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Abstract. In this paper we study intrinsic regular submanifolds of H” of low codimension
in relation with the regularity of their intrinsic parametrization. We extend some results proved
for H-regular surfaces of codimension 1 to H-regular surfaces of codimension k, with 1 < k < n.
We characterize uniformly intrinsic differentiable functions, ¢, acting between two complementary
subgroups of the Heisenberg group H™, with target space horizontal of dimension k, in terms of
the Euclidean regularity of their components with respect to a family of non linear vector fields
V®i. Moreover, we show how the area of the intrinsic graph of ¢ can be computed in terms of the
components of the matrix representing the intrinsic differential of ¢.

1. Introduction

Carnot groups are connected, simply connected, nilpotent Lie groups whose Lie
algebra is stratified. A Carnot group, G, is called of step k if it is nilpotent of order k.
In the last years many efforts have been carried out in order to develop a geometric
measure theory in these settings. This interest stems from the possibility of equip-
ping any Carnot group G with a sub-Riemannian homogeneous distance, which can
be defined starting from the horizontal distribution that is the distribution linearly
generated by the vector fields in the first layer of the Lie algebra. Moreover, Carnot
groups can be considered as model spaces for general sub-Riemannian manifolds: the
tangent cone (in the sense of Gromov-Hausdorff convergence) at regular points of a
sub-Riemannian manifold endowed with a Carnot—Carathéodory distance d. associ-
ated to a distribution A, turns out to be a Carnot group. R" is a trivial example
of Carnot group: the horizontal distribution coincides with the whole tangent bun-
dle. The Heisenberg group H" is the simplest example of a non-commutative Carnot
group: it is nilpotent of step 2 and it can be identified with R**™! with a suitable
polynomial group law.

In this line of research, setting a suitable notion of rectifiable set is an important
goal (see for instance [10, 22, 25]). In the Euclidean setting, these are defined, up
to a negligible set, as countable unions of compact subsets of regular submanifolds.
Here, the word “regular” can be interpreted in various ways, all equivalent to each
other from a metric point of view. One of these viewpoints corresponds to the
possibility of approximating the set with a tangent plane at almost every points
(for more details see |21]). In order to define in an analogous way a suitable notion
of rectifiability in Carnot groups, we first need a good notion of intrinsic regular
submanifold. In R"”, a regular submanifold of arbitrary dimension k£ can be locally
defined equivalently as graph of a C' function ¢: R¥ — R"* or as level set of
a C' function f: R® — R"* with continuous surjective differential. In Carnot
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groups these two approaches are not equivalent anymore even if read through suitable
notions of regularities (see for instance [10, 14, 16, 11]). Nevertheless, a notion of
regular surfaces of low codimension in Carnot groups has been stated through the
very well-fitting notion of Pansu differentiability.

In this work we focus on low codimensional H-regular surfaces i.e. regular sub-
manifolds in Heisenberg groups. A set S C H" is a regular surface of codimension k,
with 1 < k < n, if it is locally the zero level set of a Pansu differentiable function f
from H" to R* whose differential is both continuous and surjective (for more details
see for instance [20]). In this setting we are able to state a suitable intrinsic notion
of graph. One can split H” as the product of two complementary subgroups M and
H that are two homogeneous subgroups such that H* = M- H and M N H = {e}.
Then, given an open set 2 C M and a function ¢: 2 — H, the intrinsic graph of ¢
is defined as

graph(¢) = { m - ¢(m) | m € Q}.
The term “intrinsic” is used to highlight the fact that if we translate or dilate an in-
trinsic graph through intrinsic left translations or dilations of the group (i.e. dilations
associated to the stratification of the algebra) we obtain again an intrinsic graph.

Bearing in mind its Euclidean counterpart, a suitable implicit function theorem
is available also in the setting of Heisenberg groups. This has been proved in [15],
whereas for a more general result valid in any Carnot group please refer to [20]. This
implicit function theorem ensures that any H-regular surface of low codimension is
locally the intrinsic graph of a continuous map ¢ which acts between two comple-
mentary homogeneous subgroups M and H, and it is unique up to the choice of
these subgroups. The theorem implies the continuity of the intrinsic parametrization
¢. To be more precise, the function ¢ is %-Hélder continuous, with respect to the
homogeneous distance fixed on the group (restricted to M and H).

In the last years, many different intrinsic notions of regularity have been de-
veloped for functions defined between complementary subgroups, well as notions of
intrinsic Lipschitz continuity, intrinsic differentiability and uniform intrinsic differen-
tiability (see Definitions 2.13, 2.16, 2.19). These have been studied in order to under-
stand if and how the Pansu-type regularity of the function f that locally defines the
regular surface S is reflected on the regularity of its intrinsic parametrization ¢ (when
it exists). Vice versa, many efforts have also been carried out to figure out which
regularity has to be required (on top of continuity) to a function ¢ acting between
complementary subgroups, to ensure that its intrinsic graph is a regular surface. This
theme has been developed in various papers (among which [1, 4, 5, 7, 8, 18, 27]), in
particular, many results have been developed for H-regular surfaces of codimension
1.

H-regular surfaces of codimension 1 [1], and successively, regular surfaces of low
codimension in any Carnot groups [9] have been characterized as graphs of uniformly
intrinsic differentiable functions acting between complementary subgroups, with hor-
izontal, and hence commutative, target space (see Theorem 3.5).

Uniform intrinsic differentiability has been characterized in [1] and in [5], for maps
with one dimensional target space, in terms of existence and continuity of suitable
intrinsic partial derivatives. The authors represent the intrinsic differential of an
intrinsic differentiable function ¢ at a point p by a (2n— 1)-dimensional vector, called
the intrinsic gradient of ¢ at p and we denote it by V®¢(p). We stress that V¢ only
denotes a vector and not a vector field or a differential operator, since it exists only at
the point p where the function ¢ is differentiable. The intrinsic regularity of ¢ turns
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out to be connected with the regularity of ¢ along 2n — 1 vector fields, that we denote
by V?, j=1,...,2n—1. The components of V?’ depend on ¢ and are continuous; for

instance, in H' we only have one vector field, Ve = (1,¢). The authors prove that
if ¢ is continuously Euclidean differentiable, then (Vf)(gb) (p) = (V9¢(p)); for every

j=1,...,2n —1, i.e. the vector field V;z.’ applied to the function ¢ equals the j-th
element of the intrinsic gradient of ¢ and this is valid at every point of the domain
of ¢.

Moreover, uniformly intrinsic differentiable functions with one dimensional target
space have been also characterized as uniform limit, on all open sets compactly
contained in the domain, of a sequence of Euclidean regular graphs whose continuous
intrinsic gradients converge uniformly to a continuous function, on the same sets. The
limit function of intrinsic gradients coincides in distributional sense with the vector-
valued function whose components are the weak derivatives quﬁ, 7=1,... k.

Let H* = M - H be the product of two complementary subgroups with H hori-
zontal of dimension k, with 1 < k < n (see equation (15)). Let ¢: @ C M — H be a
continuous function where 2 is an open set. In the following theorems we will name
again ¢ the function that acts from an open subset  of R?**1=* still denoted by (2,
to R*. We do so by identifying M with R?***!=% and H with R*, as homogeneous
groups (see (16)). Combining results from [1] and [5] we have the following.

Theorem 1.1. Let Q C R*" be an open set and let ¢: Q0 — R be a continuous
function. Then the following conditions are equivalent:

e ¢ is uniformly intrinsic differentiable on €;
e there exists w € C°(Q, R**~1) such that

(Vi¢,...,Vo 16)=w

in distributional sense on ().
e there exists a family of functions {¢.}.~o C C1(2) such that, for any open set
' € Q, we have ¢. — ¢ and V¢, — w uniformly on Y as € goes to zero.

In [5] and [28], the authors prove two further characterizations.

Theorem 1.2. |28, Theorem 4.95] Let Q C R*" be an open set and let ¢ : 2 — R,
be a function. The following conditions are equivalent:

e ¢ is uniformly intrinsic differentiable on €;

e ¢ € C°N) and for every a € Q, for every j € {1,...,2n — 1}, there exists
0% ¢(a), i.e. a real number such that for every v7: (=4,08) — §2 integral curve
of V? with v (0) = a, the limit lim;_,q w exists, It Is equal to
0% ¢(a) and the map 9% ¢: Q — R is continuous.

e ¢ is intrinsic differentiable on € and the map V¢¢: 0 — R*"~! is continuous.

In this paper we extend these theorems to H-regular surfaces in H" of codimen-
sion 1 < k < n. Roughly speaking, these objects correspond to uniformly intrinsic
differentiable graphs of functions ¢ acting between complementary subgroups with
horizontal target space of dimension k, as in (15). As we said, we can identify ¢ with
a continuous function acting between R?"*'~* and R*. The intrinsic gradient V?¢
is replaced by a k x (2n — k) intrinsic Jacobian matrix J%¢. Its form is related to

a family of 2n — k vector fields Wf whose coefficients depend on ¢ and are at least

continuous. We would also have liked to interpret the action of the vector fields Wf’s
on the components of ¢ in a distributional way. We didn’t find a distributional form
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analogous to the one in the second item of Theorem 1.1 that would allow to give a
distributional meaning to the writing VV]%S (we refer to [5], where this point of view
in codimension 1 has been fully explored).

We prove the following results.

Theorem 1.3. Let Q@ C R*%=% be an open set and let ¢: QO — RF be a
continuous function. Then the following conditions are equivalent:

(i) ¢ is uniformly intrinsic differentiable on €2;
(ii) 'there exists a family of maps {¢.}.~0 C C*(Q, R¥) and a continuous matrix-
valued function M € C°(Q, My 2,—(R)) such that for any open set Q' € Q,

¢ =&, I - M
uniformly on €)' as € goes to zero.

Notice that, in retrospect, it is possible to conclude that if (ii) is valid, then for
any point a € Q, M(a) = J¢(a).

The core of the present paper is the following result.

Theorem 1.4. Let Q C R*%'=% be an open set and let ¢: Q@ — RF be a
function. We define S := graph(¢). Then the following conditions are equivalent:

(i) ¢ is uniformly intrinsic differentiable on €2;
(i) ¢ € C°Q) and for every a € Q, for every j € {1,...,2n — k}, there ex-
ists a k-dimensional vector of real numbers (ay; ... ay;) € R* such that

for every 77: (—§,0) — € integral curve of Wf’ with 47(0) = a, the limit

lim;_.o w exists, it is equal to (Oij oz;w») and, if we define
% P(a) == (o ... oz;w-)T, for j =1,...2n — k, the function
9% ¢: Q2 — RF

is continuous;

(iii) ¢ is intrinsic differentiable on 2 and the map J%¢: Q — My, 2,_1(R) is con-
tinuous;

(iv) there are U open set in H" and f € C;(U, R¥) such that S ={p e U: f(p) =
0}. There exist V4, ...V, € b} linearly independent such that [V;,V;] = 0 for
i,j=1,...,k and det([V; f;]ij=1,..x(q)) # 0, for all ¢ € U.

Moreover, from results in [15] and [17], we prove an area formula for the (2n +
2 — k)-centered Hausdorff measure of a H-regular surface of H" of codimension k
for 1 < k < n, 8§, parametrized by a uniformly intrinsic differentiable function
¢ :Q c R"T1=F — R*. For every Borel set O in H”

k
1) CPRRESNO) = / SO Ar(p)? dHE ()

1+
>=H0)NQ =1 IeT,
where
To={(ir, ... i, g1, .-, j0) EN* | 1<y <ig < -+ < iy <2n—k,
1<ji <jo- <je<k}
n fact the statement (ii) of Theorem 1.3 holds only locally as kindly pointed out to us by

G. Antonelli, D. Di Donato, S. Don and E. Le Donne: see [2, Remark 4.14]. We thank them very
much for the observation.
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and
[0 - [T
Aj(p) := det (p).
BAC PR FAL P

The map @ is the graph map defined in (17).

The plan of the paper is the following. In Section 2 we recall definitions and
known results about Heisenberg groups, we fix some coordinates and we introduce
various notions of intrinsic regularity. In Section 3 we introduce the functions ¢
acting between complementary subgroups and we fix some notations. We restate in
this setting notions of graph-distance and intrinsic differentiability. In Section 4 we
build a uniform approximation for a given uniformly intrinsic differentiable function
¢, in such a way that it is approximated along with its intrinsic Jacobian matrix as in
Theorem 1.3. We set the notion of a family of exponential maps and we see that the
existence of a uniform approximation of the function ¢, like the one in Theorem 1.3,
implies the existence of a family of exponential maps at any point of the domain of
¢. Moreover, this latter fact implies a %-Hélder type regularity on the function ¢.
Section 5 is devoted to the prove of Theorems 1.3 and 1.4. Finally, in Section 6 we
prove the area formula (1).

2. Some definitions

Let us recall some basic definitions; for more details please refer to [28]. A Carnot
group G is a connected, simply connected, nilpotent Lie group whose Lie algebra, g,
is stratified, i.e. g can be written as the direct sum of linear subspaces g; and it is
generated by the first level of the algebra using brackets:

g=01DPgD - Dok

such that
[917 gz] = Bi+1, Ok # {0}7 g = {O} if 4 > ka
where [g1,9;] =span{[X,Y] | X € g1, Y € g;}.

The natural number k is called the step of the group.

The Lie algebra g is isomorphic to the tangent space TG at every p € G: the
map that associates to any left-invariant vector field V' € g the vector V(p) € T,G
is an isomorphism.

The Heisenberg group H™ is the simplest example of a non-commutative Carnot
group. Its Lie algebra, denoted by h”, is stratified of step 2. It is the direct sum of
two linear subspaces

b"™ = by & b3,
where b} = span{X3,..., X,,,Y1,...,Y,} and b} = span{T'} with
(2) [X;,Y] =T, [X;,X;]=[Y.,Y;] =0fori,j=1,...,kand [X;,Y;] =0 for i # j.
We call such a basis {X1,..., X, Y1,...,Y,, T} of b a Heisenberg basis.

Vector fields of h} are called horizontal vector fields. Since h™ is isomorphic to
the tangent space of H" at e, the horizontal layer of the algebra hf is isomorphic to
a linear subspace of T.H" and we denote it by V. If we move V' through the left
translations of H"

(3) Lp: H" — H", Lp(g) =p-g,

or, precisely, through the differential of L,, for every p € H", then the disjoint union of
{(dL,(e)(V'),p) }perr is a sub-bundle of the tangent bundle. We call it the horizontal
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bundle and we denote it by HH". Since we are considering left-invariant vector
fields, it is immediate to see that the fibre of HH™ at p € H", that is the vector
space dL,(e)(V), is generated by the vector fields { X1, ..., X, Y1,...,Y,} evaluated
at p:
HHZ = Span{Xl(p)a s >Xn(p)> m(p)a SR Yn(p)}

We fix an inner product (-, -) on h” such that {Xy,..., X, Y7,...,Y,, T} C h"is
an orthonormal basis of h”. Since h™ can be identified for any p € H" with 7,H",
we denote by (-, -), the corresponding inner product on 7,H".

The exponential map exp: h™ — H" is a global diffeomorphism, hence once fixed
a basis for b, {V1, V4, ..., Vany1}, every p € H” can be written in an unique way as

(4) p=-exp(piVi +p2Vo+ -+ popi1Vons1) with p; € R,

and then we can identify any point p € H" with the vector (py, pa, ..., pany1) € R

Considering the Heisenberg basis {Xi,...,X,,Y1,...,Y,, T} (or any other Hei-
senberg basis), we identify H" with R*"™! as in (4), so the vector fields of the fixed
basis are then identified with the following vector fields of R?"*!  that we denote
again by X;,Y;,T,7=1,...,n: for p e H",

1 .
Xj(p) = 8173' - §pj+n8p2n+1, ] = 1, o, n,

5 1 ‘
( ) Y;(p) = aanrj + ipjap2n+1> J= 1, o, n,
T = 8p2n+1 .
Again, the unique non-trivial relations are: [X;,Y;]=T for j =1,...,n.

Through the Baker-Campbell-Hausdorff formula, the group product takes the
following polynomial form: given two points p,q € H",

1 n
(6) p-q= (pl + q1s .-y P2n+1 + q2n+1 + 5 Z(ijj—i-n - QJpj+n))-
j=1
We observe that the identity element of the group is (0,...,0) and we denote it
by e.

Remark 2.1. We will denote by (-,-) also the scalar product that H" inherits

once it is identified with h”. We can notice the following:

(i) if we fix any Heisenberg basis {V1,..., V,, Wi, ..., W,, P} of h” and we iden-
tify H* with R?"™! as in (4), the distance induced by (-, -) is identified with
the Euclidean distance on R so we will denote it by |- |;

(ii) (R**! .) endowed with the Euclidean scalar product represents H" endowed
with any Heisenberg basis and with the scalar product that makes it orthonor-
mal;

(iii) once a scalar product and a orthonormal Heisenberg basis are fixed, the
change of coordinates to another orthonormal Heisenberg basis is an isometry.

According to the two steps stratification of h”, the algebra, and consequently H",
is endowed with a family of intrinsic non-isotropic dilations: for every A > 0

(7) o: H" — Hn, 5,\(1717 cee 7p2n,p2n+1) = ()\]91, ey AD2n, )\2p2n+1)-

We now recall briefly how sub-Riemannian distances can be introduced in Heisen-
berg groups.

We can introduce a notion of length of the so-called horizontal curves. A horizon-
tal curve is an absolutely continuous curve defined on a real interval, v: I C R — H",



Intrinsic regular surfaces of low codimension in Heisenberg groups 85

whose tangent vector belongs to the fibre H H:(t) at almost every point t € [
where the tangent vector (t) exists. Its length can be defined as length(y) =
S (@), (t)>,1yét2) dt (for alternative equivalent definitions see [23|). Then, one can
define a distance as follows.

Definition 2.2. Given p,q € H", the distance d. between p and ¢ is the infimum
of the lengths of horizontal curves joining p and ¢: d.: H" x H" — [0, 00),

d.(p,q) = inf {length(~) | v horizontal curve, v(0) = p, v(T) = q¢}.
d. is called the Carnot-Carathéodory metric or, shortly, CC-distance.

The distance d. is finite and well defined thanks to the Rashevsky—Chow’s theo-
rem (see [6]).

We collect here some fundamental properties of d.. In particular one should stress
that d. is not, even locally, equivalent to the Euclidean distance.

Proposition 2.3. For every p, q, z € H" and A > 0

(i) de(p. q) = de(z - p, 2 - q).
(i) de(x(p), 0x(q)) = Ade(p, q)-
(iii) For each compact set K C H™ (with respect to the Euclidean topology) there
exists a positive constant C'x such that

Cil Ip—q| < dop,q) <Cx |p—dq|> ¥p,q € K.

A metric satisfying (i) and (ii) is said to be a left-invariant homogeneous metric.
All left-invariant homogeneous distances on H" are equivalent. In order to make the
computations easier, we fix the following homogeneous left-invariant norm:

I lloo: H® = R, || p loo= max{|(pr, ..., p2a)l, [P2nsa ]2},

where |- | denotes both the Euclidean metric on R** and the absolute value on R. Of
course the norm || - || gives the following corresponding left-invariant homogeneous
distance
doo: H* x H" = R, doo(p,q) == ¢ P ||oo -
We now set some notations and definitions, for more details see [21]|. For any p € H",
r > 0, Boo(p,7) := {q¢ € H" | do(p,q) < r} and for every E C H", diam(FE) :=
sup{ dwo(p,q) | p,q € E}. Then we can define in (H",d) the Hausdorff measure
relative to d.
Let us define for any m > 0

3 T ymemr
= NS
T(Z+1)

where I' is the Euler function. If A C H", m € [0,00), 6 € (0,00), we define the
m-dimensional Hausdorff d-premeasure of A as

7 5(A) := inf {Z Bm (diam(E;))™ | A C UEZ" diam(F;) < 5} .
If now we make d go to zero, we get the m-dimensional Hausdorff measure of A:
HE(A) == lmHD (A).
6—0 ’

We will instead denote by H* the Euclidean Hausdorff measure in H".
We can analogously define a similar Hausdorff measure restricting the class of
sets that we can use to cover the set A.
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If AC H", m € [0,00), § € (0,00), we define the spherical m-dimensional
Hausdorff §-premeasure of A as

ws(A) = inf{ Zﬁm (diam(Beo i)™ | Booy ball, A C UBOO,Z-, diam(By ;) < 5} :

If now we make ¢ go to zero, we get the spherical m-dimensional Hausdorff measure

of A:
ST(A) = (lsirr(l)SO"; (A).

We also recall a less known Hausdorff measure, introduced for the first time
in [26]. Given m € [0,00), 6 € (0,00), B as before, the m-dimensional centered
Hausdorft measure C is defined as

Co(A) = sup ColE)

where CY ,(E) = lims_o4 C2 5(E), and, in turn, CI} 5(E) = 0 if £ =0 and if £ # 0,

™ s(E) = inf { > Bu(diam(By (2:,7:)))™: E C | | Buo(@i, 1), 2 € E,

diam(Boo (i, 7)) < 5}.

It holds that

HE <SL <O < 2™HY.
In particular the three measures are equivalent (see (22) in [28]). Given aset A C H",
we can define its metric dimension as

dimg(A) = sup{s € (0,00) | H: (A) = oo}.

A typical phenomenon that characterizes sub-Riemannian geometry setting it apart
from the Riemannian one is that, often, the metric dimension of a set with respect to
the sub-Riemannian distance does not coincide with its topological dimension. For
example the dimension of H" seen as topological space is 2n + 1 while its metric
dimension is 2n + 2, since H" is a (2n + 2)-Ahlfors-regular metric space (see |28,
Theorem 2.26]). One can interpret this fact by imagining that the vertical vector
field T" of the basis is weighted with degree 2, while horizontal vector fields have
degree one.
Let us recall some other important definitions.

Definition 2.4. If H is a subgroup of H" closed with respect to intrinsic dila-
tions, it is a homogeneous subgroup.

Definition 2.5. If H, M are homogeneous subgroups such that H* = M - H
and HNM = {e}, then H and M are called complementary subgroups.

Remark 2.6. Since every point p of H" can be written in a unique way as
p=m-h, where m € M and h € H, the projections on M and H are well defined:
mm: H* = M, mpq(p) := m and mg: H” — H, m(p) := h.

Remark 2.7. Assuming that M is a normal and complemented homogeneous
subgroup is equivalent to assume that its complementary subgroups H are horizontal,
i.e. Lie(H) C b}. By Frobenius theorem, dim(H) has to be less or equal to n.

Next proposition is proved in [3, Proposition 3.2].
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Proposition 2.8. If M, H are complementary subgroups of H", there exists a
constant ¢y = ¢o(M, H) > 0 such that for all m € M and h € H the following holds

co ([[mlloc + l[2lloc) < lm - Allce < flmlloc + [[Alloc-
With M, .,(R) we denote the space of all n x m matrix with real entries.

Definition 2.9. Let us consider an open set Q C H" and a function f: Q — R*.
We say that f € C§(Q,RF) if and only if f is continuous and the matrix-valued
function

Juf: Q= M2, (R),

lel anl }/lfl Ynfl
p—=Jafp)=| ... .. .. .. .. .. ]
Xife o Xofi Yifi -0 Yaufe
has continuous entries. This condition can be expressed more precisely by stating that
we are requiring the distributional derivative X f; to be represented by a continuous
function on € for every i,5. We will denote these continuous functions again by
Xifj. Moreover, for a given p € €, the matrix Juf(p) is called the horizontal
Jacobian matrix of f at p. If k =1, Juf(p) is denoted by Vu f(p) and it is called
the horizontal gradient of f at p.

Remark 2.10. This is not usually considered as the first definition of C func-
tions. The classical one arises from the definition of Pansu differentiability (see [24])
and of continuously Pansu differentiable functions. Nevertheless, in this paper we
will need only this characterization (proved in [19]).

Definition 2.11. Let H* = M - H be the product of two complementary sub-
groups. Let 2 be an open set in M; let

9: 2 —H
be a function. We define its intrinsic graph as the set
graph(¢) := {m - ¢(m) | m € Q}.
We also define the graph map of ¢ as
¢: Q—H", ®(m)=m-o(m).

Remark 2.12. The notion of graph is intrinsic in the sense that if we translate
or dilate the graph of a function ¢ through intrinsic translations and dilations respec-
tively, we obtain again an intrinsic graph. In particular, if ¢ € H”, then ¢-graph(¢) is
equal to graph(¢,) for an appropriate ¢, and analogously, for any A > 0, §,(graph(¢))
is equal to graph(¢,) for some ¢y; ¢, and ¢, are well defined (see [3, Propositions 3.5,
3.6]).

The regularity of a graph corresponds to the regularity of its parametrization.
The word intrinsic, as hinted before, means that if we translate or dilate an intrinsic
object, we recover a new object with the same intrinsic properties.

Unless otherwise stated, throughout the paper €2 will denote an open set.

Suppose that H” is the product of two complementary subgroups M and H.
Given ¢: 2 C M — H a continuous function, we can define

dy: Q x Q — RY,
dy(m,m') = T (2(m) ™ - 2(m)) [|oc -
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Definition 2.13. Let H* = M - H be the product of two complementary sub-
groups. Let ¢ : 2 C M — H be a function. We say that ¢ is intrinsic Lipschitz if
there exists a constant ¢ > 0 such that

(8) | (m )" p(m) |o< ¢ dy(m,m’) ¥ m,m' € Q.
We denote by Lip(¢) the infimum of the constants ¢ for which (8) holds.

Remark 2.14. In literature it is also often used the following symmetrized ver-
sion

D¢ZQXQ—>R+,
1

Dy(m,m') = 5 (|| ma(@(m) ™" - S(m)) [loo + [| Taa(@(m) 7" @(m)) ).

For our purposes, working with dy is not restrictive: keeping in mind the notations
in Definition 2.13, we recall that whenever H is horizontal, the followings hold:
o dy(m,m') <2 Dy(m,m') for every m,m’ € ;
e If there exists a constant d; > 0 such that || ¢(m)~ - p(m’) || < diDy(m, m’)
for every m, m’ € €, then there exists a constant dy > 0 such that Dy(m,m’) <
dy dy(m, m') for every m,m’ € Q
(see for instance |28, Propositions 4.60, 4.76]). This means that, when M is a normal
subgroup, the notion of Lipschitz continuity can be equivalently stated in terms of
the Dy or in terms of d,. Clearly the relative Lipschitz constant can change. If ¢ is
an intrinsic Lipschitz function, Dy is a quasi-distance (see [8, Proposition 2.6.11].

Definition 2.15. Let H* = M - H be the product of complementary subgroups.
A function

L:M—H
is said to be intrinsic linear if its intrinsic graph is a homogeneous subgroup of H™.

If H is horizontal, this corresponds to assuming that L is a group homomorphism,
homogeneous of degree 1 with respect to the intrinsic dilations of the Carnot group
(see [3, Proposition 3.23 (ii)]).

Definition 2.16. Let H" = M - H be the product of complementary subgroups,
let 2 C M be an open set and take an arbitrary point m € €2. A function ¢: Q — H

is said intrinsic differentiable at m, with p = ®(m), if there exists an intrinsic linear
function

such that
| dopm(m)™" - pp-1(m) [|oo
(]| s0—0 | m ||l

The function d¢y, is called the intrinsic differential of ¢ at m. The map ¢ is said to
be intrinsic differentiable on 2 if it is intrinsic differentiable at any point of €.

= 0.

Remark 2.17. When the intrinsic differential exists, it is unique (see [10, The-
orems 3.1.5 and 3.2.8]).

If H is horizontal, then M is normal and this notion has been characterized in
terms of graph-distance dg.

Proposition 2.18. [28, Remark 4.75] and [3, Proposition 3.25| Given H" =
M - H with H horizontal, let ) C M be an open set and take an arbitrary point
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m € Q. A function ¢: 2 — H is intrinsic differentiable at m if and only if there
exists an intrinsic linear map d¢;: M — H such that:

() - | dom(m™"-m)~" - ¢(m)~" - p(m) ||
lo(m)—Ltm=tmom)lle—0 || ()T m- G(1m) ||

A direct calculation shows that under these hypotheses

dy(m,m) =[| ¢(m)~" - m~" - m - G(m) || -
Let us give the further notion of uniformly intrinsic differentiable function.
Definition 2.19. Let H* = M - H be the product of two complementary sub-
groups, with H horizontal, let 2 C M be an open set and take an arbitrary point

m € Q. A function ¢: Q — H is said to be uniformly intrinsic differentiable at m if
there exists an intrinsic linear map d¢;: M — H such that:

(10) im sup  Lm(Tm)T - gm) - o(m) |l

=0 meBa(mone || @(m)7H-m =t eme g(m') o
0<dg(m,m’)<r

=0.

= 0.

The map ¢ is said to be uniformly intrinsic differentiable on €2 if it is uniformly
intrinsic differentiable at any point of €.

Remark 2.20. Observe that from results in [11, Lemma 2.13], for every compact
subset K C  there exist two constants Cy, Cy > 0, such that for every m,m’ € K

1
(11) Col|m' = m [3< dg(m,m') < Ca || m'™ - m [|% .
Hence condition (9) turns out to be equivalent to the following

| dgm(mt - m)t - g(m) - Gm) [
(12) M ) T m - () [

while condition (10) is equivalent to

I dpm(m/™" - m) ™" - (m) ™ - d(m) [loo _

=0,

13 lim sup 0,
S A A ) R B O
0<||m/~Lomljco <7
and hence to
=1 o N—1 n-1 |
00 tm s LAt m) o) om) e

0 meBo(mane | @(m) 7= me- g(m) [loo

Let us introduce the notion of an intrinsic regular surface of low codimension,
stated for the first time in [14].

Definition 2.21. Let S € H"™ be a set and let be 1 < k < n. We say that
S is a H-regular surface of codimension £ if for every p € § there exist an open
neighbourhood U that contains p and a function f € Cf(U, R¥) such that

e SNU = {p: f(p) =0}
e rank(Juf(q)) =k for all ¢ € U.

We now recall a fundamental result in this theory: an implicit function theorem
for H-regular surfaces of low codimension, proved in [15] (and in [20] for general
Carnot groups).

Theorem 2.22. Let us take 1 < k < n, U C H" open set, pg € U and f €
C(U,R¥) with f(po) = 0, rank(Juf(po)) = k. Let us define S := {p e U | f(p) =
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0}. Then there exist Vi, ..., V) € ™ horizontal linear independent vector fields, such
that [V;,V;] =0 for any i,j = 1,..., k and det([V; fili j=1,..k(po)) # 0.

Let us define H := exp(span(Vi,...,V;)) and consider M any homogeneous
subgroup of H" complementary to H. Let be py = man(po) - ma(po). Then, there is an
open set U C U, withpy € U', such that SNU' is a (2n+1—k)-dimensional continuous
graph over M along H i.e. there exists a relatively open 2 C M, mv(pg) € 2 and a
unique continuous function ¢: Q@ — H, with ¢(mm(po)) = mu(po), such that

SNnU ={m-¢(m)|me Q}.

Remark 2.23. Observe that without any restriction, we can choose Vi, ...,V to
be orthonormal vector fields. Let us consider then Vi q,...,V,,Wy,... , W,, P € h"
vector fields such that {V3,...,V,,, Wy, ..., W, P} is an orthonormal Heisenberg basis
of h™. We could consider M := exp(span(Viy1, ..., Vo, W1,...,W,, P)).

Remark 2.24. Theorem 2.22 turns into a first constraint on the class of func-
tions among which we are searching for the right requirements for a function ¢ to have
intrinsic graph be a H-regular surface: we have to search for continuous functions
¢. Moreover, many examples in literature show that the function ¢ needs not to be
Lipschitz, if we consider M and H endowed with the restrictions of the distance d.
Indeed, the highest regularity ensured from this point of view is %—H'o'lder regularity
(see also (11)). On the other hand, from an intrinsic point of view, it has been proved
that ¢ is an intrinsic Lipschitz continuous map (see [20]).

3. Graphs in coordinates in Heisenberg groups

We follow the path of [1], where everything is proved for 1-codimensional H-
regular graphs in an arbitrary Heisenberg group H", considering now H-regular
graphs of codimension k£ in H”, for 1 < k < n.

We consider H” = M - H as the product of the two complementary subgroups

(15) M = exp(span(Viy1,... Vo, Wy, ..., W,, P)), H =exp(span(Vy,...,Vi)),

where {Vi,...,V,,Wy,...,W,, P} is an orthonormal Heisenberg basis of h".

For the sake of simplicity we consider V; = X;, W; =Y, for i = 1,...,n and
P = T (since we will work in coordinates, this is not restrictive: see Remark 2.1,
(iii)).

We identify H" with R?"™ (see (4)), so M and H can be identified (through
diffeomorphisms) respectively with R?>**1=% and RE.

In particular H is horizontal, hence commutative, and so it is isomorphic and
isometric to some R* where & is the topological dimension of H. We can consider
the diffeomorphism

j:RF S H, j(vy,...,0) = (v1,...,04,0,...,0).

The subgroup M is normal since it contains the vertical axis, since Lie(M) contains
the vector field T'; the topological dimension of M is 2n + 1 — k while its metric
dimension is 2n + 2 — k. We can set the following natural diffeomorphism

- 2n+1-k .
i: R = M, i Uktty ey Uny My e e ey My Wit 1y -+« Wiy, T)
= (0,00, Vka1y ey Upy My v ey Moy Wit 1y« 5 Wiy, T).

R F1=F inherits in a natural way a homogeneous group structure (R**1=% x %)
from the group structure of H™: given a,b € R***'=* we can set the group product
axb = i1(i(a) - i(b)); and given a € R?H1=% X > 0 it is natural to set the
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dilation 6% (a) := i71(dx(i(a)))). We call a function L: R* =% — R¥ x-linear if it
is a homomorphism with respect to the product x, homogeneous of degree one with
respect to d3.

Remark 3.1. It is immediate to show that any x-linear function L: (R**1=F )
— (R*, +) naturally corresponds to an intrinsic linear function with respect to -, let

us call it L,
L: (M) = (H,-), L(i(v)) = exp(Li(0) Xy + - - + Ly(0) Xg) = 5(L(v))

for every v € R**1=% (where L,(v), ..., Li(v) € R denote the components of L(v)).

We consider a continuous function ¢: Q = i(Q) € M — H, where H and M can
be identified with R¥ and R?"*!1~* respectively, as before. The function ¢ uniquely
corresponds to a function ¢ :  C R**!1=%* — R* defined by

(16) ¢(m) = j~H((i(m))) ¥m € Q@ C R¥"HIH
Hence, instead of qg we can consider the corresponding function ¢

¢: Q C (R™17F %) — (RY, +),

(ka...,vn,m,...,nk,wk+1,...,wn,7) — (¢177---7¢k)7

where ¢; = @j(Uks1 -+, Uy M1, - ooy Moy Wi, - -, Wy, 7) for j = 1,...,k, and we can
re-define the graph map as

(17)  ®: Qc R™™F 5 H,

DVt -y Uny My e vy Mooy Wi 1y -+ -y Wiy, T)
= (Va1 e oy Uy My e e oy My Wit 1y + -+, Wiy T)
J(O(Vkt1 ooy Uy My v ey My Wit 1y -+« Wiy, T)

= (0,00, V41 Vpy My e vy oy W1y« + - s Wiy T) = (01, oy Ok, 0, ..., 0).

We now want to compute dg on M identified with R 1=

(18) dg(a,b) =[| Tm(®(b) ™" - @(a)) [loo
If
@ = (Vkaty e s Uny My e ooy My Wit ] -+ -+, Wiy, T),
(19) b= (v ro / / r
= (Vhsts -2 Uy My e oy My Wi 15+ -, Wy, T ),
and ¢; = ¢i(a), ¢; = ¢i(b), if we denote by & := (Vkt1 — Vpyq, -+ Un — U, —
7717 sy e — n],ngk-i-l - w]’{;-‘,—l? sy Wy — ’LU;L>, we get

Nl

k
(20)  dy(a,b) = max { €N =7+ i) —my) + o(v,w, 0 w))| } :
j=1
where o (v, w, v, w') = 53", (0] — viw;)).
Besides transferring the structure of homogeneous group from M to the R?*!=*
we are identifying it with, we can also push forward the linear vector fields which



92 Francesca Corni

generate Lie(M) through i~*

S 1
X; = (i_l)*(Xj) =0y, — §wj87—, j=k+1,...,n,
~ — 1 ‘

o) 7y = (70.05) =, + g0 G=k+ 1.

T = (i").(T) = 0.
Y, = (i (Y;) =8y, j=1,....k

Now, considering Remark 3.1 and (16), we can transfer the definition of intrinsic
differentiability, which was first introduced for a function $: Q C M — H between
two complementary subgroups in Definition 2.16, on the corresponding function ¢,
where M and H are identified with R?"*'=* and R* respectively. Observe that this
definition turns out to be analogous to the definition of W ?-differentiability stated
in [1].

Let ¢: Q C R?"1=% 5 R¥ be a map defined on an open set Q, ag € Q, then ¢ is
intrinsic differentiable at aq if there exists a x-linear function L: R***'=% — RF¥ such
that

(22) lim [¢(a) — ¢(ag) — L(ag " % a)

= 0.
a—rap d¢(a, ao)

Observe that, since H is horizontal, and hence commutative, it is isometric to R¥, in
(22), and || - || coincides with the the Euclidean norm on R*.

The function L is the intrinsic differential of ¢ at ay and it is denoted by d¢,,.
Let a € R*17F be a point and a; be its components, and let us take a positive
constant 0 > 0, then we define

Is(a) :=4{p= (p1,-- - P2ms1-k) € R HF | |lpi —a;| <dfori=1,...,2n+1—k}.

We use this notation to re-state in this context the stronger notion of uniform
intrinsic differentiability as well.

Definition 3.2. We say that a function ¢: Q c R**1=*% — RF is uniformly
intrinsic differentiable at ay € € if there exists a x-linear function L: R?>"*1=% — R¥

such that ; Lol b
iy mp {1000 Kt
r—0 a,belr(ap), d¢(b> a)
a#b

Remark 3.3. For every r > 0, and for every ag € (), if we apply Proposi-
tion 2.3 (iii), the following inclusions hold

I.(ag) € i (Bso(ag, v/ (2n+1—k)r) N M), i *(Bso(ag,r)) N M C I,(ap).

Hence, considering Remark 2.20, the two notions in Definitions 2.19 and 3.2 are
equivalent in our context.

A *-linear function L: R**1=%* — R¥ (corresponding to a well defined intrinsic
linear function as in Remark 3.1) is then uniquely identified by a k x (2n — k) matrix
My, (see for instance [9, Proposition 3.4]):

L(m) = Mg n(m)"

where 7 is the projection which, up to identification, maps any point of M =
i(R*F17F) to the vector containing its horizontal coordinates:

m: R¥H-k Rk T(P1y -y Pons1—k) = (P1s- -+ P2n—k)-
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Hence, if we consider a function ¢: Q ¢ R?*1=% — R* intrinsic differentiable at
every point of €2, we can also take into consideration the function:

J¢¢Z Q— Mk,gn_k(R)

that associates to every point a € €2 the matrix corresponding to the intrinsic dif-
ferential of ¢ at a, J?¢(a) = Mys,. This matrix will be called the intrinsic Jacobian
matrix of ¢ at a.

Proposition 3.4. [9, Proposition 3.7| Let Q2 be an open set and let ¢: Q C
R2>"*1=% — R* be a function uniformly intrinsic differentiable on Q, then the function
J?¢: Q — My, 9, 1(R) is continuous.

We now recall [8, Theorem 3.1.1]. Analogous result has been proved in [3, Theo-
rem 4.2], in the proof of which, nevertheless, it was not explicitly stated relation (23)
that will be used later.

Theorem 3.5. Let H" be the product of two complementary subgroups
M = exp(span(Xgi1,- .., Xpn, Y1,...,Y,, 7)) and H = exp(span(Xy,..., Xi)).
Let Q be an open set in M, (5: Q — H be a continuous function and S := graph(&).

Then the following are equivalent:
1. there are U C H" open, and f = (f1,..., fr) € C(U; R¥) such that

S={pelU: f(p) =0} and det([X;fj]ij=1. x(p)) # 0,

forallp € S. 3
2. ¢ is uniformly intrinsic differentiable on ).

We recall some passages of the proof (for more details see [8, Theorem 3.1.1] or |9,
Theorem 4.1]). We consider an open set U in H" and a function f € C(U, R*) as in
1. By Theorem 2.22, there exists a unique and continuous intrinsic parametrization,
¢: Q@ € M — H that corresponds to a function ¢: Q c R**1-% — RF, as in (16).
For any point m € €2, we consider that the horizontal Jacobian matrix of f at ®(m),
Juf(®(m)), is of maximum rank k and in particular, the following k x k matrix is

invertible
Xifi oo Xih
Xf(®(m):=1| ... ... ... | (P(m)).
Xifi oo Xilk
We introduce also the following & x (2n — k) matrix
Xinnfr oo Xoi ifi o0 Yahi
Y f(®(m)) := e e e e s (@(m).
Xirife o Xaf Yifi oo Yafy

It turns out that the parametrization ¢ is uniformly intrinsic differentiable at every
m € € and

(23) Te¢(m) = —(Xf(®(m))) Y f(®(m))
that is again a k X (2n — k) matrix.
If, on the other side, we consider a uniformly intrinsic differentiable function

gz~$: QcM— H,
corresponding as before to a function ¢: Q C R*"*'=* — R* we can find a function
f € CH(U,RF¥), with U open set containing ®(€2), such that
fod=0
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on €2 and such that the horizontal Jacobian matrix of f has the following form at
the point ®(m) of the graph of ¢, for every m € Q

(24) Juf(@(m) = (L | = J%(m)),

where Ij is the identity matrix of dimension k.
From now on, any ¢: €2 C R2>"*1-F s R* with Q open set, is canonically associ-
ated to a ¢: 1(2) C M — H with M and H as in (15) (see again (16)).

Definition 3.6. Given an open set Q2 C R**'=* and a continuous function
¢ : Q — R*, let us define the family of 2n — k first order operators:

Xj+k7 .j:lv"’vn_kv
W= VO =0y + 00, j=n—k+ 1. i=j—(n—k),
Y}'—(n—k), j=n-+1,....2n—k.

We can identify them with vector fields in the usual way. Note that the first and
the last n — k vector fields have smooth coefficients, while the k central vector fields
only have continuous coefficients.

Proposition 3.7. Let Q C R*"*1=% be an open set. If ¢: Q — RF¥ is a continu-
ously (Euclidean) differentiable function on Q0 and m € €2, then

Wier ... Wi ¢

(25) Jop(m)=| ... ... . (m).
Wioe ... Wi, on
Proof. Since ¢ is continuously differentiable in the Euclidean sense, then also the
graph map ® has the same regularity, since the group product is smooth. Hence, we
can choose a function f € Cjy defined on an open neighbourhood of ®(2), so that
f(®(m)) = 0and X f(P(m)) is invertible at every point m € Q. Once we differentiate
the equation f o ®(m) = 0 at every point m € Q with respect to all the variables
and then re-organize the equations so obtained, the thesis follows directly by solving
a family of linear systems. O

4. Approximations

4.1. Building approximation. Combining some arguments leading to the
proof of [13, Theorem 2.1| with results in [9] we obtain the following result.

Proposition 4.1. Let Q C R®**'=% be an open set and let ¢: Q — R be a
continuous function uniformly intrinsic differentiable at any a € §2. Then for every
a € Q there are 6 = d6(a) > 0, &g > 0 and a family of functions {¢.}ocece, €
CY(I5(a), R¥) such that I5(a) € Q and

(26) ¢ — ¢ uniformly on Is(a) as € — 0
and
(27) J%¢. — J®¢ uniformly on I5(a) as & — 0

where J?¢ denotes the matrix corresponding to the intrinsic differential of ¢.

Proof. Without any loss of generality, one can assume a = 0, ®(a) = 0. Since
every uniformly intrinsic differentiable function ¢ locally parametrizes a H-regular
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graph (see Theorem 3.5), we can assume that there exist » > 0 and a function
f € CL(U(0,7), R¥) such that

fo®=0 on I30),

where § > 0 is taken so that we have the inclusion ®(I5(0)) C U(0,7). Moreover,
again by Theorem 3.5, the horizontal Jacobian matrix of f has rank k and in partic-
ular we can assume that on an open set U(0,7") (with " <) det(Xf) > 0. We then
consider

fU0,7) = RE pre— (fi(p),- .., fulp))-

We consider a Euclidean Friedrichs” mollifier p. and for every € > 0 we convolve the
components of the function f with p. and we set:

[ UO,7) =5 RE pr— (foa(®),-- -, for(D)),

where f.;(p) = fixp: fori=1,... k.

The proof then mirrors the one of [13, Theorem 2.1] (see also [1, Proposi-
tion 2.22]). We report here the scheme for reader’s convenience.

In particular we obtain a family of functions f. € C! that converge uniformly to
f on the compact subsets of U(0,7’) and whose derivatives X f.; converge uniformly
to X;fiforeveryt=1,...,k, j=1,...,2n—k. One can assume that when ¢ is small
enough, det(Xf.) > 0 on U(0,7’). Hence, through the Euclidean implicit function
theorem, for every £ > 0 small enough (£ < g¢) one obtains a Euclidean continuously
differentiable function ¢.: I5(0) c R**'=% — R such that f.(graph(¢.)) = 0.
Notice that the maps {¢:}o<c<s, are defined on a common neighbourhood I5(0) of
0. These functions converge uniformly to ¢ on I5(0) as ¢ goes to zero. According
to the previous convergence statements and to Theorem 3.5, we have that J% ¢, =
—(Xfe(@.(m))) Y fo(P.(m)) converges to —(X f(®(m)))~ 'Y f(®(m)) uniformly on
I5(0) as € goes to zero. Now it suffices to remember that, according to (23) of the
proof of Theorem 3.5

—(Xf(2(m))) Y f(@(m)) = ¢ (m). B

4.2. Existence of approximations implies existence of exponential maps.
One needs to give meaning to the action of the vector fields Wj’ on the components
of ¢. In order to do so, one could consider the behaviour of ¢ along the integral
curves of W;z’. Since ¢ is only continuous, integral curves of the vector fields VVf for
j=mn—k+1,...,n are not unique in general. Nevertheless, once we fix an initial
point, the existence of these curves is ensured by Peano—Picard’s theorem. For this
reason, the authors in [1], have introduced the notion of a family of exponential maps.
Here is an analogous definition generalized to our setting.

Definition 4.2. (Family of exponential maps) Let Q@ C R***'=* be an open set
and let ¢: QO — R* be a continuous function. We assume that for any a € € there
exist 0 < 9o < &7 such that for each j = 1,...,2n — k there exists a map

A [—d2,02] X Is,(a) — Is, (a), (s,b)— fyg(s)
such that

. 'yg = qj(-,g) € C'([~02, 03], I5,(a)) for any b € Is,(a);
o Yy(s) = W7 (7;(s)), Vs € [=62, 0], 73 (0) = b;
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e there exist k x (2n — k) continuous functions w; ;: @ =R (i=1,...,k; j =
1,...,2n — k) such that for each s € [—ds, ds],

(28) ¢i(13(s)) — ¢i(7(0)) = /0 Swz’,j(%f (r)) dr.

From now on 7} (s) will be denoted as expa(st’)(b). {+7}j=1..2n—k are called a
family of exponential maps near a.

Remark 4.3. If the function ¢ is continuously (Euclidean) differentiable, once
we fix an initial point b € Q, for any j = 1,...,2n —k, there exists a unique maximal
integral curve yg(s) of Wf starting at 0. In this case the role of the function w; ; is
played by the derivative

d

= b~
=045
fori=1,... k.

If the continuous function ¢: Q C R?"*!1=% — RF along with its intrinsic Jaco-
bian matrix can be uniformly approximated by a family of continuously Euclidean
differentiable functions along with their intrinsic Jacobian matrix respectively, then
for every point a in €2 there exists a family of exponential maps near a.

Proposition 4.4. Let Q C R**'=* be an open set and let ¢: Q — R be a
continuous function. Let us assume that there exists a family of functions {¢.} C
C*(Q, R¥) such that

(29) ¢. — ¢ uniformly on every ) € (Q,
(30) J% ¢. — M uniformly on every ' € Q

as e — 0, where M € C°(Q, My, 2, x(R)) is a continuous matrix valued function

m171(m) N m172n_k(m)
MQ—)Man_k(R), m»—)M(m): .
mea(m) ... Mmgon—x(m)
Then for every a € €2, there exists 0 < 0y < 01 such that for each { = 1,...,2n — k
for all (s,b) € [—dy,08,] X Is,(a), there exists exp,(sW)(b) € I, (a) € Q, moreover
the continuous functions in Definition 4.2 will be

d
wie(b) = mig(b) = —i(exp, (sW)(B))]
fori=1,...,kand¢=1,...,2n — k.

Proof. The proof mirrors the one of |1, Lemma 5.6].

For any of the first and last (n — k) vector fields Wf j=1,...,n—k,n+
1,...,2n—k), the exponential map expa(st(b)) coincides with the usual exponential
map. Notice that in this case the curve coincides with the unique integral curve of
the vector field Wff. Hence, applying the fundamental theorem of calculus to any
map ¢€7i(expa(st(b))) (i-th component of ¢.), for i = 1,...,k, the thesis follows
since all the convergences are uniform. In particular the role of the maps w; ; will be
played by the uniform limit of the functions X;f. ; = [J?¢.];,; that corresponds to
the continuous function m;, ;.

Let us now consider the vector fields Wf, forj=n—k+1,...,n. In this case
we can easily borrow the argument presented in [1]|. It is basically an application of
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the Ascoli-Arzela theorem; in [1] is formulated for the unique vector field they have
in that case, the extension to our case is immediate. O]

4.3. Existence of an approximation or continuity of intrinsic derivatives
imply little-Ho6lder continuity. For j =1,...,n—k,n+1,...,2n — k, once we
fix an initial point a € €2, the integral curve of VV;b starting at a, 7/, is unique thanks
to the Cauchy theorem. For j = n —k + 1,...,n instead we lose the uniqueness;
the existence is ensured by Peano—Picard’s theorem, since the coefficients of Wf) are
continuous. Hence, if we only assume that ¢ is continuous, the value of the limit
(31) depends a priori on the choice of the integral curve. Then, it makes sense to
introduce the following definition.

Definition 4.5. Let  C R?"*'=* be an open set and let ¢: O — RF be a
continuous function. Let a be a point in ). Given j € {1,...,2n — k}, we say that
¢ has 0%- derivative at a if and only if there exists a vector in R*, (aq; ... o)

such that for any 77: (—4,d) — Q integral curve of Wf’ such that 47/ (0) = a, the limit

lim,_s w exists and is equal to (ozu o Oék’j). We denote by
9% ¢ aqj
pla)=1 ... |(a):=1] ...
8¢j (bk Oz]w-.

forj=1,...,2n—k.

Nevertheless, if the function ¢ is intrinsic differentiable at a point a € €2, the
o $i(77 () —¢i (v’ (0

, ) does not depend on the choice of the integral curve of

limit lim,_,
¢ :
W, +?, starting at a.
Proposition 4.6. Let Q C R* =% be an open set and let ¢: Q — R be a
continuous function. Let a € ) and let ¢ be intrinsic differentiable at a and let

J?¢(a) be the k x (2n — k) matrix that identifies the intrinsic differential at a. Let
je{l,...,2n —k} and let

¥ [=6,6] = Q

be an arbitrary integral curve of the vector field Wj’, with 47(0) = a. Then for any
i€{l,...,k} we have that

¢:(7'(s)) = ¢:i(+7 (0))

: _ |79 -
@1 i : ~ 700
Proof. Let us denote by
4= (Vkaly e s Uny My e e s My Wha1s -+« + s Wiy T)-

Ifj=1,....n—k W’ =X, ifj=n+1...20n—k W’ =Y,__p. Inboth
cases the integral curve 7/ of Wf’ with 7/(0) = a is unique; it is immediate to verify
that

dy(v'(5), a) = dg(7/(s),  77(0)) = |s].

Let us consider for instance j € {1,...,n — k}, then

. 1
v (s) = <Uk+1,...,vj+s,...,Un,m,...,nk,wk+1,...,wn,7—§sz )
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dg(7(s),a) = dy(7’(5),7’(0))

1
:max{|s|,|7‘— iw]—s—7‘+0((vk+1,...,vj+s,...,vn),

|

1 1 1 1
— max ‘3‘7‘——w]8—|—§(1}]+8)w]—§’l}]wj|2 :|S|

(32)

MBS

(Wht1 -y Wo)y (Vka1y -+ s U )y (Wht1 -+, Wy))]

2

Given j € {n—k+1,...,n}, 7 is an integral curve of the vector field V?* = 9,, +¢,0,
for ¢ = j—(n—k). As already pointed out, the integral curve 7’ can fail to be unique.
Nevertheless, it has the following integral form

7 (s) = <vk+1,...,vn,m,...,m + Sy My Wit 1, - ..,wn,T—i—/ (bg(fyj(r))dr) .

0
On the other hand, ¢ is intrinsic differentiable at a, hence (see [28, Remark 4.75])
- 16(m) — 6(a) — J0(a) xlat - m)T)

=0.
m—a d¢(m> a)

Hence (see for instance |28, Proposition 4.76]) there exist two positive constants C,r
such that

lo(m) — ¢(a)] < Cdy(m,a) Vm € Bo(a,r) N M.

We can assume, unless we restrict the domain of the curve 47, that 47 is defined on
an interval [—d;,d;] such that the previous inequality holds for m = ~7(s) for any

S € [—5]‘, (Sj]Z
[6(v'(5)) = (+7(0))| < Cdy(v/(5),a) Vs € [=0;,4;].
Hence, for every i =1,...,k
[6:(7 () = ¢i(¥ (0)] < [6(7/(5)) — ¢(+/(0))] < Cdy(v/(s), a),
Vs € [=0;,;]. Then we study d,(77(s),a) for s € [0, d;]

dy(+(s),a) = max {|S|7 i Ge(Y (1)) dr + (¢e(a))(—5) 2}
< max { |s], 08 Ge(7 (1)) — ¢y(a) dr 5}
(33) 1
< max{s,()’ésé ( sup d¢(fyj(s),a)>
s€[—0;,65]
< max{|s|, %|s| + = sup d¢(7j(s),a)}
s€[—65,05]
Therefore
(34) dg(+(s),a) < Cyls,

where Cy = max{1, C'}.
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Hence

1(77(s)) = ¢1(a) = [J20(a)]ys

¢ (7 (s) = dla) — [J70(a)]iys

5]

[6(77(s)) — ¢(77(0)) — J?¢(a)(m(a”" - 7/(s))")]
<y . .
4507 (), 0)
where e,_j4+; € Ms,_1(R) is the (n — k + j)-th element of the canonical basis of
R2n—k.
Now, thanks to the intrinsic differentiability of ¢ at a, (35) goes to zero as s tends
to zero and we get the thesis. 0

Combining Remark 4.3 and Proposition 4.6, it is not difficult to conclude the
following.

Corollary 4.7. Given 2 an open set in R>"™1=% and a continuously (Euclidean)
differentiable function ¢: Q — RF, for every p €

wia(p) - Wignk(p)
(36) J?p(p) = S .
wia1(p) . Wr2n—k(p)

where w; j are the functions defined by w; j(p) = %(qﬁi(exp(ﬂ/[/j))(p))}tzo.

Corollary 4.8. Let Q) be an open set and ¢: 2 C R>"*'=% — R be a continuous
function. Let be a € ) and assume that ¢ is intrinsic differentiable at a. Hence for
every j =1,...,2n — k, there exists 3% ¢(a) and

0% ¢1(a) [T¢)1,5
9% p(a) = =
0% i (a) [Tk -

From the following theorem follows that the existence of an uniform approxima-
tion of the function ¢ through a sequence of continuously Euclidean differentiable
functions as in (ii) of Proposition 4.4, implies a further regularity in every direction,
and, in particular, gives a control in the vertical direction (this follows arguing as in
the second part of the proof of [1, Theorem 5.1]).

Proposition 4.9. Let I C R?**1=% be a rectangle, and ¢ € C'(I,R¥). By
Proposition 3.7 and Corollary 4.7, we can write J¢ € C°(I, My 2,_x(R)) as

w11 - Wion—k

W1 - Wg2n—k
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where, for any i =1,...k,

XH_]QQS,', EZI,...,TL—/{?,
YE—(n—k)(f)i, l=n+1,....2n—k.

Given rectangles I' and 1" such that I' € I"” € I, then there exists a function

a: (0,00) — [0, 00)

.....

-----

o sup{%:a,bef’, 0<la—70 Sr} < a(r);

e lima(r) =0.
r—0

Proof. The proof is a generalization of |1, Proposition 5.8|.

We consider first the /-th column of the matrix, for { =n—k+1,...,n. We set
j=4{—(n—k),sothat j € {1,...,k}. We call K = sup,c|al, M; :=| &; ||z
and N :=| J%@ ||1=n. B; is the modulus of continuity of wj;im—r), on I” ie. it
is a continuous increasing function f;: (0,00) — [0,00) such that |w; im—w)(a) —
Wi j+mn—k)(0)| < Bj(la —b|) for all a,b € I", with lim,_,, 3;(r) = 0.

We introduce some rectangles such that I' € J; € Jo--- € Jyp1 € I”. We
denote I' = Jy, and, for any a = (Vks1, -, Uny M1y -« oy My Wit 1 - - -, Wy, T) € J; (for
i=0,....,k—=1), for j € {1,...,k}, we consider the integral curves

H(t) = (o + 65 (V (1) 52) (VA1) = VO (74(1)),
(1) = a.
Thanks to the Cauchy-Lipschitz theorem, these are well defined and 72 € C*'([n; —

€i+1,4,Mj + €it1;]) for a certain constant ¢, ; that depends on J; and J;1;. We can
choose ¢;11 ; such that 72 (¢)([n; —€it1,5, nj+€i+1,5]) C Jiy1 forevery a € J; and all j =

(37)

1,...,k (the choice is uniform in a). If @ = (Vks1, .- s Uny M1y - ooy Moy Wit 1y« -+, Wiy, T)
we get) for t € [n] —Eijy Ty + giJ]
7a(t)

(38) C
= Uk+17"'7vn7n17"'7nj+(t_nj)v"wnk?wk-l-lv'"7wTL7T+ ¢](f}/‘]1(s>)ds :
N5

Denoting 77 (t) = 7 + f;] ®;(v1(s)) ds we also have that

(D) = A, 1) = TEOA) = Wi (A1),

Let us now set

d;(r) := max {7“1/4, 2\/2kﬁj(r + 4]gMjr1/4>} '
We will prove that

G(T)::sup{W:a,bel/, 0<|a—b|§r}

(39)
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for r sufficiently small. The thesis will follow directly from this inequality.
In order to prove (39), we proceed by contradiction.
Let us first assume a and b as below. Later on, the result will be extended to a

and b in I” of generic coordinates. Set
(40) = (Vkg1y-esUny My e ey My Wha1y- -y Wy, T) € I,
D= (Uksts- s Uns My ey My Whids ooy Wy, T ) €T

such that |a — 0| is sufficiently small and

[¢(a) — o(b)
(41) W>Z§ +

k k
ZM] (Z(%) +k’2N’f’1/2
7j=1 7j=1

where §; = 0,(|a — b]). Notice that the functions ,; are monotonically increasing.
For j = 1,...,k, we call §; = §;(|7" — 7|) < J;. We have that, thanks to the
definition of d;,

5j(|7/—7|+4k‘Mj|T’—T|1/2/5j) Bilr" — 7| + 4kMy|7' — 7|'/2/4))

5?2 5’2
j
) < B = |+ kM — 7'
J
5; 1 1
<Jd -
— 8k 5J2 Rk
We now consider
C= (Vkits s Ony My e vy Moy Wheg 1y -+, W, T ) € T

Notice that a and c¢ differ only for the vertical coordinate and ¢ and b for the horizontal
ones. In particular,

ja— e = |7 — 7',

e = b1Y2 = [(m = m, oo — )2,

Since we are proceeding by contradiction let us continue from (41)

[9(a) — ¢(b)]
) + kNr/? < W

(43)

< 19(a) = (o) | 1¢(c) — ¢(b)]

= |a— 0|2 la — b|1/2
(4 Llol@ —o@ () — o)
N ‘T /‘1/2 ‘(771 _niv"'vnk — Tl )‘1/2
C T80 ~ 0,1 Sles(e) — 6,0)

- |7 — 7/|1/2 (e =y — )2
= Rl + R2-

We reach a contradiction by showing
(i) Ry <305, 65

(i) By < \/m (Z?Zl 5j> + kNrl/2,




102 Francesca Corni

Let us prove (i). We show (i) for any a, ¢ € Ji (hence in particular, for a,c € I'),
when a and ¢ differ only for the vertical coordinate, R; < Z?=1 d;. We prove in
particular that for any j the following holds,

6y(0) ~ 6,0 _ 5

|7__7_/|1/2 — I

Let us consider a,c € J, as before and let us assume 7 > 7. We assume by
contradiction that

) 63(a) = 0,(¢)|

=7

> 0;.

Consider 74 and 2. For any t € [n; — €x11,4,7; + €k+1,] we can use the fundamental
theorem of calculus as follows

7a(t) — 7L (t)

t
:7'—7"+/
"

J

=7—7+ t—m)(cb]( ) ¢J( ))
//%ﬁm%>>%mAu»mw
<ot (=) (6y(a) — By(0) + (t— ) sup By () — ()

r€n,t]
<7 =7+ (t—n;)(95(a) — d5(c)) + (t —ny)*B;(|7 — 7' + 2M; |t — ;)

since by fundamental theorem of calculus and the triangle inequality the following
holds

ﬂm»—ﬁw»+/%ﬂ>—ﬂ<ﬂwri

nj

(46)

73 (r) = 2 () < 1Y) = 2]+ T = gl (172 {se + 1 72 Jloo)
< |t =74+ 2M;|t — n;l.

Now, if (¢;(a) — ¢;(c)) > 0, we set

(47)

_ N\1/2
(48) fimmy— ok T
0;
or otherwise
(7_ _ 7_/)1/2

(49) ti=1; + 2k
Wy

We can take a and b close enough so that 2k(7 — 7/)1/4 < €k+1,5, Since, according
to the definition of d;, we have

_ N\1/2
(50) oh(r =) > o T2
J
Hence, for r small enough, we follow the reasoning in (48) so that the last terms in
(46) equals

r—r+ (<2 o - 00
o ( Qk#) B; (

(7_ . 7_/)1/2

-2
k 5,

)
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By contradiction we had assumed (45) to be true, which implies % > 0;.

Then (51) can be estimated from above by

|7__7_/|1/2

(¢(a) — ¢;(c))
5]2 B; <|T—T/|+2Mj 7(7-_7-)/

0;
=7 — 7 4+ (=2k((r = V) (r = 7)1/?
|7 — 7| + 4ij_(T_5T;)1/2>
62

J

<77 —2k(r—7)+ <4k2(7_7/))

T — 1+ (=2k((r — T)¥?)

(95(a) — ¢;(c))

)

)

+ 4k? —2k

(52) YT (

Sk
/ / ]‘ /
=77 —2k(7’—7’)+§k(7'—7')

2-3k
2

(r—7)<0

since k > 1. This is not possible since it would imply that the two integral curves of
V¥ starting at a and ¢ meet at some point on the plane (n;, 7). (The study of the
case (49) for (¢;(a) — ¢;(c)) < 0 gives an identical result). Hence, for our a and ¢,

k
Ry <375 165
Let us now prove (ii). By contradiction we assume

(53)

First of all we define for j =2,...,k
(54) dy = (m), dj:= 7§j,1(nj)~
(remember that %{ (7;) = b). The points b, dy, . . ., d, are vertices of a piecewise regular

“polygonal” curve connecting b and di. The segments of this curve are built following
the integral curves of the vector fields V¥ for time 77;» —mnj, for y=1,... k. It turns

out that di = (Vgs1, -+ s Uny My« - s My Wha1, - - -, Wy, T ) for a certain well defined 7.
If, for every j, |1 —n;] is sufficiently small, we have that dj is well defined and belongs
to Ji. We can compute for every i = 1,... k,

|9i(b) — ¢i(dy)]
< @i(b) — ¢i(dy)| + |@i(dr) — @i(d2)| + - - - + [Ps(di—1) — ¢i(dy)]

/nm win (7 (1)) dt /77 nk wig (v (t))dt

/
1 k

(55) = +ot

< Nl =i + -+ Nl — 13|
< EN[(m =, — ).
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Let us set now b = dy and compute now
ko

7= = ==Y ¢, (D) dt

=171

koo .
(50 o) S REOCANG)

k
(ZM]) [ 1
7j=1

k
<Y M;n; —
j=1

IN

Now, by (53) we get

k k
Z |pi(c) — ¢s(dr)| > Z |pi(c) — @i(b)| — |pi(b) — ¢i(dy)|

J=1 J=1

k k
gt (zaj RN ) e 2

(57) ! /
—k’N|(T]1 _7717777k‘ _nk)|

k k
> ZMJ< 5y ) + KNI KNG = e Ol
=1 \i=t

[(nh = 1, o — )2

(g, =m0, onfy — )2 < Ja—b|z < r'/2 | we have that the last term in (57)
can be estimated from below by

k k
j (Z 6]) |(771 RTER 7772 - nk)|1/2 > |'7-/ -7 1/2 (Z(%) .
j=1

i=1

Therefore, we have proved that for ¢, d € Jy,

ECELTCAING o

|7_/ _ 7_//|1/2

which it is not possible (for what we proved before) for any a,c € Jj.

Let us now consider the more general case where a = (Vgy1, .-, Uny M1y -« s Mk
Wit 1y Wiy T), b= (Vppqs oo s Uy M oo M Wiy g5 - - Wy, T') € 1. We want to ex-
ploit what we have proved before. In order to do this we move along the integral
curves of the vector fields X i }7} for j=k+1,...,n in order to make the variables
v;j:s and wj:s coincide. We then define

a* = exp ( Z ((v; — vj)VVf_k + (w; — wj)Wer(n_k))) (a).

j=k+1
Hence

*

. / / / / /
A" = (Upgas s Uy My e oy My Wi s - -+ Wy, T+ 0 (v, w, 0" — v, 0" — w)).
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64(a) — éu(a |—\/ g alexp(V ) (0))

Jj= k-i—l
(59) (W) = W))Wy (XP(EW] () (@) dt

< N(n—k)(|v' —v| + [w' —w])
< 2N(n —k)la — b|.

Hence
(60) [¢(a) }j a*)| < 2k(n — k)Nla - b,

where v — 0|, |w" —w] are the n — k vectors containing the vs and ws components
respectively . If we consider |o(v, w,v' —v, w' —w)| = |5 > i (V) = vj)w; —vj(w) —
w;)))| < K(n —k)|a —b|. Since it is controlled by the norm |a — b| we can assume r

sufficiently small, and hence a, b sufficiently close, such that a* € I’. We then get
la* = bl < |(ny —n1y s — )| + |77 — 7| + |o(v,w, v — v, W — w)|

(61) <2la—0bl+K(n—Fk)la—b =2+ K(n—k))|a—>b|
Now
[9(a) — o(B)] _ [#(a) — ¢(a”)] | |o(a”) — ¢(b)]
. -2 = a—bi2 T Ja—pe
2(n — k)kNla — 0| ( 1 ) |9(a”) — ¢(b)]
- la — b|1/? 2+ K(n—k) la* — b|1/2

so we are in the particular case we had at the beginning. The last term of (62) can
then be estimated from above by

1
_ _ plL/2 - Il % p|1/2
2(n — k)kNl|a — b= + (2 o k:)) o (Ja* —b]'?)

(63)
1
<2(n—k)kNla —b|"? + [ =———— | /(2 + K(n — k))|a — b|'/?
<20~ kNl =0+ (et ) (@ K= Rl = 67
which goes to zero when b goes to a. This concludes our proof. ([l

Let us weaken the hypotheses of Proposition 4.9.

Proposition 4.10. Let I C R?>"*'=% be a rectangle. Let ¢: I — RF be a
continuous function such that there are k x (2n—k) continuous functions w;;: I - R
(fori,...,k, £ =1,...,2n — k) such that for every v*: [=0,6] — I integral curve of
the vector field W (( =1,...,2n — k), the following holds: for every t € [0, 4]

d
Lo (1) = wialr' (1),
Given a fixed rectangle I' € I, for any other rectangle 1" such that I' € I" € I there
exists a function

(64)

'(Ooo)—>[Ooo)

.....

,,,,,,

o sup{%:a,bé[', 0< |a—b| Sr} < a(r);
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o 11_:(}1(1) a(r) =0.
Proof. The proof is analogous to the one of Proposition 4.9, so we keep the same

notations. Unique change is that we take N :=|| [wi;]i; |lzec@7). In this setting

we lose the uniqueness of the integral curves of Vf for j = 1,..., k. This lack of
uniqueness is replaced by requiring condition (64) on the curves: here, we still denote
by + an arbitrarily chosen integral curve of V% (j = ¢ — (n — k)) of initial point
A= (Vks1s- s Wy My« ey Mooy Wi, - - -, Wy, T) € J; such that 72 (n;) = a. We assume
that it is defined on [n; — €;11,5,m; + €i+1,5] C Jix1. Moreover, this loss of uniqueness
implies that two curves could indeed meet each other, so the previous contradiction
(52) would no longer hold in this case. We will therefore have to replace it with a
different contradiction. This is inspired by results in [5].

Suppose for the sake of simplicity that j = 1.

As in the proof of Proposition 4.9, in order to obtain (52), we fix a,c € Jj
and we assume that they only differ for their vertical coordinate (we have fixed
T, = 7 > 7 = 7.). We already proved that, if ¢1(a) — ¢1(c) < 0, there exists
t € m,m+eps1] (ort € [m —eppry,m]if ¢1(a) — ¢1(c) > 0) such that

7a(f) = 7 (1) <0,
while 71(n) =7 > 7 = 71(11). We can then define
t*i=sup{t € [m,m +eprra) [t <L T (t) > T}
We have 0 < t* <t <1y + €411 and, by continuity, that 7)(t*) = 71(¢*), hence
Ya(t") = 7 (£).
Let us prove that ¢1(vL(t*)) # ¢1(v2(t*)), which will bring a contradiction. Then

the proof will mirror the one in Proposition 4.9. Obviously second order derivatives
of 77 and 77 are replaced by wj j+m-r). Remember that if ¢i(a) — ¢1(c) < 0, we

assume (45), i.e. ¢1(a) — ¢1(c) < —d1v/7 — 7', so that
$1(7a(t7) = dr(7e(t"))

— 61(a) - dulc) + / Wttt (1(8)) = @i (1(5) ds

m
< ¢1(a) = dule) + (" —m)Bu(|7 — 7' + 2My[t* — )
(65) < ¢1(a) — ¢1(c) + (t —m)Bu(|T — 7'| + 2My |t — mi])
keeping in mind (45) and (49),

< —6VT—T + 21{:51“7 il _;2M1|E_ ml) T—17
1
< _51m+2kﬁl(|7—7’|+4/€(;7\41\/|T—T’|/51)m
1
if 91 < 1, (and we can choose r small enough such that §; < 1 for any j =1,...,k)
T (_% Y AR Ff|/51<r>>>
(66) !

1k
<2(51\/7——7—/ <—§+§) < 0.
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This proof, after small modification, also works for the case when ¢;(a) — ¢1(c) > 0,
starting from ¢ (v} (t*)) — ¢1(71(t*)) and using hypotheses (45), and (48); of course
it works also for the curves v/ and 47, for j = 2,..., k, so that

k k
- oi(a) — o,(c
Sialé@ =6l g
|7 — 7|2 j=1
Hence (ii) has to be valid, and we can resume verbatim the proof of Proposition 4.9
from (53). O
A compactness argument yields the following result.

Proposition 4.11. Let Q be an open set of R?"*1=% and let ¢ : 0 — R” be a
continuous function such that there are k x (2n—k) continuous functions w; j: @ - R
(fori=1,...,k,j7=1,...,2n—k) such that for every 77 : [0, 8] — Q integral curve
of the vector field Wf’ (7 =1,...,2n— k), the following holds:

d . .
%@(7](15)) = w; ;(7'(t)),
for any t € [—4,0]. Then, if we fix an open set Q' € Q, we have that for any open )"
such that Q' € " & () there exists a function
a: (0,00) — [0, 00)
which depends on ", on k, {|| ¢; ||r.c@)}j=1,..2n—k: on || J°¢ |1 and on the
modulus of continuity of {w; ji(m—k)}j=1,..k on ", such that, for r sufficiently small:

o sup{%:a,beﬁ’, O<\a—b\§r}§a(r);

e lima(r)=0.
r—0
Proof. From a compactness argument, if we have Q' € 2, then for every a € (7,
by Proposition 4.10, we can find a neighbourhood I, (a) such that I, (a) € " where
the thesis holds. These sets {I,,(a) | a € '} cover (¥ that is compact, we can extract
a finite sub-covering such that Q' C Uizt klr,, (a;). If we now consider b € €', surely
be Iraj for some j € {1,...,k}. If r is small enough, any point & belonging to the
Euclidean ball B, (b, r) will be contained in Ly, - O

5. Equivalences

Proposition 5.1. Let Q C R?>""'=% be an open set and let ¢: Q@ — RF be a
continuous function and a,b € ) be the points

@ = (Vkaty ey Uny My e ooy My Wit 1y - -+, Wiy, T),
. / / / / / / /
b= (Upytr- s Uy My e oy My Wi g5+, Wy, T ).

Let us consider the following function, p,, analogous of the one considered in [1]. Set

§ 1= (Vg1 = Vgt -+ s U — Upy 1L = M1+ o s M — My Wh1 — Wiy qs - - Wy, — W),
k
;1 / ’ / 1
(67)  po(a,b) = max{ [¢], |7 — 7"+ 5 > (6} + ;)0 — ;) + o(v, w0, w)|7},
j=1
where o(v,w,v',w'") = %Z?:Hl(vjw; — viw;), ¢; = ¢j(a) and ¢ = ¢;(b) for
j=1,... k. If there exists a constant ¢ > 0 such that

|9(a) = ¢(b)] < ¢ py(a,b)
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for every a,b € §, then ¢ is intrinsic Lipschitz.

Proof. It |¢(Cl,) - ¢(b)| S C|('Uk+1 - Ul/c—l—l? R 'U;wnl - 771> e e — %a Wi+1 —
Wiy 1, -, Wy —w),)| the thesis is valid.

Let us then consider the case

1
k 2

\¢<a>—¢<b>|§m—f+;z¢ 0 = my) + 00,00/, w)

1
2

k k
1
| ERRO RUUERARE) S ORI VR ARSI
Jj=1 J=1
for any ¢ > 0
k / 3
1 , =M\ |°
S C (dd)(a, b) —+ 5 ]z:; (¢j (bg) € ( c ) )

"1 1[n; —
dd) a,b) + Z 4 |(Z5j | + -
7j=1

(dqb(a )+ kg ¢ 0(0) - o(0)] + 13 2400,

If we now fix € = %, we finally get

2.2

ola)— o0 <2 (e+ 55 ) e 0

Proposition 5.2. Let ) be an open set in R***'=%. Given an intrinsic Lipschitz
function ¢: Q — RF, there exists a constant ¢ > 0 such that

p¢(aa b) <c d¢(a> b)

for every a,b € 2

Proof. By direct computations and by Proposition 2.8, we have

po(a,0) < doe(®(a), D(b)) =[| 2(0)™" - ©(a) ||
= || (i(0) - j(¢(0))) ™" - ila) - j(4(a)) |l
(68) < [15(0(0) 7" i) - i(a) - (@) lloo + [1 7(6(6)) 7" - j(d(a)) lloo
= dy(a,b) +|p(a) — ¢(b)] < (1 + Lip(¢)) dy(a, b). O
Theorem 5.3. Let QO C R*4'=% be an open set and let ¢: Q@ — RF be a
continuous function. If, for a certain a €  and for { = 1,...,2n — k, we have that

there exist 0 < d9 < 01 and a family of exponential maps near a

exp, (sW')(0): [0, 02] x I5,(a) — I, (a)

and if for any Q' € Q

o /
(69) llr&sup{%'b,b’eﬁ’, 0<|b’—b\§r}:O,
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then ¢ is uniformly intrinsic differentiable at a and therefore the (i, {)-th component
of the matrix that represents the intrinsic Jacobian at a, [J®¢];, equals

e (expa (W) (@) _,.

ds
Proof. We set

a= (Vkt1,--sUn, My ey Ty W15 - - - Win, T) € €,
(70) b= (Vkt1s--sUnsMyeens Moy Wit 1s - -+, Wy T) € Is (a),

V' = (Vpqs ooy Uy Mooy My Wi - -, Wy, T ) € Isy(a)
for ¢ small; we get
(71) ‘(U;H—l = Vg1, - - - 7’U;7, - Un?ﬂi — M. 777]; - nkuw;c—i-l — W41, - - - ,U);l - wn)|
Just to simplify the computation we assume 7, > n;, fori =1,... k.

Let us define the vector field

n

X = Z (v; — vj)VVf_k +( )Wﬁr(n K-
j=k+1

We start moving from b to by := exp,(X)(b), then we move for a time 5} —7,; along
the exponential map of W il = = V! with initial point bj. We arrive at a point b}

and then we move for time 7} — 75 along the exponential map of W kg2 = = V%2 with
initial point bj. We denote by b3 the endpoint of this piecewise 1ntegral curve and we
iterate the process to get

U1 = XD (M1 = M)W gy 450 (05) = exp, (0 = 1y00) V) (8)),

j=0,...,k—1. The coordinates of b; equal those of i/, except for the vertical one
that will be denoted by 7:

k

(72) =T+ Z /Onj_nj ¢;(exp, (rvo)(b5_))) dr + o(v,w, v, w').

j=1

The point by belongs to a cube Igs)4 ps2 (a) for some positive constant C' and D.
In fact

e — 7| =7+ Z/ ;i (exp, rvd’ﬂ)(b;_l))dr +o(v,w, v, w') — 7|

<|T—TI+Z — max|¢>z|+—| Z (vs(w] — w;) — w;(v] — 7))

I51(a) i=k+1

<|T—T|+Z — 1;) max |¢;|

41(a)

+ §| Z ((vi = 03 4 03) (w — wi) — (w; — w; + W) (v; — v3))]

1=k+1
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k
<r=7+ > | — mil max ey

i=1 Is) (@)

1 — - ~ ) i
t3 Z (Jv; — 0] + |03])|w — wil + (w; — @3] + |ws]) |v] — v
i=k+1

< IT—T|+Z — 1;) max |¢;|

41(a)

+§ Z (([2:] + d0) (|w; — @il + |wi — wi]) + (Jwi] + o) (|vf — il + [vi — i)
i=k+1

n

< +Zaomax|¢z| g D (I +80)(200) + (fal + 80)(250))

T51(a) i=k+1

< Oy + Dag.

We can now consider
k

o(t') — o(b) = ¢(b') — (b)) + Z(cb(bi‘) — ¢(bi_1)) + ¢(bp) — B(b)

onj_nj Wl,j+(n—k)(eXPa(7’v¢j)(b;—l)) dr
=007 Wh g (e (XD, (rV99) (B4 ) dr
n [ = v)wn o (exp, (rX) (b)) dr
=kt [ [} (0 — 05 )wr j—i(exp, (rX) (b)) dr

1

n [ o (W5 = wi)ws gy (expy(r X)(b))dr}

j=k+1 _fol (w; - wj)wk,j+(n—k)(eXpa(TX)(b)) dr

Claim 1. Forany i = 1,... .k, for { =n—k+1,...,n, j =¢—(n—k) so
=1, ..k

n;="15
/ Wi o (expy (rV9) (b_y)) dr = w; o(a) (0 — 1) + ol —ny]) as 6o — 0.
0

Proof. Fix i € {1,...,k} and consider for every j

773 M5 ‘ .
/ wet(expa (V) (B 1)) — wie(a) dr + wse(a) (i, — ).
0
We want to prove that

1
lim
6p—0 T] — ’)7]

;=15
/ wi,z(eXPa(TV¢j)(b;—1)) — wie(a)dr = 0.
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Let us first show that

|lwio(bf) — wie(a)] = o(1) as dy — 0.

In fact,

|wie(bg) — wie(@)] < |wie(by) — wie(D)] + |wie(b) — wiela)]
< Bie(|bg — b]) + Bie(|b— al),

where (3, is the modulus of continuity of w; ;. Let us now observe that the two terms
go to zero. Indeed, w;, is continuous by hypothesis. Since (71) holds, we have that
|(v,w') — (v, w)] — 0 as §y — 0, and we can then find a real number ¢ > 0 such that
|(v,w') — (v,w)| < edy < § for & < 6. Hence

lim |w; ¢(bg) — wie(b)| = 0.
50—0

Moreover, when &y goes to zero, b and b get closer and closer to a, so when d
goes to zero, |b — a| goes to zero too.
Once we fix p > 0, we get

1
My — Mp
1
My — Tp

772)—771?
/ Wi (XD () (B1)) — winssp(a) dr
0

77;;—7711
/ wi,n—k+p(eXpa(7’V¢p)(b;—l)) — Win—ttp(by_q) dr
0

p
+ Z(wi,n—k+p(bl:—l) - wi,n—k+p(b2—2))) + wi,n—k-‘:—p(bS) - wi,n—k-l—p(a)
=2

< sup |wi,n—k+p(expa(rvd)p)(b;—l)) - wi,p(b;—l)‘
r€[0,m;,—np)

P
+ ) N @inrp(Bis) = Win—ttp (i) + [@inrap(05) = win—isn(@)];
i=2

which goes to zero as J, tends to zero, by what we have already proved and by
the fact that if §y goes to zero, then |n; — n;| goes to zero for j = 1,...,p, hence
|Wisn—kap(0s_1) — Win—krp(Uf_2)| < Bim—rap(|bi_1 — bi_s|) goes to zero. We finally
reach the conclusion from the absolute continuity of w;,—jip(exp, (rV®)(b;_,)) on

Since Claim 1 holds, we can rewrite (73) as

ko wigrm-r (@) —mn;) + o(|Inf — n;])
$(b) — p(b7) + > s
i=1 | Wejt(m—r) (@) (7f — n;) + o(|nj — ny1)
i wyj—k(@)(V; —v;) + o(|v; — )
+ .
i=k+1 |wr k(@) (V; —v;) + o(|v] — )
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n | @ik (@) (W) — wy) + ofjw) — wy)

p

j=htL [ Wh (k) (@) (W) — w;) + of[w) — wj))

~ -
Uk+1 — Uk+1

_le(CL) w1,2(a) ... w1,2n—k(a)- U/ _U
war(a) wasla) ... wosn_r(a) 7;} B nflz
1
= o(t') — o(bf) + B
w —w
(wii(a) wrala) ... wrang(a)] | LT

L Wl —w,
n k
> ik o(|vj — vj) + o(|w) —wjl) + 75 ol[m; — myl)
+
n k
> i o(|vj —vj) + o(|w) —wjyl) + D75 ol[m; — myl)

[ Vks1 — Ukt |
_w1,1(a) W1,2(a) - wl,%_k(a)' o
war(a) wasla) ... wyon r(a) 7;} B nflz
_ AN * 1
. /772 — Tk
_wk‘,l(a') Wk;,Q(af) N wk‘,Qn—k(a)_ wk-i—l — W41
B w; — Wy,

o(dy(b, 1))
o(dy(b, 1))
as do goes to zero, since [v; —v;| < dy(b, V), [w; —w;| < dg(b, ), |0 —n;| < dg(b, V).

_|_

The same argument yields that

[ Vg1 — Ukl |
_(,L)l,l(a) Wl,Q(a) . e (A)l’2n_k<a>' U/ _U
wor(a) wasla) ... wyon r(a) T;/L B nflz
1
o(t) — ¢(b) < ¢(V) — B(br) + -
/
. /nk — Tk
_wk‘,l(a') Wk;,Q(a) e wk72n—k(a)_ wk-l—l - wk+1
w;t — Wp

o(p(b, 1))

0(py(0,0'))
In order to get the thesis, we are left to prove that

(75) (V) — 6(b5)] = o(dy(b, 1)) as 6 — 0.

(74) +
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To prove this, it is enough to show that

(76) |6(6) = ¢(br)] = 0(ps (b, b)) as 6y — 0.
In fact, if (76) holds, we can apply (74) to get that
V) —¢(b) — M bty
- i p {00 Mt )
00=0p bel5, (a) bV p¢(b ,b)

where M (a) is the k x (2n — k) matrix [M(a)];; = w; (a) for i = 1,...k, j =
1,....2n— k.

Now, this implies (see for instance |3, Proposition 3.17]) that for every b, €
Is,(a), there exists a constant ¢ > 0 such that

(78) |6(b) — ¢(b)] < ¢ po(b, V).

By Propositions 5.1 and 5.2, this inequality implies that there exists a constant
c2 > 0 such that for every b,0' € I5 (a), ps(b, V') < cody(b, V'), and therefore for every
bt/ € Is,(a),

0 < L16®) — o@D _ () — o(bp)]

e d¢(ba b/) B p¢(b> b,)
This means that if we prove (76), (75) will follow.

Let us start by adapting an argument from |1, Theorem 5.7|:

() — dI _ o) — G(bp)| |7 — 7t[V? (V) — o(bp)] |7 — 7|

ps(b, ) T =TV pe(b b)) [ = Bi[Y2 (b, 1)
s, + Doyl =T
<
U¢( 0o+ 0) p¢(b, b/) ’
where the function
¢a,_¢a,/ / noroon
(79) v4(0) :=sup {| \(a’>— a”|(1/2)‘ a #a',ad,ad" € L;(a)}

goes to zero if & — 0 by the second hypothesis, (69).

In order to achieve the proof of (76), we need to show that 727 i bounded

Pe(b,0")
close to a. By (72) and (67),

=il =

k n;=n;
7 —7—0o(v,w,v, W) — Z/ ¢j(eXpa(TV¢j)(b;—l)) dr
= Jo

T’ —T—a v, W, v’ w Z/ exp ( v%)(b;—l)) dr

l\DI}—t

k k
Z &5 () + ¢;5(b)) (m; — Z &; (') + (b)) (m; — ;)

J=1 J=1

N —

_|_
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77J 77]
< po(b,1')? ‘ Z/ i(exp, (rV9) (b7 _y)) dr

1
+§Z¢J b') + ¢;(b) — 1)

Jj=1

77] 773
— (b \ Z/ (exp(rV)(b_)) dr

80 :
(80) +§(Z(¢j(b')—¢j(b;)+¢j(b;)+¢j(b;—1)_¢j( U+ o ))( )

S P¢(b> b/)2

+_

(/onj_niﬁj(expa(rv%)(b 1)) dr+ 5 (¢J(b*)+¢’( ))(n}—m’))

.
Il >
—

+

(6,(1) — 6,(8) + 5(6) — @-(b;‘f_l)) o, = ).

|
.
—

For any j, by Claim 1 we have that, at least for §, small enough,

‘ N /nj_"f ;(exp, (rV) (b5_)) dr + 5 (@(b*) +¢3(b5-0)) (0 — 1))

[
A

_'¢j(exp(V¢’J)( 1) = 0;(bj_1) dr + 5 (%(b*) (051 (1 = 15))

Mj
Mj

n;—"nj . .
5= ) [ i el V0 ) dr
= Ol — ;") = Opa(0.)°

Hence we can estimate the last line of (80) from above by

/ 31ty (XD (V) (B2_1)) ds dr
0

o0+ Coul0s 8+ [550(650) = 65(8) + 6,00 = 05055-) 1 — )|
We are left to estimate
SO 050) = 65(05) + 65(8) — 6505-) o, — )
(51) = 3 S U60) — ,00) + Y 65(0510) — 65(8)

+ (05(0) — ¢;(bp)) + (@(b*) ¢3(b741)) } (0 — 7m5)

i

1§
o
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k k-1
< 5 2 1100) = 00 + 31000 ~ o0
H103(8) = 05 0] + 3 16,0) = 05810}, — ).

1=0

Let us then estimate the different components of (81).

e First of all for a fixed 7,

_ Lgi () — ¢;(b;)|

1 . «
(60 = 6, — )| = 5 A — 2 —
(52) 1 :
< §U¢j(050 + D&g) | — || — myl.
Of course the function vy, (0) goes to 0 when § goes to 0 again by the second
hypothesis.
We can estimate the last line of (82) from above by
1 2|1 * / 2
(83) — (0, (O)717" = 7| + |y — m507).

4

If b and &’ become sufficiently close, then also b, V', a become sufficiently close,
as well as b,b;. In other words, for every € > 0, there exists d.; > 0 such
that if § € (0,0.] , vg,(0)* < €, then, when dy < d.; is small enough, we can
estimate (83) from above by

1 1
Z(€|T/ — 7+ \77; — ) < Z’:‘|T’ — 77| + const (pg(b, 1))

For instance, we can fix ¢ = 2, and if we take ¢ small enough, we can carry
this contribute to the left hand side of (81).
e We can now consider for any fixed j

%wmm—@@»w—mﬂzﬁw—mwww—@@ﬂ
|77] mjl Z — vj|(wij(a) + o(1))

j=k+1
+ W) — wil(Winj(a) +o(1)))

A

1
< gl = nl[(v" = v 0" —w))

1
Seln’ = nl|(v" = v, —w)

<

-2

< Lo =P+ 30— —w)?
— 4 4

< Calpy(b, b))*.
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e letusnow fixje{k+1,...,n}andie{0,...,7—1,j+1,...,k— 1} and
we want to estimate

E(Qsj(b;;l) — &80, — my)

1
= 5105(expa (i = mir) V) (8)) = (8 Imj — ]
1

2

77£+1_77i+1 4 ,
[ e ) 00) o
0

1 Mip1—Tn+1 . . ) /
= 5‘ /0 Wyt 14+(n—k) (€XPa (PV ) (07)) — Wy 14(—ry (b7) dr| 15 —
+ |wjisr ey (0D Mgy — 77i+1H7];' — 5

1 . N X
=3 < Sup Wit 14k (€XDa(FV ) (B)) — Wiis 14y (0F)]
s€[0,m], 1 —mit1]

+ ‘Wj,i+1+(n—k)(b:)‘) |7h/'+1 - 7h’+1||773- - Uj‘
< 1 A Iy |2
=7 Mie1 — Miral™ + 15 — ny

' ( SUPp  |wjit 1+ (k) (€xPa (V) (5))) — wjis 14 (k) (b))

s€[0,m], 1 —mi+1]
+ ‘Wj,i+1+(n—k)(b§k)‘)
< C3(pg(b,0))*(0(1) + wjis14(-i) (b]))  as Go — 0.
Combining the three estimates we obtained with equation (81), we finally get

(76) and so the thesis. O

We are now ready to prove the first equivalence. About (ii) of the following
proposition, one has to refer to the remark we made about (ii) of Theorem 1.3 in the
introduction.

Proposition 5.4. Let Q C R**'=% be an open set and let ¢: Q — R be a
continuous function. Then the following statements are equivalent:

(i) ¢ is uniformly intrinsic differentiable on €);
(ii) there exists a family {¢. }occce, C CH(Q, R¥) and a continuous matrix valued
function M € C°(Q, M. 2,—(R)) such that for any open set Q' € (Q,

¢ = ¢, J¥p. = M

uniformly on €)' as e goes to zero.

Proof. Since Propositions 4.1, 4.4 and 4.9 and Theorem 5.3 hold, the proof is
identical to the one of [1, Theorem 5.1]. O

Theorem 5.5. Let QO C R*%'=% be an open set and let ¢: QO — RF be a
function. We define S := graph(¢). Then the following are equivalent:

(i) ¢ is uniformly intrinsic differentiable on ;
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(ii) ¢ € C°(Q) and for every a € Q) there exist 0% ¢(a) for j = 1,...2n — k, the

functions
% ¢: Q2 — RY,
are continuous, and V Q) € Q,
. |¢(b) - ¢(b/)| X / / / .
(84) Tl_l)%l+sup{w.b,b EQ,0<|b—b\§7‘ =0
(iii) ¢ is intrinsic differentiable on Q, the map J?¢: Q — Mj, 5,1 (R) is continuous
andV Q' € Q
. ‘(b(b) - ¢(b/>| X / / / -
7dl_l)l’(I)l_i_SU.p{Wb,b eQ,O<|b—b|§T’ = 0.

(iv) there are U open in H" and f € C§(U; R¥) such that S = {p € U: f(p) = 0},
det([X; filij=1,..k(p)) # 0, for allp € S.

Proof. (i) <= (iv) Is exactly the content of Theorem 3.5.

(i) = (iii) Follows by Proposition 3.4 and by Propositions 4.9 and 5.4 combined
through a compactness argument.

(ili) == (ii) The map ¢ is continuous since it is intrinsic differentiable (see |10,
Proposition 3.2.3]). The condition on all the curves follows by Proposition 4.6. In
particular, the fact that ¢ is intrinsic differentiable at any a € Q implies that there
exists the derivative of ¢ evaluated on every curve of Wf with initial point a (more

precisely, the derivatives of the component ¢; along the integral curve of Wf). This
derivative is the same for every curve and it equals the j-th column of the matrix
of the intrinsic Jacobian matrix J?¢(a) (see Proposition 4.6 and Corollary 4.8). Its
continuity follows from the fact that we assumed J?¢ to be continuous with respect
to a.

(il) = (i) Is a very simple adaptation of the proof of Theorem 5.3. Basically
for any point b in any neighbourhood I5(a) @ Q2 of a € €, there exists at least one
integral curve of the vector field Wj’, j € {1,...,2n — k} starting at b on which
we can use the chain rule (28). In fact, since we can do this on all the curves by
hypothesis, we can choose, for every starting point b, an arbitrary curve that will
play the role of the exp,( -Wf’)(b) (j =1,...,2n — k) and use it in order to apply
Theorem 5.3. In particular, since €2 is open, once we fix a € €2, we can find 6; > 0
such that 5 (a) € Q. Hence one can choose 0 < 3 < %51 such that for every point
b € Is,(a), the integral curves starting at b € Is,(a) exist on a common interval of
time [—ds, 93] for 62 > 0 appropriately small (how much small will depends on d3,
surely do < d3). Hence, any integral curve starting at b € Is,(a) exists at least for an
interval of time [—ds, 03] O

Remark 5.6. The equivalence (iv) <= ((ii) + (iii)) has already been proved
by Kozhevnikov in his PhD thesis (see [18, Theorem 4.3.1]), in the more general
context of low codimensional regular surfaces in a generic Carnot group. We have
inserted here our proof which is more direct. In this work, we also prove that (ii)
and (iii) are independentely equivalent for surfaces in H". Moreover, taking into
account Di Donato’s results, we manage to explicitely relate results in [18|, to the
notions of intrinsic differentiability and uniform intrinsic differentiability, on which
many authors have worked (as examples [1, 7, 10, 12, 16]).

Moreover, by applying Proposition 4.11, we obtain a stronger result.
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Theorem 5.7. Let Q C R*%=% be an open set and let ¢: Q@ — RF be a
function. We define S := graph(¢). Then the following are equivalent:

(i) ¢ is uniformly intrinsic differentiable on ;
(i) ¢ € C%(Q), for every a € 2 there exist 3% ¢(a) for j = 1,...2n — k and the
functions
% ¢: Q0 — R¥,
are continuous.
(iii) ¢ is intrinsic differentiable on Q2 and the map J%¢: Q — My, 2,_1(R) is con-
tinuous.
(iv) There are U C H" open and f = (f1, -+, fx) € Ci(U; R*) such that S =
{p elU: f(p) = O}, det([Xifj]i,jzl ..... k(p)) % O, for al]p c S.

Proof. The proof is analogous to the one of Theorem 5.5: by taking into account
Proposition 4.11 we can simplify the hypothesis. In particular, if ¢ is uniformly
intrinsic differentiable, ¢ is intrinsic differentiable and its intrinsic Jacobian matrix
is a continuous function. Hence, ¢ is differentiable on every integral curve 7 of VVf,
and forevery i =1,...,k, j=1,...,2n —k, %gbi(vj(t)) equals [J?¢];;(77(t)), which
is continuous; hence ¢ o 7 is C!, then Proposition 4.11 tells us that ¢ satisfies the

condition of %—little—Hélder continuity in (84) so we can finally conclude by applying
Theorem 5.3. U

6. Area formula

It is possible to compute the area of H-regular surfaces of codimension 1 < k <n
in H” in terms of intrinsic derivatives of their parametrizations.

We fix a setting that is not restrictive, in fact there is no loss of generality by
Theorem 3.5, Remark 2.23 and Remark 2.1. Let us consider again

M := exp(span(Xyy1,- .., Xpn, Y1,..., Y, T)), H:=exp(span(Xy,..., X)).

Consider any H-regular surface of codimension &k, 1 < k < n; by Theorem 2.22,
it can be locally parametrized by a unique uniformly intrinsic differentiable function

¢: Q C R7"!7F - R

(see also Remark 2.23).
We can then focus on computing the area of the intrinsic graph of ¢

S = graph(¢) = {m - ¢(m) [ m € Q} = {®(m) | m € Q}.

In fact, if we are able to do this, by an elementary covering argument we will be able
to compute the area of any low codimensional H-regular surface.

According to Theorem 3.5, we know that there exist an open set U of H", with
®(Q) C U, and a function f € Cx(U,RF) such that S = {p € U: f(p) = 0
and such that det(([X;f;)ij=1..x(p)) # 0 for all p € S. Let us introduce A(p) :=
| det([X; fili j=1,..x(p))| > O for all point p in S. Moreover, from the proof of Theo-
rem 3.5 we can choose f such that

(85) fo®=0 onQ and Juf(®(m))=(Li|—J% )(m) VmeQ

(for more details see also the proof of [9, Theorem 4.1]). Hence, by the choice of f in
(85), and by results in Theorem 5.7, it turns out that the horizontal Jacobian matrix
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of f for every m € € is given by

(86) Juf(@m)=1|... ... ... (m).
0 1 —8¢1¢k —8¢2"*k¢k

From the form of the matrix it is clear that A(®(m)) = 1 for every m € Q.

We recall a result proved combining Theorem 4.1 from [15] and results in [17]
(for the precise statement see |28, Theorem 4.50]).

Let Q € R?""!'=% be an open set and let ¢: Q — R* be a uniformly intrinsic
differentiable function and consider its intrinsic graph S = {m-¢(m) | m € Q}. Let us
consider U C H" an open set and f € C(U, R¥) such that S = {p € U | f(p) =0}
and det([X;f;lij=1.. %) (p) # 0 for every p € S. Then, the (2n + 2 — k)-centered
Hausdorff measure of the graph can be computed as

\Vafi AVafa A AVafl
A

where ®: 2 — H" is the usual graph map. Hence, combining (85) with (87), it is
not difficult to convince ourself of the validity of the following result.

Theorem 6.1. Let Q C R* =% be an open set and let ¢: Q — RF be a
uniformly intrinsic differentiable function on ). If we call S := graph(¢), then for
every Borel set O C H",

(87) C§£L+2—k|_8 = (I)ﬁ < o (I)) H§n+1—kLR2n+1_k’

(88)  CPPESNO) = / 14303 Ay(p)? dHE R ()

QNe—1(0) (=1 IeZ,
where
IE = {(ila--'>i€>j1>"'aj€)) €N2l | 1 Sll <7;2 < e <i€§2n_k>
1<j<jo--<je<k}
and
[J20Liir - [J20L1, Oy, ... 0%y
Ar(p) = det (p) = det (p).
[J%]jz,n s [J¢¢]je,ie 8¢i1 ¢je s a(z)il ¢je

Proof. We know by Theorem 5.7 that, since ¢ is a uniformly intrinsic differ-
entiable function, J?¢ is a continuous matrix-valued function on 2, hence it makes
sense to integrate its components that coincide with the elements [J?¢];; = 9% ¢;.
By Theorem 3.5 we know that, given the uniformly intrinsic differentiable func-
tion ¢, its intrinsic graph S is the zero-level set of a function f € Cj such that
det([X;f;](p)ij=1,..kx) # 0 for p € S, and we know that f can be chosen as in (85).

Now, the thesis can be directly obtained by computing the wedge product of the
horizontal sections corresponding to the rows of the matrix Jg f(®(m)), by computing
the norm of our result and finally by rewriting equation (87). The result we obtain
is (88). The constant 1 in equation (88) stands for the determinant of the identity
matrix Ij, (i.e. the coefficient of the k-vector X; A..., AX}). Let us now focus on the
second addend in the square root of (88). The index ¢ in equation (88) highlights the
fact that we are computing the minor of a k£ x k sub-matrix of Jg f(®(m)) composed
by choosing k—¢ of the first k columns of Jg f(®(m)) (the ones whose index does not
belong to {ji,...,Jx}) while the other ¢ are chosen among the 2n — k last columns
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of Juf(®(m)). In this choice, we make sure that £ > 1. By the relationship between
Jaf(®(m)) and J?@(m), given in (86), we obtain the result. O

Acknowledgement. The author expresses her gratitude to the referees for their

invaluable advices. Author’s gratitude goes also to Professor Bruno Franchi and
Professor Francesco Serra Cassano for their useful comments and suggestions. Special
thanks to Francesca Tripaldi for her helpful advices.

[1]
2]
3]
4]

5]
[6]
7]

18]
19]

[10]

[11]
[12]

[13]

[14]
[15]
[16]
[17]

[18]

References

AMBROSIO, L., F. SERRA CASSANO, and D. VITTONE: Intrinsic regular hypersurfaces in
Heisenberg groups. - J. Geom. Anal. 16:2, 2006, 187-232.

ANTONELLI, G., D. DI DONATO, S. DON, and E. LE DONNE: Characterizations of uniformly
differentiable co-horizontal intrinsic graphs in Carnot groups. - Arxiv:2005.11390, 2020.

ARENA, G., and R. SERAPIONI: Intrinsic regular submanifolds in Heisenberg groups are dif-
ferentiable graphs. - Calc. Var. Partial Differential Equations 35:4, 2009, 517-536.

BiGoOLIN, F., L. CARAVENNA, and F. SERRA CASSANO: Intrinsic Lipschitz graphs in Heisen-
berg groups and continuous solutions of a balance equation. - Ann. Inst. H. Poincaré Anal.
Non Linéaire 32:5, 2015, 925-963.

BiGoLIN, F., and F. SERRA CASSANO: Intrinsic regular graphs in Heisenberg groups vs. weak
solutions of non-linear first-order PDEs. - Adv. Calc. Var. 3:1, 2010, 69-97.

Cuow, W.-L.: Uber Systeme von linearen partiellen Differentialgleichungen erster Ordnung.
- Math. Ann. 117, 1939, 98-105.

CrrTi, G., M. MANFREDINI, A. PINAMONTI, and F. SERRA CASSANO: Smooth approxima-
tion for intrinsic Lipschitz functions in the Heisenberg group. - Calc. Var. Partial Differential
Equations 49:3-4, 2014, 1279-1308.

D1 DonaToO, D.: Intrinsic differentiability and intrinsic regular surfaces in Carnot groups. -
PhD thesis, Universita di Trento, 2017.

D1 DonNaTO, D.: Intrinsic differentiability and intrinsic regular surfaces in Carnot groups. -
Potential Anal., 2020.

FrancHi, B., M. MARcHI, and R. P. SERAPIONI: Differentiability and approximate differen-
tiability for intrinsic Lipschitz functions in Carnot groups and a Rademacher theorem. - Anal.
Geom. Metr. Spaces 2:1, 2014, 258-281.

FrancHi, B., and R.P. SERAPIONI: Intrinsic Lipschitz graphs within Carnot groups. - J.
Geom. Anal. 26:3, 2016, 1946-1994.

FrancHi, B., R. SERAPIONI, and F. SERRA CASSANO: Rectifiability and perimeter in the
Heisenberg group. - Math. Ann. 321:3, 2001, 479-531.

FraNcHI, B., and R. SERAPIONI, and F. SERRA CASSANO: Regular hypersurfaces, intrinsic
perimeter and implicit function theorem in Carnot groups. - Comm. Anal. Geom. 11:5, 2003,
909-944.

FrANCHI, B., R. SERAPIONI, and F. SERRA CASSANO: - Intrinsic Lipschitz graphs in Heisen-
berg groups. - J. Nonlinear Convex Anal. 7:3, 2006, 423—441.

FrANCHI, B., R. SERAPIONI, and F. SERRA CASSANO: Regular submanifolds, graphs and
area formula in Heisenberg groups. - Adv. Math. 211:1, 2007, 152—-203.

FraANCHI, B., R. SERAPIONI, and F. SERRA CASSANO: Differentiability of intrinsic Lipschitz
functions within Heisenberg groups. - J. Geom. Anal. 21:4, 2011, 1044-1084.

FrancHl, B., R. P. SERAPIONI, and F. SERRA CASSANO: Area formula for centered Hausdorff
measures in metric spaces. - Nonlinear Anal. 126, 2015, 218-233.

KOZHEVNIKOV, A.: Propriétés métriques des ensembles de niveau des applications différen-
tiables sur les groupes de Carnot. - PhD thesis, Paris 11, 2015.



[19]
[20]

[21)
[22)
23]
[24]
[25)
[26]

[27]

[28]

Intrinsic regular surfaces of low codimension in Heisenberg groups 121

MAGNANI, V.: Area implies coarea. - Indiana Univ. Math. J. 60, 2011, 77-100.

MAGNANI, V.: Towards differential calculus in stratified groups. - J. Aust. Math. Soc. 95:1,
2013, 76-128.

MATTILA, P.: Geometry of sets and measures in Euclidean spaces. - Cambridge Stud. Adv.
Math. 44, Cambridge Univ. Press, Cambridge, 1995.

MATTILA, P., R. SERAPIONI, and F. SERRA CASSANO: Characterizations of intrinsic rectifi-
ability in Heisenberg groups. - Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 9:4, 2010, 687-723.

MonTi, R.: Distances, boundaries and surface measures in Carnot—Carathéodory spaces, -
PhD thesis, University of Trento, Mathematics, 2001.

PaNsu, P.: Métriques de Carnot—Carathéodory et quasiisométries des espaces symétriques de
rang un. - Ann. of Math. (2) 129:1, 1989, 1-60.

PauLs, S.D.: A notion of rectifiability modeled on Carnot groups. - Indiana Univ. Math. J.
53, 2004, 49-82.

RayMmoND, X.S., and C. TRICOT: Packing regularity of sets in n-space. - Math. Proc. Cam-
bridge Philos. Soc. 103:1, 1988, 133-145.

SERAPIONI, R.P.: Intrinsic difference quotients. - In: Harmonic analysis, partial differential
equations and applications: In honor of Richard L. Wheeden, edited by S. Chanillo, B. Franchi,
G. Lu, C. Perez, and E. T. Sawyer, Springer International Publishing, Cham, 2017, 165-192.

SERRA CASSANO, F.: Some topics of geometric measure theory in Carnot groups. - In: Geom-
etry, analysis and dynamics on sub-Riemannian manifolds, edited by D. Barilari, U. Boscain,
and M. Sigalotti, EMS Ser. Lect. Math. 1, Eur. Math. Soc., Ziirich, 2016, 1-121.

Received 21 May 2019 e Revised received 22 November 2019 e Accepted 22 January 2020



