that |¢1(z)¢1(w) — 1| > n we have the estimate

2 (2, w) = V2mrn (u(2)u(w)) e 2 QEHRW) . g (2 w) - (1+ O(nF))

as n — oo, where Sy(z,w) is the Szegé kernel (1.7).

Proof. The proof, using summation by parts, in [6, Section 4], works unaltered
in the present situation. 0

We turn to the term 23"2) (z,w). We have the following lemma.

Lemma 4.2. Suppose that z,w € By U Ext C;. Then as n — oo,

Z" (z,w) 1/ \/¢’ \/¢f (w))"e™ 5 (QEHTR) g5 (k1 (2)+ha (w))

—c,.1—2j 4
e r, log™n
> . 1+o( ))
e wx@@uwwn2f+e%§% ( n

Jj=1

Proof. By [7, Lemma 2.1] we have

2
RACORTACONN RN
T2

Using also ha(00) = hy(00) + ¢, we now write

21 (2, w) ,/ —Vol(x &, (w) - (61(2)d1(w)
,62(q1() Q(z)) %( q1(w)—Q(w)) %(hl(Zth(w))

n—1 2511
TIH_

(4.3) X Z <¢1(2) 1<w))jin' { 2j+1 +7,2]+1( 1)2ne—c

j=n—log?n
_N ¢IT<Z>—\/¢'T<UJ) (¢T(3)¢T(w))jeg(qf(z)Jrqr(w)) o3 Uir (2)+hr (w)
VI /o) \di(2)r(w) ) ernGrat ¢}
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We shall next prove that

(4.4) m@ (¢T<Z)¢r(w) )j e 5 (ar(2)+4r (W) o3 (hr(2)+hr(w)
V@) (w) \e1(2)d(w) /) e I

4
:1+O(log n)
n

This is a little technical, but fortunately the main estimates have already been
carried out in [6].

Indeed, to show (4.4), we write V,(z) for the harmonic continuation of Q,(z)
from C\ S, inwards across 0S;. It is well-known and easy to check that

Br()et Rerre) — ¢80

Proceeding as in the proof of [6, Lemma 4.4] we define
¢r(2) 1 (4
P.(2) == Tlog | -~ ear (4r—a)(2)
(2) := o1(2)

with the branch of the logarithm such that P, (oc0) is real. Note that P, = 0.
The proof of [6, Lemma 4.4] shows that there is a strictly positive constant a
such that

Re P,(z) < —a(l — 7)?

which leads to
o-(2) - (w) 7 0% (ar(2)+gr (w))
‘ (¢1(2)W) o5 (@ (2)+a1(w))

For 1 < n — j <log?n the right hand side is 1+ O(n~"log*n).
Inserting this asymptotic in (4.3) and rearranging we find

2" (z,w) 1/ \/¢' \/¢f (W) e~ 3QE+Q)) g3 (b1 (2)+h1 (w)

2
%(Re Pr(2)+Re Pr(w)) efa%'

log?n 1 6_67"172]'
2 —17,44
X — . | = — + O(n""log"n)|.
; (¢1(2)¢1(w))? [Ti R
The lemma now follows from the representation (1.10) of S 2(z, w). O

The last two lemmas conclude our proof of Theorem 1.3. [

5. Correlations between points in B; U B,
We now prove Theorem 1.6 and Theorem 1.7. We start with the following lemma.

Lemma 5.1. Let V(z) be the harmonic continuation of Q!Ext ¢, Inwards across
Cl. FOI'p € Cl U 02 set
s
(5.1) z=p+ —————=1(p)
2nAQ(p)

where v(p) is the exterior unit normal. We then have the Taylor expansion
(Q=V)(z) ="+ O(s*/v/n)

where the implied constant is uniform for all |s| < M+/logn.
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Proof. Let 0, denote differentiation in the exterior normal direction to C), where
p € C. Using that () — V is real-analytic near Cy, Taylor’s formula gives, as ¢ — 0,
leR
1
(Q—V)(p+tw(p) = 553(62 —V)(p)- 2+ 0O()
=20(Q —V)(p) - €+ O(8)
=2AQ(p) - 2 + O(£?),
where we used that V' is harmonic. 0

Assume next that both p and g are in C; UCy and that |¢1(p)é1(q) — 1| > n > 0.
Also fix s,t with |s], [t| < M+/logn and let z and w be as in (1.21).

Using Lemma 5.1, we see that

(u(z)u(w))"e™ 3 @QEHRW) — ¢=3(*+) . oxp(O((logn)2n~2)).

Inserting this in Theorem 1.3, we finish our proof of Theorem 1.6.
Next use Theorem 1.6 and Lemma 2.1 to conclude that for z as in (5.1) and
peE 027

K, (z,2) = V2mne ™ Sia(p,p) - (1+ (9(”_6))
= Vamn e |6y(0) [V AQ(p) 5 - Z

By (1.15) we have

12]

(14 0(n™")).

1 —2j _C+7“_2]

12]

V 21237(;

8] +7’

=55 — M
finishing the proof of Theorem 1.7. q.e.d.

6. Berezin measures and the expectation formula

In this section we prove Theorem 1.9 and Corollary 1.8. We begin with Theo-
rem 1.9.
Recall that the Berezin measure rooted at a given point z € Ext C is the prob-
ability measure
K (2, w) [
d n,z = T N
() = T 5 2)

Let By and B;y be the belts about C) and C; respectively, see (1.16). We start
with the following lemma, which says that p, . is essentially supported on the union
of the belts.

dA(w).

Lemma 6.1. For fixed z € Ext C} and any N > 0 we have the convergence
(61) [/Jn,z((c \ (Bl U BQ)) = O(n_N)a (n - OO)

Proof. By Corollary 1.5, we infer that (taking the constant M large enough)
pin,-((Ext C1)\(B1UBg)) = O(n). Tt remains to consider the measure of the domain
I, = (Int Cy) \ B;. For this, it is convenient to invoke the off-diagonal estimate in [8,
Theorem 8.1], which implies that we can, by choosing M large enough, ensure that

(6.2) 1K (z,w)]> < Cyn Ne @G (y e Iy).
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On the other hand, by Theorem 1.3 we have that

(6.3) Kn(z,2) = V20 - e ™99 . 5 5(2, 2) - (1+ O(n 7).
Combining (6.2) and (6.3) we see that j, .(I,) = O(n2 V). O
Now parameterize By by (g, 1),
t
(6.4) w=w(qt):=q+ ————="-v(q), (qe€ads,|t|] < My/logn).
2nAQ(q)
A computation of the Jacobian (see [2, Lemma 3.1]) shows that
1 1 t
i) =2 (14— atdsta), (= wlant)
™\/2nAQ(q) 2nAQ(q)

where k(q) = 0s argv(q) is the signed curvature of 95.
A similar relation holds for w € B;.
Let f(w) an arbitrary function in H; » which extends continuously to the bound-

ary OU. Extend f to a continuous function on C in some way.
Using Theorem 1.6 and Lemma 6.1 we have

/C Pz =32 | Sdins + Ol

M\/logn

= V2rn= ’tzd 1+0n™*
Z S t (14 O(n)
/—|512 z,q)| 1 ‘ tk(q) .
9& kZ;Q AQg S12 (z,2) /2nAQ(q) (1+ QnAQ(q)) ds(a)
+ [ flloe - O(™™)
- ¥ ¢ 105 o) < o i
k=1,2 4T

0= § 1050 a2,

Since ¢ — f(q)S12(2,¢q) is in Hj o, the reproducing property of S; 5 gives
OO (F) +62(f) = f(2).

Now fix z € U and write r = |¢a(2)|, so r > 11 /ra. We can without loss assume
that ¢9(2) is real. Then

Si2(z,w) = \/Cb/ )V @y (w ez

1-25

7“97“

w))ir et 41y

—2j

/ 2m
b [Sia(e.a)f dsla) = ‘ﬁﬁi" /
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where the last equality uses Parseval’s theorem.

Since
1 27

S12(2, 2) |¢/ ) ZT

12]_+12]

we obtain the result that

. 1-2j 2
Jj=1 7"% 2J6*C+r =2
R T S
Jj=1 e T

b (1) =

This finishes the proof of Theorem 1.9. q.e.d.

We finally prove Corollary 1.8. Using Theorem 1.7 and the change of variables

(6.4), we obtain

AQ(p el
Ko(2,2) dA(z n
[ K(2) éﬂ/ I T

M+/Togn )
></ e dt - (14 O(n~"?))
—M+/Togn

= 2 [ Jael- (1 O = (1 O ).

The proof is complete. q.e.d.
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