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Abstract. In this paper we investigate Poincaré-type integral inequalities in the functional
Musielak structure. We extend the ones already well known in Sobolev, Orlicz and variable exponent
Sobolev spaces. We introduce conditions on the Musielak functions under which they hold. The
identification with null trace functions space is given.

1. Introduction and main results

In the last two decades, there has been an increasingly interest in studying
Musielak spaces, particularly for the analysis of nonlinear partial differential equa-
tions with non-standard growth conditions which come from modelling modern mate-
rials such as non Newtonian fluids, see for instance |9, 19| and the references therein.

In [10, 11, 17] there is a basic background on the Musielak spaces Ly (2) and the
Musielak—Sobolev spaces W™ Ly, (€2). An interesting missing feature is the Poincaré-
type inequalities (in norm or in integral forms) in the closed subspace WJ" Ly (€2)
defined as the closure of the set C§°(2) of compactly supported functions in
with respect to the weak-* topology o(I1Lys, I1E+) in the Musielak—Orlicz space
W™ Ly (). However, proving the Poincaré integral inequality for functions in C§°(£2)
and then extending it by a density argument (as is often done for a constant expo-
nent) is not an easy task since the passage to the limits is not allowed because of the
lack in general of density of smooth functions in W§"Ly,(€2) at least in the modular
sense (see Definition 2.1). This is mainly due to the fact that the shift operator is
not acting in general on Musielak spaces unless some regularity conditions on the
Musielak function M are satisfied see |2, 21].

In this paper, we are interested in the problem of Poincaré-type integral inequal-
ity in the Musielak spaces. Such integral inequality yields obviously the Poincaré
norm inequality. Precisely, we give sufficient conditions on the ®-function M for the
following Poincaré-type inequality

/ 3 M(:c,|Dau(x)\)d:c</ S M(a, | Dou()]) d
2 |aj<m 2 |al=m

to hold for every u € WLy (€2) where ¢ > 0 is a constant. We also get the same
inequality in the subspace W{"E)/(§2) under minimal assumptions.
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1.1. Poincaré-type inequalities: state of the art. Let (2 be a bounded open
subset of RV, N > 1 and let 1 < p < oco. The usual Sobolev spaces are denoted
Whr(Q) while by Wy () we denote the norm closure of C5°(€) in W'(Q). The

classical Poincaré integral inequality asserts that
(L1) [ e ds < c@p) [ [vu)rds
Q Q

for every u € W, ?(Q) where C(Q,p) is a constant depending on Q and p. In fact,
this inequality remains valid if €2 is only bounded in one direction. Recalling here
that when € is regular (see for instance [18, Theorem 4.14|) we have

(1.2) WoP(Q) = {u € W' (Q): tr(u) =0 on 092}
and hence Wy () = Wy (Q) N WHP(Q).

Gossez |8, Lemma 5.7| proved the existence of two constants ¢, > 0 and ¢, o > 0
such the following Orlicz version of Poincaré integral inequality

(13) |3 cipra@r <, [ 3 plenalDu(o) de

|al<m |a]=m

holds for every uw € W{"L,(€2). Here, W["L,(?) is defined as the closure of the set
C° () of compactly supported functions in € with respect to the weak-* topology
o(IIL,, I1E,-) in the Orlicz spaces W™L,(€2), where ¢ and ¢* form a pair of com-
plementary N-functions, cf. [1|. Since no extra condition is assumed on ¢, inequality
(1.3) proved in W{"L,(€2) covers not only (1.1) but it remains valid for a wide class
of Orlicz functions. In contrast to Sobolev spaces VVO1 P(€)), the introduction of the
Orlicz spaces W{"L,(2), defined by mean of the weak-* topology o(IIL., I1E,),
seems to be more convenient and very interesting in the theory of existence of PDEs
in nonreflexive functional spaces, since firstly the weak topology is not equivalent in
general to the strong one and secondly coarser topology has more compact sets than
the strong one.

Unfortunately, in the framework of variable exponent spaces the situation is more
complicated and more regularities on the exponent are needed. In fact in the Sobolev
space Wol’p(')(Q), defined as the norm closure of C§°(€) functions in W) (Q), the
Poincaré norm inequality was first proved in the pioneering paper |15, Theorem 3.10]
written about variable exponent Sobolev spaces provided that the exponent p(-) is
continuous on 2 and then by using the approche based on the boundedness of the
maximal operator on LP()(€2), the authors in [4, Theorem 6.21] proved the Poincaré
norm inequality

(1.4) [wll ooy < e(N, p(+), DIV ul| oo oy

for every u € Wol’p(')(Q) and for exponents p(-) satisfying 1 < p~ < p(z) < p* < 400
and the so-called log-Holder regularity, that is

15 Iple) = o) <

1
————: for every z, y € Q with |z — y| < =,
(lz = yl) 2

for some constant Cy > 0.
In [5, Theorem 8.2.4] the authors defined Wol’p(')(Q) as the closure of Sobolev
functions with compact support in € with respect to the norm in W?0)(Q). They
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proved the Poincaré norm inequality for a regular bounded domain and for exponent
p(+) satisfying the following two conditions
‘ 1 1 < Cl
(@) " pu)| S logle+ 1)

(1.6)

and for some p, € R

(1.7)

‘1 Cy

p(x) log(e + |z[)

for every x, y € €, where ¢, > 0 and C5 > 0 are constants. Let us note in
passing that the above two definitions of the Sobolev space VVO1 P (')(Q) coincide if
p(+) is a measurable bounded exponent and if (1.6) and (1.7) are fulfilled (see [5,
Corollary 11.2.4]). Ciarlet and Dinca [3| proved the Poincaré norm inequality using
an approach which does not rely on the density arguments.

In general in the variable exponent Sobolev spaces W,” (')(Q) (defined as the
norm closure of C§°(€2) functions in W'?()(Q)), the Poincaré integral inequality
(1.1) with variable exponent p(-) instead of constant exponent p fails to hold as it
was shown in [6, Example, pp. 444-445]. Indeed, if the variable exponent p(-) is a
continuous function having a minimum or a maximum then an integral version of
the Poincaré inequality can not be obtained (see [20]). However, under a suitable
monotony property on the variable exponent p(-) Maeda [16] proved the Poincaré
integral inequality for C}(Q)-functions.

It is worth recalling that the Poincaré norm inequality in VVO1 P (')(Q) obtained in
the aforementioned references requires the continuity of the variable exponent. Here
we prove the Poincaré integral inequality in Musielak spaces, and so the Poincaré
norm inequality, by introducing some assumptions that don’t require the continuity
of the variable exponent when reducing to Sobolev spaces W, (')(Q).

1.2. Structural assumptions. In this subsection we give the definition of
Musielak ®-functions and we introduce new systematic sufficient conditions which
enable us to prove Poincaré-type integral inequalities in Musielak spaces.

Definition 1.1. (¢-function, ®-function). A real function M: Q x RT — R* is
called a ¢-function, written M € ¢, if M (z,-) is a nondecreasing and convex function
for all x € Q with M(x,0) =0, M(x,s) >0 for s >0, M(x,s) = oo as s — 0o and
M(-, s) is a measurable function for every s > 0.

A ¢-function is called ®-function, written M € @, if furthermore it satisfies
essinf,cqM(z,1) > 0 and

Mz, s)

limM =0 and lim ——* =
s—0 S S$—00 S

Throughout the paper, we consider ®-functions on which we assume at least one
of the following fundamental regularity assumptions.
(M1) There exists a function ¢: [0,1/2] x RT™ — R such that ¢(-,s) and ¢(z,-)
are nondecreasing functions and for all z,y € Q with |z —y| < 3
constant ¢ > 0

and for any

M(z,s) < o(lx —yl|,s)M(y,s), with limsup go(a,ca_N) < 0.

e—0t

(M2) A P-function M is said to satisfy the Y-condition on a segment [a,b] of the
real line R, if
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either

there exist tg € R* and 1 < ¢ < N such that the partial function
(Yo) : § x; € [a,b] — M(x,t) changes constantly its monotony on both
sides of ¢y (that is for ¢t >ty and t < ty),

(Vo) there exists 1 < ¢ < N such that for all t > 0, the partial function
- € [a,b] — M(a:, t) is monotone on [a, b].

Here, x; stands for the i component of x € Q.

Example 1.1. A ®d-function M: Q x RT — R satisfies the (Y)-condition on
[a,b] C Q2 with respect to x; if the following hold:

(i) O = {o' = (z2,---,zn) € RV (21,2') € Q for any 21 € [a,b]} is non-
empty. (Consequently for t € R™, the partial mapping z; € [a,b] — ((ml,
'),t) € RT makes sense for any 2’ € O).

(ii) There exists ty > 0 such that for any 2’ € O, if t > ¢y the map z; € [a,b] —
M ((x1,2'),t) € R* has certain type of monotony, for example it is increasing
(decreasing), while for ¢ < ¢, the map z; € [a,b] — M ((21,2’),t) decreasing
(increasing).

More particular, assume that p: Q — R™ satisfies 1 < p(-) < oo and the following;:

(iii) O = {2/ = (22, ,xx) € R¥Y (21,2/) € Q for any 1 € [a,b]} is non-

empty.

(iv) For any 2’ € O the mapping z; € [a,b] — p(z1,2’) is non-decreasing.
Take M(z,t) = t*@) x € Q, ¢t > 0 and let t, = 1. Then, for t > 1 x; € [a,b]
M (z,t) = t?@17) is non-decreasing for any x € Q while for t < 1, 21 € [a, b]
M (z,t)) = t?@1¥) is non-increasing for any z € Q. Consequently, M(z,t) = t
satisfies the (Yp)-condition on [a, b] with i = 1.

p(z)

The highly challenging and important part of the analysis in Musielak spaces
is giving a relevant structural condition yielding approximation properties of these
nonstandard spaces. In general for a ®-function M, smooth functions are not dense
in norm in the Musielak space W™ Ly (€2). The authors |2] introduced the condition
(M1) to study the problem of density of smooth functions in Musielak spaces and
they showed that this condition unify and improve the known results in Orlicz—
Sobolev spaces as well as the variable exponent Sobolev spaces. In fact, the condition
(M1) holds trivially in the case of Orlicz spaces while in the case of variable exponent
Sobolev spaces (M1) holds if we choose

o(T,8) = max{s"(T s_"(T)}.

When o(7) = —c¢/log7, with 0 < 7 < 1/2, we obtain the log-Holder continuity
condition (1.5). Nonetheless, we can choose various ¢s. For more examples of ®-
functions satisfying (M1) we refer to [2].

Remark 1.1. (1) In the case where M (x,t) = t*@) the assumption (Y;) prevents
the variable exponent p(-) to get a local extremum while (Y,) is not satisfied unless
p(+) is a constant function.

(2) Let us consider the double phase function M(xz,t) = t* + a(x)te. If there is
1 < ¢ < N such that the function z; — a(x) is monotone then M satisfies obviously
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(Yo) and so (M2). If z; — a(x) is not a constant function then the double phase
function M can not satisfy (Yp).

(3) If 1 < p(+) < 400 and there exists 1 <4 < N such that the function z; — p(z)
is monotone on a compact subset of the real hne R, then the following ®-functions

My(z,t) = P My(z,t) = ' log(e +t), Ms(z,t) = 1,
satisfy (M2).
We note in passing here, that the assumption (M2) covers the one given in [16].

In what follows, we will need the following local integrability condition on M, that
is for any constant number ¢ > 0 and for every compact set K C 2

(1.8) /KM(x,c) dr < 00.

Inequality (1.8) was introduced in [17, Definition 7.5] for measurable subsets of {2 with
finite measure. Observe that (1.8) is not always satisfied as shown by the following
example. Set 2 = (—1/2,1/2) and set

) st 2 e(0,1)2),
M(z,s) = {32, z € (~1/2,0).

Note that M is a ®-function. Consider the compact set K = [0,1/4], which is
contained in €. Then for ¢ > 1

1/4
/ M(z,¢)dz :/ M dy = +o0.
K 0

We point out that the assumption (M1) implies (1.8).

1.3. Main results. In this subsection we give our main results. Let M be a ®-
function and let M* be its complementary ®-function (see (2.1) hereafter). Assume
that M and M* satisfy booth the condition (1.8). Then by [21] we can define the
space WL (§2) to be the o(I1Lyy, ILE)+) closure of C3°(2) in W™ Ly (Q).

The first result we obtain concerns Poincaré-type inequalities in the Musielak
spaces WLy ().

Theorem 1.1. Let  be a bounded open subset in RY having the segment
property. Let M and M* be a pair of complementary ®-functions such that M
satisfies (M1) and (M2) and M* satisfies (1.8). Then there exists a constant ¢, q
depending only on m and 2 such that for every u € Wi Ly (2)

(1.9) / S Mz, |Dul)d / S M(z, cmol Doul) du

loo|<m lo|l=m
Moreover, for every u € W[ Ly (Q)
(1.10) Y ID%uflare < C(m, Q) D [D%ullae,
la|<m |a|=m
where C'(m, () is a constant depending only on m and ).

In the framework of Orlicz spaces, Theorem 1.1 was proved by Gossez [8, Lem-
ma 5.7| where only the definition of the space W{'L,, defined as the closure of
Cs° (Q)-functions with respect to the weak-* topology o(I1L,, ILE,+), is used to get the
Poincaré integral inequality without assuming the segment property on the bounded
open (). As in the classical way, the Poincaré integral inequality was first proved for
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smooth functions and then (1.9) follows by a density argument based on mollifica-
tions. In general, the shift operator is not acting between Musielak spaces (see [15,
example 2.9 and Theorem 2.10]). So we face a major difficulty in using mollification
and then we can not use the same approach as in [8].

Our contribution to overcame this problem consists in using the regularity condi-
tion (M1) on the ®-function M and the segment property on the domain €2 (see Def-
inition 2.2). Those conditions enable us to get the modular density of C§°-functions
in WL (2) (see [2]) which we use in the proof of Theorem 1.1 instead the weak-x
density as it was done in [§].

Remark 1.2. A direct consequence of the inequality (1.10), is that the maps
u € WLy (Q) = Y [ D%ullare

|a|<m

and
w € WLy (Q) = Y [ID%ullaa
|a)]=m
define equivalent norms on W[" Ly (€2).

The following theorem concerns the Poincaré integral inequality in the Musielak—
Sobolev space W[ E/(2) defined as the norm closure of Cg°-functions in W™ E)y,(2).

Theorem 1.2. Let Q be a bounded open subset in RY and let M € ® satisfy
(1.8) and (M2). The inequality (1.9) holds true for every uw € Wi Ey(2) and then
so is (1.10).

We note here that by the definition of Wi Ey(Q2), we do not need to assume
in the above Theorem 1.2 the segment property on € and the condition (M1) on
the ®-function M. Therefore, in view of Remark 1.1 the result we obtain covers
the Poincaré integral inequality obtained by Maeda [16] for C}-functions in the case
where the variable exponent p(-) is assumed to satisfy a monotony condition.

Let KL () be the norm closure of the set of W™ Ly (€2) functions with com-
pact support in . In the particular case M(x,t) = t?@®) K L(Q) is nothing but
the space W?’p(x)(ﬁ) defined in [5].

Theorem 1.3. Let Q be an open subset in RN and let M € ® satisfy (M]1).
Then KJ'Lp () coincides with W Ey(Q2). Furthermore, if Q is bounded and M
satisfies (M2), then (1.9) and (1.10) are fulfilled.

Now, the remaining question is how to provide a satisfactory generalization of the
Poincaré inequality for constant exponent, because the equality (1.2) is substituted
by the inclusion

WL () = Coo() ) L e WLy (Q): tr(u) = 0 on 99}
which may be strict in general unless additional conditions are imposed on the ®-
function M. Note here that for every u € WLy () the trace tr(u) = u|gq is well
defined. Indeed, if  is of finite Lebesgue measure one has WLy, () < Wh1(Q) and
by the Gagliardo trace theorem (see [7]) we have the embedding W (Q2) — L'(99).
Hence, we conclude that for all u € WLy (Q2) there holds u|sq € L'(9Q). We give
the answer in the following theorem.

Theorem 1.4. Let Q be a bounded open subset in RY having the segment
property. Assume that the pair of complementary ®-functions M, M* is such that
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M satisfies (M1) and M* satisfies (1.8). Then, we get

W3 L () = W™ (Q) N W™ Ly (52).
If furthermore <) has a Lipschitz boundary OS2, then we obtain
(1.11) WaLa(Q) = {u€ WLy (Q): tr(u) =0 on 0Q}.

1.4. Organization of the paper. In section 2 we review some basic facts we
use about Musielak spaces. Further details can be found in the standard monograph
by Musielak [17] and the papers by Kaminska [12, 13, 14]. Section 3 is devoted to
the proof of the main results.

2. Musielak structure

In the following section we give a brief basic review on Musielak—Orlicz spaces.
For M € ¢, the Musielak—Orlicz space Ly (€2) (resp. Ep(§2)) is defined as the set of
all measurable functions u: @ — R such that [, M(z, |u(z)|/)) dz < 400 for some
A > 0 (resp. for all A > 0). Equipped with the Luxemburg norm

[ullare = inf{A > 0: /M(x, w)dx < 1}.
0

Ly (€2) is a Banach space [17, Theorem 7.7] and E)y;(£2) is its closed subset. Define
M*: Q x RT — R* by

(2.1) M*(x,s) =sup{st — M(x,t)} forall s >0 and all xz € Q.

t>0

M* is also a ®-function and is called the complementary function to M in the sense
of Young. Moreover, we have the following Young inequality

wo < M(z,u) + M*(z,v), Yu,v >0, Vo €,

from which we easily get the Holder inequality
[ luldo < 2ulacalolr-
Q

for all u € Ly () and v € Ly«(Q). We say that {u}r converges to w in norm in
Ly (), if ||Juk, — ul[amo — 0 as k — oo. The notion of the modular convergence is
given in the following definition.

Definition 2.1. (Modular convergence) A sequence {uy} is said to converge
modularly to u in Lj(€) if there exists A > 0 such that

pum ((ug —w)/N) ::/QM(SC,|uk—u|/>\)d:c—>O as k — oo.

For a positive integer m, we define the Musielak—Orlicz—Sobolev spaces W™ L, ()
and W™ E) () as follows

WmLy () ={u € Ly (Q2): D € Ly (), | < m}y
WmEN(Q) ={u € Ey(Q): D € Ey(Q), |af <

where o = (v, o, - -+, ), |a| = |ag| + |ag| + -+ - + |an| and D = 2% stands
PR

for the distributional derivatives. Observe that by (1.8) the function x — M*(z,¢)
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always belongs to Li. () for every constant number ¢ > 0. Hence, for an arbitrary
compact subset K of ) we can write by Holder’s inequality in Musielak spaces

[ 1@ ds < 2lullossalivclon-a < 2( [ M1 de+ 1) fulloare
K K

which yields Ly (Q) C LL.(2). Therefore, endowed with the Luxemburg norm

]| maz. = inf {A >0: Y pu(Du/N) < 1}.
laf<m
(W™ Ly (), |u]lm,a1,0) is a Banach space. We will always identify the space W™ Ly, (€2)
to a subspace of the product Ilj4<;n Ly = 1Ly
Definition 2.2. (Segment property) A domain €2 is said to satisfy the segment

property, if there exist a finite open covering {6}%_, of  and a corresponding non-zero
vectors y; € RY such that (QN6;) +ty; CQforallte (0,1)andi=1,..., k.

This condition holds, for example, if Q is a bounded Lipschitz domain (cf. [1]).
By convention, the empty set satisfies the segment property.

3. Proof of main results

Proof of Theorem 1.1. Let d be the diameter of Q. As (M2) is concerned
and without loss of generality, we can assume that i = 1. Being 2 bounded, using
a translation if necessary, we may assume that it is contained in the strip 0 C
{(z1,2') € [0,d] x RN"'}. Let 0y := ;& stands for the partial derivative operator
with respect to x; and let us first assume that v € C§°(92).

Part 1: We assume that there exists ¢, € R™ such that the function z; € [0, d] —
M ((z1,2"),t) changes the variation on both sides of t.

Case 1. Assume that x; € [0,d] — M((z1,2),t) is non-decreasing for ¢ < t and
non-increasing for ¢y < ¢t. Defining the two sets

_ . N _ . A s L
By = {g e [0,d]: |Brul€, )| < dto} and B, = {g e [0,d]: [Brul€,a')| > dto},
we can write

u(ry, ') = u(wy, 2" ) xp, (1) +u(ey, 2)xp, (1)

z1

_ / 01 (u(€, 2')xm, (6))d + / On (u(€. 2')xe,(€)) €

x1 0
= — / 8111(5, SL’/) d§ + / 81u(§, LL’/) dg
[x1,d]NEY [0,z1]NE>
Thus,

o)< [ Jowtea)|de+ [ fowe)| de
[z1,d]NE} [0,z1]NE>

Then, the convexity of the ®-function M and Jensen’s inequality enable us to write

1 d
M(% |U(I1,CE,)|) < ﬁ/ M ((931,93/)>2d|5lu(§>55,)| X[z1,dNEx (f)) dg§
0

1 d
54 ),

M ((xlv I/), 2d |81u(£7 ZL’/)| X[0,z1]NE> (5)) dg
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1 / /
[x1,d]NEY
1 ! /
[0,(21]0E2

d
<%Amemmmmwwa

Integrating successively with respect to ' and x1, we obtain

(3.1) /Q Mz, |u(2)]) dz < % /Q M(z, 2d|0,u(z)]) da.

Case 2. Assume that z; € [0,d] — M((xy,2’),t) is non-increasing on t < ¢, and
non-decreasing on ty, < t. We can write

u(zy, ') = w(zy, 2" )xp, (21) +u(zy, )X e, (21)
T1

d
7 ot v (6)) de — / Oh(u(€. 2')xiy (6)) d

0

/ (e, a') de — dvule, o) de,
[0,z1]NEy [€1,d]NE>
which implies
mmww</ |w@mm%+/ Bule, o) de
[0,21]NEA [z1,d]NE>

Once again the convexity of the ®-function M and Jensen’s inequality enable us to
write

d
M u(on, ) < g [ Mo, a!), 240016, 2) o (6)) d
0

1 d
T 54 /0 M((z1,2'), 2d|0vu(€, 2') | X oy anE, () dé

1 / /
[O,wﬂﬂE1
1 / /
[xl,d}ﬂEz

1 rd
<o | M) 2ol ) de.
2d J,
Integrating successively with respect to 2’ and x1, we obtain
1
/ M (e, () dr < 3 / M(z, 2d|0yu(z)|) dz.
Q Q

Part 2: Assume now that for all ¢ > 0, the function z; € [0,d] — M ((xy,2),t)
is monotone.
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Case 1. Assume first that z; € [0,d] — M ((x1,2'),t) is non-increasing. By using
Jensen’s inequality we get

M((&, "), d|Oru(S, ")) dg

<34Aﬂ@fwwm@fm%.

Integrating successively with respect to 2’ and z;, we obtain

/M(x, |u(z)|)d:)3</M(z,d|81u(x)|)dx
0 Q

Case 2. Assume that x; € [0,d] — M ((x,2'),t) is non-decreasing. By virtue of
Jensen’s inequality we can write

d
\&M&fﬂﬁ>

z1

Aﬂ%h&%ﬂﬁbéﬂf(@hf%
<A4(@hfxéﬂau@wwxmm@w%)

1 d
<z /0 M((21,2"), d|dru(€, )Xo (€)) d€

1 d

< E M((€>$/)’d|alu(€>$/)|)d§

< & [t donte, ) de

Integrating successively with respect to 2’ and z;, we obtain

(3.2) /QM(x, |u(x)|)d9§</QM(x,dmlu(x)Dda:

To sum up, from (3.1)—(3.2), we obtain

(3.3) /M Ju(x dxé/QM(x,Qdmlu(x)Ddx,

for all u € C5°(2).
Let now u € Wy Ly (Q) be arbitrary. By [2, Theorem 3] there exist A > 0 and a
sequence of functions uy € C3°(€2) such that

[ o (280 g (190 g
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as k — 4o00. Hence, up to a subsequence still again indexed by k, we can assume
that u;, — w a.e. in Q. Then, using (3.3) we can write

|u()| o / |ug ()]
<
/QM (:c, o dI\kETOOmf Q]\4 T dx
. 1
< kkrfoomf/QM( 2>\|81uk( )|) dx

<X lim it / M (x L orun() - 81u(x)\) do
2 o X

k—+o00

1 1
+§/QM <:£,X|81u(x)|) dz
< E/M o)) d
<3/ z, 3 |01u(z .

Thus, (1.9) is proved. Let us now prove the inequality (1.10). For u € WL (Q), it
can be checked easily from (1.9) that

| Du(x)|
2 / ( C(m, Q)35 HDBUHM,Q) st

|a|<m

where C(m,Q) = c0 (1 + D |51=m 1) depending only on m and Q. The proof of
Theorem 1.1 is then achieved. 0J

Proof of Theorem 1.2. Let u € W{"Ep (). By the definition of W{J"Ey(Q),
there exists a sequence {uy}y of C5°(Q2) functions such that D%y, — D%u for all
|a] < m with respect to the norm topology in L,/ (£2). As the norm convergence
implies the modular one, one has D%y — D®u for all |«| < m with respect to the

modular topology. Therefore, we get the result by following exactly the same lines
of the proof of Theorem 1.1. O

Proof of Theorem 1.3. The embedding Wi Ey(Q) C KJ'Lpy () is obviously
satisfied. It only remains to show that KJ"Ly/(2) € W EnN(S2) holds true. Let
u € KLy (2) and let n > 0 be arbitrary. We will show that there is a sequence
v € C§° () such

(3.4) > 1D — Dl <7

laj<m

By the definition of K" Lj/(€2) there exist a sequence {ug} in W™ Ly (£2) of compactly
supported functions in 2 and k, > 0 such that for all £ > k, and |a| < m we have
n
D% — D*
1D%u ugll a0 < 9K

where K is the total number of multi-indices with |a] < m. Now by using |2,
Lemma 12| there exist a sequence {uj} in Cg°(Q) and nj* > 0 such that for all

n > nb* and |a| < m we have

n
D%y, — D%} < —.
D% uy ug | a0 5K
By the triangle inequality we get for all £ > k{ and n > nfz’a

D% = D%ugl|arg < D% — D%up) || are + | D%ur — D*uillare < %
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Hence follows (3.4) and then the following identification
K Las(Q) = Wi Exi(9).
Therefore, Theorem 1.3 follows immediately from Theorem 1.2. O

Proof of Theorem 1.4. We begin first by showing that WL (Q) ¢ Wo'(Q) N
W™ Ly (§2). Since WLy (€2) is a subset of W™ Ly (€2), it’s sufficient to check that
for all function u belonging to WLy () we have u € W™ (Q). Let u € WLy ().
By [2, Theorem 3| there exist A > 0 and a sequence uy, € C3°(€2) such that

Z M (z, |D%ug(z) — D(x)|/A)dx — 0 as k — oo.

jaj<m /€

Therefore, for all |a| < m
/ M (z, |D%ug(z) — D(x)|/A)dx — 0 as k — oo.
0

Thus, for a subsequence still denoted by uy, we can assume
D%y, — D% a.e. in ).

Applying Vitali’s theorem we obtain
/ | D%y () — D%u(zx)| de — 0 as k — oo,
Q

which implies that u € W™ (Q).

Conversely, we should prove that W™ () N W™Ly () € WLy (Q). We will
show that for v € W' (Q) N W™ Ly () there exist a sequence v € C5°(2) such that
v converges in the modular sense to u in W™ L,,(€2) and then we conclude by using
|2, Theorem 3|. Let us denote by u the extension of u by zero outside €. Since u
belongs to W™'() it yields, @ € W™(RY) and Dy = D% in the distributional
sense and a.e. in R (see [1, Lemma 3.27|) and so & € W™Ly(RY). Then by |2,
Lemma 3] we can assume that u has compact support K C Q. We will distinguish
the two cases: either K C Q or K NN # (. If K C Q then we get the desired
inclusion by [2, Lemma 12]. If K N 9Q # (), then, as in the proof of [2, Theorem 2],
there exist a finite collection {@}le covering the compact set K N 02 and an open
covering {0/}¥_, of K with 0] has a compact closure in §; for i =0,1,--- k. Then u
can be splitted into finitely-many pieces w;, such that u = Zle w; with suppw; C 0,
1 =0,1,--- k.

For i = 0, we consider suppuy C 6 C €2, then as for the first case by |2,
Lemma 12| there exist €y > 0 small enough (g¢ < dist(6}, 012)), such the regularized
function vy = J., * up belongs to C3°(§2) and converge in modular since to u in

W™ Ly (Q). For 1 < <k fixed. Let z; be a non-zero vector associated to @ by the
segment property and let r; € (0,1) be such that
0 <r; < min{1/(|z]| + 1), dist(6., 06;)|| '}
Define
(Ui)_ri(l’) = UZ(SL’ — T’Z'ZZ‘>.
and choose

g < dist ((9; ﬂﬁ) + TiZi, RN \ Q) .
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We define then the sequences

Ufr(x) = J., * (ui)—m = / '](y>uz(x — TiZ — é?z‘y) dy

B(0,1)

and
k

() =D 0" (@) + o % uo(2),
i=1

therefore, v € C§°(€2). Then, arguing similarly as in the proof of |2, Theorem 2|, we
prove that v converges to u in W™ L,;(2) with respect to the modular convergence.
This implies that u belongs to W{" L ().

To check (1.11) observe that {u € W1Ly(Q): tr(u) = 0 on 9Q} C {u € WHH(Q):
tr(u) = 0 on dQ} = W, (Q). So that for any v € {u € W'Ly(Q): tr(u) = 0 on 9Q}
one has v € Wy (Q) N WLy (Q) = WLy (Q). O

Acknowledgements. The authors would like to express their thanks to the anony-
mous referee for her/his careful reading the manuscript and for pointing to us the
Example 1.1. The authors would like also to thank Professor A. Fiorenza for bringing
to their attention the example quoted just before the section Main results.

References

[1] Apams, R. A, and J. J. F. FOURNIER: Sobolev spaces. - Pure Appl. Math. (Amsterdam) 140,
Elsevier/Academic Press, Amsterdam, second edition, 2003.

[2] AHMIDA, Y., 1. CHLEBICKA, P. GWIAZDA, and A. YOUSSFI: Gossez’s approximation theorems
in Musielak—Orlicz—Sobolev spaces. - J. Funct. Anal. 275:9, 2018, 2538-2571.

[3] CIARLET, P.G., and G. DINCA: A Poincaré inequality in a Sobolev space with a variable
exponent. - Chin. Ann. Math. Ser. B 32:3, 2011, 333-342.

[4] Cruz-URIBE, D., SFO, and A. FIORENZA: Variable Lebesgue spaces. Applied and numerical
harmonic analysis. - Birkhauser/Springer, Heidelberg, 2013.

[5] DieNING, L., P. HARJULEHTO, P. HASTO, and M. RUZICKA: Lebesgue and Sobolev spaces
with variable exponents. - Lecture Notes in Math. 2017, Springer, Heidelberg, 2011.

[6] FAN, X., and D. ZHAO: On the spaces L?(z)(Q) and W™P(#)(Q). - J. Math. Anal. Appl. 263:2,
2001, 424-446.

[7] GAGLIARDO, E.: Caratterizzazioni delle tracce sulla frontiera relative ad alcune classi di fun-
zioni in n variabili. - Rend. Sem. Mat. Univ. Padova 27, 1957, 284-305.

[8] Gossez, J.-P.: Nonlinear elliptic boundary value problems for equations with rapidly (or
slowly) increasing coefficients. - Trans. Amer. Math. Soc. 190, 1974, 163-205.

[9] GwiazDA, P., A. SWIERCZEWSKA-GWIAZDA, and A. WROBLEWSKA: Monotonicity methods
in generalized Orlicz spaces for a class of non-Newtonian fluids. - Math. Methods Appl. Sci.
33:2, 2010, 125-137.

[10] HupzIk, H.: A generalization of Sobolev spaces. I. - Funct. Approximatio Comment. Math. 2,
1976, 67-73.

[11] Hupzik, H.: A generalization of Sobolev spaces. II. - Funct. Approximatio Comment. Math.
3, 1976, 77-85.

[12] KAMINSKA, A.: On some compactness criterion for Orlicz subspace Eg (). - Comment. Math.
Prace Mat. 22:2, 1980/81, 245-255.

[13] KAMINSKA, A.: On some convexity properties of Musielak—Orlicz spaces. - In: Proceedings of
the 12th winter school on abstract analysis (Srni, 1984), number Suppl. 5, 1984, 63-72.



1054 Youssef Ahmida and Ahmed Youssfi

[14] KAMINSKA, A.: Some convexity properties of Musielak—Orlicz spaces of Bochner type. - In:
Proceedings of the 13th winter school on abstract analysis (Srni, 1985), number 10, (1986),
1985, 63-73.

[15] KovAcik, O., and J. RAKOSNIK: On spaces LP(x) and W*P(®) - Czechoslovak Math. J.
41:116(4), 1991, 592-618.

[16] MAEDA, F.-Y.: Poincaré type inequalities for variable exponents. - J. Inequal. Pure Appl.
Math. 9:3, Article 68, 2008, 1-5.

[17] MUSIELAK, J.: Orlicz spaces and modular spaces. - Lecture Notes in Math. 1034, Springer-
Verlag, Berlin, 1983.

[18] NECAS, J.: Les méthodes directes en théorie des équations elliptiques. - Masson et Cie, Edi-
teurs, Paris; Academia, Editeurs, Prague, 1967.

[19] RajacopraL, K., and M. RUZICKA: On the modeling of electrorheological materials. - Mech.
Res. Commun. 23, 1996, 401-407.

[20] ZHANG, Q., X. FAN, and D. ZHAO: Eigenvalues of p(z)-laplacian Dirichlet problem. - J. Math.
Anal. Appl. 302:2, 2005, 306-317.

[21] YoussFI, A., and Y. AHMIDA: Some approximation results in Musielak—Orlicz spaces. -
Czechoslovak Math. J. (to appear).

Received 16 October 2018 e Accepted 31 January 2019



