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Abstract. We completely describe the boundedness, compactness and membership in Schatten
p-classes of the (big) Hankel operator with conjugate analytic symbols on large weighted Bergman
spaces.

1. Introduction and main results

The theory of Hankel operators on the classical Hardy space is an important area
of mathematical analysis, and a lot of applications in different domains of mathe-
matics have been found: interpolation problems, rational approximation, stationary
processes or perturbation theory. An account of all of that can be found, for example,
in [21] and [22]. The development of the theory of Hankel operators led to different
generalizations of the original concept. A lot of progress has been made in the study
of Hankel operators in other spaces of analytic functions: Bergman spaces on the
disc [3], [6], [16], Dirichlet-type spaces [25], [26], Bergman spaces in the unit ball of
CN [4], |28], or even in bounded symmetric domains [27]. In the present paper, we
study Hankel operators acting on weighted Bergman spaces on the unit disc with
radial rapidly decreasing weights (see below for the definition). More concretely, we
describe the boundedness, compactness and membership in Schatten classes of big
Hankel operators with conjugate analytic symbols in terms of function theoretical
properties of its symbol.

Let D be the unit disc in the complex plane, and denote by H (D) the space of
all analytic functions in D. A positive function w(r), 0 < r < 1, which is integrable
in (0,1), will be called a weight function. We extend w to D setting w(z) = w(]z]),
z € D. The weighted Bergman space A%(w) consists of those analytic functions f on
the unit disc D with

I = [ 17 e dm<z>)1/2 < oo,

where dm(z) = 2dx dy is the normalized area measure on D. The space A?(w) is a
reproducing kernel Hilbert space: for each z € D, there are functions K, € A?(w)
with f(z) = (f, K.)w, where (f,9)w = [p [(2)g(2) w(z)dm(z) is the usual inner
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product in L?*(w) := L?*(D,wdm). The orthogonal projection from L?(w) to A?(w)
is given by

Pf(z) = /D 1O KO w(¢) dm(C).

Let g € A%(w). The (big) Hankel operator on A%(w) with conjugate analytic symbol
g is defined by
Hyf =3f = P@gf),  f€ A (w).

Note that, since we are considering only radial weights, using the same argument as
in the unweighted Bergman space, one can show that the polynomials are dense in
A%(w) (note that this does not necessarily holds for non radial weights. An example
is given in [13, Chapter 9, Exercise 13|, and also in [10, p. 138]). Thus, if H* denotes
the algebra of all bounded analytic functions on the unit disc, the Hankel operator
is well defined in the dense subset H> of A?%(w).

We will restrict our study to a certain class W of radial rapidly decreasing weights.
These weights are going to decrease faster than any standard weight (1 — r?)®, and
the corresponding weighted Bergman space A%(w) are large spaces in the sense that
it contains all the standard Bergman spaces A2, for a > —1. Concretely, we consider
a decreasing weight of the form w(z) = e=#*), where ¢ € C?(D) is a radial function
such that (Ag(z))""? < 7(2), for a radial positive function 7(z) that decreases to 0
as |z| — 17, and lim, ;- 7/(r) = 0. Here A denotes the standard Laplace operator.
Furthermore, we shall also suppose that either there exist a constant C' > 0 such
that 7(r)(1 — r)~¢ increases for 7 close to 1 or

1
li '(r)log — = 0.
Jim () log 7

If the weight w satisfies all the previous conditions, we shall say that the weight
w belongs to the class W. Typical examples of weights in the class W are the
exponential type weights

wa(r) = exp (

and the double exponential weights

w(r) = exp (—’yexp (ﬁ)) B> 0.

For simplicity, we say that the Hankel operator Hj is bounded (or compact) on
A%(w) when Hj: A*(w) — L*(w) is bounded (or compact). The description of the
boundedness of the Hankel operator H; on A*(w) is stated below.

Theorem 1. Let w € W and g € A*(w). Then Hj; is bounded on A?*(w) if and
only if

—C

—_ >0,¢c>0
(1—7’)O‘>7 O{ 7C b

sup7(z) |4 ()| < oo.
zeD
Note that for the standards weights (1 — r?)® with « > —1, the associated func-
tion 7(z) is comparable to (1 — |z|?). Thus Theorem 1 generalizes the well known
results of Axler [5] and Arazy-Fisher-Peetre [3] on the boundedness of H; on stan-
dard Bergman spaces.
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If g € H(D), the integration operator J, is defined as

Jyf(2) = /0 Q¢ de, fe HD).

The boundedness, compactness and membership in Schatten p-classes of Hankel op-
erators with conjugate analytic symbols and integration operators on Hardy and
standard Bergman spaces are described by the same conditions (see [3], [1], [2], [5],
[12], [17] and [20]). So, a natural question of Dyakonov [11] is to ask if this is always
the case, that is, if the operators J, and Hj always have the same behavior. Here
we will answer Dyakonov’s question in the negative. Consider the exponential-type

weights
1
U}a(Z) = exp (—m) y a > 0.

From [9] and [19], we know that J, is bounded on A?(w,) if and only if

sup(1 — |2[*)"*?]g'(2)] < o0.

z€D
On the other hand, since for the weight w, one has 7(z) =< (1 — |z]?)'*2 (see [19,
Example 1]), it follows from Theorem 1 that the Hankel operator Hj is bounded on
A%(w,,) if and only if

sup(1 — [2[*)*2]g'(2)] < oo

zeD
Therefore, for the analytic function

= —, eD,
the integration operator J, is bounded on A?*(w,), but the Hankel operator Hj is
unbounded on A%(w,,).
The corresponding result for compactness of the Hankel operator H; on A%(w)

is the following one.

Theorem 2. Let w € W and g € A*(w). Then Hj is compact on A*(w) if and
only if
lim_7()]g' ()] =0,
Working a little bit more, one can get an estimate for the essential norm of the
Hankel operator H; on A*(w). The essential norm of a bounded linear operator T'
is defined to be the distance to the compact operators, that is,

IT|le = inf{||T — K||: K is compact}.
Theorem 3. Let w € W and g € A*(w) with H; bounded on A*(w). Then
| Hjlle < limsup7(a)|¢'(a)|.

la|]—1~
Of course, since |||l = 0 if and only if 7" is compact, Theorem 2 is just a
corollary of Theorem 3, but for convenience of the reader we find more instructive to
prove Theorem 2 first without using the concept of essential norm.
Also, if H and K are separable Hilbert spaces, a compact operator 1" from H
to K is said to belong to the class S, if its sequence of singular numbers is in the
sequence space ¢P. Recall that the singular numbers of a compact operator 71" are the
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square root of the eigenvalues of the positive operator T*T, where T™* denotes the
adjoint of T". Also, the compact operator 1" admits a decomposition of the form

T = Z)‘n<'ven>Hfm

where {\, } are the singular numbers of T', {e, } is an orthonormal set in H, and {f,}
is an orthonormal set in K. Moreover, if the singular values {\,} are ordered in a
decreasing order, then

An = M\(T) = inf{||T — K||: rank K < n}.

For p > 1, the class S, is a Banach space with the norm ||T']|, = (3, IAu|P) VP, while
for 0 < p < 1 one has the inequality ||[S + T|[5 < ||S|P + ||T']|5. We refer to [29,
Chapter 1| for a brief account on the theory of Schatten p-classes. The next result
completely describes the membership in S, of the Hankel operator H; on A?(w).

Theorem 4. Let w € W and g € A*(w). Then
(i) If 1 < p < oo, then Hy: A*(w) — L*(w) belongs to S, if and only if

7g € LP(D,Apdm).

(ii) If 0 < p < 1, then H;: A*(w) — L*(w) belongs to S, if and only if g is
constant.

It is worth mentioning that analogous results for weighted Fock spaces had been
obtained recently by Constantin and Ortega-Cerda in [7], and by Seip and Youssfi in
[23|. However, in the Fock space setting, the corresponding Hankel operator is never
Hilbert—Schmidt (unless the symbol is constant), so that they only need to deal with
the easiest case p > 2 in their description of Schatten classes Hankel operators on
weighted Fock spaces.

Throughout the paper, the letter C' will denote an absolute constant whose value
may change at different occurrences. We write A < B when the two quantities A and
B are comparable. The paper is organized as follows: Section 2 is devoted to some
required preliminaries. The proofs of Theorems 1, 2 and 3 are given in Section 3,
and in Section 4 we prove Theorem 4.

2. Preliminaries

In this section we provide the basic tools for the proofs of the main results of
the paper. For @ € D and § > 0, we use the notation D(d7(a)) for the euclidian
disc centered at a and radius 07(a). It is straightforward to see that if a weight w
belongs to the class W, then its associated function 7(z) satisfies the following two
properties:

(a) There is a constant C such that 7(z) < Cy (1 — |2]) for all z € D;

(b) There is a constant Cy such that |7(z) — 7(¢)| < Cy |z — (| for all z,{ € D.

A positive function 7 on D satisfying the above two properties is said to belong to
the class L. It is very easy to see (|19, Lemma 2.1]) that if 7 € £, then

7(z) < 7(a) if ze€ D(01(a))
for sufficiently small 6 > 0. This fact will be used repeatedly throughout the paper.
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We begin by recalling two results from [19]. The first one is some type of gen-
eralized sub-mean value property for |f|P w that gives the boundedness of the point
evaluation functionals on A?(w).

Lemma A. [19, Lemma 2.2] Let w € W and a € D. Then there exists a constant
M > 1 such that

M
faQwag—/ F()|?w(z)dm(z),
F@f o) < s [ R () )
for all f € H(D) and all sufficiently small § > 0.

Since the norm of the point evaluation functional equals the norm of the repro-
ducing kernel in A?(w), this result also gives an upper bound for ||K.||,. The next
result says that this upper bound is the corresponding growth of the reproducing
kernel.

Lemma B. [19] If w is a weight in the class W, then
L w(z) =< 7(2) 7 < Ap(2).

The next result we need is an estimate of the reproducing kernel function for
points close to the diagonal. Despite that this result is stated in [15, Lemma 3.6]
for a class of weights that does not include the double exponential weights, the same
proof works for weights in the class W.

Lemma C. Let w € W and z € D. For § > 0 sufficiently small we have
K ()| = [ K] [ Kullw
if u € D(67(%)).
We will also use the following lemma on coverings due to Oleinik, see [18].

Lemma D. Let 7 be a positive function in D in the class L, and let 6 > 0 be
sufficiently small. Then there exists a sequence of points {z;} C D, such that the
following conditions are satisfied:

() 2 ¢ D(or(z1)), j # k.
(ii) QJ’ D(07(z;)) = D.
(iii) D(d7(2;)) C D(367(2;)), where
D(r(z) = |J DOr(2), j=12. ...
z€D(87(z4))
(iv) {D(307(z;))} is a covering of D of finite multiplicity N.
We shall also need the following elementary result.

Lemma 2.1. Let 1 <p < oo, g€ H(D) and a € D. Then

1/p
r@)lg'(a)] < C (% / o 95 =gl dm<z>) |

Proof. By Cauchy’s formula,

1 / gla+re) — g(a)

/ [ J—
g'(a) = o re

do,
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and integrating both sides in the variable r from 27(a) to 67(a) yields

4 / 9(2) = 9(a)
/
7(a)g'(a) = ————=dm(z),
( ) ( ) 3(527'(&) A(67(a)) zZ—a ( )
where A(67(a)) is the annulus D(a, 67(a)) \ D(a, 37(a)). Now, since |z —a| > $7(a)
for z € A(67(a)), if p =1 we are done, and the result for p > 1 follows from Holder’s
inequality. 0

We will also use the fact that for any orthonormal set {e,} of a reproducing
kernel Hilbert space H, one has

(2.1) D lenx)P < IK.lE, 2 €D,

with equality if {e,} is also an orthonormal basis. Here K, is the reproducing kernel
function of H.
3. Bounded and compact Hankel operators
3.1. Proof of Theorem 1. Suppose first that Hj is bounded on A%(w). Then
sup || Hgkallw < [|Hgll,
a€D

where k, are the normalized reproducing kernels of A%*(w). Let g.(¢) = (g9(z) —
9(Q))K=(¢). Then

Hyka(z) = /D 92— 9(0ka(Q) Kol w(C) dm(©)

= ||Ka||;1<gz7Ka>w = ||Ka||;192(a)a

A remark must be made here on the identity g,(a) = (g., Ka) that holds initially
only if g, € A%(w), and this will be the case if one is able to show that |K,(¢)| < C,
for all ( € D for some constant C, depending only on z. But, in any case, the
reproducing formula

£(a) = (. Kuu = /D FOFalQ w(¢) dm(C), aeD,

extends to all functions f being in A'(w) := L'(D,wdm) N H(D) due to the density
of A?(w) in A'(w), and by Cauchy—Schwarz inequality the function g. clearly belongs
to A'(w). Therefore, (3.1) together with the fact that |K,(a)| =< ||K.||w || Kallw for
z € D(67(a)) if § > 0 is sufficiently small (see Lemma C), gives

[ Hkalls = ||Ka||;2/D |9:(a)]* w(z) dm(2)

|| K /D 19(2) — 9(a) | K. (a) P w(z) din(2)

(3.1)

> || Kl /D((S . 19(2) = g(a)* | K- (a)]* w(z) dm(2)

= / 19(2) = g(a)* [| K[, w(z) dm(2).
D(é7(a))
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Now, using that || K,||2 w(z) < 7(2)72 (see Lemma B), and the fact that 7(z) < 7(a)
for z € D(d7(a)), we obtain
1 / 9
sup — 19(2) = g(@)? dm(2) < oo.
aeD T(a)? D(67(a))
Finally, by Lemma 2.1, this gives

sup7(a)lg'(a)] < 0.
a€eD

For the converse we need the following classical result of Hérmander (see [14, Lemma
4.4.1]) on L? estimates of solutions of the d-equation.

Lemma E. [Hérmander| Let ¢ € C*(D) with Ap > 0 on D. Then there is
u € L*(D,e ¥ dm) with du = f such that

z)
[ Fe @ ane <0 [ 5GP g

e_‘P( ( )
dm(z),
SD(Z)
provided the right hand side integral is finite.

Suppose that sup,.p 7(a)|¢'(a)] < oco. Note that, for f € H>, one has that
Hyf = gf — P(gf) is the solution of the d-equation dh = ¢/f with minimal L?(w)
norm. By Hérmander’s theorem, there is a solution h with

2 / 2 2 w(z)
I8l < € [ 16 R Far dn(:)
~ /D (r(2)1'(2)])?1 () w(z) dim(2)
<C|fI.

Thus |Hyf|lw < ||2llw < C||f]lw proving that Hj is bounded on A?(w).

3.2. Proof of Theorem 2. Suppose first that Hj is compact on A%(w). Since
{ka}taep is a bounded set on A%(w), it follows that { Hjk, teep is relatively compact
on L*(w). Thus, by the Kolmogorov—Riesz—Tamarkin compactness theorem,

(3.2)

(3.3) lim |Hyko(2)]? w(z) dm(z) = 0

r=17 Jrc)z)<1

uniformly in a. Let § > 0 be sufficiently small. By Lemma 2.1 and (3.1), we get

1/2
@l <€ (g [ o) - gfo) im:))

<c ( /D NCAECIRIE dm<z>) "

which, by (3.3), tends to zero as |a| — 1~.

Conversely, suppose that 7(z)|¢'(z)] — 0 as |z| — 1. Let (f,) be a bounded
sequence in A%(w) converging to zero uniformly on compact subsets of D. By the
assumption, given any € > 0, there is 0 < ry < 1 such that

7(2)|d'(2)| <e, |z] > ro.
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Since (f,,) converges to zero uniformly on compact subsets of D, we can choose a
positive integer ng such that |f,(2)| < ¢, for |z| < rg, and n > ng. Thus, by (3.2) in
the proof of Theorem 1,

1 H falliy < C/ (T(=)lg (D) [ fu(2) P w(z) din(2)

= </|z<r0 /||>TO) )|) | (2) P w(z) dm(z)

< C¢? (sg}[))T(zﬂg (Z)!) + C%|| full2

for all n > ng. This shows that ||H;f,||, — 0 as n — oo, and it is standard that this
implies that Hj is compact on A%(w) (see, for example, the proof of Proposition 3.11
in [8]).

3.3. Proof of Theorem 3. Note first that the normalized reproducing kernels
k, converges weakly to zero as |a| — 17. Indeed, since |{f, ku)w| = [|Kall5" |f(a)] for
any f € A?(w), this is a straightforward consequence of Lemma A, Lemma B and

the density of the polynomials on A?(w). Thus, if K is any compact operator from
A?(w) to L*(w), then limy,_1- | K (k,)||w = 0, and this gives
|Hy — K|| > limsup || Hgkq — K(ko)||w > limsup || Hzkq||w-

la[—1~ la[—1~

Therefore, if § > 0 is sufficiently small, arguing as in the proof of Theorem 2 one
obtains

[ Hglle = limsup || Hgka ||

|a|—1~

1/2
> lim sup (/ |Hgka(2)]? w(z) dm(z))
(67(a))

la[—1~

> C'limsup 7(a) |¢'(a)].

la|—1~
This proves the lower estimate. In order to obtain the upper estimate, note first that
the operator K, defined by K,(f)(z) = f(rz) is a compact operator on A%(w) for any
0 < r <1 (it is straightforward to see that if {f,} is a bounded sequence in A?(w)
converging to zero uniformly on compact subsets of D, then lim, ||K, f.|. = 0).
Thus, H;K, is a compact operator from A?(w) to L*(w), and therefore
[ Hlle < |[Hg — Hg K[|
Now take {r,} C (0,1) with r, — 1. For f € H* with ||f]l. < 1, by (3.2) in the
proof of Theorem 1, we have
I(Hg = Hgl$, ) (H)llw = [[Hg(I = Kp) ()]

<o( [ e - Knxﬂ@WwQMmQOUQ

‘C((/Ktl[b) ORI <@dm@0”f

where 0 < ¢t < 1 is fixed, and f,(2) = (I — K,,)(f)(2) = f(2) — f(rnz). Since {f,}

converges to zero uniformly on compact subsets of D, and sup,.p 7(2)|¢'(2)| < o0
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due to the boundedness of H; (see Theorem 1), one has

/|<tT(Z)2‘g,(Z)’2 |fu(2)Pw(z)dm(z) - 0 as n — oc.

This, together with the fact that || f,|. < C, gives
[ Hglle < C'sup7(2) |g'(2)];

|z|>t

and letting t to tend to 1, we obtain the upper estimate completing the proof.

4. Schatten class Hankel operators: Proof of Theorem 4
4.1. Proof of Sufficiency. Due to (3.2), one has the inequality

[Hgfllw < Cl[Mzg flluw,

and thus it is enough to show that the multiplication operator M., : A%*(w) — L*(w)
belongs to S,. We first consider the easiest case p > 2. Let {e,} be any orthonormal
set of A?(w). Then, by Holder’s inequality, (2.1) and Lemma B, one has

2 gl = 2. ( /D (2219 () en(2) P w(2) dm<z>)p/2

n

<¥ / P ea(2)]? w(z) dm(2)

= [ ey (Z\en ) ) dm(2)

</ (29 (P 2 w(z) dm(z)
< c/ P A=) dm(2).

Thus, by [29, Theorem 1.27|, the operator M., belongs to S,.

The case 1 < p < 2 is a little bit more involved. The first step is to show
that M., : A*(w) — L*(w) belongs to S, if and only if the multiplication operator
My : A*(w) — A%*(w*) is in S,, where w* is the weight function

w*(z) = 7(2)*w(z).

To see that, since M,y is in S, if and only if S := M} ,M,y: A*(w) — A*(w) is in
Sp2, and My € S, if and only if T := My My : A*(w) — A*(w) belongs to S/, it is
enough to see that the operators S and T are the same. Let {e,} be any orthonormal

basis of A?(w) and let h € A2(w). Then
(Sen, h)w = (Mrgen, Mrgh)y = (Tg' €, 7g'h)w

/ 9/(2)Pen () 7w () di(2)

/|g (2)Pen(2) h(2) w*(2) dm(2)
= (Myen, Myh)ye = (Ten, h.
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This shows that Se, = Te, for any n and therefore the operators S and T are
the same. So, assume that 7¢' € LP(D, A¢pdm) and let’s proceed to show that the
multiplication operator My : A%*(w) — A%*(w*) belongs to S,. Let {e,} and {o,} be
orthonormal sets in A?(w) and A%(w*) respectively. Since |||+ = 1, an application
of Holder’s inequality gives

S ltyen o’ < 3 ([ WOl o) a2
<3 [5G lenl)P o) () dn2)

- /D 9/(2) (Zren P lon(2) p)w*(z)dm<z>.

Now, since p < 2, Holder’s inequality with exponent 2/p > 1 and (2.1) yields

Zien )P lon >|H§<Z|en<z>|2> <Z|an<z>|2> < ||| (K| 3

Where K* is the reproducing kernel of A?(w*). Since, by Lemma B, we have
I3 w(z) = 7(2) 72,

it we are able to obtain the estimate

(4.1) KNG w*(2) < C7(2)77,

for some positive constant C, we will obtain

S Iy ontorl” < [ 19 I IR I w2 )

<c [ 9@ vt e 2l

7(2)?

w*7

—c /D r<z>p|g'<z>|p‘j7—j)'?,

and this will prove that the multiplication operator My : A*(w) — A?*(w*) belongs
to S, finishing the proof of the sufficiency. Note that (4.1) does not follow directly
from Lemma B, since it is not clear if the weight w* belongs to the class W. To see
why the inequality (4.1) is true, let f € A*(w*) and use Lemma A in order to obtain

2w z O u 2wu miu
FEPE < o [ () dn).

This together with the fact that 7(u) < 7(2) if u € D(07(2)) yields

* O *
[f(2)Pw*(2) = 7(2)* | f(2)]*w(z) < —2/ [f (u)[* w* (u) dm ().
7(2) D(57(2))
Since ||K?||,+ coincides with the norm of the point evaluation functional in A?(w*)
at the point z, this establishes (4.1) completing the proof. O

4.2. Proof of necessity. Suppose that H; € S,. We first deal with the case
p > 2. The method of proof for this case is standard (see [24] for example). Since Hj
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is compact, there are orthonormal sets {e,, } and {0, } of A*(w) and L*(w) respectively
such that

Hgf - Z /\n<f7 en)w On,
where {\,} are the singular values of H;. Therefore

H;K, = Z Anén(2) op,

and, since p > 2, it follows from Hoélder’s inequality and (2.1) that

p/2
| Hs K-l = Z|An|2!€n(2)|2>

p—2
2

(4.2) < (Yo ]en(z)\2> <Z \en(2)|2>

< ZiAn|P|en<z>|2> T

Now, the proof of Theorem 1 gives the inequality 7(2) |¢'(2)| < C||Hgk:||w, where k,
are the normalized reproducing kernels. This, Lemma B and (4.2) yields

/D (2P 19 ()P Dp(z) dm(z) < /D (2P |9 ()P | K12 w(z) dm(2)
<c /D VHoha 2 [ K 2 w(z) dim(z2)
= [ H I NI () i)

<C [ S Pl v dn(:)
= CllHy %,

Finally, we prove the necessity in the case 1 < p < 2. Again, this case is more
involved. Arguing as in the proof of Theorem 1 (using Lemma 2.1, equation (3.1),
the fact that 7(z) < 7(¢) for ¢ € D(d7(2)), Lemma B and Lemma C) one can show
that

1

()] < C (T

1/p
gc(/ IHgkz(C)|p||K<Hf[”w(é)dm(0> |
D(67(2))

1/p
[ 1o -t dm<<>)
D(é7(2))

Now, since

HyK-(€) = ) Anen(2) £ulC),
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with {\,} being the singular numbers of Hj, and {e,}, {f,} orthonormal sets of
A%(w) and L*(w) respectively; an application of Holder’s inequality and (2.1) yields

|Hy K-(O < <Z|An\”\€n(2)|2plfn(C)\p> <Z|€n(2)\2>
SNECIEPD D Pl len(2) P 1 fa (O

Note that the previous inequality trivially holds for p = 1. Therefore, for 1 < p < 2,
we obtain

pd
||Tg/||[£p(D,A§0dm)x/D(T<Z) |g’(z)’) TTZ(;Q)
- dm(z)
C Hak- (O | K|l w(C) d
<O [ kORI (@) (@) T
oY
where
o 9 p p 2-p p—Qdm—<z>
b= [ lnte) /D@T@)lfn(o\ Il () dm(Q) 111 s
Since

1Hglls, = > Al

it is enough to show that [,, < C for some constant C' not depending on n. Now, an
application of Holder’s inequality gives

I, < Heanuip J£/2 = Jg/Qa

where

Jy = /D ( /D ooy O N () dm(O)m (I w@) ™ 5

Since || K.||? w(z) < 7(2)7? (see Lemma B), we have

w = [(/f o O N (0 dm<<>)2/p )

Using Holder’s inequality once again and Lemma B, we obtain

[ RO IR wlc) dmic)
D(67(2))

<(/ RGO dm<<>)p/2 (/ o Il (0 in(©))

([ NAGI0 dm<<>)p/2.

Putting this into (4.3) gives

350 ([ HOPHOam0) ST

2—p

2
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Finally, if {2,} is the sequence given by Lemma D, we obtain

Lo (o) 5
sc}lﬂ (O w(¢) dm(C)

<0/ua w(C) dm(C) = C|fu]% < C.

This completes the proof of (i). In order to prove (ii), note that we have just proved
that if Hj is in the trace class S;, then

oy Am(2)
[0 T <.

Since 7(z) < C(1 — |z|), this implies that

[ 11 725 < o

and thus g must be a constant. Since §, C & for 0 < p < 1, we are done. 0]

References

[1] ALEMAN, A., and A. SISKAKIS: An integral operator on HP. - Complex Variables 28, 1995,
149-158.

[2] ALEMAN, A., and A. SISKAKIS: Integration operators on Bergman spaces. - Indiana Univ.
Math. J. 46, 1997, 337-356.

[3] ArRazYy, J., S. FISHER, and J. PEETRE: Hankel operators on weighted Bergman spaces. -
Amer. J. Math. 110, 1988, 989-1054.

[4] ArAazy, J., S. FISHER, S. JANSON, and J. PEETRE: Membership of Hankel operators on the
ball in unitary ideals. - J. London Math. Soc. 43, 1991, 485-508.

[5] AXLER, S.: The Bergman space, the Bloch space, and commutators of multiplication operators.
- Duke Math. J. 53, 1986, 315-332.

[6] BoNsALL, F. F.: Hankel operators on the Bergman space for the disk. - J. London Math. Soc.
33, 1986, 355—364.

[7] CoNSTANTIN, O., and J. ORTEGA-CERDA: Some spectral properties of the canonical solution
operator to 0 on weighted Fock spaces. - J. Math. Anal. Appl. 377, 2011, 353-361.

[8] CowkN, C., and B. MACCLUER: Composition operators on spaces of analytic functions. -
CRC Press, Boca Raton, 1995.

[9] DosTaNIC, M: Integration operators on Bergman spaces with exponential weights. - Rev. Mat.
Iberoam. 23, 2007, 421-436.

[10] DUREN, P., and A. SCHUSTER: Bergman spaces. - Amer. Math. Soc., Providence, Rhode
Island, 2004.

[11] DyakoNov, K.: Personal communication.

[12] HARTMAN, P.: On completely continuous Hankel matrices. - Proc. Amer. Math. Soc. 9, 1958,
862-866.

[13] HEDENMALM, H., B. KORENBLUM, and K. ZHU: Theory of Bergman spaces. - Springer, New
York, 2000.



648

[14]
[15]

[16]
[17]
[18]

[19]
[20]
[21]
[22]
23]
[24]
[25]
[26]
[27)
28]

[29]

Petros Galanopoulos and Jordi Pau

HORMANDER, L.: An introduction to complex analysis in several variables. Third revised
edition. - North Holland, Amsterdam, 1990.

LiN, P., and R. ROCHBERG: Trace ideal criteria for Toeplitz and Hankel operators on the
weighted Bergman spaces with exponential type weights. - Pacific J. Math. 173, 1996, 127-146.

JANSON, S.: Hankel operators between Bergman spaces. - Ark. Mat. 26, 1988, 205-219.
NEHARI, Z.: On bounded bilinear forms. - Ann. of Math. 65, 1957, 153-162.

OLEINIK, V. L.: Embedding theorems for weighted classes of harmonic and analytic functions.
- J. Soviet. Math. 9, 1978, 228-243.

Pau, J.,and J. A. PELAEZ: Embedding theorems and integration operators on Bergman spaces
with rapidly decreasing weights. - J. Funct. Anal. 259, 2010, 2727-2756.

PELLER, P.: Hankel operators of class C), and their applications (rational approximation,
Gaussian processes, the problem of majorizing operators). - Mat. Sb. 41, 1982, 443-479.

PELLER, V.: An excursion into the theory of Hankel operators. - In: Holomorphic spaces
(Berkeley, CA, 1995), Math. Sci. Res. Inst. Publ. 33, Cambridge Univ. Press, Cambridge,
1998, 65—120.

PELLER, V.: Hankel operators and their applications. - Springer, 2003.

SeErp, K., and H. YouUssrI: Hankel operators on Fock spaces and related Bergman kernel
estimates. - J. Geom. Anal. (to appear).

SMITH, M. P.: Testing Schatten class Hankel operators and Carleson embeddings via repro-
ducing kernels. - J. London Math. Soc. 71, 2005, 172-186.

Wu, Z: Hankel and Toeplitz operators on Dirichlet spaces. - Integral Equations Operator
Theory 15, 1992, 503-525.

Wu, Z.: Boundedness, compactness ans Schatten p-classes of Hankel operators between
weighted Dirichlet spaces. - Ark. Mat. 31, 1993, 395-417.

Zuu, K.: Hankel operators on the Bergman space of bounded symmetric domains. - Trans.
Amer. Math. Soc. 324, 1991, 707-730.

ZHU, K.: Schatten class Hankel operators on the Bergman space of the unit ball. - Amer. J.
Math. 113, 1991, 147-167.

Zuu, K.: Operator theory in function spaces. Second edition. - Amer. Math. Soc., Providence,
Rhode Island, 2007.

Received 24 April 2012



