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When a meromorphic function that omits
three values is of bounded type

Alexandre Eremenko, Aleksei Kulikov and Mikhail Sodin

Abstract. Suppose that a function F' is meromorphic in the domain H(—m) = {z: Imz >
—m(Re z)}, where m is an even, positive, and continuous function that does not increase on Rxq,
and suppose that F' omits there three distinct values. Then F' is of bounded type in the upper
half-plane (i.e., is represented there as a quotient of two bounded analytic functions), provided that
the logarithmic integral of the function m is convergent. On the other hand, if the logarithmic
integral of m diverges, there exists a function F meromorphic in H(—m), that omits there three
distinct values, and which is of unbounded type in the upper half-plane. This result is motivated
by a century-old question originating with Nevanlinna.

Milloin kolme arvoa viistdvd meromorfinen funktio on rajallista tyyppia

Tiivistelmé. Olkoon funktio F' meromorfinen alueessa H(—m) = {z: Im z > —m(Re z) }, missi
m on parillinen, positiivinen ja jatkuva funktio, joka ei kasva puolisuoralla R>g, ja oletetaan, etté
F viistidé kolme eri arvoa. Télloin F' on rajallista tyyppid ylemmiissi puolitasossa (ts. se on sielld
esitettivissi kahden rajallisen analyyttisen funktion osamiéiréni), mikili funktion m logaritminen
integraali suppenee. Jos toisaalta em. integraali hajaantuu, niin on olemassa alueessa H(—m) me-
romorfinen funktio F, joka viistda sielld kolme eri arvoa, ja joka on rajatonta tyyppid ylemmésséa
puolitasossa. Tuloksen taustalla on Nevanlinnalta ldht¢isin oleva sata vuotta vanha kysymys.

1. Introduction

We use the following notation:

e m: R — R,y is an even continuous function that does not increase on Rxy.

e H denotes the upper half-plane.

e H(tm)={z=x+1iy: y > tm(x),z € R}.

e For z € R, 7 = max{z,0} and 2~ = (—z)™.

e A < B means that A < C'B with a positive constant C';, A 2 B means that
B < A, and A ~ B means that A < B and A 2 B hold simultaneously.

A meromorphic function F' is said to be of bounded type (belongs to the Nevan-
linna class) in a domain G C C if it can be represented as F' = F/F5, where F, F,
are bounded analytic functions in GG. Otherwise, F' is said to be of unbounded type
in GG. In this note we prove the following theorem.

* log™ m(t)

Theorem 1. (a) Assume that / " dt < co. Then any meromor-

1
phic function F' in H(—m) that omits three distinct values in H(—m) is of
bounded type in H.
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< log™ m(t)

(b) Assume that / " dt = oo. Then there exists a function F' meromor-

1
phic in H(—m) that omits three distinct values in H(—m) and is of unbounded

type in H.

This result arose as a by-product of our attempt to (negatively) resolve the
following question originating in Nevanlinna’s work [11] (cf. [14, item 6]):

Question 2. Let F' be a meromorphic function in C. Suppose that it omits in
a half-plane three distinct values from the extended complex plane. Does it follow
that F' is of bounded type in that half-plane?

It is well-known that the elliptic modular function [1, Chapter 7, Section 3.4] is
analytic in the upper half-plane, omits there the values 0 and 1, and is not of bounded
type there (we will provide details while proving part (b) of Theorem 1). It is also
well-known [12, Chapter VI §4 and Chapter VII §1] that if a meromorphic function
in a simply-connected planar domain omits a set of positive logarithmic capacity,
then it is of bounded type.

It is also worth mentioning that it was a surprise for us to see appearance of the
logarithmic integral in this setting®.

Remark 3. After this paper was submitted, a preprint [8] appeared containing a
negative answer to Question 2. In that work, Yixin He and Teng Zhang constructed
a meromorphic function F in the plane which omits 0,1 and oo in H and is not of
bounded type in H. We will briefly discuss their construction in Section 4.
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2. Functions of bounded type in the upper half-plane

2.1. Nevanlinna’s work. The question goes back to Nevanlinna’s work [11]
on the distribution of values of meromorphic functions in a half-plane. Therein,
Nevanlinna introduced the characteristics of functions meromorphic in the closed
upper half-plane H. Let f be a function meromorphic in H (that is, meromorphic in
a domain Gy D H), and {w,} be the set of its poles in H, counted with multiplicities.

'In that occassion, let us recall here what Paul Koosis wrote in the preface to [9]: T have loved
[ (log M (t)/(1 +t?) dt—the logarithmic integral—ever since I first read Szegd’s discussion about
the geometric mean of a function and the theorem named after him in his book on orthogonal
polynomials, over 30 years ago. Far from being an isolated artifact, this object playes an important
role in many diverse and seemingly unrelated investigations about functions of one real or complex
variable, and a serious account of its appearances would involve a good deal of the analysis done
since 1900.
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Then, for r > 1, we set

c(r; f) = Z sin(arg w,,),

1<|wn|<r

1<|wn |<r

arn-1 [ r (1 - i) llog™ [ £(8)] + log" |(—1)]] dt,

T 2 2

B(r; f) = % / log™ | f(re™)|sin 6 dé,

0
S(r; f) = Alr; )+ B(r; [) + C(rs f).
We list the basic asymptotic properties of these characteristics for r — co:

(1) If D is any of the characteristics A, B, and C, then D(r; fifa) < D(r; f1) +
D(r; f2) and D(r; fi+f2) < D(r; f1)+D(r; fo)+log 2. In particular, S(r; ff2)
< S(r; fi) + S(r; f2) and S(r; fi + f2) < S(rs f1) + S(r; f2) + 3log 2.

(2) Fora € C, S(r;1/(f —a)) = S(r; f) +O(1) with an implicit constant depend-
ing on a.

(3) There exists a non-decreasing function S,(r; f) such that S(r; f) = S,(r; ) +
O(1).

(4) S(r; f) is bounded if and only if the function f is of bounded type in H.
The first property is straightforward. The second one is an analogue of the first
fundamental theorem. The proof of the second property [6, Chapter I, Theorem 5.1]
is based on the Carleman integral formula. One way to prove the third property is
to introduce the Ahlfors—Shimizu geometric form of the characteristics S:

Sy(r; f) = % /1 <% — %) [/0 pf(tei@)2 sin6ddé | tdt

where p; = |f'|/(1+|f|?) is the spherical derivative of f. The function r — Sy(r; f)
is non-decreasing, and a computation [6, Chapter I, Theorem 5.4] shows that

S(r; f) = So(r; /) +0O(1), 1 — oo.
In the fourth property, the direction
f is of a bounded type = S(r; f) is bounded

follows from the Nevanlinna factorization of the functions of bounded type in H, since
for each factor in the Nevanlinna factorization the characteristics S stays bounded.
The opposite direction was proven in [11, Satz 1, p. 31]*

Nevanlinna showed [11, Satz IT and Hilfssatz, p. 18] that if F' is a meromorphic
function in C of finite order of growth which omits in H three distinct values, then

2Here is a brief sketch of the proof. Boundedness of the characteristics C(r; f) implies that the
poles of f satisfy the Blaschke condition in H. By property 2 of S(r; f), it also implies boundedness
of C(r;1/f), i.e., the zeroes of f also satisfy the Blaschke condition. Therefore, we can separate from
f the Blaschke products %, and %, corresponding to its zeroes and poles. Similarly, boundedness
of A(r, f) and A(r,1/f) allows us to define the outer factor €y such that |0 (z)| = |f(z)|, z € R.
Separating these factors from f, we arrive at a meromorphic function G in H, having neither zeroes,
nor poles in H and satisfying |G| = 1 on R. Let h = log|G|. It is a harmonic function in H that
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S(r; F) = O(1) for r — oo, and therefore, F' is of bounded type in H. That is,
Question 2 has a positive answer provided that F' has finite order of growth. The
proof followed the same strategy as his proof of the second fundamental theorem
and was based on estimates of the characteristics A(r; F’/F) and B(r; F'/F') of the
logarithmic derivative.

2.2. Ostrovskii’s refinement. At the beginning of the 1960s, Ostrovskii im-
proved Nevanlinna’s result and showed that the assumption that the meromorphic
function F' has finite order can be replaced by the weaker condition

(1) /100 log™ T'(r; F)

r2
where T'(r; F') is the usual Nevanlinna characteristics of meromorphic functions in the
complex plane. In particular, if the function F' is entire, then an equivalent condition

is

*logtlog™ M(r; F)

I

where M(r; F') = max;<, |F(z)|. His proof (see Lemma 2.2 in [6, Chapter VI §2])
was also based on a careful estimate of A(r; F'/F) + B(r; F'/F) [6, Chapter III,
Theorems 3.1 and 3.3] (the more difficult part here is the estimate of A(r; F'/F),
given in Lemma 3.1 in [6, Chapter III §3]). That is, Question 2 has a positive answer
for meromorphic functions satisfying condition (1).

Apparently, Nevanlinna hoped?® to give a positive answer to Question 2 based on
estimates of the logarithmic derivative F’/F. This hope evaporated after Gol’dberg [5]
constructed an example of a meromorphic function F' in C with S(r; F') = 0, while
A(r; F'/F) grows faster than any given function tending to oo as r — oo.

dr < o0,

dr < oo,

2.3. Edrei’s theorem. Another related result is due to Edrei [3, Theorem 1]. Tt
states that if F' is a meromorphic function in C having only real a-, b-, and c-points
(a,b,c are distinct values in the extended complex plane) and at least one of the
values a, b, and ¢ has a positive Nevanlinna deficiency, then the order of growth of
F does not exceed one. In particular, this holds for entire functions having only real
a- and b-points, where a and b are distinct values in C.

A remarkable feature of this theorem is an absence of any a priori assumption
on the growth of F'. Combining Edrei’s theorem with the aforementioned theorem of
Nevanlinna, we conclude that F" has bounded type in the upper and lower half-planes.
Entire functions possessing this property are called entire functions of Cartwright
class.

continuously vanishes on R and satisfies
/ ht(re?)sin@dd = O(r), 1 — oo.
0

By the Phragmén-Lindelsf principle, this yields that h(z) = a Im 2z with a € R. Thus, G(z) = ©¢'**,
where O is a unimodular constant. Then

B
f(z) = 020l

PBoo(z)

and therefore, f is of bounded type.

3He wrote in [11, p. 18]: “...dass das Restglied R(r) im allgemeinen von niedrigerer Gréssenord-
nung als die Fundamentalgrosse S(r, f) ist. Wir wollen bei dieser Gelegenheit auf eine allgemeine
Untersuchung des Restgliedes nicht eingehen, sondern beschréanken uns auf den einfachsten Fall, wo
f(z) in der ganzen endlichen Ebene eindeutig, meromorph und von endlicher Ordnung ist.”
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3. Proof of Theorem 1

3.1. Preliminaries. First, we regularize the function m. We say that the
function m is tame if, in addition to being even and non-increasing on R, it is
C?-smooth and satisfies the following conditions:

(1) m(x), [em/ (@)], 2*|m"(z)] = 0 as |z| — oo;
(2) it is constant on the intervals |z] < 1 and 2F — 2873 < |z| < 2F 4282k > 3.
Lemma 4. Suppose that m: R — R.q is an even continuous function non-
increasing on Rxg.
log™ m(x)
1+ 22
has a tame minorant m, < m whose logarithmic integral also converges.

log—
(ii) If the logarithmic integral / log_mf(x)
R

(i) If the logarithmic integral / dx converges, then the function m
R

e dx diverges, then the function m has
x

a tame magjorant m* > m whose logarithmic integral also diverges.

Proof of Lemma 4. First, we assume that the logarithmic integral converges. Set

(e) = {m<8>, 2 <1,

min{m(2F+3),27F=3} 2k — 273 < |g| < 2F 4 22 |k > 3.

This formula defines a piecewise constant function m, on certain subintervals of R.
On the remaining intervals we define the function using a rescaled version of a fixed
smooth decreasing function on [0, 1], for which the first and second derivatives vanish
at the endpoints, keeping m, even and non-increasing on R>g. Since m,(z) < %, we
clearly have m,(x) — 0. Since the size of the jump between the points 2% + 2+~2
and 281 — 272 i3 o(1) as k — oo, after the smoothing the function m, will satisfy
condition 1 in the definition of tameness. Furthermore, for 2% < |z| < 2¥1 m,(z) <
m(283) < m(z), so m, is indeed a minorant of m. Finally, by monotonicity of the
functions m and m,,

< log™ m(x) log™ m(2F)
bﬁi ———7;;———d17<:00 — 2%:'———7?:——— < 00

log™ m, (2F > log™ m,
jziog;f;( )<oo:>/1 7Og$(x)dx<oo,
k

W clearly converges, so the extra
in the definition of m,(x) does not affect us.

The proof in the second case (the logarithmic integral diverges) is quite similar.
First, we note that m(z) = o(1) as  — oo, since the logarithmic integral is divergent
and m does not increase. We set

m*(z) = {m<o>, 2 < 1,

where in the second step we used that ),
2—k—3

m(283), 2k —2F=3 < |g| < 2k 4 2h-2 | >3,

Then we smooth out the jumps of m*, keeping m* even and non-increasing on R,
so that after the smoothing the function m* will satisfy condition 1 in the definition
of tameness. Furthermore, by construction, m* is indeed a majorant of m, and by
monotonicity of the functions m and m*, the logarithmic integrals of m and m* are



708 Alexandre Eremenko, Aleksei Kulikov and Mikhail Sodin

equi-divergent:

/ 710g m(z) dr = o0 = / 71(% m(z) dx = oo. O

22 2

Lemma 5. Suppose that the function m is tame, and let w: H — H(xm)
be a biholomorphic map such that w(iy) is purely imaginary and w(iy) — oo as
y — oo. Then the function w’ extends continuously to the real axis, and |w'(z)| ~ 1
everywhere in the closed half-plane H.

Proof of Lemma 5. We will present the proof for the domain H(—m). For the
domain H(m), the difference is purely notational.

The result follows from the classical Kellogg theorem (see, for instance, [4, Chap-
ter 11, Theorem 4.3]). It yields that if Q is a bounded Jordan domain with a C*-
smooth boundary, and p: D —  is a biholomorphic map, then p extends to a
C'-diffeomorphism from D to © and p’ does not vanish on dD. To apply it here,
we pre-compose our map w with the Cayley transform C'(¢) = i(1+ ¢)/(1 — () and
post-compose it with J(w) = 1/(w+:A), where A > m(0), letting p = JowoC. The
function p maps the unit disk onto the Jordan domain JH(—m). We claim that the
boundary of JH(—m) is C*-smooth. This is evident everywhere except at the origin
(J maps infinity to the origin). To check the smoothness at the origin, we write

1
x+i(A—m(z))’

h(z) =

and let

H(s) = {g(l/s)’ zig’

So, we need to check that H is a C*-function on [—1,1]. Since H is continuous

n [—1,1], and C? on [—1,0) U (0,1], it suffices to check that the limits of H" and
H" as s — +0 exist and coincide: H’(+0) = H'(—0) and H"(4+0) = H"(—0). Let
o(s) = 1+ is(A —m(1/s)), ¢(0) = Then H(s) = s/¢(s). We have ¢'(s) =
i(A—m(1/s)) +im'(1/s)/s and ¢"(s ) —im”(1/s)/s®. By the tameness of m, we
have ¢'(s) = iA + o(1) and s¢”(s) = o(1), as s — 0. Thus,

L1 sg(s)
B =050 ™ or
=1+0(1), s—0

and

p(s)? p(s)*  pls)?
=—2iA+0o(1), s—0,
proving the claim. So, Kellogg’s theorem can be applied.

Thus, p' extends to a continuous non-vanishing function in the closed unit disk.
For ¢ — 1 within D, we have

p(Q)=0b(C—1)+o(IC—1]), b=yp'(1)#0.

Hs) — 2 £8) 4 526 569

Furthermore,

P (¢) = J'(w(C(ONw'(CE)HC(Q), C'(¢) =2i/(1-¢)*
and
J(w) = —1/(w+iA)?* = —J(w)?.
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Hence, for ( —+ 1, ( € D,
JW(C(O)))C'(C) = —plC)*C’(C)
= (¢ = 1)+ o(¢ — 1))

and therefore,
lim w'(z) = lim w'(C(())

Z—00 ¢—1
gt P'(§)
= m = /
=1 J (w(C(()))C'(C)
_ b i
=2 2b°
proving more than what was stated in Lemma 5. U

3.2. Proof of Theorem 1(a). Proving Theorem 1(a), we assume that the
function m is tame. Otherwise, we replace m by its tame minorant m, with conver-

gent logarithmic integral [, logLr%(x) dz, which exists by Lemma 4. Then H(—m,) C
H(—m); so, if a meromorphic function F' omits three distinct values in H(—m), a
fortiori, it omits them in H(—m,).

Consider the function G = F o w, where w: H — H(—m) is the Riemann map,
as above. It is meromorphic in H and omits three values therein. Hence, by Montel’s
theorem, the family of meromorphic functions {G o S: S € Aut(H)} is normal in H.

Then, following Lehto and Virtanen [10, Theorem 3], we get*

1
(2) pa(C) < Tm (C) )

¢ e H.

Whence, we get
pr(z) = [(w™) (2)lpa(w™(2))

™ Im (w=(2))

~ dist (w-1(2), OH)
1
3 ~
) dist (z, 0H(—m))’
where we used Lemma 5 in the second and fourth steps. To estimate dist (z, 0H(—m)),
we use a simple geometric claim.

z € H(—m),

4For the reader’s convenience, we will reproduce their nice short argument. Consider the normal

family .# of functions holomorphic in H and omitting the values 0 and 1 therein. By Marty’s

lemma (a version of the Arzeld—Ascoli theorem), the spherical derivatives py of functions from .#

are locally equibounded in H. In particular, sup p;(i) < co. The family .# is invariant under the
fe#

action of the group Aut(H) = SLy(R). So, let

S(:)= 5 afbeR, af—fy =1,
Then )
prosli) = pr(SIS'()| = ps(S() =5z = ps(S(D) T S(0).

Thus, sup ps(z)Im z = sup ps(i) < co.
fest fe#
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Claim 6. Let ¢: R — R be a C'-function with bounded derivative L = ||¢'||o <
oo. Then, for every point (x,y) lying above the graph I', of ¢, we have

. y — (@)
dist ((z,9),T,) > WiEnrk

Proof. Put ¢(t) = ¢(x) + L|t — x|. Then ¢(t) < (t). Hence,
dist ((z,y),T,) > dist ((z,y),Ty).

Let @ = y — ¢(z). Then a > 0 and dist ((z,y),[y) is the altitude h of the right
triangle with vertices (x, p(z)), (x,y) = (x,¢(x) +a), and (xr+a/L,y). This triangle
has side lengths a, b = a/L, and ¢ = \/a2 +(a/L)*> = aV1 + L2/L. Since hc = ab
(both expressions are half the area), h = ab/c = a/v/1 + L?, proving the claim. [

Combining (3) with the claim, we get

(4) pr(z +1iy) < x + iy € H(—m).

y+m(x)’

Now, we are ready to see that the Nevanlinna characteristics S(r, F') of F' in the
upper half-plane remains bounded. For this, we use its Ahlfors—Shimizu version:

F):l/ tdt/ (1—%) pr(te’)? sin 6 do
sin # df
4
/ dt/ (tsin @ + m(t cos))? by (4)
&t mt)/t g qe /2 49
+ =
/ / (t)2 /t)/t %0

S0()+ [ tog(t/m(t) 5

AN

1 dt
< O(1 / lo
~ ( ) . g ( ) t2
=0(1),
completing the proof of part (a). O

3.3. Proof of Theorem 1(b). To prove part (b), we use the standard elliptic
modular function A, which can be defined as an analytic continuation of the conformal
map of the hyperbolic triangle with vertices (0,1,00) onto the upper half-plane,
sending the vertices to (1,00,0). We will rely only on its most basic properties,
which can be found in [1, Chapter 7, Sections 3.4, 3.5] as well as in [2, Section 23]. It
is analytic in H, 2-periodic, does not attain the values 0 and 1, and satisfies A(7) — 0
as Im7 — oo.

Theorem 1(b) will be proven in several steps. First, using a little number theory,
we show that, for 0 <y < 1/2,

2
1
/ log® [\ (z + iy)|dz 2> log ~ .
0 )
Then we fix a tame function m with divergent logarithmic integral, let W: H(—m) —
H be the Riemann map such that W (iy) is purely imaginary and tends to oo as
y — 0o, and let I' = W(RR). We show that I" is a graph of an even non-increasing



When a meromorphic function that omits three values is of bounded type 711

function n, whose logarithmic integral diverges. We can assume that the function n
is tame (otherwise, using Lemma 4 we replace it by its tame majorant).

We consider the function F' = Ao W that does not take values 0 and 1 in H(—m),
and hence in H. We claim that F' is of unbounded type in H.

If not, then
/ log |F ()], _
R L+ ’
i.e.,
(5) / log* IA(Q)| witim(dC, Go) < o0,
T

where wy(n)(d¢, {o) is the harmonic measure of H(n) evaluated at ¢y = W (7).

Since the function n is tame, it is constant on long intervals I;, centred at 2¥ and of
length comparable with 2¥. Then we show that on the middle third of these intervals
WH(n) 18 equivalent to the measure dt/t?, so the integral (5) is, up to a constant, at

least
Z/ log® [\(t + inyg)| >ZZ *log 2k

k>ko k>ko

Finally, since the function n is non-increasing, divergence of its logarithmic integral
yields divergence of the series on the right hand side, contradicting (5).
Now, let us turn to the details.

Lemma 7. There exists a positive numerical constant ¢ such that, for all suffi-
ciently small y > 0, we have

2
/ log® |\(z + iy)| dz > clog(1/y).
0

Proof of Lemma 7. First, we move to the unit disk, letting ¢ = €™, 7 = 2 +iy €
H, and A(q) = A(7), A(0) = 0. Then, letting r = |g| = e™™, we have®
/02 log® [\ + iy)|dz = % /7r log™ |A(re®)| db.
Hence, for any a € C\ {0, 1},
/02 log® |\x + iy)|dz > % /7r log™ [A(re) — a] df — C(a)
> 2 Z log A Ci(a) (by the Jensen formula),

|Qk|

where {gx} denotes the set of a-points of A (counted with multiplicities), so, |qx| =
e~™m7 where {73} is the set of a-points A in {—1 < ReT < 1}. Then log(r/|q|) =
7(Im 7, — y), and it will suffice to show that

1
(6) Z ImTkZlogg, y10.

Im 73, >2y

lgr|<r

It remains to make the necessary counting.

®Note that the function A is not the classical universal covering map D — C\ {0,1} obtained
from X via a conformal equivalence D ~ H. Rather, we use the A-function in the variable ¢ = ™7,
i.e., we regard A as a function on the quotient H/[r + 7+ 2] ~ D\ {0}, and then extend it to ¢ = 0.
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The group SLy(Z) acts on the upper half-plane H,
(Mow) s Mw=22T5 o (@ B) yem
yw + 9 ¥ 9

The modular function A is invariant under the subgroup I'(2) of SLy(Z), which consists
of integer-valued matrices M satisfying ad — fy = 1, and

¢ Y=t

Recall that I'(2) is a subgroup of index 6 in SLy(Z), and that, for ¢ € SLy(Z),
A o ¢ can take only one of the following six values

1 1 A A—1
Ay A I— X 1-)\ A

)\ Y
Fix w = 7 and consider its orbit G(w) = {pw: ¢ € SLy(Z)}. For any z € G(w) we
have that A(z) is equal to one of six numbers

1 1 1 a a—1
a, - —a
T oa’ " 1—a’ 1-—a a

where a = A(w). If we are able to show that

1
Z Im z 2 log —
)

z€G(w):
|Re z|<1,Imz>2y

then by the pigeonhole principle the same would hold for at least one of six values
above, thus giving us the desired claim (note that, potentially, which exact value we
need will depend on y but as long as the total set of possible values is finite and fixed
this is not a problem).

For a matrix M = (?; ?) € SLy(Z) and w = i, we have
ai+ B Bo+ay i
Vit P40 2462

It might happen that Mjw = Myw for distinct matrices M; and Ms. However,
in this case M, 'M;w = w and this cannot happen too often. Specifically, Mw = w
has exactly four solutions

=38 %) (0 3)-(%0)

which can be easily seen from (7): we must have 4%+ 6% = 1, thus (v, ) = (&1,0) or
(7,d) = (0,%1) and in all four cases we can uniquely determine «, 8 from ad—pvy =1
and ay 4+ 56 = 0.

Thus, if, instead of summing over the orbit G(w), we sum over all matrices in
SLy(Z) then we will count each point exactly four times, which does not affect the
final conclusion of it being 2 log % So, it remains to show that

P
72+ 6 y

where the sum is taken over all integers «, 3,7, d such that

(7) Mw =

1
ad =By =1, [B5+ar| <y +0% 748 < -
y
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Let us fix coprime numbers ~,d. By Euclid’s algorithm, there exists a pair «, 3
such that ad — Sy = 1. All other pairs are obtained by adding or subtracting v to «
and ¢ to 3, in which case 33 + a~y will change by 2 + ¢ (this corresponds to shifting
Muw by 1 to the left or to the right). Thus, for each such pair 7, d, we can find at
least one pair (o, 3) such that |30 + avy| < v + 6%2. Hence, it suffices to show that

1 1
> 53 ~ log—.
v+ 0 Yy

¥2462<1/(2y),
(71,0)=1

Finally, for a large number X, the number of coprime pairs (v, d) such that
X < 4%+ 62 < 2X is of order X (because the number of pairs which are coprime
has a positive density, see, for instance, [7, Theorem 332]). Splitting the sum we are
estimating into dyadic blocks, we see that the sum is of order log(1/y), as required.

0

Proving Theorem 1(b), we assume that the function m is tame. Otherwise, we
replace m by its tame majorant m* with divergent logarithmic integral, which exists
by Lemma 4. Then H(—m*) O H(—m); so, if a meromorphic function F' omits three
distinct values in H(—m"*), a fortiori it omits the same values in H(—m).

As in the proof of Theorem 1(a), let w: H — H(—m) be the Riemann map such
that w(iy) is purely imaginary and w(iy) — oo as y — oo. Set W = w™! and
I' = W(R), that is, Imw(z) = 0 for z € I'. Clearly, I' is a smooth curve, symmetric
with respect to the imaginary axis. Recall that, due to tameness of m, by Lemma 5,
the mapping W is continuously differentiable up to the boundary.

Claim 8. Let W = U+iV. Then, the function x — U(x,0) is strictly increasing
on R, while the function x — V(x,0) is non-increasing on Rx.

Proof. To prove the first statement, consider the function hs(z) = V(2 +is) —
V(2), which is harmonic in H(—m). On 0H(—m), hs > 0. Moreover, h; is bounded
because, by Lemma 5, W’ is bounded. Thus, by the Phragmén—Lindel6f principle,
hs > 0 in H(—m), that is, V(2 4+ is) > V/(z) therein. Letting s — 0, we get V}, > 0.
Since Vj, is harmonic and non-constant, it cannot have a minimum inside H(—m), i.e.,
V, > 0 in H(—m). By Cauchy-Riemann, U, = V|, > 0, proving the first statement.

The proof of the second part is quite similar. Consider the partial derivative
Vi(x,y). It is a bounded harmonic function in H(—m) (boundedness follows from
Lemma 5). By the symmetry of the map W, we have V(—z,y) = V(z,y), and
therefore the function V, vanishes on the imaginary axis. The function V' is positive in
H(—m) and vanishes on 0H(—m). Then its gradient VV points into H(—m). Since m
is non-increasing, this implies that V,.(z, —m(x)) < 0 for > 0 (and similarly, > 0 for
z < 0). Thus, by the Phragmén-Lindel6f principle, V,(z,y) < 0 in H(—m) ({Rez >
0}. O

By Claim 8, the curve I is a graph of an even smooth function n: R — R,
non-increasing on Rso: I' = {x + in(z): = € R}.

Claim 9. For x € R,
(8) n(z) < Cm(z/C)

with C' = [W/[le = sup{|W'(C)]: ¢ € F(—m)}.
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Proof. Since both functions m and n are even, it suffices to check (8) only for
x > 0. Let, as above, W = U + V. Then V(t) = n(U(t)), t € R. Since
V(t) =ImW(t) = Im[W(t) — W(t — im(t)],

we have

V(t) < |W(t)—W(t—im(t)] < Cmf(t).
Similarly,

U(t) = ReW(t) = Re [W(t) — W(0)],

whence, for t > 0, U(t) < |[W(t) — W(0)| < Ct, and therefore, m(t) < m(U(t)/C).
Combining both estimates, we obtain

n(U(t)) =V (t) < Cm(t) < Cm(U(t)/C).
Letting @ = U(t), we get the claim. O

Now we are ready to prove Theorem 1(b). Assume that
< log™ m(t
/ log” m(®) 4, _ 4 oo
12
1
that m is tame, and let ' = A o W. The function F' is analytic in H(—m) and does
not take the values 0 and 1 there. We aim to show that F' is of unbounded type in

H. Suppose that it is not true, and F' is of bounded type in H. Then, by the classical
Nevanlinna representation [6, Chapter VI, Theorem 3.1],

log™ |F(t
(9) /70gtz|+1<>|dt<oo,
R
and .
I 1 F(t
log® |F(Q) mC/ O|g7i_|§|2 dt +cIm,
with

c= lim — logJr |F'(iy)|.

y—r+o0 Y
Moreover, since, for a given z, A(x+iy) tends to 0 as y — oo, F(iy) = (AoW)(iy) — 0,
and ¢ = 0. So, log™ |F| is majorized by its Poisson integral

Im(/ logt |F(t)
|75—C|2

(10) _ /R log™ |F/(#)] wa(dt, ) < o0, ¢ € H.

Here and elsewhere, wg(dz, () denotes the harmonic measure of the domain G eval-
uated at ¢ € G. Letting ¢ = w(z) in (10), we get

(11) log™ |\(2)] < / log* [A(')] witm(d2/, 2) < 00, = € H(n),
r

where, as above, I' = {z +in(z): z € R} = 0H(n). By Claim 9,
<1 t
/ og”n(t) 4, _
1

log® |F(¢)

12
Let n* be a tame majorant of n with divergent logarithmic integral which exists
by Lemma 4. Then H(n*) C H(n). Let I'* = 0H(n*) = {x + in*(x): x € R}, and
let w*: H — H(n*) be the Riemann map with our usual convention (w* is purely
imaginary, and w*(in) — oo as n — 00).
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Claim 10. For z € H(n*),

(12) / log™ |A(2")| wiine (d2', 2) < /logjL IA(2")| wi(ny(d2', 2) < oo.
I r

Proof. Denote by h(z) the right hand side of (12). This is a non-negative
harmonic function in H(n) that majorizes log* |\ in H(n). Returning to the upper
half-plane, we let u = logt [\ow*| and v = how*. The non-negative functions u and
v are correspondingly subharmonic and harmonic in H, continuous in H, and v < v
in H. Furthermore, by the Herglotz — F. Riesz representation theorem applied to the
positive harmonic function v, we have

o0 [ e Yy
G=en+ 2 [z c=gvin

with ¢ > 0. Therefore,

H
ST \t—CP =ule)cek

which is nothing but (12) with z = w* O

To arrive at a contradiction, it remains to show that the integral on the left
hand side of (12) is infinite. Fix z € H(n*). The function n* takes the constant
value nj, = n*(2%) on the interval I}, = [2F —2F=3 2% 4 28=2] 'k > 3. Hence, the curve
'™ = {t+in*(t)} has long horizontal intervals I'y over I} of height ny. Next, we claim
that on the middle third of I'; the harmonic measure wg(,+)(d?’, ) is uniformly in &
comparable with the measure dt /2.

Claim 11. Let Jy be the middle third of Iy. Then there exists kg = ko(z) and
constants 0 < ¢(z) < C(z) < oo (depending on z but not on k) such that, for every
k > ko and every Borel set A C Ji,

c(z) dt < W) (A +ing, 2) < C(2) @
o 12 12
Proof. Indeed, let, as above, w* = u* + iv*: H — H(n*) be the Riemann map
with our usual normalization: u*(in) = 0 and v*(in) — oo as n — +oo. The function
w* maps an interval T, C R onto the boundary segment S, = {x + ing: z € Ji}.
Then u*(Ty) = Ji, and, by Lemma 5, |T| ~ |J;| and |u*(t)| =~ |t| for ¢ € T},. By the
conformal invariance of the harmonic measure,

Wi (B, 2) = wr((w?)"(E),¢), z=w"(().
Hence, for A C Jy and E = {t +iny: t € A},

1 U

WH(n* (E,Z)I—/ —dt7 £+Z77:C
") T Jw)-1py (E—§)* +1?

Furthermore, |(w*)~Y(E)| =~ |A|, |[t| = 2¥, and for k large enough, n/((t — &) + n?) ~

1/t? (with implicit constants depending on ¢, that is, on z), proving the claim. [J

Finally, we return to the integral on the left hand side of (12). By Claim 11, it is

dt
>Z/ log™ [\(t + iny) oE

k>ko
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The k-th term of this sum is
> 92 / log™ |A(t + ing)| dt,
Jk

which, by Lemma 7 and 2-periodicity of A, is

1
> 972k 9k loe — = 27F] .
~ ©8 ny °8 n*(2k)

Since the function n* is non-increasing, divergence of the series

1
271 =
e

follows from the divergence of the integral

001 - *

/ log” n"(t) o _
t2

1

This proves the divergence of the integral on the left hand side of (12), and completes
the proof of the theorem. O

4. Example of He and Zhang: a brief discussion

We briefly sketch their construction. The function F' has the form A\ o ¢, where
A is the modular function defined in Section 3.3, and ¢ is a conformal map ¢: H —
) C H. To construct €2, consider the set

S ={z € H: Im\(z) =0}

This set consists of disjoint open semi-circles and vertical lines H; some of their
closures are tangent to each other at rational points of R. The boundary v = 02
is a curve consisting of some of these open semi-circles and points on the real line
which do not accumulate. It is not difficult to see that the function A o ¢, as a map
to the Riemann sphere, has continuous real boundary values on R and extends to
a meromorphic function F' by Schwarz reflection. All 0-, 1-, and oo-points of the
function F' are real.

Moreover, we can make the region 2 asymptotically very close to H. Specifically,
one can choose 2 so that 0f) lies in an arbitrarily narrow corridor of the form

{z+1iy: 0 <y <m(z),z € R},

where m(z) is a positive continuous even function, non-increasing on R, with di-
vergent logarithmic integral. By the argument in the proof of Theorem 1(b), this
choice implies that F' is not of bounded type in H.

Added in proof. Another preprint constructing a meromorphic function F' in
the plane that omits 0, 1, and oo in H and is not of bounded type in H has recently
appeared on arXiv [13].

Teng Zhang informed us that he and Yixin He constructed an entire function
that omits 0 and 1 in H and is not of bounded type in H.
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