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Conjugate type properties of harmonic
(K, K')-quasiregular mappings

Shaolin Chen and David Kalaj

Abstract. The main purpose of this paper is to investigate conjugate type properties for
harmonic (K, K')-quasiregular mappings, where K > 1 and K’ > 0 are constants. We first establish
a Riesz-type conjugate function theorem for such mappings, which generalizes and refines several
existing results. Additionally, we derive an asymptotically sharp constant for a Riesz-type theorem
pertaining to a specific class of K-quasiregular mappings. Furthermore, we obtain Kolmogorov-type
and Zygmund-type theorems for harmonic (K, K')-quasiregular mappings.

Harmonisten (K, K’)-kvasisdéinnéllisten kuvausten liitto-ominaisuudet

Tiivistelmi. Téméin tyon tavoite on tutkia harmonisten (K, K’)-kvasisidnnollisten kuvausten
liitto-ominaisuuksia, missi K > 1 ja K’ > 0 ovat vakioita. Ensimmaéiseksi todistetaan téllaisille
kuvauksille Rieszin-tyyppinen liittofunktiolause, joka yleistdéd ja tarkentaa useita aiempia tulok-
sia. Tietyn K-kvasisdannollisten kuvausten luokan tapauksessa l6ydetdin myos Rieszin-tyyppisen
lauseen asymptoottisesti tarkka vakio. Liséksi todistetaan Kolmogorovin- ja Zygmundin-tyyppisia
lauseita (K, K')-kvasisddnnéllisille kuvauksille.

1. Introduction

For a € Cand r > 0, define the disk D(a,r) = {z € C: |z—a| < r}. In particular,
we write I, = (0, r) for the disk centered at the origin with radius r, and D = D
for the unit disk. Let T = 0D denote the unit circle. The real and imaginary parts of
a complex number are denoted by “Re” and “Im”, respectively. For a continuously
differentiable complex-valued function f and a point z = x + iy € D, the directional
derivative in the direction 0 € [0, 2] is defined as

00 F(s) i tim P = 1)

p—0t P

= [o(2)e” + fa(2)e™™,

where p € (0,1 —|z]), and the Wirtinger derivatives are given by

‘_8f_1 of  oOf
fz-—a—é(%”a—y)
and of 1/0f .of
fz‘zgza(%“a—y)-

Then the maximum and minimum of dy f(z) over 6 € [0, 27] are given by

Ar(2) = max {10051} = 1] + 1)
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and

Ar(z) = min {100f ()1} = [If(2)] = [ £=(2)]].

0€[0,2)

A mapping f: Q — C is said to be absolutely continuous on lines;, AC'L in brief,
in the domain 2 if for every closed rectangle R C 2 with sides parallel to the axes
x and y, f is absolutely continuous on almost every horizontal line and almost every
vertical line in R. Such a mapping has, of course, partial derivatives f, and f, a.e.
in Q. Moreover, we say f € ACL? if f € ACL and its partial derivatives are locally
L? integrable in €.

A mapping f of Q into C is called a (K, K')-quasireqular mapping if

(1) fis ACL? in Q and J; > 0 a.e. in §2, where J; is the Jacobian of f;

(2) there are constants K > 1 and K’ > 0 such that

Afc < KJ;+ K" ae. in Q.

In particular, if K" = 0, then a (K, K')-quasiregular mapping is said to be K-
quasiregular. Furthermore, we say f is K-quasiconformal in € if f is K-quasiregular
and homeomorphic in Q (see [6, 8, 7, 15, 28]).

For a sense-preserving harmonic mapping f defined in D, the Jacobian of f is
given by

Tp=|fP = |f = Mgy

and the second complex dilatation of f is given by u = f;/f.. It is well-known
that every harmonic mapping f defined in a simply connected domain 2 admits a
decomposition f = h + g, where h and ¢ are analytic; this decomposition is unique
up to an additive constant. Recall that f is sense-preserving in Q if J; > 0 in €.
Thus, f is locally univalent and sense-preserving in €2 if and only if J; > 0 in €; or
equivalently if 2" # 0 in Q and u = ¢'/h’ has the property that |u| < 1 in Q (see
9, 11, 25]). A mapping f in Q is called a harmonic (K, K')-quasiregular mapping if f
is harmonic and (K, K')-quasiregular in €2, where K > 1 and K’ > 0 are constants.
In particular, if K/ = 0, then a harmonic (K, K’')-quasiregular mapping in € is
called a harmonic K-quasiregular mapping in 2. Moreover, we say f is harmonic
K-quasiconformal in 2 if f is harmonic K-quasiregular and homeomorphic in €.

The main purpose of this paper is to investigate the behaviour of the conjugate
function of harmonic (K, K')-quasiregular mappings when its integral means satisfies
different growth conditions.

For convenience, we make a notational convention. Throughout this paper, we
use &7 to denote all analytic functions of D into C, and use #Z to denote all harmonic
mappings of I into C. Moreover, we use the symbol C to denote various positive
constants, whose values may change from one occurrence to another. Also, we use
the notation C' = C(a, b, ...), which means that the constant C' depends only on the
given parameters a, b, .. ..

2. Preliminaries and main results

The Hardy type space HY (p € (0, o0]) consists of all those functions f of D into
C such that f is measurable, M, (r, f) exists for all r € [0, 1),

1fllp :== sup My(r, f) < oo
rel0,1)

for p € (0,00), and

[fllo := sup Muo(r, f) < o0
rel0,1)
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for p = oo, where

]\411,(7*7 f)= ( 1 /Oﬂ‘f<rei9>|pd9)p and M (r, f) = sup \f('rew)|.

% 0€[0,2m)

In particular, we use h? = HY N and H? := HY N.«/ to denote the harmonic Hardy
space and the analytic Hardy space, respectively. If f € h? for some p € (1, 00), then
the radial limits

£¢) = Tim f(r¢)

exist for almost every ¢ € T, and f € LP(T) (see [2, Theorems 6.7, 6.13 and 6.39]).
Since |f|? is subharmonic for p > 1, we see that M,(r, f) is increasing on r € [0, 1),
and

(2.1) 1F2 = lim M(r, f) = —

r—1- 21

JIR
0

Conjugate type properties of harmonic (K, K’)-quasiregular mappings.
We recall the following celebrated theorem of M. Riesz on h?.

Theorem A. (M. Riesz) If u € h? for some p € (1,00), then its harmonic
conjugate v is also of class h?, where v(0) = 0. Furthermore, there is a constant C(p)
such that

(2.2) M,(r,v) < C(p)My(r,u), r€]0,1),
for all u € h”.
In [30], Pichorides improved (2.2) to the following sharp form

T
(2.3) wmsGmgﬁmm

where p* = max{p, p/(p — 1)}. Later, (2.3) was further improved by Verbitsky [31]
into the following form

1 1
(2.4) vl < 171l < ———=llull,

where f = u+ v and v(0) = 0. For related developments and refinements of Riesz-
type inequalities and conjugate function theorems, we refer interested readers to
1, 3,4, 5,10, 13, 14, 18, 19, 20, 21, 22, 23, 24, 27].

In 2023, Liu and Zhu [26] generalized the Riesz conjugate function theorem to
harmonic K-quasiregular mappings with nonvanishing real part in D, for 1 < p < 2.
Their result can be stated as follows.

Theorem B. [26, Theorem 1.1] Suppose that f = w + iv is a harmonic K-
quasiregular mapping in D with v(0) = 0, and u > 0 (or u < 0). If u € h? for some
p € (1,2], then v € hP. Furthermore, there is a constant C'(K,p) such that

Mp(r,v) < C(K,p)Mp(T, u).

Moreover, C(1,p) = limg 1+ C(K, p) = cot(w/(2p*)), which coincides with the clas-
sical analytic case.

For p € (2,00), Liu and Zhu established the following Riesz conjugate function
theorem for harmonic K-quasiconformal mappings.
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Theorem C. [26, Theorem 1.2] Suppose that f = w + iv is a harmonic K-
quasiconformal mapping in D with v(0) = 0. If u € h? for some p € (2,00), then
v € hP. Furthermore, there is a constant C'(K,p), depending only on K and p, such
that

M,(r,v) < C(K,p)My(r,u).

We remark that the constant C'(K, p) in Theorem C is not asymptotically sharp.
Liu and Zhu stated that finding the asymptotically sharp constant in Theorem C is
a challenging problem (see [26, p. 4 and 1. 13-16]).

In the following, using a relatively simple method compared with [26], we remove
the assumption “u > 0 (or u < 0)” from Theorem B and replace the assumption
of harmonic K-quasiregularity there by the weaker assumption of harmonic (K, K’)-
quasiregularity, where K > 1 and K’ > 0 are constants. For p > 2, we also replace
the assumption of harmonic K-quasiconformality in Theorem C by the weaker as-
sumption of harmonic (K, K’)-quasiregularity. Our result is as follows.

Theorem 2.1. Let f = u+iv be a harmonic (K, K')-quasiregular mapping in D
with v(0) = 0, where K > 1 and K’ > 0 are constants. If u € h? for some p € (1, 00),
then v € h?. Furthermore, there are constants C;(K,p) (j = 1,2), depending only
on K and p, such that

M,(r,v) < Cy(K,p)M,(r,u) + Cy(K, p)VK'.

The estimate in Theorem 2.1 is constructive: the constants are explicit in the
parameters p and K, and the dependence on K’ appears through the term vK’. It
improves the earlier theorem of Liu and Zhu [26] in an essential way, since no sign
assumption on u is needed for 1 < p < 2, and the quasiconformality assumption for
p > 2 is replaced by quasiregularity. Related results for harmonic K-quasiregular
mappings were obtained in [5, 22].

In particular, for p > 2, we provide asymptotically sharp constants for a certain
class of harmonic K-quasiregular mappings. This complements the asymptotically
sharp Riesz- and Kolmogorov-type estimates obtained in [22] and the sharp reverse
Riesz-type estimates for analytic and co-analytic projections in [27].

Theorem 2.2. Suppose that f = u+ v is a harmonic K-quasiregular mapping
in D with u € h?, where p € [2,00).

(/) Let p > 2 be an even integer. Assume either f(0) =0, or f(0) # 0 and

(2.5) cos (p (arg f(0) — g)) <0.

Then there are asymptotically sharp constants C(K,p) and c¢(K,p) with

. 7T , s
lim C(K,p) = csc (%) and  lim ¢(K,p) = cot (%)

K1+ K1+
such that
(2.6) £l < CU, p)[ullp
and
(2.7) [ollp < (K, p)[ullp,

respectively.
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(e%) If p > 2 is not an even integer, then the same conclusion as in (%) holds
under the additional assumption that
(p—Dr (3p— 1)7r] }

f(D)c D, := {O}U{wE(C\{O}: argw € |— 2

In order to formulate the next result, let us define the subharmonic function @,
For p > 2, let

Mw:{—wwwn—um if /2~ m/p < |t] < /2.
max{|cosp(n/2 —t)|,|cosp(m/2 +t)|}, if|t| <n/2—7/p,

and (t) = (r — [t]) if 7/2 < [t] < 7.
Let

(2:8) y(re') = Pp(t), t€[-mm], 0<r<oo.
Then ®, is subharmonic (see [19]).

Proposition 2.3. Assume that f = u+1v is a complex-valued harmonic function
in D such that Q,(2) := ®,(f(2)) is subharmonic, or, more generally, assume that

/ﬁ%“—>%m

Assume also that v(0) = 0 and u € h? for p > 2. Then

T
(2.9) [ f]lp < esc %HUHp
and

T
(2.10) [v]lp < cot 2—pIIU||p,

where p > 2. In particular, if f is analytic in D, then ®,(f(z)) is subharmonic, and
hence (2.9) and (2.10) hold.

Remark 2.4. The proof of Proposition 2.3 is similar to the proof of Theorem 2.2;
hence we omit it. For analytic functions, inequalities (2.9) and (2.10) were proved
by Verbitsky [31] using a duality argument, which differs from our direct proof.

Although the harmonic conjugate of an h! function u need not be in h!, it does
belong to h? for all ¢ € (0,1) (cf. [17, p. 405] and [10, Theorem 4.2]). It can be stated
as follows.

Theorem D. (Kolmogorov’s theorem) If u € h', then its conjugate v € h? for
all ¢ € (0,1), where v(0) = 0.

Since v € h'! is not enough to ensure its conjugate v € h', but the stronger
hypothesis u € h? for some p > 1 is sufficient, it is natural to ask for the “minimal”
growth restriction on « which will imply v € h!. Zygmund considered this question
and obtained the following result (cf. [17, p. 405] and [10, Theorem 4.3]).

Theorem E. (Zygmund’s theorem) If u is a harmonic function in D with
2
sup / lu(re™)|log™ |u(re)| df < oo,
o<r<1.Jo

then its conjugate v € h', where v(0) = 0 and log" |u(re?)| = max{0, log |u(re)|}.
Moreover, f =u+iv € H.
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For p € (0,1), Hardy and Littlewood proved the following result (see [17, Theo-
rem 7]).

Theorem F. (Hardy-Littlewood’s theorem) Suppose that f = u + iv is an
analytic function in D with v(0) = 0. If u € h? for some p € (0,1), then

e =0 (1))

In the following, we extend Theorems D, E, and F to harmonic (K, K')-quasi-
regular mappings.

asr — 1°.

Theorem 2.5. Let f = u+ iv be a harmonic (K, K')-quasiregular mapping in
D with v(0) = 0, where K > 1 and K' > 0 are constants.

(%) If u € h!, then v € h? for all q € (0, 1).
(%) It
0<r<1

2
sup / lu(re™)|log™ |u(re)| df < oo,
0

then v € h'.
(%3) If u € h? for some p € (0, 1), then

(2.11) M,(r,v) = O ((log 1 i T) %)

asr — 17. In particular, if p = 1, 1/2, 1/3, ..., then the estimate of (2.11)
is sharp.

Thus Theorem 2.5 gives Kolmogorov- and Zygmund-type extensions for harmonic
(K, K')-quasiregular mappings. In addition, when v € h” with 0 < p < 1, it gives
the corresponding growth estimate for the integral means of v, and this estimate is
sharp for p = 1/k, k € N. We also refer to [22, 23] for recent results in the harmonic
K-quasiregular case.

It is well known that every analytic function which has an H! derivative is con-
tinuous in the closed disk and absolutely continuous on the boundary. In particular,
f' € H' implies f € H*. This latter result was generalized by Hardy and Littlewood
into the following form:

Theorem G. [10, Theorem 5.12] If f" € H? for some p < 1, then f € H?, where
q = p/(1 — p). For each value of p, the index q is best possible.

In the following, we extend Theorem G to harmonic (K, K')-quasiregular map-
pings in D, where K > 1 and K’ > 0.

Theorem 2.6. Let f = u+ iv be a harmonic (K, K')-quasiregular mapping in
D with v(0) = 0, where K > 1 and K’ > 0 are constants. If |Vu| € H? for some
p < 1, then v, f € h?, where ¢ = p/(1 — p). For each value of p, the index q is best
possible.

The proofs of Theorems 2.1, 2.2, 2.5 and 2.6 will be presented in Section 3.



Conjugate type properties of harmonic (K, K')-quasiregular mappings 691
3. Conjugate type properties of harmonic (K, K’)-quasiregular mappings
For p € (0,00), denote by LP(T) the set of all measurable functions ¢ of T into

C with )
1 27 : )
Il = (%/0 (e ")\pdﬁ) < .

The following result follows from [29, Theorem 1.1].

Theorem H. For f € &, the Littlewood—Paley ¢|f]|-function of f is defined as
follows

9110 = ([a-nreora)’ cer

Then, for p € (0,00), there is a positive constant C' = C(p), depending only on p,
such that

1
cllf = £ Ol < €1l < Cl .

The following result is well-known.
Lemma I. Suppose that a,b € [0,00) and p € (0,00). Then
(a + b)P < 2maxdp=10} (P 4 Py,
Proof of Theorem 2.1. Since D is a simply connected domain, we see that f
admits a decomposition f = h + g, where h and g are analytic in D with ¢(0) = 0.

Let F{ = h+ g and F;, = h —g. Then u = Re(F;) and v = Im(F3). Since f is a
harmonic (K, K’)-quasiregular mapping in D, we see that

(Af(2)? < KJs(2) + K for z € D.
This gives that, for z € D,
KX\ (2) + W}(Af(z)))2 + 4K’
2

Ag(z) < < KXp(2) + VK,

and consequently

(3.1) 19'(2)] < |l (2)] + pa,

where iy = (K —1)/(K + 1) and po = VK'/(1 + K). By (3.1), we have
B < Ap < (14 p)lW] + i

and
[l = Ay = (1= pa) W] — pa,

which imply that

L+ 2010 _ K|F!|+ VK.
]_—[Ll 1—,u1

It follows from (2.4) and the assumption “u € h? for some p € (1,00)” that
1
cos

(3-2) | P3| <

|Fil +

(3.3)

1
— [Mm(ED)l, < |[Fill, < ——=llullp,
2p* 2p*
which, together with Theorem H, gives that

C
(3-4) 1Bl < ClEy < < Ilully,

2p*
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where C' = C(p) is a positive constant. By (3.2), we see that

1]l = (% /02” </01(1 —r)|F2'(rei9)|2dr)g d@)é
= (% /0% (/01(1 —7) 2K?|Fi(re”)? + 2K") d,«)g d9>;7

which, together with (3.4) and Lemma I, yields that

5) 1B <25 (KGR + VE)

max{0, L_ 1}

<9 ot %(KC||F1||p+\/_)

where C' = C(p) is a positive constant. From (3.3), (3.5) and Theorem H, there is a
positive constant C' = C(p) such that

(3.6) [olly < 1F% = F(0)[l, < ClIF[F]]|e

max{0,2 —

i 1} 1
<2 e (KR, +VE)
max{0,8 -1} KO
sr—%—%c(.ﬂwm+¢m)
S1n 2p7

For any fixed r € [0, 1), let
F(z)=f(rz) =U(z) +iV(z), ze€D,
where U(z) = u(rz) and V(z) = v(rz). It follows from (2.1) that

1 2 ] % 1 2 ) %

M) = (o [ e as)” = (5 [T i) = vi,
1 2 ) % 1 2 ) %

My = (0 [ eerar) = (5 [Tioenpas)” = o,

which, together with (3.6), imply that

and

max{O,p—l} KC
M,(r,v) <2 TR Tl = —
2p*
In particular, if K —1 = K’ = 0, then C4(1,p) = cot(n/(2p*)) follows from (2.3).

This completes the proof of the theorem. O

The following lemma is useful for proving Theorem 2.2. Since its proof is very
elementary, we omit it here.

Lemma 3.1. For p > 2, we have
[+ iy["7? < ep (|27 + [y?)
and
2P|z iyl < |z ylP < | ayl?, p>2
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where x,y € R and
)L for 2 <p <4,
P = 2:(-440)  for p > 4.
The following lemma will play an important role in the proof of Theorem 2.2.
Lemma 3.2. Let
u [—7, 7], if p is an even integer,
s rE e -] tpeR)\ 22

(I) For any z € C and p > 2,

(3.7) [Im(2)[” < ap|Re(2)[” = by®p(2),
and for z = |z|e", t € A,,
(38) ()P < a[Re(2)P + b= cos(p(m/2 — 1),

where ®, is defined in (2.8),

T T T
a, = cot? | — and b, =2cos’ [ — Jecsc| — | .
g (217) g <2p) (p)

(II) For any z € C and p > 2,

(3.9) 217 < mp[Re(2)|” — np®,y(2),
and for z = |z|e", t € A,,

(3.10) |2|P < my|Re(2)|P + ny|z|P cosp(m/2 — 1),
where

m,, = cscP uE and n, = cot .
2p 2p
Proof. Let us make some reduction at start. Without loss of generality, we
assume z # 0. For z = |z|e € C with ¢ = arg 2, let
LHS,(t) = |Im(2)|?, RHS:(t) = ap|Re(2)|? — b,P,(2), LHS;(t) = |z
and
RHS5(t) = my|Re(2)|P — n,P,(2).
On the other hand, for z = |z|e" with ¢ € A, let
LHS,(t) = [Im(2)[P, RHSy(t) = a,|Re(2)[P +by|2|P cos(p(m/2—1t)), LHS4(t) =|z|P
and
RHS,(t) = my|Re(2)|P” 4 ny|z|P cosp(m/2 —t).
In all inequalities in (3.7)-(3.10), for j = 1,2,3,4, we have to prove that W;(t) =
LHS;(t)— RHS;(t) <0. Since V;(m —t) = W;(t), instead of proving the inequalities
(3.7)—(3.10) for [x/p—7/2,37 /2 —7/p], we prove them for [r/p—n/2,7/2]. For even
p, V;(—t) = W;(t). So the inequalities (3.7)-(3.10) will follow if we prove them for
[0, 7].
We first prove (I). Assume first that t € [1/2 — 7 /p, 7/2]. We need to prove that

7T 7r T
h(t) := cot? — cos”t — 2 cos” —(t) csc (—) —sin”t > 0.
2p 2p p

In this case

o= e[ (5 -1)]
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Then, for g(t) = h(t)sin P t, we have

S = P (cosptcotp % + 2 cosP % cos|t] cos [%p(ﬂ —2t) + t] csc %)

We need to show that t, = 7/2 — 7/(2p) is the only solution to ¢’(t) = 0. This is
equivalent to showing that

k(t) = cos” 't Jcos [p(m — 2t)/2 + 1] + 2 csc (%) . ( T )

2

costsin' Pt

has only one zero in [7/2 — 7 /p, 7/2]. But
E(t) = (1 —p)cosP?tsec? [p(m — 2t)/2 + t] sin [p(7 — 2t)/2 + 21]

and this function has the constant sign for t € [r/2 — 7/p,7/2). This shows that g
has only one critical point in [7/2 — 7/p, 7/2). Since

o'n/2 = 5/(20) =41+ ppeot (2 ) e (Z) > 0

and by (3.12) below

g(m/2) + 2 cos 5 cse (p >0,
it follows that ¢ = 7/2 — 7/(2p) is the local minimum of g, and moreover that
minimum is equal to g(w/2 — 7/(2p)) = 0. Then also g(7/2 — 7/p) > 0, otherwise
g will have one additional stationary point in (7/2 — w/p, 7/2 — 7/(2p)), which is
impossible. This implies that g(t) > 0 for every ¢t € [1/2 — 7/p,7/2] and so h is
non-negative in this interval. If ¢ € [0,7/2 — 7/p|, then there is s € [7/2 — 7/p, 7 /2]
so that

©(t) = max{| cosp(m/2 —t)|,| cosp(m/2 4+ t)|} = — cos(p(m/2 — s)).

Then
h(t) = Cotp21 cos’t — 2 Cospz1 o(t) csel — sinPt
p
(3.11) = cot’”Q1 cosP t + 2 cospz1 cos (p (g — s)) cscz —sinPt
p p p
> cotP I cos” s + 2 cos? - cos (p (E — s)) csel — sin? s.
2p 2p 2 p

The last expression is non-negative by the previous case. This implies (3.7).
To prove (3.8), observe that if s € [0, 7/2—7/p], then thereist € [1/2—7/p, 7 /2]

such that
oo (5-)) = ot

o([r/2—m/p,m/2]) = [-1,1].

Then we argue as in (3.11) and obtain the desired conclusion. Finally, if #—7 < <0,
then there is s € [7/2 — 7/p,7/2], so that cos(p(m/2 — t)) = cos(p(m/2 — s)) and
again use the previous argument. Observe that |s| < |¢| and in (3.11) instead of sin s

we should have |sin s|.

because
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Next, we prove (II). Similarly as before we only prove the inequalities for ¢ €
[7/2 — 7 /p,m/2]. In this case we need to prove the inequality

1 —cos [p (g — t)] cot21p — cos? t esc? (%) <0

for t € [7/2 — w/p,7/2]. Then we make the substitution ¢ = 7/2 — ¢ and arrive to
the equivalent inequality

(s) := 1 — cos(ps) cot % — csc? (%) sin? s
for s € [0, /p|. Further for ¢(s) = sin?(s)1(s) we have

¢'(s) = psin ' 7P(s) [cos(s) (—1 + cos(ps) cot %) + cot % sin(s) sin(ps) | .
Let
((s) = cos(s) <—1 + cos(ps) cot 2_;0) + cot on sin(s) sin(ps).

Then -
¢'(s) =sin(s) — (p — 1) cot on sin[(p — 1)s].

We prove now that (’(s) < 0. Let ¢ = p — 1 and define o(s) = sin(gs)/(sins). We
prove that o(s) is monotonically decreasing. We have
o’'(s) = csc(s) sin(gs)(— cot(s) + q cot(gs)).
Further
Os(— cot(s) + gcot(gs)) = csc? s — ¢* csc?(gs).
The last expression is negative for s € (0, 7/(¢+1)] if and only if sin(gs) —gsin(s) < 0.
Finally
Os(sin(gs) — gsin(s)) = g(cos(gs) — cos(s)) <0
if s € (0,7/(qg+1)], because s < gs < 7 and cos is monotonically decreasing on [0, 7].
Thus
sin(gs) — ¢sin(s) < sin(g-0) — ¢sin0 = 0.
Therefore
— cot(s) + g cot(gs) < ll_r)% (— cot s + g cot(gs)) = 0.

So ¢’(s) < 0 and thus o is decreasing.

Thus
<<> = (1= (p = 1cot g o(s))
< (1= (p = 1)cot 5 o(n/(p)))
=x(p):=1=(p—1)cot %-
Then

(=1 +p)m + p*sin (%)

X' (p) = :
p? <—1 + cos (%))

which is clearly negative. Thus
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Thus ( is decreasing. Since ((7/(2p)) = 0, we see that 7/(2p) is the only stationary
point of ¢ for s € (0,7 /p]. Further lim, . ¢(s) = —oc and

o(m/p) = 27P tan? (%) <—2p cos” % + (1 + cot 21;0)) :

We need to show that ¢(m/p) < 0. First of all

0, cos? 21 = cos” 1cu(p),

D 2p
where
. T tan (2%)
w(p) = | log [cos—} +
(p) o %
Since
2 sec? (2117)
WJ(p) = — <0,

we obtain that . .
0, cos? % > lim cos” Z—w(p) = 0.

p p=x p
Thus
s 1
3.12 P >
( ) coS 22 3

So, to prove ¢(m/p) < 0, it is enough to show that for p > 2
1 — 2714 4 cot — <0.
2p
But - -
1 -2 4 cot — < B(p) :=1—p+ cot —.
2p 2p

Finally
2 2
B'(p) = csc?x (i — sin? a:) ,
7
2\/5:1:

where x = 7+ € [0,7/4]. But, sinx is concave in [0,7/4] and thus sinz > == for
x € [0,7/4]. Thus f'(p) < 0. In particular 5(p) < B(2) = 0 for every p > 2. Thus
¢ is non-positive in [0, 7/p] and has its zero (maximum) at 7/(2p). This finishes
the proof of the case t € [7/2 — 7/p,m/2]. Similarly as in (I) we reduce the case

t € [0,7/2 — 7 /p| to the former case. O

Proof of Theorem 2.2. Let f = h + ¢ be a harmonic K-quasiregular mapping,
where h and ¢ are analytic functions in ID. In the non-even case we take the branch
of the argument specified by the hypothesis f(ID) C D,; in the even-integer case no
branch choice is needed. Thus, for p € [2,00), F, = Re(—(—if)?) is well-defined and
smooth in D. By straightforward calculations, we get

(3.13) [AF| < p(p = DRI+ fy] = 4p(p — DR |1

< dkp(p — HRP2(W'P?,
where R = |f| and k = (K —1)/(K + 1). Now we use [16, Theorem 9.9] to conclude
that

(3.14) F,(0) = % / " R(etydt — % /D A(F,(2)) log ﬁ dA(2),
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where dA(z) = dx dy/m denotes the normalized area measure in D.
By Lemma 3.2, we have

Fre)P < mylu(re®)? = n,F(re).

Therefore

p p " it dt
(3.15) A1 < mpllully —np [ Fy(e®) 5
Moreover,

o(re) [P < aylu(re) [P — b, Fy(re™).

Hence

p p " it dt
(3.16) ll7 < apliully =0y | Fyple")—.

Further, by [16, Theorem 9.9], we have

[ tuterse =P + 5 [ Al og 7 dAG).

27 |z
Further, because u = Re(g + h), we have
A(lul?) = p(p — DIVul*lul"~
(3.17) =p(p = Dlg" + W *lul~?
> p(p — (1 = k)[R |ul~2.

Similarly, again using [16, Theorem 9.9], we have

[ erss =1+ 5 [ At log 7z dAw)

|w]
and
A(Jo]?) = p(p — 1)V ol
(3.18) =p(p— Vg’ — W' [PlofP~
> p(p — 1)(1 = k)* | P[oP~2.

Then (3.17) and (3.18) and the first equation in Lemma 3.1 imply that
[AF,(2)] < 4p(p — 1)R"?|g" - 1|
< 4kp(p — D)y (lul™* + [v]P~%) [W']?
4kc,

< T AUal) + Ader)

= (K* = Dy (A([uf?) + A(Jv])).
Thus
(3.19) / F,,(e"'f);i—fT /A 1ogﬁ dA(w),

——/|A |1ogﬁdA< w)

> (0 - S [ 8 uw)P + o og

1
—dA
[w]

697

(w).
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By (2.5) (and trivially when f(0) = 0), we have F,(0) > 0, which, together with
(3.19), gives that

| BN = BO) = (2 = el + 6l - [50) - [«O0)F)

> —(K* = ey (lully + [[olly — [u(0)F = [v(0)[7).
Now by (3.15) and second relation in Lemma 3.1, we have
LI < mypllully = np (K = Dy (Ju(0)]” + [0(0)7) — (K% = Dep(flully + [lv]l})
< mylully + (K2 = ey || £1I}.
Thus, for (K? — 1)c,n, < 1, we obtain
/1l < CK, p)ull,

—T

where
1

CP(K,p) = my(1— (K* = 1)cpn,)
Observe that CP(1,p) = m, is sharp by the result of Verbitsky.
Further, by (3.16), we have

(1- (K2 - 1)bpcp)||v||g < (ap + (K2 - l)bpcp)Hqu
We assume that (K? — 1)b,c, < 1. Then
[llp < e(K p)[lully,

where

Al

C(K, p> _ (a’p + (K2 — l)bpcp)l
(1= (K2 = 1)bycy)?
and again for K = 1, ¢?(1,p) = a, is sharp by Pichorides’ result. Notice that the
explicit constants ¢(K,p) and C(K,p) above are valid for K sufficiently close to 1.
On the other hand, Theorem 2.1 guarantees the existence of a constant for arbitrary
K >1. O
Theorem J. [17, Theorem 2| Let f = u+ iv be holomorphic in D. For p € (0, 1]
and ¢ € [0, 00), if

asr — 17, then
1
/ —_
My(r, [') =0 (m)
asr —17.

Proof of Theorem 2.5. Similar to the proof of Theorem 2.1, we let f = h + 7,
where h and g are analytic in D with ¢(0) = 0. Let F} = h+g and F, = h—g. Then
u = Re(F}) and v = Im(Fy).

We first prove (). It follows from u € h' and Theorem D that Im(F;) € h?
for all ¢ € (0,1). This, together with Lemma I and Holder’s inequality, gives

Mg(r, F) < Mg(r, u) + Mg(r, Im(Fy)) < Mc‘j(r, u) + ||Im(F1)||Z

1 2 1 1—¢q
< Mi(r,u) <%/0 17—« d«9> + [[Tm(Fy) ||

< Jullf + T (F)[IF < oo.



Conjugate type properties of harmonic (K, K')-quasiregular mappings 699

Then F; € h?. By Theorem H, there is a positive constant C' = C(q) such that

L[ i0Y\9 I /(10 [2 :
(3.20) %/0 (Z[F1] (")) d@—% i (/0 (1 —r)|F(re™)] dr) e
< G FAlG

Combining (3.2), (3.20) and Lemma I gives

[l = <% /027r (/01(1 - r)|F2'(7’e"9)\2dr>% d9>é
= (% /0% (/01(1 —7) (2K2|F{(re®)? + 2K") dr)gde);

<2573 (K|9[A ]+ VE).
Together with Theorem H, this yields
IB = Fo(0)l, < CIEIEin < 2073C (KFIR]1s + VE)

<2i72C <KCHF1Hq + \/K’) ,
where C' = C(q) is a positive constant. Consequently,
(321)  lolly < 1B~ B(O)l, < 25750 (KO R, + VET) < oo

Next, we prove (%,). By the assumption and Theorem E, we see that Im(F}) €
h'. It follows from Theorem H that there is a positive constant C, independent of
f, such that

o o s 1 3
(3.22) % [ amen o - % /0 < /0 (1-— r)\Fl'(rew)\er) d
< C||Filj < oc.
Combining (3.21) and (3.22) yields
vl < 1B = Ba(0)s < 2:C (KC|Rilly + VE') < 0.

Now, we prove (#As). Since u € h? for some p € (0,1), we see that there is a

positive constant C' such that
M,(r,u) < C.

By Theorem J, there is a positive constant C' such that

My F) € s
which, together with (3.2), gives that
C
(1—r)

It follows from (3.23) and the Hardy-Littlewood growth estimate that

nirr =0 (e 1))

(3.23) M, (r,F}) < 20" (KMp(r, F) + \/K’) <
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as r — 17, which implies that

M,(r,0) = O ((log 1 ! r) )

asr — 1.
Finally, we prove the sharpness part of (2.11). Consider the functions
2K .2
() = o Rellhy(2)) + i (1 (2)), = €D,

where h;(z) = eTi(1—z)71 for j € {0,1,...}. Then Re(f;) € hi+T and

2k [Timtgeenitan- L (Z2)7 [T ey a
. o |, m(f;(re = o \ BT 1 i m(h;(re

1 9 \TH [m o
< — | ——— hi(re®)| T+ de
<5 (1) [ e

as r — 17. On the other hand,

1 [ o K+1\™ 1 1
o [ (e db S(‘—; ) | / [F5(re) |75 do
0

K+1 i 1/1+) o iy - 4O
<(557) 7 (imetpe + [Cimseenigy ),

which implies that

1 2m . ‘ 1
(3.25) %/0 | Tm f; (™)) 079 dh < log -

as r — 17. Combining (3.24) and (3.25) implies the estimate of (2.11) is sharp for
p=1,1/2,1/3, .... This completes the proof of the theorem. O

Proof of Theorem 2.6. Similar to the proof of Theorem 2.1, we let f = h + 7,
where h and g are analytic in D with ¢(0) = 0. Let F} = h+g and F, = h—g. Then
u = Re(F1) and v = Im(Fy). Since [F]| = [Vu| € H, by Theorem G, we see that

(3.26) Fy e HY.

It follows from Theorem H that there is a positive constant C' = C(q) such that
IZTE e < ClIELg,

which, together with (3.2) and Lemma I, gives

2 1 g a
) ikl < (o [ ([ 00 ErtiRenr vony ar) d@)
0 0
<2 <K||g[F1]||Lq + \/K’) < 2im <KC||F1||q + \/K’) < .

By (3.27) and Theorem H, there is a positive constant C' = C'(¢) such that
(3.28) | Fo — F5(0) ||, < Cl|9[F]||lLe < oo, and hence F, € HY.
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Since . L
f= §<F1+F2)+§ (FI_FQ)u
we see that
(3.29) 17 < (|B] + | Fof)e < 2mta O (|| [ F]7).

Combining (3.26), (3.28) and (3.29) gives
LF1E < 2w O (I B+ ([ Fall) < oo

To show that ¢ = p/(1 — p) cannot be replaced by any larger index, we consider
the function

2K 2
f(z) = il Re(®(z)) + Z'K 1 Im(®(2)), zeD,
where ®'(2) = 1/(1 — 2)/7=¢, ¢ > 0 sufficiently small. This completes the proof of
the theorem. ]
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