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Abstract. In this paper, we introduce the F'(p,s)-Teichmiiller space and investigate its
Schwarzian derivative model and pre-logarithmic derivative model. In particular, we prove that
the pre-logarithmic derivative model is a disconnected subset of Besov type space F'(p,s) and the

Bers projection is holomorphic.

1. Introduction

Let A = {z: |2| < 1} be the unit disk in the complex plane C, A* = C\A be
the outside of the unit disk and S' = {z € C: |z| = 1} be the unit circle. Let a > 0,
the Bloch-type space B* consists of all holomorphic functions f on A such that

1/l = ilelg(l — [z (2)] < o0,

and the subspace B§ consists of all functions f € B* such that

lim (1 — |2*)?|f'(2)] = 0.

|z]—1

We denote by BMO(S?) the space of all integrable functions on S* such that
1
(1) |u]|prro = sup —/Iu — uy|df < oo,
r I J;

where [ is any arc on S, |I| denotes the Lebesgue measure of I, and

1
2 uz—/ud@
@ =)

is the average of u over I. A holomorphic function f on A belongs to BMOA(A) if
and only if it is a Poisson integral of some function which belongs to BMO(S1).
For any a € A, set p,(2) = =%, 2z € A. Forp > 1, ¢ > —2 and s > 0, the

space F(p,q,s) consists of all holomorphic functions f on the unit disk A with the
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following finite norm

(3) r|f||F,,qs—sup/ PP = 21— [pu()P)* dady < oo,

and Fy(p, q, s) consists of all functions f € F(p,q, s) with

(@ i [ 1P = P ()P dedy =0

The space F(p, q,s) was introduced by Zhao [23]. It is well known that F(p,q, s) is
trivial if g + s < —1. For p > 1, F(p, ¢, s) is a Banach space contained in the Bloch-
type space B® and Fy(p,q,s) C B with a = %. It is also known that F'(2,0,1) is
the BMOA space (see [8]) and F'(2,0,s) is the Q5 space (see [19, 20]). In this paper,
we shall mainly concentrate on the Besov type space F(p,s) = F(p,p — 2,s) and

Fo(p, s) = Fo(p,p — 2,5).
Let Q = A or Q = A*. Given an arc I of the unit circle S!, the Carleson box is
defined by

Sall) = {zeA:1—-|I|<|z| < 1,2/|z| € I}, Q=A,
P T Ve A 1< 2| <1+ 1),2/]2] €I}, Q=A"

Let s > 0. A positive measure A on € is called an s-Carleson measure if

A(Sa(]))
[Allc,s = s %%
Ics?t | ‘
and a compact s-Carleson measure if
tim 2520
=0 |I|*

We denote by C'M,(2) the set of all s-Carleson measures on © and CM,((€2) the
set of all compact s-Carleson measures on 2. 1-Carleson measure is the classical
Carleson measure. By [19], we know that a positive measure A on A is an s-Carleson
measure if and only if

© e ], (rrotiy) o <o

and is a compact s-Carleson measure if and only if

(6) 53// <| 1:‘;'2‘2)8 d\(z) =0

Let f be a quasiconformal mapping of the complex plane C onto itself. Then
f is a homeomorphism with locally integral distributional derivatives, and satisfies
the Beltrami equation f; = pf, with ||gt|lc = sup,cc |1(2)| < 1. Here we use the

notations L /8 p L /8 5
fz:?(%jLZ@_y)f’ fz:?(%_a_y)f

This function g is called the complex dilatation of f. The measurable Riemann
mapping theorem (see [1]) says that for each measurable function p on the complex
plane C with ||p|l.c < 1, there is a quasiconformal mapping f on C with complex
dilatation g and f is unique up to a Mdbius transformation of C onto itself.

A homeomorphism h is said to be quasisymmetric if there is some M(h) >
0 such that |h(I*)] < M(h)|h(I)| for any interval I C S' with |[I| < 7, where
I* is the interval with the same center as [ but with double length. Denote by
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QS(S") the group of quasisymmetric homeomorphisms of the unit circle S*. Tt is
well known that a sense preserving self-homeomorphism A is quasisymmetric if and
only if it can be extended to a quasiconformal self-homeomorphism of the unit disk
A (see [3]). Douady and Earle [7] also gave a quasiconformal extension of h to the
unit disk which is conformally invariant. Let M&b(S!) be the group of all Mébius
transformations of A onto itself. The universal Teichmiiller space is the right coset
space T = QS(S')/Mob(S?).

Let M(A*) denote the unit ball of the Banach space L>(A*) of all bounded mea-
surable functions on A*. For any p € M(A*), there exists a unique quasiconformal
mapping f, of C whose complex dilatation is equal to pz in A* and is zero in A. We
normalize f, by

£u(0) = £(0) = 1= £1(0) = 0.

We say that two Beltrami coefficients pq and po in M(A*) are Teichmiiller equivalent,
which is denoted by py ~ pio, if f,, (A) = fu,(A). The universal Teichmiiller space T
can be described as T' = M (A*)/ ~. We denote by [u] the equivalent class containing
e M(A¥).

Let Sg be the class of all univalent analytic functions f in the unit disk A with the
normalized condition f(0) = f'(0) —1 = 0 that can be extended to a quasiconformal
mapping in the whole plane. Set T'(1) = {log f’: f belongs to Sg}. It is known that
T'(1) is an alternative model called pre-logarithmic derivative model of the universal
Teichmiiller space. T'(1) is a disconnected subset of the Bloch space B'. Furthermore,
T, = {log f" € T(1): f(A) is bounded} and Ty = {log f' € T(1): f(e?) = oo},
0 € ]0,2m), are the connected components of T'(1) (see [24]).

A quasisymmetric homeomorphism A is called strongly quasisymmetric homeo-
morphism if for each € > 0, there is a constant § > 0 such that |E| < || implies
that |h(E)| < e|h(I)], where I C S is an interval and E C I is a measurable subset.
In other words, h is absolutely continuous and logh’ € BMO(S"). Tt is equivalent
to say that there exists a quasiconformal extension of i to A such that its complex
dilatation p(z) satisfies

2|2
1'“_( |§|2 dz dy € CM;(A)
(see [2]). The Teichmiiller space called BMO-Teichmiiller space with respect to
the strongly quasisymmetric homeomorphisms has been much studied in recently
years (see [6], [16]). In particular, Astala and Zinsmeister [2]| proved that the pre-
logarithmic derivative model BMOA N T(1) of the BMO-Teichmiiller space is dis-
connected open subset of BMOA.
Recently, Wulan and Ye [18] introduced the @ g-Teichmiiller space and showed
that its pre-logarithmic derivative model is also disconnected subset of the Q) space.
We denote by N(p, s) the space of all holomorphic functions f on A with the
following finite norm

(1 —la]?)?
7 A :su// (L = |y LD g
) 1918, =sup [[ 17GIpa = 2= ey
We say an analytic function f belongs to Ny(p, s) if f € N(p, s) and
: (1 [2yst2p2(l— lal*)* _
® i [[ 1rPa -y ey o
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Zorboska [25] obtained a characterization of the relationship between the pre-
logarithmic derivative log f’ in space F(p,s) and the Schwarzian derivative Sy in
space N(p, s).

Theorem A. [25] Let f be conformal on A, 0 < s < oo and 1 < p < oco. Then
log f' € F(p,s) if and only if Sy € N(p,s), while log f" € Fy(p,s) if and only if
Sy e No(p, s).

It should be pointed out that the F'(2,1) case was proved by Astala and Zins-
meister in [2] and the F'(2,s) case was proved by Pau and Peléez in [13].

In this paper, we introduce the F(p,s)-Teichmiiller space and investigate its
Schwarzian derivative model and pre-logarithmic derivative model. In what follows,
we always assume that p > 2 and s > 0. Denote by M, ;(€2) the Banach space of
all essentially bounded measurable functions p each of which induces an s-Carleson
measure \,(z) := I dy € CM,(Q). The norm of i € M, () is defined as

BRI ER R

1
9) 1 o= 1t oo Il

where ||A,llc,s is the s-Carleson norm of A, on Q. M, () is the subspace of
M, () which consists of all elements p such that \,(z) € CM, (). Set M, () =
M, (Q) N M(Q) and M), ,(Q) = M,0(Q) N M(Q), where M(Q) denotes the unit
ball of the Banach space L*(2) of all bounded measurable functions on . We
define the F(p, s)-Teichmiiller space Ty, as Tpgp,s) = M, (A*)/ ~ and the Fy(p, s)-
Teichmiiller space T, (p,s) 8 Try(p,s) = My 5 o(A*)/ ~.

It is noted that F'(2,1)-Teichmiiller space is the BMO-Teichmiiller space and
the limit case F'(2,0)-Teichmiiller space is the Weil-Petersson Teichmiiller space (see
[5]) which has been much investigated in recently years and has wide applications
to various areas such as mathematical physics, differential equation and computer
vision. The limit case F'(p, 0)-Teichmiiller space is the p-integrable Teichmiiller space
(see |9, 17, 21]).

The pre-logarithmic derivative model TVF(W) of F(p,s)-Teichmiiller space is the
set of functions log f’, where f is conformal on A and admits a quasiconformal
extension to the whole plane C such that its complex dilatation p satisfies
| plz) IP

— M,(AY).
(|Z|2_1)2_8d:)3dy60 s(AY)

In this paper, we shall prove

(10)

Theorem 1.1. Let p > 2 and 0 < s < 2. TVF(p,S) is a disconnected subset
of the space F(p,s). Furthermore, T, = {log f' € Ty, : f(A) is bounded } and
Ty = {log f' € Tr(ps): f(e) = 00}, 0 € [0,27), are the connected components of
Tr(p,s)-

Let Bs(A) denote the Banach space of all holomorphic functions on A with
norm

lells. = sup o(2)I(1 = |2]*)* < o0.

The Schwarzian derivative Sy of a conformal mapping f on A is defined as

B f// " f// 2
si=(7) -3(%)
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The Bers projection ®: M(A*) — By (A) is defined by p +— Sy,. The holomorphy
of the Bers projection is important in the theory of Teichmiiller space. It is known
that ®: M(A*) — B (A) is holomorphic and descends down to a mapping B: T —
Boo(A) known as the Bers embedding. Via the Bers embedding, T" carries a natural
complex Banach manifold structure so that B is a holomorphic split submersion. For
the Bers projection ® on M) ,(A*), we also obtain the following result.

Theorem 1.2. Let p > 2 and 0 < s < 2. The Bers projection ®: M;s(A*) —
N(p, s) is holomorphic.

Fix zp € A*. For p € M) (A*), let gi° (abbreviated to be g,) be the quasi-
conformal mapping on the complex plane C whose complex dilatation equals to pu
in A* and zero in A, normalized by ¢,,(0) = ¢,,(0) — 1 = 0, g,(20) = oo. Consider
the pre-Bers projection mapping L., on M;’S(A*) by setting L.,(u) = logg,. Then
U.pear Lz (M, (A¥)) = Tr(ps) O F(p,s)°, where F(p,s)° consists of all functions
¢ € F(p,s) with ¢(0) = 0.

Theorem 1.3. Let p > 2 and 0 < s < 2. For zy € A*, the pre-Bers projection
mapping L.,: M} (A*) — F(p, s)° is holomorphic.

Let f be a conformal mapping on A. The Grunsky kernel function is defined as

_ rOFE )
- VA= GO ter o G ERxA

Let h be a quasisymmetric homeomorphism on the unit circle S*. Then a kernel
function induced by h is defined as

(12) Pn(C,2) = QLM /S1 1= Cw)};gqf)— h(w)) dw, ((,2) € AxA.

These two kernel functions induce two functions,

(13) v = (1 \U(f,C,z)|2d£dn)%, sea

and

(19) o= (= . |¢h<<,z>|2d5dn)%, TN

The functions U(f, z) and ¢,(z) are important in Teichmiiller theory (see [10], [15],
[16]). They were used to characterize when a quasisymmetric homeomorphism is
symmetric in [10] or belongs to the Weil-Petersson class in [15]. They were also used
to study the BMO-Teichmiiller theory in [16].

For any quasisymmetric homeomorphism h, there exists a unique pair of confor-
mal mappings f € Sg on A and g on A*, such that f(0) = f/(0) —1 =0, g(c0) = 00
and h = f~1o g on S'. We call this a normalized decomposition of h. Conversely,
for each f € Sg, there exists a quasisymmetric homeomorphism h with normalized
decomposition h = f~1 o g on S! (see [11]). We have the following result.

Theorem 1.4. Let p > 2,0 < s < 2 and h be a sense-preserving quasisymmetric
homeomorphism with normalized decomposition h = f~' o g. Then the following
statements are equivalent:

(1) log [’ € Fy(p, s);
(2) [Sp(2)|P(1 = [2?)P*2 dwdy € CM,o(A);
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(3) f can be extended to a quasiconformal mapping to the whole plane such that
its complex dilatation p satisfies 25 dx dy € C M, o(A*);

(z|2=1)2=
(4) |U(f,2)|P(1 — |z)>)PT2dx dy € C’MS,O(A)
(5) [n(Z)I*(1 = [z2)r*2 dwdy € CMo(A).

In what follows, C(-) will denote constant that depends only on the elements put
in the bracket.

2. Bers projection and pre-Bers projection

In order to prove Theorem 1.2 and Theorem 1.3, we need some lemmas as follows.

Lemma 2.1. |22]| Suppose thatk > —1,r,t > 0, and r+t—k > 2. Ift < k+2 <,
then there exists a universal constant C' > 0 such that for all z,{ € A,

_ 2\k o 2\2+k—r
// A= lwPl g < Q=12 PP
all—wz||1-w(] | 1—Cz [t

where w = u + .

Lemma 2.1. Let « > 0, 8 > 0 and s < 1 + «/2. For a positive measure A on

A, set
(1= [=[»)*(1 = w]*)”
// 1 — zw|oc+ﬁ+2 )‘(w) du dv.

If A € CM,(A), then X € CM,(A) and there exists a constant C' > 0 such that

Nles < CMess

while X € CM,o(A) if A € CM,o(A).

Proof. Set k = o, r = a+ [ +2, t = 2s and note that s < 1+ «/2, it follows from
Lemma 2.1 that there exists a universal constant C' > 0 such that for any a,w € A,

|2*)° (1—Jw*)~”
< .
(15) // = zw|a+6+2|1 WS O e

By Lemma 4.1.1 in Xiao [19], there exist some constants C; > 0 and Cy > 0 such
that

1— a
(16) CullMlees < sup // A= Ta P iy < oA

acA |

Consequently, we conclude from (15) that
1— (-fal?)
dx d
// | —az
(1= =) = [w]*)” (1-]a )
// // 1_ zw|a+5+2 >\(w> dUd’U>mdl’dy
(=lal)* (1 — ="
- J e s ] e e
<C’// 1_‘a‘)dudv.
\ 1 —aw |?

(17)
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It A € CM,(A), then from (16) and (17), we deduce that X € CM,(A) and there is
a constant C’ = CC—C;Z such that ||A]|cs < C'||A]|es- IE A € CMo(A), then

(18) lim // Aw) (%) dudv =0,

We deduce from (17) that

1—1a* \°
1 1 dx dy =
(19) algl// (\ 1—az |2) Y

Therefore A € C M, o(A). O
Let f be a conformal mapping on A*. For any z € A*, s
14wz (2> — 1)
2 = d — .
(20) ) = % and ) = T

Then f, is an automorphism of A* sending oo to z. We need a representation theorem
of the Schwarzian derivative, which is proved by Astala and Zinsmeister [2].

Lemma 2.3. [2]| Let f be a conformal mapping on A* and admits a quasicon-
formal extension to the whole plane, then for any z € A* and w = u + v,

(21) Sp(z) = 2L =2 |Z|2 /ag ) du dv,

where g = yyo fof3..

We first show that the Bers projection is well defined.

Proposition 2.4. Let p > 2 and 0 < s < 2. If p € M, (A*), then ®(u) €
N(p, s).

Proof. Let p € Mz},s(A*) and f,, be the normalized quasiconformal mapping f,
of C whose complex dilatation is p in A* and is zero in A. Set f(¢) = so f, 0 s((),

where s(¢) = 1/¢. Then  is a quasiconformal mapping of the whole plane C whose
complex dilatation p#(() satisfies |uq(C)| = \,u(%)\ in A and is zero in A*. By a
change of variable, we conclude that

g Q)P
(22 Ny = ey ddn € OMUA) and [ lles = Il
Let g = v50 f o B,, where 77 and S, are defined in (20). The area theorem of
univalent functions yields

(23) //A J,(Q) dedn <,

where J; is the Jacobian determinant of g. Noting that u, = pig, and [|pgllec =
[|1t]]s0s By (21), (23) and Hoélder’s inequality, we get

1S5(2)P(12f? - () /um Q) dedy|

< P ded
2 ) T fL o s
p 2
oxr Hw/ |”f | (= = )dudv,

—z 4
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where Cy(]|1t]o) =:<%Yjatﬁﬁ§7¥-
Consequently, for b € A* set a = 1/b € A, by (22), (24) and Lemma 2.2, we

have

2 _ s
// |p Z|2 )2p+s—2(|b| _ 1) d!L’d’y
|1 — bz|?
\uf \p 1—lal*)® (1 — |w|)25(1 — |2]2)
(25) < Cilllklle) / e v // T — w2 |1 G W
p —
< Co([] 1] 00) // "uf | (1 |_a\) du dv

‘UJ| 2 s ‘1 CL’UJPS
< Gs([lpllso) [ Auglles = Calllplloo) [[Aullcs-
Noting that [SH()| = |Sf#(%)

\ﬁ, we get from (25) that

2 _ 1)3
26 Se % = su // S+(2)[P 22—12p+s_2ded < o0.
(26) (1555, sup A*| (=" = 1) T
Which implies that ®(u) = Sy, € N(p,s) if p € M, (A*). The proof follows. O
Before proving Theorem 1.2, we first recall some basic facts about the infinite
dimensional holomorphy (see [11, p. 206], [12, p. 86-87]). Let E and F be two
complex Banach space and U be an open subset in E, a mapping f: U — F is

holomorphic if and only if it is continous (locally boundedness is also enough) and
the complex Gateaux derivative d,()) defined as

L)ty L) = )

t—0 t

exists for each (z,\) € U x E.
Let F* denote the dual space of F' in the usual sense. For a subset A of F*, we
define A+ ={y € F: y*(y) =0,y* € A}. A subset A is called total if A+ = {0}.

Proposition 2.5. [11, 12| f: U — F is holomorphic if and only if it satisfies
one of the following conditions.

(i) The mapping f is local bounded and for every (x,\) € U x E, the mapping
t — f(x 4+ t\) is holomorphic from an open neighborhood of zero in the
complex plane C to F'.

(ii) The mapping f is continuous and there exists a total subset A of F* such
that for every y* € A, the function y*(f): U — C is holomorphic.

We are now in a position to prove Theorem 1.2. Our proof is based on the proof
of Theorem 3 in Cui [5].

Proof of Theorem 1.2..  We first show that mapping ®: M, (A*) — N(p,s) is
continuous. Let fi € M) (A*), v € M) (A*). It is sufficient to show that there is a
constant C(|fi]|so, ||7]|co) such that

(27) [8(1) = 2@)In,.. < CUlEllo: [Zlle) I = ¥l

Set j?l = fa, }\‘2 = fy and f;(¢() = so ﬁ 05(C), 1 = 1,2, where s(¢) = 1/¢. Then
f1 is a quasiconformal mapping of C whose complex dilatation is equal to u(¢) =

1(s(Q)) ,Eg in A and is zero in A*, while f; is a quasiconformal mapping of C whose

complex dilatation is equal to v({) = v(s(()) igg in A and is zero in A*. Thus the
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correspondence between p and ji is one-to-one and ||fi]|lco = ||tlloo, [Pl = [|¥]]oo-
By a change of variable, we conclude that
(28) ||)‘Mf||C,S = H)‘uHc,sa H)‘VfHC,S = H)‘VHC,S
and

~ 2 pyzpre2 (O = 1)°
(29) [|®(1) —2W)l[y,,, = sup |Sf1 = Sp()P([2]" =) == du dy.

beA* |1 — bz|?s
Let g* =~ 0 fio B, and g” =y, 0 f2 o f3,. By Lemma 2.3, we have
2

(30) Sy (2) — Sy, (2) = Z' // 3y w) du dv.

Set pg, (w) = p(B.(w )) Z ,1/52( ) = v(B.(w »%EZ) Let H be the Beuring—Ahlfors
operator defined as

) dx dy,

__%//C (g¢<2)

the integral is understood in the sense of Cauchy principal value. The representation
theorem of quasiconformal mapping says that dg" = ug, (I + Hog"), 09" = v, (I +
Hdg") (see |1, Chapter V]). Consequently, we conclude that

Ag" —g") = pp.(I + HIg") — v, (I + HIg")
= p. — g, + pp. HOg" — pg, HOg" + pg, HOg" — v, Hg"
= (. — v.)(HIg" + 1) + pg. HI(g" — ¢").
Since d¢g” = I + HOg", we have
ANg" —g") = (I — ps. H) " (ps. — v.)(I + HIg") = (I — pg. H) " (115, — v5.)99").
Thus it follows from (30) that

1) 502) - 5(2) = =2 [T (1 1) (s~ )09 )
Since (I — pg. H) " =1 + %H(I ~ us H)™', we have

Si(2) - 55, (2)

S L J] 0= s Y . = 5006 s

(32) - —'Z'2—‘1 [ . = varoi s an

z|2

// pip, H (I — pg, H) (s, — v5.)09")(C) d€ dn
=1+ Lg,
where ) )
3 — 1)
zo= =2 ] (G = a0 dea

and

3(l2* = 1)~

Ly = =2 B = s Y (. = 0)067)(C) d
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By using the method similar to (24), we get
p 2 _ 1 2
VP~ 172

| w—z]*

) Ll - 1 < cul) [ w)

Consequently, similar to (25), by Lemma 2.2 and a change of variable, we obtain

p 2 2p+s 2(|b‘2 )S
sup |Li(2)[P(|z|* — 1) |1 e dx dy

pl—a
<C!|/~L||oosup//|u — WP (= al)” g,

2 s |1 _ aw|2s

(34)

We now estimate L. It is noted that when ||u||« < 1, the operator I — puH is
invertible on L?(A) and the norm of its inverse (I —puH)™" is less than 1/(1 — || |0o)-
Thus we have

| LoP (P - 1) ( ) // s H(T — s ) (. — v5.)99")(C) dé di
< s [ e dean [ Vs, = v )00 OF dean

Ol — v, /
s, > d€ dn
= Tl =T M

Ip = vz / |1(¢) |2|2—1)
de dn.
Ar(1 = [[ull0)?(1 = [Iv]1Z) \C—

Noting that p > 2, by Holder’s inequality, we get

1 < (o S T ) I |<—z|4 dcan ([f, i =eaen)

(36) < Cilllplloos 17 lloo) 1 = u||p// T |Z|2)| )zp_gdﬁdn,

Similar to L, we can deduce that

2 _
(37 sup // L) (1412 — pyre2 U D g gy

beA* 11— bz|2

2

(35)

NS

-1

< Callple Wl = s [ AL g
e 1—\w| )2 |1 — aw|?
Combining (28), (29), (32), (34) and (37), we deduce that (27) holds and thus the
mapping ®: M) ,(A*) — N(p, s) is continuous.

We now prove that the Bers projection ®: Mz},s(A*) — N(p, s) is holomorphic.
For each z € A, we define a continuous linear functional [, on the Banach space
N(p,s) by l.(¢) = ¢(z) for ¢ € N(p,s). Then the set A = {l,: z € A} is a to-
tal subset of the dual space of N(p,s). Now for each z € A, each pair (u,v) €
M) (A*) x M, (A*) and small ¢ in the complex plane, by the well known holomor-
phic dependence of quasiconformal mappings on parameters (see [11, Theorem 3.1 in
Chapter II], [1, Chapter V]), we conclude that [.(®(u+tv)) = Sy,,,,(2) is a holomor-
phic function of t. From Proposition 2.5, the Bers projection ®: M;’S(A*) — N(p, s)
is holomorphic. This completes the proof. O]

Checking the proof of Theorem 1.2, we can show the following
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Theorem 2.6. Let p > 2 and 0 < s < 2. The Bers projection ®: M , ,(A*) —
No(p, s) is holomorphic.

We now prove Theorem 1.3.

Proof of Theorem 1.3. 1t follows from Theorem A and Proposition 2.4 that the
mapping L.,: M, (A*) — F(p,s)° is well defined. We can prove L. : M, (A*) —
F(p,s)? is holomorphic by the same reasoning as the proof of the holomorphy of
®: M (A*) — N(p,s). Thus it is enough to show that L.,: M) ,(A*) — F(p,s)"
is continuous. For y,v € M, (A*), it follows from the proof of [11, Theorem 3.1 in
Chapter II] that

9. 9
(38) sup(1 — [2*) [ = =2 < C([lulloo) e = Voo
zZEA g# gy
By Theorem 1.2, we conclude that
(39) 15,.(2) = Sg. (2l x5, < Crlllllss, [[lloo) 0 = vlls-

It follows from Chapter 4 in [14] that there is a constant Cy > 0 which is independent
of p and v such that

ﬂ’ (=Y -

|al?)®
dz d
11—z vy
< Oy ( )—

; m@//()()/

By the definition of the Schwarzian derivative, we get

(-] (-
9, g, 9, g,

/l

gu_ g,

p
1— 2\2p—2 1— 2\s
(P20,

|1—az|?s

p

< 2P|S,, — Sg, P+ 2P

(41) "|P " " \|\P
s, — S+ 20| % O | g
gu 9, 9u 9,
Taking z = 0 in (38), we get
g// g// p
(42) =2(0) = =2(0)| < C¥([lplls) i — vi%:
m 9y
It follows from (38), (39) and (41) that
/AN N\ ' |P 2\2p—2 2)\s
1— p—2(1 —
// 9.\ (9 \| ( |Z|)_( |a|)dxdy
g, g, |1 —az|?
(1—[=[*)*72(1 — |a*)*
// ‘Sgu QV |1 az|2s dxdy
n\pP // n\pP _ 2\2p—2(1 _ 2\s
+Tﬂp%+” g gl (PPl
(43) 9y ;/,L gl/ |1 - az|2s
< 2°CY (||l oo ||V||oo)||u — |2
// p // P |Z|2)p—2(1 _ |a|2)s
2P 1- dxd
+ ilelAp( Elok g 11— az|> ray

< 2°CY ([l oo, IIVIIOO)IIM - VH?
+4CP ([l ullo)(IHog gl pp.p-2.5) + 11108 G| ppp—2.9)7 I = v I%-
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Combining (40), (42) and (43), we get

1Lz (1) = Lo (V)| Ppp-2.9)
< Cs (Illoos [1lloos 11108 Gull £p.p-2,5), | 108 gy ll o p-29) 11t = V-
This completes the proof of Theorem 1.3. U
Similarly, we have the following

Theorem 2.7. Let p > 2 and 0 < s < 2. For zy € A*, the pre-Bers projection
mapping L.,: M}, ((A*) — Fy(p, s)° is holomorphic.

3. Proofs of Theorem 1.1 and Theorem 1.4
In this section, we prove Theorem 1.1 and Theorem 1.4.

Proof of Theorem 1.1. Let log f' € TF (p,s)- Then f is a quasiconformal mapping

of the complex plane C whose complex dilatation p satisfies A, (‘Z“‘;ﬁ dxdy €
CM,(A*) and equals to zero in A. Let f* be the quasiconformal mapping in C with
f4(o0) = (f")"'(o0) and Of = tudft. Consider the path t — log(f!),0 <t <1,

in the space F(p,s). Set g = f' and h = f*. By Theorem 1.3, we conclude that

Hogg" —log [l ppp—2.9 < C ([l1alls; 1108 9'll ppp2.5): [ 10g | Fpp—2.9) [t = 51

This implies that the path ¢t — log(f*),0 < t < 1, is continuous in the space
F(p, s). Consequently, each log f' € TVF(M) can be connected by a continuous path
to an element log ¢’ € F(p,s), where ¢ is a Mobius transformation of C. If ¢(A) is
unbounded, then f(¢) = go(C) = oo for some ¢ € JA. Otherwise p(A) is bounded, we
consider the path r — log ¢/, where ¢, = p(rz), 0 < r < 1. It is easy to see that this
is a path which connects the point log ¢’ to the point 0 in F (p, s). It turns out that
T, = {log ' € TF(p syt f(A) bounded } and Ty = {log f' € Tpps lim, .0 f(2) =
oo}, 0 < 0 < 27, are connected. By [24], elements in different classes can not
be connected even in Bloch space. We conclude that Tb and 7, p are the connected
components of TF (,5)- O

Before proving Theorem 1.4, we need a lemma which was proved by Shen and
Wei in [16].
Lemma 3.1. Let h be a quasisymmetric homeomorphism on S* with normalized

decomposition h = f~' o g and v be the complex dilatation of a quasiconformal
extension of h™! to A. Then

2
) - PP r < v <@ < L ff AL a,

Proof of Theorem 1.4. It follows from Theorem A that (1) <= (2). From
Theorem 1.3, we conclude that (1) = (3). Lemma 3.1 gives (4) <= (5) and
(4) = (2). Thus it remains to show that (3) = (1) and (3) = (5).

We first prove that (3) = (5). Let h be a quasisymmetric homeomorphism on
the unit circle S*. Then there exists a unique pair of conformal mappings f € Sg on
A and g on A*, such that f(0) = f/(0) —1 =0, g(co) =occand h = f~'o g on S*
(see [11, Lemma 1.1 in Chapter III]). Suppose f can be extended to a quasiconformal
mapping of the whole plane C, which is also denoted by f, such that its complex
dilatation p satisfies ||’§( fe= dw dy € CM;o(A*). It is noted that H=g'lofisa

quasiconformal extensmn of h=' to A* and has the same complex dilatation u as f.
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Then H = j o H o j, where j(z) = 1/Z, is a quasiconformal extension of A~ to A
with complex dilatation v(z) satisfying |v(z)| = |u(1/Z)|. A computation shows that
q ‘”|('|Z2 »—drdy € CMo(A). By Lemma 2.2 and Lemma 3.1, we conclude that (5)

holds.
We now show that (1) = (3). Suppose that (1) holds. Noting that Fy(p, s) is a
subspace of the little Bloch space B}, we have

lim (1= )| £"(2)/ ()] = 0

Becker and Pommerenke (see [4]) constructed a quasiconformal extension of the con-
formal mapping f to the whole plane C by the following formula

f)=f1/2)+ f(1/2)(z - 1/7), ze€ A"

By some computations we have

u(2) = [1/21*(1 = [1/=*)1f"(1/2) /' (1/2)].

For z,b € A*, we set w = 1/2 and b = 1/a@. A change of variable gives

P (b2 -1y
//* 2\2—1 )75 |1 — bz|? dr dy
"(w "(w)P(1 — w2p—2+s(1_|a’|2)8 wdv
< [ s p = ek =S

Noting that log f’ € Fy(p, s) and |b| — 1 if and only if |a] — 1, we conclude that

(45)

z)|P .

The proof follows. O
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