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Schauder estimates for a class of fully nonlinear
elliptic PDEs: a geometric tangential approach

Joao Vitor da Silva, Junior da Silva Bessa and Laura Ospina

Abstract. In this paper, we establish local and global Schauder estimates for classical solutions
of a class of fully nonlinear elliptic partial differential equations, which are not necessarily convex
or concave, under suitable Holder continuity assumptions on the data. Our approach is based on a
robust blow-up argument, combined with geometric tangential analysis and compactness techniques.
This strategy is strongly influenced by methodologies developed in the contemporary theory of
nonlinear elliptic PDEs.

Erididen tdysin epilineaaristen elliptisten osittaisdifferentiaaliyhiléiden

Schauderin arviot: geometrinen tangenttimenetelmé

Tiivistelm#. Téssé tyossi tutkitaan erdité tdysin epélineaarisia elliptisid osittaisdifferentiaa-
liyhtéloitéa, joiden ei tarvitse olla konvekseja eikéd konkaaveja. Naiden klassisille ratkaisuille todiste-
taan seké paikallisia ettd koko alueen kattavia Schauderin arvioita, kun yhtalén tunnetuista funk-
tioista tehdédin sopivia Holderin-jatkuvuusoletuksia. Kaytetty ldhestymistapa perustuu vakaaseen
suurennuspadttelyyn yhdistettynd geometriseen tangettimenetelméin ja kompaktiustekniikoihin.
Tami strategia on ottanut vahvoja vaikutteita epélineaaristen elliptisten osittaisdifferentiaaliyhté-
16iden ajankohtaisista menetelmista.

1. Introduction

The development of Schauder theory has significantly shaped the modern per-
spective that solving a PDE is, in essence, equivalent to establishing an a priori
estimate, i.e., obtaining bounds on a solution before constructing it explicitly.

Beyond existence results (as the compactness properties they encode allow for
the application of fixed-point theorems for compact operators), Schauder theory has
numerous further applications. These include the analysis of asymptotic behavior—
both at infinity and near singularities—as well as the study of qualitative properties
of eigenfunctions, such as those arising in Riesz-Fredholm theory [4] and the Krein—
Rutman theorem [22]. Additionally, Schauder theory plays a pivotal role in the
method of sub- and super-solutions for nonlinear problems and in bifurcation theory
(see [30] and [34]). We refer the reader to the survey by Kichenassamy [21] for a
comprehensive account of Schauder estimates and their applications.

Throughout the last century, several alternative proofs were developed, among
which we highlight the work of Campanato [9], who introduced the so-called Cam-
panato spaces; Peetre [31], who employed the convolution of functions; Trudinger
[41], who utilized mollification techniques, and Simon [37] by applying a blow-up
argument. Furthermore, perturbative approaches were developed by Safonov in [32]
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and [33], and Caffarelli in [6] (see also [7]) for fully nonlinear uniformly elliptic equa-
tions, methods that are also applicable to linear equations. More recently, Wang
in [42] proposed a novel and flexible method for establishing Schauder estimates for
linear elliptic equations in non-divergence form, which combines an approximating
scheme with compactness arguments. The above list of contributions on this topic is
far too extensive and incomplete. In Section 2, we will present other findings in the
setting of fully nonlinear elliptic PDEs.

In the sequel, we present Schauder estimates for linear operators in non-divergence
form.

Theorem 1.1. (Interior estimates) Let o € (0,1) fixed, and u € C**(B;) be
any solution to

n

—tr(A(z) D*u(z)) := — Z a;j(x) Ojju(x) = f(xr) in By,

i,j=1

with f € C%*(B,) and a;; € C”*(By), where the matrix A(z) = (a;;(x));; satisfies
the uniform ellipticity condition

(1.1) MNEP <Y ay(@)&68 < AP forallz € By and £ € R"

ij=1
for some constants 0 < A < A < oco. Then,

[ullczam, ) < C (lull Loy + [ fllcoam))
for some constant C > 0 depending only on o, n, A, A, and ||a;;||co.e(s,).-

Next, we present the counterpart of Theorem 1.1 in the context of global estimates
(up to the boundary) for sufficiently smooth domains, and assuming the appropriate
regularity of the coefficients and boundary datum.

Theorem 1.2. (Boundary regularity) Let 2 C R™ be a bounded domain of class
C**. Let u € C*%(Q) be a solution to

B Z aij(x) Oju(x) = f(x) in €,

u(z) = g(x) on 052,

(1.2)

for f € C%*(Q), a;; € C%*(Q) fulfilling the ellipticity conditions for some 0 < X < A,
and g € C**(90Q). Then, the following estimate holds

[ull 2@ < C (lull @) + [1fllcoa@) + lgllczeo)
for some constant C > 0 depending only on o, n, A, A, ||a;;||co.e) and €.

Therefore, motivated by the previous introduction, this article has a twofold
objective. First, we establish local a priori Schauder estimates for classical solutions
to the equation

F(D?*u,x) + (B(z), Du) = f(z) in B; C R",

under suitable assumptions on the data, which will be specified shortly. Here,
F: Sym(n) x By — R denotes a fully nonlinear second-order operator, potentially
including nonlinearities that lack a convexity/concavity structure. Furthermore, in
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the final part of the paper, we derive global estimates for classical solutions to the
corresponding Dirichlet problem (with a flattened boundary),
F(D*,z) + (B(x), Du) = f(x) in B,
u(w) = g(a) on Ty,
where Bf = {z = («/,2,) € R": 2, > 0 and |z| < 1} and Ty = {z = (2/,z,) €
R": z, =0 and |z| < 1}.
Throughout this manuscript, we assume the following structural conditions (cf.
[14]):
(A1) (Uniform ellipticity) The operator F': Sym(n) x £ — R is fully nonlinear

and uniformly elliptic, with ellipticity constants 0 < A < A. Specifically, we
require

(13) MiA(N) < FOM 4N, 2) — F(M, ) < M, (N),

for every x € Q and for all M, N € Sym(n) with N > 0 (in the matrix sense),
where

M5\ (M) = sup tr(AM) and M;,(M) = inf tr(AM)

Acy A ARy A
denote the Pucci extremal operators, and
Ay a = {A € Sym(n): \Id,, < A < AId,}.

(A2) (Differentiability of the nonlinearity) We assume that F(-,x) € C*(Sym(n))
for all z € Q, and there exists a modulus of continuity w: [0,00) — [0, 00)
such that

IDmF(X,2) = DuF (Y, 2)|| < w(|X = YI)),
for all z €  and for all X,Y,redM € Sym(n), where

F(M +Xo.7) — F(X
Dy F (X, 2) = DF(Xg, 2)(M) = IlfiITOI (tM + 074? (Xo, )
—

denotes the Gateaux derivative of F' with respect to the first variable.
(A3) (Regularity of the data) There exists a modulus of continuity 7: [0, 00) —
[0,00) such that 7(¢) < ct* (for a dimensional constant ¢ > 0) and

F(X2) = FX.9)| < 7|z = gD Xllsym. Y.y € 2, X € Sym(n),
@)~ f@) < (|l —yl), Yoy e
[B(2) ~B(y)]| <7l —yl). Ya.yeQ

We denote by the following class the set of fully nonlinear operators satisfying
the above assumptions:

F = {F: Sym(n) x Q — R: F satisfies the assumptions (A1)—(A3)}.

In this setting, we are able to derive the following local a priori Schauder esti-
mates.

Theorem 1.3. (Interior Schauder estimates) Suppose the assumptions (Al)-
(A3) are in force with 7(t) < ct® (for some a € (0,1)). Let u € C**(By) be a
solution to

F(D?*u,z) + (B(z), Du) = f(z) in By,
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where ||ul|c2.am,) < Coy for some Cy > 0. Then, there holds

(14)  ullezam, ) < C, A A a,w) ([ulle @) + [ fllevam) + [Bllcoem,rn) -
Moreover, we also address the following global counterpart of the previous result.

Theorem 1.4. (Global Schauder estimates) Suppose the assumptions (A1)—(A3)
are in force with 7(t) < ct® (for some a € (0,1)). Let u € C**(Bf UTy) be a solution
to

F(D*u,z) + (B(x), Du) = f(z) in Bf,
{u(w) — () on Ty,
where HuHCQ’a(g) < Cf for some C§ > 0 and g satisfies |g(z) — g(w)| < 7(|]z —
w|), ¥V z,w € T1. Then, there holds

(15) lullonegs,y < C (Iullmgspy + 1 lenagss) + lgllczacy + [Bllcman)
where C = C(n, A\, A, a,w) > 0 is a universal constant.

To establish our Schauder estimates, we employ a robust blow-up technique that
traces back to Simon’s seminal work [37] (cf. [17] for a modern survey developing
this technique), combined with geometric tangential analysis and compactness ar-
guments (inspired by methods from the modern theory of elliptic partial differential
equations, cf. [38] and [39] for insightful surveys on this research area), and classi-
fication of global profiles (Liouville type-results). As discussed previously, Schauder
estimates, both local and global versions have been extensively studied over the past
decades using a variety of analytical tools (see the State-of-the-Art in Section 2 for
more details). Nevertheless, to the best of our knowledge, such estimates have not
previously been established in the fully nonlinear setting (with a drift term and inho-
mogeneous Dirichlet boundary conditions) using blow-up arguments in conjunction
with geometric tangential methods. This gap in the literature was one of the principal
motivations behind the development of the estimates presented in this work.

In a summarized way, the main contributions of the paper are as follows:

(i) Schauder estimates beyond the convex/concave setting: We establish local
and global C** Schauder estimates for classical solutions of uniformly elliptic
fully nonlinear equations without imposing convexity or concavity assump-
tions on the operator. Thus, our framework applies to nonlinear operators
beyond the standard convexity /concavity setting (cf. [2, 5, 19]).

(ii) Spatial dependence and lower-order terms: Our results apply to equations of
the form

F(D*u, ) + (B(x), Du) = f(z),
allowing for both spatial dependence of the fully nonlinear operator and a
nontrivial drift term. The operator, drift term, and right-hand side are as-
sumed to satisfy suitable Holder continuity conditions (cf. [12, 14]).

(iii) Interior and global estimates: We establish both interior Schauder estimates
and global estimates for the corresponding Dirichlet problem in a flattened
boundary setting. The latter accommodates inhomogeneous Dirichlet data
and yields boundary regularity within the same fully nonlinear framework
(cf. [12, 14, 38]).

(iv) Geometric tangential blow-up method: The proofs rely on a geometric tangen-
tial blow-up argument combined with compactness, stability, and Liouville-
type classification of global profiles. Under the natural scaling, the nonlinear
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operator converges to a linear uniformly elliptic tangential operator, while the
rescaled lower-order terms and inhomogeneity vanish. This reduction enables
us to exploit the rigidity of the limiting profiles and recover the desired C*
estimates for the original nonlinear equation (cf. [17, 37, 38]).

(v) A unified perturbative framework: Our argument provides a flexible mech-
anism for transferring regularity from the limiting linear tangential equa-
tion to the original nonlinear problem. In particular, it does not rely on
convexity /concavity-based methods and is not restricted to situations in which
the nonlinear equation can be treated directly through a conventional lin-
earization procedure (cf. [2, 3, 14]).

To the best of our knowledge, this combination of structural assumptions, esti-
mates, and proof techniques has not previously been developed in this generality. In
particular, we are not aware of previous works establishing both interior and global
Schauder estimates for fully nonlinear uniformly elliptic equations with spatially de-
pendent nonlinearities and drift terms, without convexity or concavity assumptions,
through a geometric tangential blow-up approach.

Explaining the heuristic behind the proof. We conclude this introduction
by outlining the heuristic framework of the geometric tangential analysis underly-
ing our proofs. By way of explanation, consider a fully nonlinear elliptic operator
F: Sym(n) — R such that F(O,) = 0 (this is not a restrictive assumption). Then,
the family of elliptic scaling functions defined by

1
Go(X) := - F(eX), for 0> 0.

constitutes a continuous family of operators that preserves the ellipticity constants of
the original equation (i.e., 0 < A < A). Indeed, .% invariant under the transformation
0— éF (ox).

Now, if F': Sym(n) — R is differentiable (for instance, at the origin, recalling the
normalization F'(O,) = 0), then we have

F(oX+0,) - F(0,) —~ OF

lim G,(X) = lim = DxF(0,) =

0—0 0—0 0

In other words, the linear, uniformly elliptic operator X = >, aanj(On)Xij =
tr(ApX) represents the tangential equation associated with G, in the limiting config-
uration as ¢ — 0.

Now, if u: By — R is a solution to an equation involving the original operator

F: Sym(n) — R, ie.,
F(D?*u) + (B(z), Du) = f(z) in By,

then the scaled function ul(z) := —tz-u(ox) (a blow-up) satisfies a corresponding

o*tea
equation for
1 .
Gooa(D?ug()) + (B (2), Dug()) = ﬁf(@'t) = folx) n By,

Q

where B$(z) = 2B(ox), and a > 0 is chosen in such a way || f§|lc,3, = o(1) and
B4 00,5, = 0(1) as @0 — 0.

Moreover, if it is further proved that the norm [DQUC‘Q](LB1 /(20 18 bounded, e.g., by
1, then uf becomes a normalized solution (in the (2 + a)-fashion) to the “p-scaled
equation”. This strategy allows us to access some rigidity results (e.g., classification
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of global profiles) available for the linear tangential equation, via compactness and
stability arguments.
Indeed, we can conclude the following:

Gpoa(X) = tr(ApX) as o —0

a
B — 0 ase—=0 tr(AoD?U) =0 in R” and [D*Ulgps < 1.
=0 as 0 — 0 |
ut —»U as 0 — 0

Finally, since 0 < Ald,, < 2y < Ald,, after changing variables (namely, z =

Ql(l]/ 23:), the case of constant coefficients (uniformly elliptic), one reduces to analyzing
the scenario of harmonic functions, which has a rich available potential theory (for
instance, concerning Liouville-type results)

r(AD?U) =0 in R" & Y 8., U=0in R (with z=2A"2).
i=1

For the inhomogeneous Dirichlet boundary case, a similar reasoning can be em-
ployed (provided we assume [|g§ = u$|ar, ||c,8, = 0(1)), yielding a profile defined in
the half-space, which necessitates the application of a Liouville-type result in this
context.

Therefore, this approach will enable us to apply Simon’s blow-up technique, de-
veloped in [37] (see also [17]), to obtain Schauder estimates in both local and global
settings.

2. A brief literature review on Schauder estimates

Higher estimates for 2nd-order fully nonlinear elliptic PDEs: local
scenario. In the mid-20th century, Nirenberg [29] pioneered Holder estimates for
the Hessian of classical solutions to certain nonlinear partial differential equations in
two dimensions.

Theorem 2.1. [17, Theorem 4.9] Let F': R**? — R be uniformly elliptic with
ellipticity constants A\ and A. Let u € C*(B;) be a solution of
F(D*) =0 in B, C R2.
Then,
lull ez, ) < Cllull=,),
for some constants 3 > 0 and C > 0, depending only on A and A.

In higher dimensions, a seminal result was independently obtained by Evans [15]
and Krylov [23] in the early 1980s, establishing the following;:

Theorem 2.2. (Evans-Krylov’s Theorem) Let F': Sym(n) — R be a convex
(or concave) uniformly elliptic operator satisfying F'(0) = 0. Let u € C(By) be a
viscosity solution of

F(D*u) =0 in B.
Then,
HuHCQﬁ(Bl/g) < Cllulpeesy),

for some 8 > 0 and constant C > 0, depending only on the dimension n, and the
ellipticity constants A and A. Particular, if F' is smooth, then u € C*°(By).
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Subsequently, Caffarelli addressed Schauder estimates for the inhomogeneous
problem by using perturbation and compactness techniques.

Theorem 2.3. (Caffarelli’s Schauder estimates [7, Ch. 8]) Let F': Sym(n) —
R be a convex, uniformly elliptic operator with ellipticity constants 0 < A < A
satisfying F'(O,) = 0. Suppose that u € C°(By) is a viscosity solution to

F(D?u) = f(x) in B, C R".

)

Then, there exists a constant ag € (0,1), depending only on n, A\ and A, such that if
f € C%(By) for some a € (0,1), then u € C*min{eoet(B, o) and

[ull gz mintaoar (s, 5) < C (lullze(py) + [ fllcoais) .

for some constant C > 0 depending only on n, \, A, and «.

Trudinger [40] derived first- and second-order derivative estimates for classical
solutions to fully nonlinear, uniformly elliptic equations of the form

F(D*u, Du,u,z) =0 in Q C R",

under natural structural assumptions. These estimates were applied to the Dirichlet
problem for Bellman equations, thereby generalizing earlier results by Lions [25]
and Evans [16]. Furthermore, Evans [15] originally presented a concise treatment of
Holder estimates for second derivatives.

Huang [20] subsequently investigated conditions under which a C'*! solution of
the fully nonlinear, uniformly elliptic equation F(D?u) = 0 must be classical (i.e.,
C?). The work demonstrates that if ' € C' and satisfies the Liouville property,
then every CU! viscosity solution belongs to C%¢ for all 0 < a < 1. Recall that
an operator I possesses the Liouwville property if every locally C*! viscosity solution
of F(D*u) = 0 in R™ with bounded second derivatives is necessarily a quadratic
polynomial.

Cabré and Caffarelli [5] examined intermediate conditions on F', weaker than
convexity but stronger than no assumptions, that guarantee classical solutions to
F(D?*u) = 0. Their work establishes local C*® regularity estimates for a class of
non-convex/concave operators.

We further note that Monneau [26, Proposition 9.1] established pointwise C%
estimates (in the L” norm) for solutions to F'(D?*u) = 0 in By, requiring only F' € C?
without convexity or concavity assumptions. These results hold under the condition
of pointwise C?-Dini regularity (in the L norm).

Cao et al. [10] obtained local C* estimates for classical solutions of fully non-
linear, uniformly elliptic equations F(D?u) = 0, expressed in terms of the Hessian
matrix D?u’s modulus of continuity. Their analysis assumes F is merely locally C1#,
dispensing with convexity or concavity requirements. Through an iterative scheme
based on L? estimates, they derived Holder continuity for the Hessian.

For nearly twenty years, the question of whether arbitrary fully nonlinear elliptic
operators admit a general C? a priori regularity theory remained unresolved. This
problem was finally settled by Nadirashvili and Vladut’s counterexamples to C!
regularity [27, 28], which concluded this line of inquiry. Their work, however, stim-
ulated new research directions. In light of the inherent obstacles to developing a
universal existence theory for classical solutions to fully nonlinear equations, a major
focus of current research involves identifying supplementary structural or qualitative
conditions on both F and u that enable C? estimates.
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Regarding recent developments in local higher regularity estimates, Savin’s sem-
inal work [35] examines viscosity solutions to general second-order fully nonlinear
equations of the form

F(D?*u, Du,u,z) =0,

where u = 0 constitutes a solution. Under the assumptions that F' is smooth and
uniformly elliptic solely in a neighborhood of (0,0, 0, ), Savin proves interior C%
regularity for flat solutions—those with sufficiently small L>° norm. Notably, the
operator [ is initially taken to be merely measurable, with a Harnack inequality first
established for flat solutions; higher regularity results then follow under additional
smoothness assumptions on F'.

In their comprehensive study [14] (see also [13, Chapter 5]), dos Prazeres and
Teixeira investigate equations of the form

(2.1) F(D*u,z) = f(x),

where F' represents a non-convex, fully nonlinear, uniformly elliptic operator. The
authors derive local C** regularity for flat solutions to (2.1) (solutions with suffi-
ciently small norm), provided the coefficients of F' and the source term f belong to
Coe,
Theorem 2.4. (C*° regularity [14, Theorem 2.2]) Let u € C°(By) be a viscosity
solution to
F(D*u,z) = f(x) in By,

where I' and f satisfy (A1)—(A3) with 7(t) = ct® for some 0 < o < 1. There exists
dp > 0, depending only upon n, A\, A,w, «, and 7(1), such that if

sup |u| < dy,

B:
then u € C**(By2) and

HUHCQ,Q(B1/2) S CO . 507

where Cy > 0 depends only upon n, A\, A\, w, and (1 — «).

The proof of such a result is based on a combination of geometric tangential anal-
ysis and perturbative arguments inspired by compactness methods from the theory
of elliptic partial differential equations. The authors construct a family of elliptic
rescalings that preserve the ellipticity constants of the original operator, thereby
allowing for the application of tangential linear elliptic regularity theory.

In 2021, Bhattacharya and Warren, in [2], established explicit interior C%“ esti-
mates for viscosity solutions of fully nonlinear, uniformly elliptic equations that are
sufficiently close to linear equations. Moreover, they provided a precise quantitative
bound characterizing this closeness.

Definition 2.5. [2, Definition 1.2] A uniformly elliptic, non-linear operator F' is
said almost linear with constant € > 0 if

(2.2) IDxF(M) — Dy F(N)|| < ¢
for all M, N € Sym(n). Moreover, one defines € to be the closeness constant of F.

Theorem 2.6. [2, Theorem 1.4] Given 0 < A < A, and 0 < o < @ < 1, suppose
that F' is almost linear with constant €y, and let u € C°(B;) be a viscosity solution

of
F(D?u) = f(x) in By.
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If f € C%*(By), then u € C**(By,) and the following estimate holds:

(2.3) ullcza, ) < C (lull Lo + 1 fllcoa))
where C > 0 depends only on n, A\, A, gq, o, and @.

Another condition that can lead to improved regularity arises when the ellip-
ticity constants 0 < A < A are sufficiently close. Specifically, Wu and Niu, in [43,
Theorem 1.4], employ compactness techniques to establish interior C*® regularity
for viscosity solutions of fully nonlinear, uniformly elliptic equations under the as-
sumption that the ellipticity constants are nearly equal. It is worth noting that the
homogeneous version of this result had already been obtained nearly a decade earlier
by Da Silva in his Ph.D. thesis (see [11, Ch. 5]).

Finally, in 2024, Goffi, in [19], undertakes a comprehensive study of a priori esti-
mates and Evans—Krylov-type regularity results in Holder spaces for fully nonlinear,
second-order, uniformly elliptic or uniformly parabolic equations, even in the absence
of concavity or convexity of the operator on the space of symmetric matrices. As
a consequence, the results yield Liouville-type theorems for polynomial solutions to
elliptic equations, as well as for certain parabolic problems. Furthermore, Goffi ad-
dresses the following generalization of Nirenberg’s classical result [29] to the setting
of viscosity solutions.

Theorem 2.7. [19, Theorem Appendix A.1] Let u: By — R, with B; C R?, and
suppose that u is a continuous viscosity solution to

F(D?*u) = f(x) in By.

Assume that F': Sym(2) — R is uniformly elliptic (no other assumptions are re-
quired), and that f € C%%(By). Then, for some small « € (0,1), we have the
regularity estimate

ullcza, ) < C (lull ey + [ fllcoam))
where the constants o and C > 0 depend only on A and A.

Higher estimates for 2nd-order fully nonlinear PDEs: up-to-boundary
scenario. Krylov, in [23], studied operators of the form F[-] = inf; F}[] for j =
1,2,..., where each F} is positively homogeneous of degree one. Under appropri-
ate structural assumptions, he established the existence and uniqueness of classical
solutions u € C** to fully nonlinear second-order elliptic boundary value problems:

F(D*u, Du,u,z) =0 inQ, u=g on .

The argument hinges on the derivation of a priori estimates in Holder spaces. No-
tably, the Hamilton—Jacobi-Bellman and Monge-Ampere equations exemplify the
applicability of this framework.

Subsequently, in [24], Krylov extended his analysis to operators F' belonging to
the class of so-called boundedly inhomogeneous functions. This class includes, for
instance, operators of the form F[-] = infy Fy[-], where each F} is again positively ho-
mogeneous of degree one. In this setting, Krylov proved boundary regularity results,
showing that solutions belong to C*%(€2). His proof is technically intricate, involv-
ing a reduction to a degenerate boundary equation and the subsequent derivation of
Holder estimates for this auxiliary problem.

In a later development, Safonov, in [33], investigated the Dirichlet problem for
fully nonlinear second-order elliptic equations of the form

(2.4) F (uxmj,uxi,u,x) =0 inQ, wu=g ondf,
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where 2 C R" is an open domain. This general formulation encompasses classical
problems such as the Bellman equation:

n

F (umixjauaﬁiv u, "L‘) = Sup E af:‘](x)u$z$] + E bf(l‘)uﬂﬂz + Ck(ZL‘)U + fk(x) = 07
i,j=1 1=1

with coefficients belonging to C'“(2) and uniformly bounded. Assuming appropriate
conditions on F', {2, and the boundary data g, Safonov established that the problem
(2.4) admits a unique solution in the space CLY(Q) N C%(Q) for sufficiently small
a > 0. Moreover, if 90 € C%“—for example, when Q = {z € R": ¢)(z) > 0}
with ¢ € C?%(R") satisfying |Dy| > 1 on 9Q—and g € C**(2), then the solution
actually belongs to C*%(0).

More recently, Silvestre and Sirakov, in [36], analyzed the boundary regularity of
continuous viscosity solutions to fully nonlinear, uniformly elliptic equations of the
form

F(D?*u, Du,x) = f(z)
posed in bounded domains 2 C R", with Dirichlet boundary conditions on a portion
of 0€). The same question is also addressed for viscosity solutions of the differential
inequalities

MA(D*u) + €| Dul > —| fllze@) and M, (D*u) — £Dul < [|fllz=(@),

where ./\/lf , denote the Pucci extremal operators and £ > 0 is the Lipschitz con-
stant of F' with respect to the gradient variable. It is crucial to emphasize that the
operator F' is not assumed to be convex or concave in D?u. To address the lack
of structural regularity, the authors employ sup-convolutions as an essential techni-
cal tool. Assuming sufficient regularity for the boundary data g = ulgq and under
suitable structural assumptions on F', they show that for every continuous viscosity
solution wu, there exist functions ¢ € C%*(9Q,R™) and H € C%*(9Q, Sym(n)), rep-
resenting the boundary gradient and Hessian of u, respectively. More precisely, the
following Taylor-type expansion holds:

}u(x) —u(zg) — Y (o) - (x — ) — %H(:po)(x —x9) - (x — xo)} < CWlz — x0|a+2,

for all o € 002 and x € QN B,.(zg), where the constants C, W, and a depend on
the ellipticity constants A, A, the dimension n, the regularity of €2, and the Holder
norms of the boundary data g = u|sq, the source term f, and ||u|| ().

3. Preliminaries and auxiliary results

In this section, we provide essential definitions and auxiliary results that are fun-
damental to our approach in establishing the Schauder estimates, within the context
of our discussion. First, we recall the definition of Holder spaces.

Definition 3.1. (Holder spaces [17, p. 6]) Given a € (0,1], the Hélder space
C%*(Q) consists of all continuous functions u € C(§) for which the Holder semi-
norm

u(z) — u(y)|
[u]o,a@y = sup —————=—
e z,yeQ ‘SL’ - y|a
T#y

is finite. The corresponding Holder norm is defined by

[ullcoe@) = llull=@) + [ulcoe@)-
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Moreover, when o = 1, the space C%'(Q) coincides with the classical space of Lips-
chitz continuous functions.

More generally, for any integer & € N and o € (0, 1], the space C**(Q) is defined
as the set of functions u € C*(Q2) such that the norm

lullora = llullor@ + [D*u] oo

is finite, where

k
”U”ck(ﬁ) = HUHLoo(ﬁ) + Z Z ”DlU”Loo(ﬁ) and [Dku]cova(ﬁ) = Z[&lu]co,a@.
j=1 lenn ll|l=k
[tl=3

There exist several equivalent definitions and characterizations of Holder spaces.
The following property will be particularly instrumental for our purposes:

Property P1. Let Q C R", k € N, and a € (0,1]. Suppose that (u;)en is a
sequence of functions satisfying

”Uz‘Hcm(ﬁ) < Gy,

for some constant Cy > 0 independent of i, and that u; — 1y uniformly in €. Then,
uy € CH*(Q))  and [uoll crog@) < Co-
Theorem 3.2. (Arzela—Ascoli [17, Theorem 1.7]) Let @ C R" and a € (0,1).
Suppose that (u;);en is a sequence of functions satisfying
[ill o @) < Co-
Then, there exists a subsequence (u;;)jen that converges uniformly to a function
u € C%(Q).
More generally, combining this result with Property P1, we obtain the following:
if
[will ko @)y < Co,
for some o € (0,1) and integer k € N, then there exists a subsequence (u;;);jen that
converges in the C*(Q) norm to a function u € C**(Q).
Interpolation inequalities in Holder spaces. [18, Lemma 6.35] A fundamen-
tal tool employed throughout this article is the following interpolation inequality.
Forany 0 <~v < a < <1 and every € > 0, we have
(3.1) [ullcoaqe) < Cellullconq) + €llullcos(g),

where C. is a constant depending only on n and €. (When v = 0, the space C°7 is
interpreted as L>.)
This inequality is a consequence of the standard interpolation estimate:

£ —«
B—

More generally, inequality (3.1) can be extended to higher-order Holder norms.
In particular, we will frequently utilize the following special cases: for any € > 0 and
a € (0,1),
(3.2)

and

lulleoa) < llulleos@llullgols ),  with ¢ =

| Dull <o) < Cellul| (o) + e[Dulcoaq),

(3.3) [ulleze) = lullera@) < Cellullz@) + e[D*ulcoa(q).
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The following result represents a refinement of the classical Liouville’s theorem,
characterizing the structure of harmonic functions in R” subject to polynomial growth
conditions. (see, [17, Proposition 1.19]).

Theorem 3.3. (Liouville’s theorem with growth) Assume that u is a solution of
Au = 0 in R" satisfying
lu(z)| < C(1 + |z|?) for all z € R",
for some constant C > 0 and exponent v > 0. Then, u is a polynomial of degree at
most |y].

The following abstract lemma serves as a fundamental tool in establishing the
transition from Lemma 4.1 to Theorems 1.1 and 1.4.

Lemma 3.4. [17, Lemma 2.27] Let k € Ry and ¢y > 0. Let S be a non-negative
function defined on the class of open convex subsets of By, and suppose that S
is subadditive. That is, if o, @/, b, ..., 9\, are open convex subsets of By with
o C Ujvzl <, then

N

> S(

J=1

o

| AN

Then, there exists a small constant 6 = §(n, k) > 0 such that if
oS (Bg (x )) < 6p"S (B,(w0)) +co, ¥ B,(xo) C By,

it follows that S(B%) < C(n, k)co.
Finally, recall that viscosity solutions satisfy the following stability property (see,
for instance, [7, Proposition 4.11]) and [8, Theorem 3.8].

Proposition 3.5. Let (Fy)ren be a sequence of fully nonlinear elliptic operators
with ellipticity constants 0 < A < A. Let (ug)ren C C°(Q) be viscosity solutions to

Fy(D*ug, ) + (B (x), Dug) = fi(zr) in Q,

where (fi)ren Is a sequence of continuous functions and (By)ren is a sequence of
continuous vector fields. Suppose further that Fy, — F' locally uniformly in Sym(n),
and that uy — u, By, — B and fr — f locally uniformly in Q). Then,

F(D?*u,x) + (B(z), Du) = f(z) in Q

in the viscosity sense.

4. Schauder a priori estimates

We now present the proofs of Theorems 1.3 and 1.4, in that order.

4.1. Interior estimates. To prove Theorem 1.3, we require an auxiliary lemma
that establishes an interpolation inequality involving the Holder seminorm of the
Hessian D?u and the right-hand side of estimate (1.4), where the norm ||ul|ps,) is
replaced by || D?ul| o (p,).-

Lemma 4.1. Suppose the assumptions of Theorem 1.3 hold. Then, given ¢ > 0,
there exists a constant C, > 0, depending only on ¢, n, A\, A, a, and w, such that

(4.1)  [D?ulap,,, <elD?ulas, + Ce ([[ullpem,) + | fllcowm,) + [Bllcoas, ) -
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Proof. Observe that, in order to derive (4.1), it suffices to establish the following
inequality: for ¢ < 1, one has

(4.2) [D*ulap,, < e[D*ulas, + Co (IID%ull L=, + [ fllcoe,) + 1Bllcoam,zm) ,

for some constant C. > 0 depending on € > 0 and universal parameters.
Indeed, by the interpolation inequality 3.3, if § = ¢/C,, then

|1 D*ul| poo(sy) < 0[D*u]a, + Csllull L))

Therefore,
[DQU]Q,Blm [Dzu
D2

Ja,B: + C= ([[D?u]| poomyy + || fllcoa(sy) + [|B|coe s, rm))
]

a,B1

6

u
€ 2
—[D"u]aB, + Csl|ullLom,) + || fllcoam,) + B coem,rm
2

< 2e[D?u)aB, + max {CsCe, 1} (|l Loo(my) + I/ lcoam) + 1Bl coem,rn))

< E[D%u)ap, + Ce (ull zooy) + |1 fllooems + 1B ]cos s, zn)) -

We establish inequality (4.2) via a reductio ad absurdum argument. Suppose, for
contradiction, that there exist £g > 0 and functions u; € C*%(By), f; € C%*(By),
and F; € # satlsfymg

(4.3) Fj(D*uj,x) + (B;(x), Duj) = f;(x) in By,

with [Ju;||c2ep,) < Co for all j € N, yet

(4.4) [D*ujlaB,, > €0l D*usla B, + 5 (1Dl oo () + | fill oo (1) + 1Bl 0o (3, ) -
This inequality implies [D?u;]a.5, » > 0. Consequently, by definition of the supre-

mum, for each j € N there exist distinct points x;,y; € By, such that

1 D? D?
(4.5) _[DQUj]a,Bl/Q < | u](|xj) | Uj (?/J)H

2
Defining p; = |7; — y;|, we deduce from (4.4) and (4.5) that 0 < p; < (4/§)Y/* —

Consider the rescaled functions v; defined on Byj(,,) by

v;(x) = uj(r; + pjz) — Py(x)
T gDyl
J [e2¥ 53]

where P; is the second-order Taylor polynomial of u; at x;:
2
p.
Py(x) = u;(x;) + pj(Duj(;), @) + o' D).
These functions satisfy

5;(0) = [Dv;(0)] = [|D*;(0)| =0 and  [D%v;] <1 VjeN

,B1/(2p5) =

For z; = mf;yj € 0By, we obtain from (4.4) and (4.5):
J

[ D%u;(y;) — D?uy(x))| > 1[D*u5la.,, 9o

20 (2] =
(4.6) 1D%v;(2)| 0, 2 [D%u;]a,B, 2’

where 0; = p?‘[DQUj]a,BI-
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Since u; solves (4.3), the rescaled function v; satisfies

F;(D*v;,x) + (Bj(x), Dvj) = f;(x) in B,

2pj

with the rescaled operator, vector field, and source term given by:

Fj(X,2) = 07" [F(0;X + D*u()), o + pyx) — Fj(D*uy(w)), @ + pja)]

Bj(x) = p;B (% + pjz),

Fi(x) =07 [(f3 (x5 psw) — fi(25)) = (F3(DPuy(;), 254 pyx) — Fj(D?uj(x;), 5))]
+0;71(B;(xj+pjx) — Bj(x5), Duy(x;)) — 05 ps(B;(x+p;), D?uy(x))x).

From the structural conditions (A1)-(A3), it follows—up to extraction of a
subsequence—that F; — Fy and DF; — DFj locally uniformly in Sym(n), for some
Fy € .Z. By the uniform boundedness of the sequence (u;);en in the C**norm
and the compactness of 0B;, we obtain—again, up to a subsequence—that u; —
locally uniformly in B;, and z; — 2z € 0B, respectively. For the same reasons,
v; = v in the C%-norm on compact subsets of R™, for some function vy of class C*°.
Based on these observations, we deduce that vy satisfies

(4.7) v(0) = |Dvp(0)| = || D*vp(0)|| =0 and  [D*vplare < 1,
and

3
(4.8) | Dvo(z0) | > =

On the other hand, for a fixed r > 0, there exists jo € N such that B, C Bi/(20))
for all j > jo (since p; — 0). Hence, in B,, for all j > j,, we have:

F5(2)| = 0, fi(z; + pja) — fi ()| + c0; | D?uy(xy) || 5 ]
+ 0118, (x; + pjx) — B;(x;)|| - |[Duy(;)]
< el p5r ([filapy + 1Dl oo By + [B]a,s, [ Dujll L s,))

D*ujlop, ,,(1 + || Duj| s,
CQDQ%&)W([ ey (1 1D <B>>>

J
(1 + || Dujl| Lo (s,))
j b)

where ¢ > 0 is a constant such that 7(t) < ct®. This implies that || f;||1~,) — 0.
Moreover, for all X € Sym(n),

|F5(X,2) — Fi(X,y)| < C07'0; X + 2| D?uj || 1o 8)] 05 |12 — y|*

2 o
< (qupj n 3) r—yl* =0,
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Thus, F'; converges to an operator with constant coefficients—specifically, DFy(Ag, xo),
where zg = lim;_, ;. Indeed, given any ¢ € C*(B,), for sufficiently large j, it fol-
lows that

’Fj(DQGba z) + (B;(z), Do) — f; — DFO(A0,$0)(D2¢)’
< [F;(@)] + p; 1Bl o< (B, 1) | D

1
+ / DF;(t0;D*¢ + D*uj(x;), x; + pjx)(D*¢) dt
0

— DF;(D*uj(x;), z; + p;x) (D))

+ | DF;(D?uj(x;), x; + pjx)(D*¢) — DFy(Ao, x0)(D*0)|

r®  [D?ujlaB,
< 1o Dm0 D% D%

J
(4.9) + | DF;(D?uj(x;), x; + pjx)(D*¢) — DFy(Ao, x0)(D*0)|

Consequently, from the previous estimate and the uniform convergence of (F})
and (DFj), it follows that

lim Hfj(D%, z) + (B;(x), Do) — ?j — DFy(Ao, x0)<D2¢)HL°°(BT) = 0.

Jj—00
Hence, by the stability result (Proposition 3.5), vy is a solution to
(410) LQUQ = DF0<A0,.T0>(D2U0> =0 in R".

Without loss of generality, up to a rotation, we may assume that vy is a harmonic
function in R™. Consequently, vy is smooth, and all its partial derivatives are har-
monic functions as well. From the condition [D?vg)are < 1, we deduce that D?v,
exhibits sublinear growth at infinity. Therefore, by Liouville’s Theorem 3.3, D%y,
must be constant. Since D?vy(0) = 0 (as noted in (4.7)), we conclude that D?vy = 0,
which contradicts (4.8). This completes the proof. O

4.2. Proof of Theorem 1.3. Finally, we are now in a position to present the
proof of Theorem 1.3.

Proof. Define u, : B — R by u,(z) := u(px+0), where zo € By/2 and p € (0, 3].
Then, u, satisfies

Fy(D*up,x) + (B,(x), Du,) = f,(x) in By,
where
F,(M,2) := p*F(p™*M, pz +10), B, (a) := pB(px + x0),  fp(2) := p* f(pr + x0),
verify the assumptions (A1)—(A3), and the corresponding Hélder seminorms satisfy
[D2UP]Q,B1/2 = p*** [D%] B 2o B, = plte
[fp]a,Bl = P2+a [f]a,Bp(xo) :

[%]Q,Bp(mo) , and
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Now, applying the estimate from Lemma 4.1 with a fixed § > 0, we obtain

p2+0‘ [Dzu:| a,B,/2(%0) = [DQUP] a,By /9

<o [Dzup]a,Bl + Cs (llupll ooy + | follcoemy + 1Bl coesyirm)
_ s+ (D%

a,B,(zo

)t C‘S<”u||L°°<Bp<xo>> + P2 1F By a0

+ pl1Bll B, @ + 0 [Blap, @) + 7 [Flap, o) )
S 5p2+a [DQU} a7Bp(x0)
+ Cs ([ull oo @y) + 1 fllcow@) + 1Bl cons,mm)) -

Therefore,

p2+a [DQU] < 5p2+o¢ [D2u:|

a,B,/2(x0) — a,By(z0)

+ Cs (lull L) + | fllcoay) + 1Bl coemmm) -

Finally, invoking Lemma 3.4 with
ki=a+2, ¢ :=0Cs (||U||Loo(B1) + 1 llcoemyy + ||§B||CO’“(B1;R")) )

and defining the functional S(«/) := [D*u], ,,, which is subadditive on convex open
subsets, we conclude from the preceding inequality that

(1) [Pl < C0u) (i + L leoamy + 1Bloammn)

In conclusion, invoking the interpolation inequality 3.3, we obtain
[ullczas, ) = lullc2(s, ,) + [D*u]coas, )
< Cellullz=(m, ) + lD*u]cvam, ) + [D*u]coa, )
< Cellul| Lo (sy)
+ (e + 1) (C(n, k) ([[ull ooy + [ fllcoasy) + Bl con @, zm))
< C (lull o) + I fllcon,) + 1Blleoemizn)
where R
C=max{C.+ (¢ +1)Cs, (¢+1)Cs} = C. + (¢ + 1)Cs.
This concludes the proof. O

4.3. Boundary estimates. Finally, we derive the boundary estimates for the
problem under the Dirichlet condition. Our strategy is to prove an auxiliary inequal-
ity for solutions to the corresponding Dirichlet problem, and then apply interpolation
arguments to establish a proof of Theorem 1.4. For the next result, we assume the
compatibility condition

F(D?g,z) + (%B(x),Dg) = f(z) in T,
asu € C**(Bf UT;) and u = g on Ty.

Lemma 4.2. Suppose the hypotheses of Theorem 1.4 are satisfied. Given ¢ > 0,
there exists a positive constant C: = C*(e,n, \, A, o, w) such that

[DQU]Q,BTm S g[DQ,U’]a,BIL

+ C (”DQUHLOO(Blﬂ + [ Fllcoa@ry T 1Bl conmtpn + ||9||C27a(T1)> :
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Proof. As in Lemma 4.1, we establish this result by employing a reductio ad
absurdum argument. Thus, there exist g > 0 and sequences of functions u; €
CQ’a(BTUTl), fj € CO’OC(BIFUTl), %]’ € CO’G(BTUTU Rn)’ F} € y, and g;j € CQ’a<T1)
such that u; is a viscosity solution of

uj(z) = g;(z) on Ty,

(4.12) [D2“j]a,Bl+/2 > 50[D2“j]a,131+ +j<|’D2uj"Loo(Bl+) + ”fj”cw(Bf)

198, lonei o + Nsllczocrsy ).

It follows that there exist z;,y; € Bf/z, with x; # y;, such that

(4.13) E[Dzu] . [ D%u;(x5) — D?uy(y;)|
. 2 Jla,B

/2 = |z — ;|

Defining p; := |z; — y;|, it follows from (4.13) that p; — 0 as j — oc.

_ dist(z;,T1

Next, set r; : ), Up to passing to a subsequence, there are two possible

J
scenarios for analysis:

(I) r; = o0 as j — oo;

(IT) 0 :=sup;enr; < 0.

In the first case, we consider the rescaled function
u;(x; + pir) — Pj(x)

vi(z) = ,
A

x € B,

where
2

p3
P]<ZL’) = u]'(.]j‘j) + pj<DUj(.Tj>,.T> -+ EJSL’TD2UJ'<SL’]')ZL’.

The function v; is well-defined. Proceeding analogously to the interior case (see
Lemma 4.1), we arrive at a contradiction employing a blow-up argument combined
with the Liouville-type Theorem 3.3.

On the other hand, in case (II), we observe that 0 < % < @pj, so there
exists ¢; € T1 such that |z; —t;| < 260p;. Define the auxiliary function

_ uy(ty + pjw) — Py(a)

vi(x , r€Bi1 UT_1,
i12) pi D), it o
where
i 2
P](.T) = uj<tj) —+ pj <DUj(tj>, .’L’) + Ejl’tD%Lj (tj).l’

Analogously to the interior case, v;(0) = [Dv;(0)| = || D*v;(0)|| = 0 and [D?v)],, p+ <

1 for all j € N. For sufficiently large j, the points z; = ‘ij;tj and y; = y"p—;tj lie in

a compact subset of ]RT?F Up to a subsequence, we may assume that z;,y; — wy as
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J — 00, since x; — y; — 0. In this case, inequality (4.13) implies
o _ [1D%0;(x;) = D*u(yi)ll _ D) — D?v;(t;)] N 1 D%v;(y;) — D?v;(t))|
2 P5 [DQUJ]a,Bj N p?[D%j]a,Bj Py [DQUJ]a,Bj
(4.14) = | D%v(z)) || + 1D, (7;)||-
Furthermore, it can be verified that v; satisfies

FJ<D2vj7x) + <§]($), DUJ) = 7](3:) in Bl U Tiv

2p; 2p;

vj(x) =g;(x) onT 1,

where
(F(X) =07 [F(0,X + Dg;(t;), t; + pjx) — Fj(D?g,(ty), x5 + ps)],
Ii(@) =07 fi (s + pjz) — fi(t5)] — 05 [F5(D?u;(ty), £ + pjx) — Fj(Du;(ty), t;)]
+07 1B (1 + pj) — Bj(t5), Duy(ty)) — 05 pi(B(t; + pjx), D*uy(ty)z),
B;() = p;Bj(z; + pjz), ]
7.(a) = 9;(t; + pjz) — gj(tj);Pj(ng(tj)a@ - %ItDZQJ(tj)SU’
Pj a[D2uj]a7B1+

\

and 0; = p?‘[D2uj]a,Bl+. As in the interior case, we conclude that fj — 0 locally

uniformly in balls B} C R”}.
Moreover, since T, C {z,, = 0}, we have for j > 1 that in T,
— [DQ.gj]a T: 2 r2te .
4.15 ()] € =20 e < 50 — 00,
(4.15) 19;(2)] < D] S 2 as j — oo
Dy
where, in the last inequality, we used estimate (4.12). Thus, similarly to the interior
case, up to a subsequence, we have v; — vy € C**(R7) locally uniformly in R,
F; — Fy in Sym(n), ?j — 0, and g; — 0. By the stability result (Proposition 3.5),
it follows that vy solves, in particular,

DFQ(A(), to)(D2U0) =0 in Rﬁ,
vo(z) =0 on OR"} = {z, = 0},

for some matrix Ay € Sym(n) and some point ¢, € Tq/2. Moreover, by the previous
observations on the sequence (v;), we have

UQ(O) = |DUQ(O)| = ||D2’U0(O)H =0 and [DQUQ]mRi S 1.
Furthermore, from (4.14), we conclude that

€

(4.16) 1D%vo(wo)|| > ZO-
As in the final step of the proof of Lemma 4.1, we observe that, up to a rotation, vy
is harmonic in the half-space R’}. Applying the Schwarz Reflection Principle (see [1,
4.12 Theorem]|), we can extend vy to the entire space R™ via the function vy defined
by

o, vo(x', xy), if x,, >0,
vo(7', 2n) = ) .
—vo(2, —xp,), if x, <O,

which is harmonic in R™ and satisfies [D?vg]ogn < 1. Hence, by Liouville’s Theo-
rem 3.3, we deduce that D?p, = 0, and in particular, D?vy = 0, which contradicts
(4.16). This completes the proof. O
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In conclusion, the proof of Theorem 1.4 proceeds along the same lines as that of
Theorem 1.3 (see Subsection 4.2). Hence, to avoid unnecessary repetition, we omit
the details.

Final comments and related results. Motivated by the study of the fully
nonlinear Alt—Phillips equation, Wu and Yu in [44] assumed, in addition to the
ellipticity condition (A1), that the function F': Sym(n) — R satisfies the following
conditions:

F'is convex,
(4.17) F(0,) =0,

the trace operator is a subdifferential of F' at O,,.

It is important to note that the convexity assumption ensures the existence of
subdifferentials. Given a matrix 2 € Sym(n), a subdifferential of F' at 2 is a linear
operator Sy: Sym(n) — R such that

Sa(X) < F(A+X)— F(A) for all X € Sym(n).

Furthermore, observe that the ellipticity condition (A1) implies that Sy consti-
tutes a uniformly elliptic operator.
Additionally, the authors assume that either

v’ F is differentiable at O,,, or
v Fis 1-homogeneous, i.e., F(uM) = pF' (M) for all x> 0 and M € Sym(n).

Under these assumptions, in conjunction with condition (4.17), it follows that
DuF(O,,) = tr(M).

Many studies assume differentiability of the operator, as this condition facilitates
the linearization process. Alternatively, some investigations focus on homogeneous
operators, wherein appropriately rescaled versions of a solution also satisfy the same
equation (cf. [44] and the references therein).

Finally, it is worth emphasizing that the assumptions of convexity and the nor-
malization F'(O,,) = 0 play a pivotal role in the analysis of free boundary problems
involving nonlinear operators (see [44] and the references therein). In particular,
these conditions are crucial for deriving Schauder estimates for solutions and align
with our present findings.

Acknowledgments. FAPESP-Brazil has supported J. da Silva Bessa under Grant
No. 2023/18447-3. J.V. da Silva has received partial support from CNPq-Brazil under
Grant No. 307131/2022-0 and 304035/2026-2, Chamada CNPq/MCTI No. 10/2023
- Faixa B - Consolidated Research Groups under Grant No. 420014/2023-3,and by
FAPESP-Brazil under the Grant No. 2025/09344-1-Special Programs-Special Pro-
jects-First Projects-Call for Proposals (2025)-1st Cycle. J.V. da Silva and L. Ospina
have been supported by FAEPEX-UNICAMP (Project No. 2441/23, Special Calls -
PIND - Individual Projects, 03/2023).

References

[1] AXLER, S., P. BOURDON, and W. RAMEY: Harmonic function theory. - Grad. Texts in Math.
137, Springer-Verlag, New York, second edition, 2001.

[2] BHATTACHARYA, A., and M. WARREN: C%® estimates for solutions to almost linear elliptic
equations. - Commun. Pure Appl. Anal. 20:4, 2021, 1363-1383.



738

3]

Joao Vitor da Silva, Junior da Silva Bessa and Laura Ospina

BEssa, J.S., J. V. DA SiLvA, and L. OSPINA: Schauder estimates for flat solutions to a class

of fully nonlinear elliptic PDEs with Dini continuous data: a geometric tangential approach. -
Bull. Braz. Math. Soc. (N.S.) 57:2, 2026, Paper No. 14, 28 pp.

BrEzis, H.: Analyse fonctionnelle. Théorie et applications. - Collect. Math. Appl. Maitrise,
Masson, Paris, 1983 (in French).

CABRE, X., and L. A. CAFFARELLI: Interior C% regularity theory for a class of nonconvex
fully nonlinear elliptic equations. - J. Math. Pures Appl. (9) 82:5, 2003, 573-612.

CAFFARELLI, L. A.: Interior a priori estimates for solutions of fully nonlinear equations. - Ann.
of Math. (2) 130:1, 1989, 189-213.

CAFFARELLI, L. A., and X. CaBRE: Fully nonlinear elliptic equations. - Amer. Math. Soc.
Colloq. Publ. 43, Amer. Math. Soc., Providence, RI, 1995.

CAFFARELLI, L. A., M. G. CRANDALL, M. KOCAN, and A. SWI];DCH: On viscosity solutions of
fully nonlinear equations with measurable ingredients. - Comm. Pure Appl. Math. 49:4, 1996,
365-397.

CAMPANATO, S.: Proprieta di una famiglia di spazi funzionali. - Ann. Sc. Norm. Super. Pisa
Cl. Sci. (3) 18, 1964, 137-160.

CA0, Y., D. L1, and L. WANG: A priori estimates for classical solutions of fully nonlinear
elliptic equations. - Sci. China Math. 54:3, 2011, 457-462.

DA SILVA, J. V.: Sharp and improved regularity estimates to fully nonlinear equations and free
boundary problems. - Tese de doutorado, Fortaleza: Universidade Federal do Ceara, Centro de
Ciéncias, Programa de Pés-Graduagao em Matematica, 2019, 105 pp.

DA SILVA, J. V., and G. NORNBERG: Regularity estimates for fully nonlinear elliptic PDEs
with general Hamiltonian terms and unbounded ingredients. - Calc. Var. Partial Differential
Equations 60:6, 2021, Paper No. 202, 40 pp.

DA SiLvA, J. V., and G. C. RICARTE: Regularidade eliptica e problemas de fronteiras livres. -
34° Coldq. Bras. Mat. 8, Instituto Nacional de Matematica Pura e Aplicada (IMPA), Rio de
Janeiro, 2023, 156 pp. (in Portuguese).

DOS PRAZERES, D., and E. V. TEIXEIRA: Asymptotics and regularity of flat solutions to fully
nonlinear elliptic problems. - Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 15, 2016, 485-500.

Evans, L. C.: Classical solutions of fully nonlinear, convex, second-order elliptic equations. -
Comm. Pure Appl. Math. 35:3, 1982, 333-363.

Evans, L.C.: Classical solutions of the Hamilton-Jacobi-Bellman equation for uniformly
elliptic operators. - Trans. Amer. Math. Soc. 275:1, 1983, 245-255.

FERNANDEZ-REAL, X., and X. Ros-OToON: Regularity theory for elliptic PDE. - Zur. Lect.
Adv. Math. 28, EMS Press, Berlin, 2022.

GILBARG, D., and N.S. TRUDINGER: Elliptic partial differential equations of second order. -
Classics in Mathematics, Springer, Berlin, 2001.

GOFFI1, A.: High-order estimates for fully nonlinear equations under weak concavity assump-
tions. - J. Math. Pures Appl. (9) 182, 2024, 223-252.

HuaNG, Q.: On the regularity of solutions to fully nonlinear elliptic equations via the Liouville
property. - Proc. Amer. Math. Soc. 130:7, 2002, 1955-1959.

KICHENASSAMY, S.: Schauder type estimates and applications. - In: Handbook of Differential
Equations, Vol. 3, Chapter 5, Elsevier, 2006, 401-464.

KREIN, M. G., and M. A. RUTMAN: Linear operators leaving invariant a cone in a Banach
space. - Amer. Math. Soc. Translation 1950:26, 1950, 128 pp.

KryLOV, N. V.: Boundedly inhomogeneous elliptic and parabolic equations. - Izv. Akad. Nauk
SSSR Ser. Mat. 46:3, 1982, 487-523, 670.

KryLov, N. V.: Boundedly inhomogeneous elliptic and parabolic equations in a domain. - Izv.
Akad. Nauk SSSR Ser. Mat. 47:1, 1983, 75-108.



Schauder estimates for a class of fully nonlinear elliptic PDEs: a geometric tangential approach 739

[25] Lions, P.-L.: Résolution analytique des problemes de Bellman—Dirichlet. - Acta Math. 146:3-
4, 1981, 151-166 (in French).

[26] MONNEAU, R.: Pointwise estimates for Laplace equation. Applications to the free boundary
of the obstacle problem with Dini coefficients. - J. Fourier Anal. Appl. 15:3, 2009, 279-335.

[27] NaDIRASHVILI, N., and S. VLADUT: Nonclassical solutions of fully nonlinear elliptic equations.
- Geom. Funct. Anal. 17:4, 2007, 1283-1296.

[28] NaDIrRASHVILI, N., and S. VLADUT: Singular viscosity solutions to fully nonlinear elliptic
equations. - J. Math. Pures Appl. (9) 89:2, 2008, 107-113.

[29] NIRENBERG, L.: On nonlinear elliptic partial differential equations and Holder continuity. -
Comm. Pure Appl. Math. 6, 1953, 103-156.

[30] NIRENBERG, L.: Topics in nonlinear functional analysis. - Courant Lect. Notes Math. 6, New
York University, Courant Institute of Mathematical Sciences, New York; Amer. Math. Soc.,
Providence, RI, 2001.

[31] PEETRE, J.: On convolution operators leaving LP** spaces invariant. - Ann. Mat. Pura Appl.
(4) 72, 1966, 295-304.

[32] SAFoNOV, M. V.: The classical solution of the elliptic Bellman equation. - Dokl. Akad. Nauk
SSSR 278, 1984, 810-813; English transl. in Soviet Math. Doklady 30, 1984, 482-485.

[33] SAFoNOV, M. V.: Classical solution of second-order nonlinear elliptic equations. - Izv. Akad.
Nauk SSSR Ser. Mat. 52:6, 1988, 1272-1287, 1328; English transl. in Math. USSR-Izv. 33:3,
1989, 597-612.

[34] SATTINGER, D.H.: Monotone methods in nonlinear elliptic and parabolic boundary value
problems. - Indiana Univ. Math. J. 21, 1971/72, 979-1000.

[35] SAVIN, O.: Small perturbation solutions for elliptic equations. - Comm. Partial Differential
Equations 32:4-6, 2007, 557-578.

[36] SILVESTRE, L., and B. SIRAKOV: Boundary regularity for viscosity solutions of fully nonlinear
elliptic equations. - Comm. Partial Differential Equations 39:9, 2014, 1694-1717.

[37] SIMON, L.: Schauder estimates by scaling. - Calc. Var. Partial Differential Equations 5, 1997,
391-407.

[38] TEIXEIRA, E.V.: Geometric regularity estimates for elliptic equations. - In: Mathematical
Congress of the Americas, Contemp. Math. 656 American Mathematical Society, Providence,
RI, 2016, 185-201.

[39] TEIXEIRA, E. V.: Regularity theory for nonlinear diffusion processes. - Notices Amer. Math.
Soc. 67:4, 2020, 475-483.

[40] TRUDINGER, N.S.: Fully nonlinear, uniformly elliptic equations under natural structure con-
ditions. - Trans. Amer. Math. Soc. 278:2, 1983, 751-769.

[41) TRUDINGER, N.S.: A new approach to the Schauder estimates for linear elliptic equations. -
In: Miniconference on operator theory and partial differential equations (North Ryde, 1986),
Proc. Centre Math. Anal. Austral. Nat. Univ. 14, Australian National University, Centre for
Mathematical Analysis, Canberra, 1986, 52—59.

[42] WANG, X.-J.: Schauder estimates for elliptic and parabolic equations. - Chinese Ann. Math.
Ser. B 27, 2006, 637-642.

[43] Wu, D., and P. N1u: Interior pointwise C%< regularity for fully nonlinear elliptic equations.
- Nonlinear Anal. 227, 2023, Paper No. 113159, 9 pp.

[44] Wu, Y., and H. YUu: On the fully nonlinear Alt—Phillips equation. - Int. Math. Res. Not.
IMRN 2022:11, 2022, 8540-8570.

Received 2 July 2025 e Revision received 2 September 2026 o Accepted 22 September 2026
Published online 1 October 2026



740 Joao Vitor da Silva, Junior da Silva Bessa and Laura Ospina

Joao Vitor da Silva Junior da Silva Bessa

Universidade Estadual de Campinas Universidade Estadual do Ceara - UECE
UNICAMP, Instituto de Matematica, Faculdade de Educacao de Itapipoca - FACEDI
Estatistica e Computagao Cientifica - IMECC Departamento de Quimica

Departamento de Matematica Rua da Universidade, s/n°

Barao Geraldo, Campinas - SP, Brazil CEP 62505-090, Itapipoca, CE, Brazil
jdasilva@unicamp.br silva.bessa@uece.br

Laura Ospina

Universidade Estadual de Campinas - UNICAMP

Instituto de Matematica, Estatistica e Computacao Cientifica - IMECC
Departamento de Matematica

Barao Geraldo, Campinas - SP, Brazil

1202049@dac.unicamp.br



	1. Introduction
	2. A brief literature review on Schauder estimates
	3. Preliminaries and auxiliary results
	4. Schauder a priori estimates
	4.1. Interior estimates
	4.2. Proof of Theorem 1.3
	4.3. Boundary estimates

	References

