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Abstract. We completely describe the boundedness, compactness and membership in Schatten
p-classes of the (big) Hankel operator with conjugate analytic symbols on large weighted Bergman
spaces.

1. Introduction and main results

The theory of Hankel operators on the classical Hardy space is an important area
of mathematical analysis, and a lot of applications in different domains of mathe-
matics have been found: interpolation problems, rational approximation, stationary
processes or perturbation theory. An account of all of that can be found, for example,
in [21] and [22]. The development of the theory of Hankel operators led to different
generalizations of the original concept. A lot of progress has been made in the study
of Hankel operators in other spaces of analytic functions: Bergman spaces on the
disc [3], [6], [16], Dirichlet-type spaces [25], [26], Bergman spaces in the unit ball of
CN [4], [28], or even in bounded symmetric domains [27]. In the present paper, we
study Hankel operators acting on weighted Bergman spaces on the unit disc with
radial rapidly decreasing weights (see below for the definition). More concretely, we
describe the boundedness, compactness and membership in Schatten classes of big
Hankel operators with conjugate analytic symbols in terms of function theoretical
properties of its symbol.

Let D be the unit disc in the complex plane, and denote by H(D) the space of
all analytic functions in D. A positive function w(r), 0 ≤ r < 1, which is integrable
in (0, 1), will be called a weight function. We extend w to D setting w(z) = w(|z|),
z ∈ D. The weighted Bergman space A2(w) consists of those analytic functions f on
the unit disc D with

‖f‖w =

(ˆ

D

|f(z)|2 w(z) dm(z)

)1/2

< ∞,

where dm(z) = 1
π
dx dy is the normalized area measure on D. The space A2(w) is a

reproducing kernel Hilbert space: for each z ∈ D, there are functions Kz ∈ A2(w)

with f(z) = 〈f,Kz〉w, where 〈f, g〉w =
´
D

f(z) g(z) w(z) dm(z) is the usual inner
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product in L2(w) := L2(D, w dm). The orthogonal projection from L2(w) to A2(w)
is given by

Pf(z) =

ˆ

D

f(ζ) Kz(ζ) w(ζ) dm(ζ).

Let g ∈ A2(w). The (big) Hankel operator on A2(w) with conjugate analytic symbol
ḡ is defined by

Hḡf = ḡf − P (ḡf), f ∈ A2(w).

Note that, since we are considering only radial weights, using the same argument as
in the unweighted Bergman space, one can show that the polynomials are dense in
A2(w) (note that this does not necessarily holds for non radial weights. An example
is given in [13, Chapter 9, Exercise 13], and also in [10, p. 138]). Thus, if H∞ denotes
the algebra of all bounded analytic functions on the unit disc, the Hankel operator
is well defined in the dense subset H∞ of A2(w).

We will restrict our study to a certain classW of radial rapidly decreasing weights.
These weights are going to decrease faster than any standard weight (1 − r2)α, and
the corresponding weighted Bergman space A2(w) are large spaces in the sense that
it contains all the standard Bergman spaces A2

α, for α > −1. Concretely, we consider
a decreasing weight of the form w(z) = e−ϕ(z), where ϕ ∈ C2(D) is a radial function
such that (∆ϕ(z))−1/2 ³ τ(z), for a radial positive function τ(z) that decreases to 0
as |z| → 1−, and limr→1− τ ′(r) = 0. Here ∆ denotes the standard Laplace operator.
Furthermore, we shall also suppose that either there exist a constant C > 0 such
that τ(r)(1− r)−C increases for r close to 1 or

lim
r→1−

τ ′(r) log
1

τ(r)
= 0.

If the weight w satisfies all the previous conditions, we shall say that the weight
w belongs to the class W . Typical examples of weights in the class W are the
exponential type weights

wα(r) = exp

( −c

(1− r)α

)
, α > 0, c > 0,

and the double exponential weights

w(r) = exp

(
−γ exp

( β

(1− r)α

))
, α, β, γ > 0.

For simplicity, we say that the Hankel operator Hḡ is bounded (or compact) on
A2(w) when Hḡ : A2(w) → L2(w) is bounded (or compact). The description of the
boundedness of the Hankel operator Hḡ on A2(w) is stated below.

Theorem 1. Let w ∈ W and g ∈ A2(w). Then Hḡ is bounded on A2(w) if and
only if

sup
z∈D

τ(z) |g′(z)| < ∞.

Note that for the standards weights (1− r2)α with α > −1, the associated func-
tion τ(z) is comparable to (1 − |z|2). Thus Theorem 1 generalizes the well known
results of Axler [5] and Arazy–Fisher–Peetre [3] on the boundedness of Hḡ on stan-
dard Bergman spaces.
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If g ∈ H(D), the integration operator Jg is defined as

Jgf(z) =

ˆ z

0

f(ζ) g′(ζ) dζ, f ∈ H(D).

The boundedness, compactness and membership in Schatten p-classes of Hankel op-
erators with conjugate analytic symbols and integration operators on Hardy and
standard Bergman spaces are described by the same conditions (see [3], [1], [2], [5],
[12], [17] and [20]). So, a natural question of Dyakonov [11] is to ask if this is always
the case, that is, if the operators Jg and Hḡ always have the same behavior. Here
we will answer Dyakonov’s question in the negative. Consider the exponential-type
weights

wα(z) = exp

(
− 1

(1− |z|)α

)
, α > 0.

From [9] and [19], we know that Jg is bounded on A2(wα) if and only if

sup
z∈D

(1− |z|2)1+α|g′(z)| < ∞.

On the other hand, since for the weight wα one has τ(z) ³ (1 − |z|2)1+α
2 (see [19,

Example 1]), it follows from Theorem 1 that the Hankel operator Hḡ is bounded on
A2(wα) if and only if

sup
z∈D

(1− |z|2)1+α
2 |g′(z)| < ∞.

Therefore, for the analytic function

g(z) =
1

(1− z)α
, z ∈ D,

the integration operator Jg is bounded on A2(wα), but the Hankel operator Hḡ is
unbounded on A2(wα).

The corresponding result for compactness of the Hankel operator Hḡ on A2(w)
is the following one.

Theorem 2. Let w ∈ W and g ∈ A2(w). Then Hḡ is compact on A2(w) if and
only if

lim
|z|→1−

τ(z) |g′(z)| = 0.

Working a little bit more, one can get an estimate for the essential norm of the
Hankel operator Hḡ on A2(w). The essential norm of a bounded linear operator T
is defined to be the distance to the compact operators, that is,

‖T‖e = inf{‖T −K‖ : K is compact}.
Theorem 3. Let w ∈ W and g ∈ A2(w) with Hḡ bounded on A2(w). Then

‖Hḡ‖e ³ lim sup
|a|→1−

τ(a) |g′(a)|.

Of course, since ‖T‖e = 0 if and only if T is compact, Theorem 2 is just a
corollary of Theorem 3, but for convenience of the reader we find more instructive to
prove Theorem 2 first without using the concept of essential norm.

Also, if H and K are separable Hilbert spaces, a compact operator T from H
to K is said to belong to the class Sp if its sequence of singular numbers is in the
sequence space `p. Recall that the singular numbers of a compact operator T are the
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square root of the eigenvalues of the positive operator T ∗T , where T ∗ denotes the
adjoint of T . Also, the compact operator T admits a decomposition of the form

T =
∑

n

λn〈·, en〉Hfn,

where {λn} are the singular numbers of T , {en} is an orthonormal set in H, and {fn}
is an orthonormal set in K. Moreover, if the singular values {λn} are ordered in a
decreasing order, then

λn = λn(T ) = inf{‖T −K‖ : rank K ≤ n}.
For p ≥ 1, the class Sp is a Banach space with the norm ‖T‖p = (

∑
n |λn|p)1/p, while

for 0 < p < 1 one has the inequality ‖S + T‖p
p ≤ ‖S‖p

p + ‖T‖p
p. We refer to [29,

Chapter 1] for a brief account on the theory of Schatten p-classes. The next result
completely describes the membership in Sp of the Hankel operator Hḡ on A2(w).

Theorem 4. Let w ∈ W and g ∈ A2(w). Then
(i) If 1 < p < ∞, then Hḡ : A2(w) → L2(w) belongs to Sp if and only if

τ g′ ∈ Lp(D, ∆ϕdm).

(ii) If 0 < p ≤ 1, then Hḡ : A2(w) → L2(w) belongs to Sp if and only if g is
constant.

It is worth mentioning that analogous results for weighted Fock spaces had been
obtained recently by Constantin and Ortega-Cerdà in [7], and by Seip and Youssfi in
[23]. However, in the Fock space setting, the corresponding Hankel operator is never
Hilbert–Schmidt (unless the symbol is constant), so that they only need to deal with
the easiest case p > 2 in their description of Schatten classes Hankel operators on
weighted Fock spaces.

Throughout the paper, the letter C will denote an absolute constant whose value
may change at different occurrences. We write A ³ B when the two quantities A and
B are comparable. The paper is organized as follows: Section 2 is devoted to some
required preliminaries. The proofs of Theorems 1, 2 and 3 are given in Section 3,
and in Section 4 we prove Theorem 4.

2. Preliminaries

In this section we provide the basic tools for the proofs of the main results of
the paper. For a ∈ D and δ > 0, we use the notation D(δτ(a)) for the euclidian
disc centered at a and radius δτ(a). It is straightforward to see that if a weight w
belongs to the class W , then its associated function τ(z) satisfies the following two
properties:

(a) There is a constant C1 such that τ(z) ≤ C1 (1− |z|) for all z ∈ D;
(b) There is a constant C2 such that |τ(z)− τ(ζ)| ≤ C2 |z − ζ| for all z, ζ ∈ D.

A positive function τ on D satisfying the above two properties is said to belong to
the class L. It is very easy to see ([19, Lemma 2.1]) that if τ ∈ L, then

τ(z) ³ τ(a) if z ∈ D(δτ(a))

for sufficiently small δ > 0. This fact will be used repeatedly throughout the paper.
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We begin by recalling two results from [19]. The first one is some type of gen-
eralized sub-mean value property for |f |p w that gives the boundedness of the point
evaluation functionals on A2(w).

Lemma A. [19, Lemma 2.2] Let w ∈ W and a ∈ D. Then there exists a constant
M ≥ 1 such that

|f(a)|2 w(a) ≤ M

δ2 τ(a)2

ˆ

D(δτ(a))

|f(z)|2 w(z) dm(z),

for all f ∈ H(D) and all sufficiently small δ > 0.

Since the norm of the point evaluation functional equals the norm of the repro-
ducing kernel in A2(w), this result also gives an upper bound for ‖Kz‖w. The next
result says that this upper bound is the corresponding growth of the reproducing
kernel.

Lemma B. [19] If w is a weight in the class W , then

‖Kz‖2
w w(z) ³ τ(z)−2 ³ ∆ϕ(z).

The next result we need is an estimate of the reproducing kernel function for
points close to the diagonal. Despite that this result is stated in [15, Lemma 3.6]
for a class of weights that does not include the double exponential weights, the same
proof works for weights in the class W .

Lemma C. Let w ∈ W and z ∈ D. For δ > 0 sufficiently small we have

|Kz(u)| ³ ‖Kz‖w‖Ku‖w

if u ∈ D(δτ(z)).

We will also use the following lemma on coverings due to Oleinik, see [18].

Lemma D. Let τ be a positive function in D in the class L, and let δ > 0 be
sufficiently small. Then there exists a sequence of points {zj} ⊂ D, such that the
following conditions are satisfied:

(i) zj /∈ D(δτ(zk)), j 6= k.
(ii)

⋃
j D(δτ(zj)) = D.

(iii) D̃(δτ(zj)) ⊂ D(3δτ(zj)), where

D̃(δτ(zj)) =
⋃

z∈D(δτ(zj))

D(δτ(z)), j = 1, 2, . . . .

(iv)
{
D(3δτ(zj))

}
is a covering of D of finite multiplicity N .

We shall also need the following elementary result.

Lemma 2.1. Let 1 ≤ p < ∞, g ∈ H(D) and a ∈ D. Then

τ(a)|g′(a)| ≤ C

(
1

τ(a)2

ˆ

D(δτ(a))

|g(z)− g(a)|p dm(z)

)1/p

.

Proof. By Cauchy’s formula,

g′(a) =
1

2π

ˆ 2π

0

g(a + reiθ)− g(a)

reiθ
dθ,
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and integrating both sides in the variable r from δ
2
τ(a) to δτ(a) yields

τ(a) g′(a) =
4

3δ2τ(a)

ˆ

A(δτ(a))

g(z)− g(a)

z − a
dm(z),

where A(δτ(a)) is the annulus D(a, δτ(a)) \D(a, δ
2
τ(a)). Now, since |z − a| ≥ δ

2
τ(a)

for z ∈ A(δτ(a)), if p = 1 we are done, and the result for p > 1 follows from Hölder’s
inequality. ¤

We will also use the fact that for any orthonormal set {en} of a reproducing
kernel Hilbert space H, one has

(2.1)
∑

n

|en(z)|2 ≤ ‖Kz‖2
H , z ∈ D,

with equality if {en} is also an orthonormal basis. Here Kz is the reproducing kernel
function of H.

3. Bounded and compact Hankel operators

3.1. Proof of Theorem 1. Suppose first that Hḡ is bounded on A2(w). Then

sup
a∈D

‖Hḡka‖w ≤ ‖Hḡ‖,

where ka are the normalized reproducing kernels of A2(w). Let gz(ζ) = (g(z) −
g(ζ))Kz(ζ). Then

Hḡka(z) =

ˆ

D

g(z)− g(ζ)ka(ζ) Kz(ζ) w(ζ) dm(ζ)

= ‖Ka‖−1
w 〈gz, Ka〉w = ‖Ka‖−1

w gz(a),

(3.1)

A remark must be made here on the identity gz(a) = 〈gz, Ka〉w that holds initially
only if gz ∈ A2(w), and this will be the case if one is able to show that |Kz(ζ)| ≤ Cz

for all ζ ∈ D for some constant Cz depending only on z. But, in any case, the
reproducing formula

f(a) = 〈f,Ka〉w =

ˆ

D

f(ζ) Ka(ζ) w(ζ) dm(ζ), a ∈ D,

extends to all functions f being in A1(w) := L1(D, w dm)∩H(D) due to the density
of A2(w) in A1(w), and by Cauchy–Schwarz inequality the function gz clearly belongs
to A1(w). Therefore, (3.1) together with the fact that |Kz(a)| ³ ‖Kz‖w ‖Ka‖w for
z ∈ D

(
δτ(a)

)
if δ > 0 is sufficiently small (see Lemma C), gives

‖Hḡka‖2
w = ‖Ka‖−2

w

ˆ

D

|gz(a)|2 w(z) dm(z)

= ‖Ka‖−2
w

ˆ

D

|g(z)− g(a)|2 |Kz(a)|2 w(z) dm(z)

≥ ‖Ka‖−2
w

ˆ

D(δτ(a))

|g(z)− g(a)|2 |Kz(a)|2 w(z) dm(z)

³
ˆ

D(δτ(a))

|g(z)− g(a)|2 ‖Kz‖2
w w(z) dm(z).
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Now, using that ‖Kz‖2
w w(z) ³ τ(z)−2 (see Lemma B), and the fact that τ(z) ³ τ(a)

for z ∈ D(δτ(a)), we obtain

sup
a∈D

1

τ(a)2

ˆ

D(δτ(a))

|g(z)− g(a)|2 dm(z) < ∞.

Finally, by Lemma 2.1, this gives

sup
a∈D

τ(a)|g′(a)| < ∞.

For the converse we need the following classical result of Hörmander (see [14, Lemma
4.4.1]) on L2 estimates of solutions of the ∂-equation.

Lemma E. [Hörmander] Let ϕ ∈ C2(D) with ∆ϕ > 0 on D. Then there is
u ∈ L2(D, e−ϕ dm) with ∂u = f such that

ˆ

D

|u(z)|2 e−ϕ(z) dm(z) ≤ C

ˆ

D

|f(z)|2 e−ϕ(z)

∆ϕ(z)
dm(z),

provided the right hand side integral is finite.

Suppose that supa∈D τ(a) |g′(a)| < ∞. Note that, for f ∈ H∞, one has that
Hḡf = ḡf − P (ḡf) is the solution of the ∂-equation ∂h = g′f with minimal L2(w)
norm. By Hörmander’s theorem, there is a solution h with

‖h‖2
w ≤ C

ˆ

D

|g′(z)|2|f(z)|2 w(z)

∆ϕ(z)
dm(z)

³
ˆ

D

(
τ(z)|g′(z)|)2|f(z)|2 w(z) dm(z)

≤ C ‖f‖2
w.

(3.2)

Thus ‖Hḡf‖w ≤ ‖h‖w ≤ C‖f‖w proving that Hḡ is bounded on A2(w).

3.2. Proof of Theorem 2. Suppose first that Hḡ is compact on A2(w). Since
{ka}a∈D is a bounded set on A2(w), it follows that {Hḡka}a∈D is relatively compact
on L2(w). Thus, by the Kolmogorov–Riesz–Tamarkin compactness theorem,

(3.3) lim
r→1−

ˆ

r<|z|<1

|Hḡka(z)|2 w(z) dm(z) = 0

uniformly in a. Let δ > 0 be sufficiently small. By Lemma 2.1 and (3.1), we get

τ(a) |g′(a)| ≤ C

(
1

τ(a)2

ˆ

D(δτ(a))

|g(z)− g(a)|2 dm(z)

)1/2

≤ C

(ˆ

D(δτ(a))

|Hḡka(z)|2 w(z) dm(z)

)1/2

which, by (3.3), tends to zero as |a| → 1−.
Conversely, suppose that τ(z)|g′(z)| → 0 as |z| → 1−. Let (fn) be a bounded

sequence in A2(w) converging to zero uniformly on compact subsets of D. By the
assumption, given any ε > 0, there is 0 < r0 < 1 such that

τ(z)|g′(z)| < ε, |z| > r0.
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Since (fn) converges to zero uniformly on compact subsets of D, we can choose a
positive integer n0 such that |fn(z)| < ε, for |z| ≤ r0, and n ≥ n0. Thus, by (3.2) in
the proof of Theorem 1,

‖Hḡfn‖2
w ≤ C

ˆ

D

(
τ(z)|g′(z)|)2 |fn(z)|2 w(z) dm(z)

≤ C

(ˆ

|z|≤r0

+

ˆ

|z|>r0

) (
τ(z)|g′(z)|)2 |fn(z)|2 w(z) dm(z)

≤ Cε2
(
sup
z∈D

τ(z)|g′(z)|)2
+ Cε2‖fn‖2

w

for all n ≥ n0. This shows that ‖Hḡfn‖w → 0 as n →∞, and it is standard that this
implies that Hḡ is compact on A2(w) (see, for example, the proof of Proposition 3.11
in [8]).

3.3. Proof of Theorem 3. Note first that the normalized reproducing kernels
ka converges weakly to zero as |a| → 1−. Indeed, since |〈f, ka〉w| = ‖Ka‖−1

w |f(a)| for
any f ∈ A2(w), this is a straightforward consequence of Lemma A, Lemma B and
the density of the polynomials on A2(w). Thus, if K is any compact operator from
A2(w) to L2(w), then lim|a|→1− ‖K(ka)‖w = 0, and this gives

‖Hḡ −K‖ ≥ lim sup
|a|→1−

‖Hḡka −K(ka)‖w ≥ lim sup
|a|→1−

‖Hḡka‖w.

Therefore, if δ > 0 is sufficiently small, arguing as in the proof of Theorem 2 one
obtains

‖Hḡ‖e ≥ lim sup
|a|→1−

‖Hḡka‖w

≥ lim sup
|a|→1−

(ˆ

D(δτ(a))

|Hḡka(z)|2 w(z) dm(z)

)1/2

≥C lim sup
|a|→1−

τ(a) |g′(a)|.

This proves the lower estimate. In order to obtain the upper estimate, note first that
the operator Kr defined by Kr(f)(z) = f(rz) is a compact operator on A2(w) for any
0 < r < 1 (it is straightforward to see that if {fn} is a bounded sequence in A2(w)
converging to zero uniformly on compact subsets of D, then limn ‖Krfn‖w = 0).
Thus, HḡKr is a compact operator from A2(w) to L2(w), and therefore

‖Hḡ‖e ≤ ‖Hḡ −HḡKr‖.
Now take {rn} ⊂ (0, 1) with rn → 1. For f ∈ H∞ with ‖f‖w ≤ 1, by (3.2) in the
proof of Theorem 1, we have
‖(Hḡ −HḡKrn)(f)‖w = ‖Hḡ(I −Krn)(f)‖w

≤ C

(ˆ

D

τ(z)2|g′(z)|2|(I −Krn)(f)(z)|2 w(z)dm(z)

)1/2

= C

((ˆ

|z|≤t

+

ˆ

|z|>t

)
τ(z)2|g′(z)|2 |fn(z)|2 w(z) dm(z)

)1/2

,

where 0 < t < 1 is fixed, and fn(z) = (I −Krn)(f)(z) = f(z) − f(rnz). Since {fn}
converges to zero uniformly on compact subsets of D, and supz∈D τ(z)|g′(z)| < ∞
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due to the boundedness of Hḡ (see Theorem 1), one has
ˆ

|z|≤t

τ(z)2|g′(z)|2 |fn(z)|2 w(z) dm(z) → 0 as n →∞.

This, together with the fact that ‖fn‖w ≤ C, gives

‖Hḡ‖e ≤ C sup
|z|>t

τ(z) |g′(z)|,

and letting t to tend to 1, we obtain the upper estimate completing the proof.

4. Schatten class Hankel operators: Proof of Theorem 4

4.1. Proof of Sufficiency. Due to (3.2), one has the inequality

‖Hḡf‖w ≤ C‖Mτg′f‖w,

and thus it is enough to show that the multiplication operator Mτg′ : A2(w) → L2(w)
belongs to Sp. We first consider the easiest case p ≥ 2. Let {en} be any orthonormal
set of A2(w). Then, by Hölder’s inequality, (2.1) and Lemma B, one has

∑
n

‖Mτg′en‖p
w =

∑
n

(ˆ

D

τ(z)2|g′(z)|2 |en(z)|2 w(z) dm(z)

)p/2

≤
∑

n

ˆ

D

τ(z)p|g′(z)|p |en(z)|2 w(z) dm(z)

=

ˆ

D

τ(z)p|g′(z)|p
(∑

n

|en(z)|2
)

w(z) dm(z)

≤
ˆ

D

τ(z)p|g′(z)|p ‖Kz‖2
w w(z) dm(z)

≤ C

ˆ

D

τ(z)p|g′(z)|p ∆ϕ(z) dm(z).

Thus, by [29, Theorem 1.27], the operator Mτg′ belongs to Sp.
The case 1 < p < 2 is a little bit more involved. The first step is to show

that Mτg′ : A2(w) → L2(w) belongs to Sp if and only if the multiplication operator
Mg′ : A2(w) → A2(w∗) is in Sp, where w∗ is the weight function

w∗(z) = τ(z)2w(z).

To see that, since Mτg′ is in Sp if and only if S := M∗
τg′Mτg′ : A2(w) → A2(w) is in

Sp/2, and Mg′ ∈ Sp if and only if T := M∗
g′Mg′ : A2(w) → A2(w) belongs to Sp/2, it is

enough to see that the operators S and T are the same. Let {en} be any orthonormal
basis of A2(w) and let h ∈ A2(w). Then

〈Sen, h〉w = 〈Mτg′en,Mτg′h〉w = 〈τg′en, τg′h〉w
=

ˆ

D

|g′(z)|2en(z) h(z) τ(z)2w(z) dm(z)

=

ˆ

D

|g′(z)|2en(z) h(z) w∗(z) dm(z)

= 〈Mg′en, Mg′h〉w∗ = 〈Ten, h〉w.
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This shows that Sen = Ten for any n and therefore the operators S and T are
the same. So, assume that τg′ ∈ Lp(D, ∆ϕdm) and let’s proceed to show that the
multiplication operator Mg′ : A2(w) → A2(w∗) belongs to Sp. Let {en} and {σn} be
orthonormal sets in A2(w) and A2(w∗) respectively. Since ‖σn‖w∗ = 1, an application
of Hölder’s inequality gives

∑
n

∣∣〈Mg′en, σn〉w∗
∣∣p ≤

∑
n

(ˆ

D

|g′(z)| |en(z)||σn(z)|w∗(z) dA(z)

)p

≤
∑

n

ˆ

D

|g′(z)|p |en(z)|p |σn(z)|2−p w∗(z) dm(z)

=

ˆ

D

|g′(z)|p
(∑

n

|en(z)|p |σn(z)|2−p

)
w∗(z) dm(z).

Now, since p < 2, Hölder’s inequality with exponent 2/p > 1 and (2.1) yields

∑
n

|en(z)|p |σn(z)|2−p ≤
(∑

n

|en(z)|2
) p

2
(∑

n

|σn(z)|2
) 2−p

2

≤ ‖Kz‖p
w ‖K∗

z‖2−p
w∗ ,

where K∗
z is the reproducing kernel of A2(w∗). Since, by Lemma B, we have

‖Kz‖2
w w(z) ³ τ(z)−2,

if we are able to obtain the estimate
(4.1) ‖K∗

z‖2
w∗ w∗(z) ≤ C τ(z)−2,

for some positive constant C, we will obtain
∑

n

∣∣〈Mg′en, σn〉w∗
∣∣p ≤

ˆ

D

|g′(z)|p ‖Kz‖p
w ‖K∗

z‖2−p
w∗ w∗(z) dm(z)

≤ C

ˆ

D

|g′(z)|p w(z)−p/2w∗(z)p/2 dm(z)

τ(z)2

= C

ˆ

D

τ(z)p |g′(z)|p dm(z)

τ(z)2
,

and this will prove that the multiplication operator Mg′ : A2(w) → A2(w∗) belongs
to Sp finishing the proof of the sufficiency. Note that (4.1) does not follow directly
from Lemma B, since it is not clear if the weight w∗ belongs to the class W . To see
why the inequality (4.1) is true, let f ∈ A2(w∗) and use Lemma A in order to obtain

|f(z)|2w(z) ≤ C

τ(z)2

ˆ

D(δτ(z))

|f(u)|2 w(u) dm(u).

This together with the fact that τ(u) ³ τ(z) if u ∈ D(δτ(z)) yields

|f(z)|2w∗(z) = τ(z)2 |f(z)|2w(z) ≤ C

τ(z)2

ˆ

D(δτ(z))

|f(u)|2 w∗(u) dm(u).

Since ‖K∗
z‖w∗ coincides with the norm of the point evaluation functional in A2(w∗)

at the point z, this establishes (4.1) completing the proof. ¤
4.2. Proof of necessity. Suppose that Hḡ ∈ Sp. We first deal with the case

p ≥ 2. The method of proof for this case is standard (see [24] for example). Since Hḡ
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is compact, there are orthonormal sets {en} and {σn} of A2(w) and L2(w) respectively
such that

Hḡf =
∑

n

λn〈f, en〉w σn,

where {λn} are the singular values of Hḡ. Therefore

HḡKz =
∑

n

λnen(z) σn,

and, since p ≥ 2, it follows from Hölder’s inequality and (2.1) that

‖HḡKz‖p
w =

(∑
n

|λn|2 |en(z)|2
)p/2

≤
(∑

n

|λn|p |en(z)|2
)(∑

n

|en(z)|2
) p−2

2

≤
(∑

n

|λn|p |en(z)|2
)
‖Kz‖p−2

w .

(4.2)

Now, the proof of Theorem 1 gives the inequality τ(z) |g′(z)| ≤ C‖Hḡkz‖w, where kz

are the normalized reproducing kernels. This, Lemma B and (4.2) yields
ˆ

D

τ(z)p |g′(z)|p ∆ϕ(z) dm(z) ³
ˆ

D

τ(z)p |g′(z)|p ‖Kz‖2
w w(z) dm(z)

≤ C

ˆ

D

‖Hḡkz‖p
w ‖Kz‖2

w w(z) dm(z)

= C

ˆ

D

‖HḡKz‖p
w ‖Kz‖2−p

w w(z) dm(z)

≤ C

ˆ

D

∑
n

|λn|p|en(z)|2 w(z) dm(z)

= C‖Hḡ‖p
Sp

.

Finally, we prove the necessity in the case 1 ≤ p < 2. Again, this case is more
involved. Arguing as in the proof of Theorem 1 (using Lemma 2.1, equation (3.1),
the fact that τ(z) ³ τ(ζ) for ζ ∈ D(δτ(z)), Lemma B and Lemma C) one can show
that

τ(z)|g′(z)| ≤ C

(
1

τ(z)2

ˆ

D(δτ(z))

|g(ζ)− g(z)|p dm(ζ)

)1/p

≤ C

(ˆ

D(δτ(z))

|Hḡkz(ζ)|p ‖Kζ‖2−p
w w(ζ) dm(ζ)

)1/p

.

Now, since

HḡKz(ζ) =
∑

n

λnen(z) fn(ζ),
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with {λn} being the singular numbers of Hḡ, and {en}, {fn} orthonormal sets of
A2(w) and L2(w) respectively; an application of Hölder’s inequality and (2.1) yields

|HḡKz(ζ)|p ≤
(∑

n

|λn|p |en(z)|2−p |fn(ζ)|p
)(∑

n

|en(z)|2
)p−1

≤ ‖Kz‖2(p−1)
w

∑
n

|λn|p |en(z)|2−p |fn(ζ)|p.

Note that the previous inequality trivially holds for p = 1. Therefore, for 1 ≤ p < 2,
we obtain

‖τg′‖p
Lp(D,∆ϕ dm) ³

ˆ

D

(
τ(z) |g′(z)|)p dm(z)

τ(z)2

≤ C

ˆ

D

ˆ

D(δτ(z))

|Hḡkz(ζ)|p ‖Kζ‖2−p
w w(ζ) dm(ζ)

dm(z)

τ(z)2

≤ C
∑

n

|λn|p In,

where

In :=

ˆ

D

|en(z)|2−p

ˆ

D(δτ(z))

|fn(ζ)|p ‖Kζ‖2−p
w w(ζ) dm(ζ) ‖Kz‖p−2

w

dm(z)

τ(z)2
.

Since
‖Hḡ‖p

Sp
=

∑
n

|λn|p,

it is enough to show that In ≤ C for some constant C not depending on n. Now, an
application of Hölder’s inequality gives

In ≤ ‖en‖2−p
w Jp/2

n = Jp/2
n ,

where

Jn :=

ˆ

D

(ˆ

D(δτ(z))

|fn(ζ)|p ‖Kζ‖2−p
w w(ζ) dm(ζ)

)2/p (
‖Kz‖2

w w(z)
) p−2

p dm(z)

τ(z)4/p
.

Since ‖Kz‖2 w(z) ³ τ(z)−2 (see Lemma B), we have

Jn ³
ˆ

D

(ˆ

D(δτ(z))

|fn(ζ)|p ‖Kζ‖2−p
w w(ζ) dm(ζ)

)2/p
dm(z)

τ(z)2
.(4.3)

Using Hölder’s inequality once again and Lemma B, we obtainˆ

D(δτ(z))

|fn(ζ)|p ‖Kζ‖2−p
w w(ζ) dm(ζ)

≤
(ˆ

D(δτ(z))

|fn(ζ)|2 w(ζ) dm(ζ)

)p/2 (ˆ

D(δτ(z))

‖Kζ‖2
w w(ζ) dm(ζ)

) 2−p
2

≤ C

(ˆ

D(δτ(z))

|fn(ζ)|2 w(ζ) dm(ζ)

)p/2

.

Putting this into (4.3) gives

Jn ≤ C

ˆ

D

(ˆ

D(δτ(z))

|fn(ζ)|2 w(ζ) dm(ζ)

)
dm(z)

τ(z)2
.
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Finally, if {zj} is the sequence given by Lemma D, we obtain

Jn ≤ C
∑

j

ˆ

D(δτ(zj))

(ˆ

D(δτ(z))

|fn(ζ)|2 w(ζ) dm(ζ)

)
dm(z)

τ(z)2

≤ C
∑

j

ˆ

D̃(δτ(zj))

|fn(ζ)|2 w(ζ) dm(ζ)

≤ C

ˆ

D

|fn(ζ)|2 w(ζ) dm(ζ) = C‖fn‖2
w ≤ C.

This completes the proof of (i). In order to prove (ii), note that we have just proved
that if Hḡ is in the trace class S1, thenˆ

D

|g′(z)| dm(z)

τ(z)
< ∞.

Since τ(z) ≤ C(1− |z|), this implies that
ˆ

D

|g′(z)| dm(z)

1− |z| < ∞,

and thus g must be a constant. Since Sp ⊂ S1 for 0 < p < 1, we are done. ¤
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