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Abstract. In a metric measure space (X, d, u), our first aim in this paper is to discuss the weak
estimates for the maximal and Riesz potential operators in the non-homogeneous central Morrey
type space M1:%%(X) (about xg € X) of all measurable functions f on X satisfying

1/4q

< . dr
HfHMLq,a(X) = (/1 (7‘ ||f||L1(B(zo,r)))q 7) < 0

for a > 0 and 0 < ¢ < oo; when g = 0o, we apply a necessary modification. To do this, we consider
the family WM#%%(X) of all measurable functions f € L{ (X) such that

q 1/q
o . dr
W Me-a.a(X) = SUp Ty XE;(\)\T) ap(x - 00,
£l A ! (z) du(z) <
A>0 1 B(zo,r) r

where ¢ is a general function satisfying certain conditions and x g, (x) denotes the characteristic func-
tion of Ef(\) = {z € X:|f(z)| > A\}. In connection with M1%%(X), we treat the complementary
space N°%%(X) of all measurable functions f on X satisfying

dr

S 1/q
Ilfllzvoeaaxy = Il fllLoo(B(zo,2)) + (/1 (r N £l L2 (x\ Bzory)) 7) < o0.

1. Introduction

Let R™ denote the n-dimensional Euclidean space. The space BP(R™) given by
Beurling [4] is a special case of Herz spaces K*"(R™) introduced by Herz [17]. As an
extension of the space BP(R™), Alvarez, Guzméan-Partida and Lakey [3] introduced
the non-homogeneous central Morrey space B»*(R"). Fu, Lin and Lu [12] proved the
boundedness of the Riesz potential operator I, on BP*(R"™), where —n/p < a < —a;
see also [21].

We denote by (X, d, ) a metric measure space, where d is a metric on X and pu
is a nonnegative complete Borel regular outer measure on X which is finite in every
bounded set. For simplicity, we often write X instead of (X,d, u). For x € X and
r > 0, we denote by B(x,r) the open ball in X centered at z with radius r and let
dx = sup{d(z,y): z,y € X}. We assume that

p({z}) =0
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for x € X and

(u1) 0 < p(B(z,7)) < oo for x € X and r > 0;
(12) p is doubling, that is, there exists a constant A; > 1 such that

w(B(x,2r)) < Aypu(B(z,r)) forallr >0 and z € X.

For a fixed point 0 € X, write || = d(0,|z|). For 0 < ¢ < oo and a > 0, we
consider the non-homogeneous central Morrey type space M>%%(X) consisting of all
measurable functions f on X satisfying

[e8) Y dr 1/q
[ F sy = (/ (r ||f||L1(B(o,r>))q7) <0
1

when ¢ < oo and

||f||M1,oo,a(X) = Slilf T_a||f||L1(B(0,r)) < 00

when ¢ = co. Note here that M'%%(X) is independent of 0 by the doubling condition
on p (see also Definition 2.1).

In connection with M»%%(X), let us consider the family N°*%*(X) of all mea-
surable functions f on X satisfying

~ dr\
£ llvsncey = 1 =02y + ( | IS lscoimon) 7) =
1
when ¢ < oo and
[ Fllaves ey = I flla o2 +Sup Tl v < 00

when ¢ = oo.

There are several Morrey type spaces related to our non-homogeneous central
Morrey type spaces; e.g. Morrey spaces by Adams—Xiao [1], local Morrey type spaces
and complementary local Morrey type spaces by Burenkov and al. |6, 7, 8, 9, 15],
grand and small Lebesgue spaces by Fiorenza—Karadzhov [11].

In harmonic analysis, the maximal operator is a classical tool when studying
Sobolev functions and partial differential equations (see [5, 18, 26|, etc.). It is well
known that the maximal operator is weakly bounded in the Lebesgue space L!'(R™)
(see [26]) and the Riesz potential operator is weakly bounded in L'(R™) (see [16]).
Recently, the first and second authors [20] studied the weak boundedness of the
maximal and Riesz potential operators in M1%%(R™) when p is the Lebesgue measure
on R™, as an extension of [26, Theorem 1(b), Chapter 1| and [16, Proposition 3.19].
We know the weak boundedness of the maximal and Riesz potential operators in the
Lebesgue space L'(X) (see [16, Theorems 2.2 and 3.22]).

Our first aim in this paper is to establish the weak boundedness of the maximal
and Riesz potential operators in M%%¢(X) (Theorems 3.3 and 4.6, Corollaries 3.4
and 4.7 below), as an extension of [20, Theorem 3.2, [26, Theorem 1(b), Chapter 1]
and [16, Proposition 3.19, Theorems 2.2 and 3.22]. To do so, we consider the weak
central Morrey type spaces W M¥%%(X) defined by a general function ¢ satisfying
certain conditions (see Section 3 for the definition of WM%9*(X)). In connection
with [19, Remark 3.7], we show the boundedness for the Riesz potential operator from
MY X) to MP1(X) when X = R"and 1 < p < 1* =n/(n—a) (Corollary 4.8).

Next, following Di Fratta-Fiorenza [10] and Gogatishvili-Mustafayev [13], we
study the duality properties among our Morrey type spaces M"%%(X) and N°¢-¢(X)
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(Theorem 5.1), which gives another characterization of Morrey spaces by Adams—
Xiao [1] (see also [14, 23, 24]).

Throughout this paper, let C' denote various positive constants independent of
the variables in question. The symbol g ~ h means that C~'h < g < Ch for some
constant C' > 0.

2. Non-homogeneous central Morrey type spaces

For 1 < p < oo and a (Borel) measurable set £ C X, set

I Fllzoge) = ( [ du<x>)l/p;

when p = o0, || - ||z>(g) denotes the essential supremum on £.

Definition 2.1. (Non-homogeneous central Morrey type spaces) Let 1 < p < o0,
0 < g <ooanda > 0. We define the non-homogeneous central Morrey type space
MP%2(X) of all measurable functions f on X such that

o) Y dr 1/q
!IfIIMp,q,a(xF(/l (r IIfHLP<B<o,r>>)q7) <00

when 0 < ¢ < oo, and

| £l azpooiax) = Sup = fllze o) < o0

when ¢ = oo. Further we denote by N?%%(X) the family of all measurable functions
f on X such that

. dr\
Hf||zvz)»q’a<X>=IIfHLm.E;(oa»Jr(/1 (r Hf||LP<X\B<o,r>>)q7) <o

when ¢ < oo and
| fll wpooaixy = | fllr(o,2) + sup TN fll e x\B(ory) < 0

when ¢ = oo.

It is easy to see that MP%%(X) is independent of 0 € X by the doubling condition
on [ since

[ fllzoBor)) < N fllze@ortizon) < If 2o+ 120))m)

for o € X and r > 1.

Note that

(1) if a =0 and 0 < ¢ < oo, then MP2%(X) = {0};

(2) if a = 0, then MP>%(X) = NP> X) = LP(X);

(3) if @ > 0, then NP> X) C LP(X) C MP>*(X).
Further,

(4) NPee(X) D Li(X),

where LB (X) denotes the family of functions in L?(X) with compact support in X.
For fundamental properties of our Morrey type spaces, we have the following
lemmas (see [23, Lemma 2.2|).
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Lemma 2.2. Let 1 <p<oocanda > 0. For 0 < q; < ¢ < 00,
MPY(X) C MPRYX) C MP>YX)

and
NPAaLe(X) € NP2 X)) C NP X).

Lemma 2.3. For 1 <p<o0,0<¢qg<ooanda >0,

0o 1/q
1f [Iazpaagxy ~ (Z @If "LP(B(O,zf‘)))q)
=1
and
0o 1/q
[ fllvpaacxy ~ | fllLeBo.a) + (Z (2[”||fHLP(X\B(0,2J‘)))q> :
j=1

3. Maximal functions

For a locally integrable function f on X, the maximal function of f is defined by

1
VI =g | 15wl dut)

It is well known that the maximal operator M: f — M f is weakly bounded in
LY(X), that is,

u({z: Mf(z) > A}) < A~ /X @) duly)

for all A > 0 and f with || f|[z1(x) < oo (see [16], etc.).
Consider a function ¢(r) satisfying the following conditions (¢1) and (¢2):
(#1) ©(0) = lim, 04 ¢(r) = 0;
(p2) (+) is positive, doubling and convex in (0, co).

Definition 3.1. (Weak central Morrey type spaces) Let 0 < ¢ < oo and a > 0.
We denote by WM#%*(X) the family of all measurable functions f on X such that

0o qd?” 1/q
Ilwssssecy =swor ([~ (7 ([ smv@dna) ) ) £) < oo
A>0 1 B(0,r) r

when 0 < ¢ < oo and
| fllwareceaxy = sup A%t (/ XE () (T) du(z)) < 00
A>0,r>1 B(0,r)

when ¢ = 0o, where x denotes the characteristic function of a measurable set G C X
and

E;(\) = {w € X: f(@)] > A}
Note here that WM#9*(X) is a linear space.

When 1 < p < oo and ¢(r) = r?, WM#2%(X) is denoted by W MP%*(X). For
other examples of ¢, see Examples 4.2 and 4.3 below.

Remark 3.2. It is seen that
sup )\/ (14 |z|)™* du(z) < oo
Er(A)

A>0

if and only if f € WM"b(X). Tt is easy to see that if [\ (1+]x|)~%f(x)| du(x) < oo,
then f € WM (X).
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In view of Almeida and Drihem [2|, we know that the maximal operator M is
bounded in both M?%*(R™) and N?»%%(R"), when 1 < p < oo and p is the Lebesgue
measure on R". The case p = 1 is treated in the following, which is an extension of
[20, Theorem 3.2].

Theorem 3.3. Let a > 0. Suppose there is C' > 0 such that
o dt
) [ u(BO.0)1 5 < Culp(0,0) when v > 1

" dt
m / FR(B0,0) 5 < Crp(B0,1)) when 1 > 1
1
Then the maximal operator M is bounded from MY%%(X) to W M142(X).

Corollary 3.4. Let i be the Lebesgue measure on R". If 0 < a < n and 0 <
q < oo, then the maximal operator M is bounded from MY%%(R™) to W M1 4(R").

Theorem 3.5. Let a > 0 and 0 < ¢ < oo. When a = 0, suppose
(15) sup (logr)p(B(0,7))™" < oo.
r>1

If ¢ < 0o, then there exist constants A, C' > 0 such that

) “dr
sup/ (ra)\/ XEMf(A)(I) dlu(x)) Z<c
a>AJ1 X\B(O) .

when || f||ny1.a0(x) < 1; if ¢ = 00, then there exist constants A,C' > 0 such that
sup r“)\/ XEy ;0 (T) du(x) < C
A>Ar>1 X\B(0,r)
Wheﬂ ||f“N1,oo,a(X) S 1

Remark 3.6. In Theorem 3.5, we need the restriction that A > A when a > 0.
For showing this, take § > a > 0 and let us consider the function f(y) = (1+|y|)~°~".
If i is the Lebesgue measure on R™, then f € N'¢(R") and when |z| > 1

1 —0—n c ;
)2 B3 0 2

Hence, this implies that for A = ¢;r7"/2
r\u({z € R\ B(0,7): Mf(x) > \}) > r‘du({z e R": r < |z| < 2Y"}) = Cr?,
which tends to oo as r — oo, when a > 0.

We write A(0,r) = B(0,2r)\B(0,r) for r > 0. Let ¢’ denote the Holder conjugate
of g, that is,

= Cl|I‘_n.

%) when ¢ =1,
¢ =<¢q/(g—1) whenl < q< o0,
1 when ¢ = oo.

For a proof of Theorem 3.3, we treat the Hardy type integral. Before doing so,
it is convenient to note the following result due to Nakai |25, Lemma 7.1].

Lemma 3.7. For 0 < q¢ < oo and a real a, consider

(uga; 00): AC > 0 s.t. /Oo(t“,u(B(O,t))_l)q% < C(r*u(B(0,7)) ") whenr > 1;
(nqa; 0): 3C' > 0 s.t. [T(t_“u(B(O,t)))q% < C(r*u(B(0,7)))? when r > 1.
Then
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(1) (u3) implies (uqe; 00) for small € > 0;
(2) (p4) implies (pug(a +€);0) for small € > 0.

Lemma 3.8. For >0, 1 < g < oo and a > 0, suppose (ul13;00) and (ul(a +
£);0) hold. Then there exists a constant C' > 0 such that

/ N (r—a—wB(o,r)) / F) (B, |y|>>—1du<y>) o c
1 X\B(0,2r)

when ||f||M1’qv“(X) S 1.
Proof. By Lemma 3.7, for 1 < ¢ < oo and a > 0, there exists £ > 0 such that

*° ! e 1—¢
s ([T Cusen ) ) < oo

and
B2 [ B0 T <O (B o.n) )

when r > 1. Then we have by Fubini’s theorem and Holder’s inequality

J= / N (r-a-wB(o,r)) /X o OB, D) du(y))q ar

- i dr
<c| ( u(B0.7) [ \Bm)\f(yﬂ( | pumo.nr Cf) du(y)> -

o [" (e rmmon [ eumonr (f rwlam) F)

< C/loo PP u(B(0, 7)) (/OO (P u(B(0,1) 1) 1 %)W

From (3.1) we see that

J<C / ~(a+B)q D (ru(B(0, r)) )
([ e (/A(Ot i) )5
AL (/A(m i >)q
~</1~a+ﬂ o
:O/loo (t" (B (/A(Ot Idu(y))q
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e [T(en [ pwiaw) §

which proves the result. U

so that (3.2) yields

When ¢ = 0o, Lemma 3.8 must be replaced by the following.

Lemma 3.9. For > 0 and a > 0, suppose (ul(a + );00). Then there exists
a constant C' > 0 such that

r‘“‘ﬁu(B(O,T))/ |F )yl (B0, y)) " du(y) < C

X\B(0,2r)
when || f|| apr.00(x) < 1.
Proof. As the proof of Lemma 3.8, we have

T‘“_BM(B(OJ’))/ LF W)yl u(B(O, [y1) ™" du(y)

X\B(0,2r)

<o) [ rumon ([ wla)
< (0.0 [ 0.0 <C
with the aid of (ul(a + 5); 00). O

Lemma 3.10. Let 5> 0. When 0 < ¢ <1 and a > 0, suppose (ul(a + 5);0).
Then there exists a constant C' > 0 such that

| (r-a-ﬁmB(o,r)) [ il |y|>>_1d“(y)) T <0
. X\B(0,2r)

when || f1|p00x) < 1.
Proof. For 0 < ¢ <1 and a > 0, we have by (3.2) with e =0

[ (o [ wlPu ol ) &
1 X\B(0,2r)

15> (2j<—a—6 B(0.2) (Zu o2y [ |f(y)||y|5du(y)>>
< CZ @B, 2) @ 0.2 (f |f(y)\du(y))

k>3

<cz @ (0.2 (il ) S a2y

J=1

kB F))~1ya ! ok(—ap) k\\\q
SC,;@ w29y ( [ (Oﬁzk)lf(y)ldu(y)) (M0 (B(0,24)))

C'OO —ak d ' C
< 2(2 / e i) <,

which proves the result. O
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Proof of Theorem 3.3.  We show only the case when 1 < ¢ < oo, because
the remaining case is similarly obtained; when 0 < ¢ < 1 and ¢ = oo, we can use
Lemma 3.10 and Lemma 3.9, respectively, instead of Lemma 3.8.

Let f be a measurable function on X such that || f||a1.ea(x) < 1. Forr > 1, write
f = fxBoz2) + fxx\Boz2) = fi + f2. Note here that if x € B(0,r) and t < r, then
B(0,2r)°N B(x,t) = (). Hence,

1
M (o) < Cuup s /B(O,WO,QT) 7o)l duly)

<C / F@)|i(BO, [y)) " du(y)
X\B(0,2r)

for € B(0,7). Let A > 0. Since {x € B(0,r): Mf(x) > A\} C {z € B(0,r):
Mfi(x) > A2} U{x € B(0,r): Mfy(x) > A\/2}, we have

p({x € B(0,r): Mf(x) > A})

< p({x € B(0,r): Mfi(x) > A/2}) + p({z € B(0,r): M fo(x) > A/2})

<ont / F@)| duy) + Cu(B(0, A~ / FW)a(BO, [9) " duly).
B(0,2r) X\B(0,2r)

so that
rAu({z € B(0,r): Mf(z) > A})
< Cr—“/ |f(y)] dp(y) +Cr_“,u(B(0,7”))/ £ @)(B(O, [y]) ™ dpuy)-
B(0,2r)

X\B(0,2r)
Now we find from Lemma 3.8 with § = 0 that

/loo (r—au(B(O,r))/X\B(W) |f(y) (B0, |y|))—1dﬂ(y)) dr <C,

which is a consequence of the lemma. U

Proof of Theorem 3.5. We show only the case when 1 < g < 0o, as the proof of
Theorem 3.3. Let f be a measurable function on X such that || f||y1.eex) < 1. For
r > 1, write f = fxBor/2) + fXx\Bo,r/2) = J1 + f2. Note here that

Mfi(x) < Cu(B(0,r))™ / L W)

< Cu(B /B Dduw)+ Y / ()] dialy)

(ja-gr>1} Y BO27IM\B(0,27771r)

< Cu(B /B Dldum)+ D 2797

{j:2=ir>1}

< Cu(B(0, )" <1+/1 o Cff) <A
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for x € X \ B(0,r) and r > 1, with the aid of (u5) when a = 0. Hence if A > 24,
then

p{r € X\ B(0,r): Mf(x) > A})
< p({z e X\ B(0,7): Mfi(z) > A/2}) + p({e € X\ B(0,r): M fo(x) > A/2})
< p({z e X\ B(0,r): Mfy(x) > A/2})

<ont [ ) duty).
X\B(0,r/2)
Therefore

ru({z € X\ B(0,r): Mf(z) > \}) < Cr / F(v)] duy)

X\B(0,r/2)

when || f||ntaa(x)y < 1. Thus this theorem is proved. O

4. Riesz potentials

For a > 0, we define the Riesz potential I, f of order o of a measurable function
fon X by
[z —yl|®

1@ = [ s ) duty)
Lemma 4.1. |22, Theorem 1.1, Chap. 2| If

(1 +ly))”
FW)ldu(y) < oo,
. 0

then the Riesz potential I, f is finite a.e. and locally integrable on X.

Proof. For R > 0, write

_ |z —y|*
falflle) = /B(0,2R) w(B(zx, |z — 1))
|z —y|*
i /X\Bm BTy @)

First, for y € B(0,2R), we see from (u1) and (42) that

|z — y|* . |z — y|* .
/B@,R) WBl e OS2 /A(y,zj) W(By e —g0)

|f(y)] du(y)

{j: 2=9<3R}
<o Y TN LB
= T a0 HM Yy,
2 WB )
< CR",

so that

x r) = z—y* x
/B(O,R) h(@) du(z) /13(0,21%) U (/B(O,R) w(B(z, [x —yl)) aul )) duly)
<cr [ |fw)ldu(y)
B(0,2R)
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Moreover, if x € B(0, R), then
ly|”
X\B(0,2R) nw(B(0, |y]))

since |y|/2 < |z —y| < 3|y|/2 and B(0, |y|) C B(z,5|x —y|). Thus the present lemma
is proved. O

For x € X and t > 0, let

I(z) < C |f(y)] dp(y) < oo

pH(z,t) = sup T.
{r>0: u(Bla,r)<t)

Note that if p(B(z,-)) is continuous on (0, 00) for all x € X, then
p(Ba,pn™ (w,1) =t.
Consider a function ¢(z,r) satisfying (¢1)—(¢2) and the following conditions

(#3)~(#5):
(p3) there exists a constant C; > 0 such that

p(,rlp= (2,77 h)]%) < Cur
(p4) there exists Cy > 0 such that
r < Cop(a,r[p™ (,7)]™");
(p5) there exists C3 > 0 such that
p(t)7h < Cap(t™),

where
p(t) = inf o(z,t)
for t > 0.
Example 4.2. (1) o(r) = rP(log(e 4+ r))? with p > 1 satisfies (¢5) when
q=0.

(2) @e(r) = rP(log(c + r))? with p > 1 is convex when ¢ is sufficiently large,
relatively to ¢, and ¢. ~ ¢, when ¢ > e.
(3) p(r) =rP* + P2 with 1 < p; < p, satisfies (©5).

Example 4.3. Let u(B(z,7)) = r*(log(e + r~1))? with a > « and b > 0. Then
pz,r) ~ r/e(log(e + r~1)) %2, Considering a function

P(r) = 717 g + 7)),
we find
oz, r[p z, r ) ~ [rlp (2, r )Y@ (log(e + 7))t/ (=)
~ r(log(e + ,,,.))—(b/a)aa/(a—a) (log(e + T))ba/(a—a) -
which shows (¢3). Similarly,
ot 172 [ o 1) g+ 7))
~ r(log(e +r71)* /=) (log(e + )"/ (=),

which shows (¢4).

Lemma 4.4. Assume that ¢ satisfies (p1)—(5). Suppose
(u6) r*(u(B(z,7)))~" is uniformly almost decreasing on (1,00) for all z € X.



Weak estimates for the maximal and Riesz potential operators. .. 1197

Then the inequality

o (il € X: Llf](x) > A1) < A /X )] dpn(y)

holds for all measurable functions f on X and A > 0 with a constant C' > 0 indepen-
dent of f and .

Proof. Let f be a nonnegative measurable function on X such that

/X £(y) dnfy) = 1.

If x € X and t > 0, then we have

o o — y|* v =yl
W= [ TR OO [ TR
(0% ta
< Ct*M f(x) +Cm /X \B(mﬁt)f(y) du(y)
(0% 7ta
< Ct"Mf(z) + Cu(B(:r,t))’

with the aid of (u6). Here, taking t = p~'(z,1/M f(x)), we find

Iof(z) < CM f(2)[u " (B(z, 1/M f()))]",
so that by (¢2) and (p3)

p(laf(2)) < (e, OM f(x) [~ (B(w,1/M f(2)))]*) < CM f(z).

Therefore we obtain for A > 0,
p({r € X: Iof(x) > A/2}) < p({r € X: Mf(z) > Co(A/2)})
< C@(A/Q)‘I/Xf(y) dp(y) = Cp(A/2)7,
which gives by (5)
e (u({r € X1 Lo f(z) > A/2}) < CAT
as required. 0

Remark 4.5. Note that (ula;oo) implies (146).

Theorem 4.6. For a > 0, suppose (pla;o00) and (ul(a + «);0) hold. Then the
Riesz potential operator I,: f —> I, f is bounded from M"“%%(X) to W M®%%(X).

Proof. Suppose 1 < ¢ < oo, as before. Let f be a nonnegative measurable func-
tion on X such that || f|[sraex) < 1. For r > 1, write f = fxpo2r + fXx\BO2) =
i+ fa

By Lemma 4.4, we have

o (ul{x € BO,r): Lofi(x) > A/2})) < CA~? / £(y) du(y),

B(0,2r)
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which gives

(/100 (r A~ (u({z € B(0,7): Iofi(z) > A/2})))" %)1/11

<C (/100 (r‘“ /B(W) f(y) du(y))q %)w

Further, for = € B(0,r)
ly|*
Lfo(z) < C — e f(y) du(y),
Fol2) s 1B, |y|))f(y) 1(y)

Therefore, we obtain
¢~ (u{z € B(0,r): Lnfa(z) > A/2}))

< Ao (u(B(0, 1)) /X - 7M(B|z)|jy‘))f(y) dy(y)

< CX ' u(B(0, 1)) /X o %ﬂy) du(y)

since o' (z,7) < Crlp~*(z,r)]"® by (p4). Hence Lemma 3.8 yields

( —a)\(p ({x I~ B(O,’f’): [af2( ) > A/Q}))) Cf:)
<

¢ </ (T_a aM(B(O’T))/X\B(o,m«) %ﬂy) du(y)>q%>uq

([ (), o) s

Thus, Theorem 4.6 is proved. O

Corollary 4.7. Let a > 0 and 0 < ¢ < co. Let u be the Lebesgue measure on
R". If n — «a > a, then the Riesz potential operator I, is bounded from M“%%(R™)
to WM ae(R™).

In connection with [19, Remark 3.7], we show the following result.

Corollary 4.8. Let a > 0 and 0 < ¢ < 0co. Let u be the Lebesgue measure on
R" If0<a<n/1*,a; >a+n(l/p—1/1%) (> al*/p) and 0 < ¢ < ¢ < oo, then
the Riesz potential operator I, is bounded from M'“%*(R") to MP%-(R") when
1<p<1™

Proof. Suppose 1 < ¢ < oo, as before. Let f be a nonnegative measurable
function on R™ such that [|f|syreemry < 1. For v > 1, write f = fxpoz2n +

fxrm\Bo,2) = fi + fo
By Lemma 4.4, we have

w({z € BO,r): Lofu(z) > Aj2}) < C (A—l / I dy) .
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If1 <p <p<1% then

/B(O )([afl(x))p dx < /000 pw({zx € B0,7): I,fi(x) > A}) dNP

' Iafl(if))pl ) .
o[ (], () o)
00 1*
C At d dNP.
o f (0 1)

Here note from Minkowski’s inequality that

e 1/p1
& T — (a—n)p1
(/B(o,r) (Iofi(z)) da:) < /fl(y) (/B(O,r) | Y| d:z:) dy

< CTa_n+n/pl/f1(y) dy

1/p
([ sy
B(0,r)
p1/p */p
Toa—n-‘,—n/pl ]

[e'e] B d’f’ Ya
</ (r= | Lafillzesom)" _)
! r
. p1q1/p dr Yo
<C / <r—alzﬂ/m+a—"+"/f”1 / f(y) dy) T
. B(0,2r) "

00 q1*/p d Va
L A e BT R
1 B(0,2r) r

= Cll + CJl
We have by Hardy’s inequality (cf. Stein [26, Appendices B.3|)

o] d 1/q
]f/pl <C (/ (T—a1p/p1+a—n+n/:n1 f y d ) _)
1 B(0,2r) r
< T dr
<c / , / fdy) ) <c
1 B(0,2r) r

when ¢1p1/p > ¢ and —aip/p1 + n/p; — n/1* < —a. Similarly,

1* 00 . T I 1/q
! SC( / <r—alp/1 / f(y)dy) —)
1 B(0,2r) r
00 q 1/q
<o(["([ rwaw) L) <c
1 B(0,2r) r

when 1*¢;/p > q and —a;p/1* < —

so that

Hence

1199
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Further, for = € B(0,r)

ly|
I1.1> <C _ dy.
falw) < R™\B(0,2r) n(B(0, |y|)>f(y) Y

Therefore, if
y (0%
A2 < C #yf(y)dyv

then

p(fr € BO.P): Lla) > A/2)
-1 ly| g
<ou@on) (57 [, et )

since t'” is an increasing function. If 1 < p; < p < 1%, then

/ (Lo fola)Pdz = / T u{e € BO,1): Lfolx) > AN
B(0,r) 0

<o ([, (25 o

o 1*
wor [ (A—l / \y\a‘”f(y)dy) ax
1 R\ B(0,2r)

<c /B (@) i

1*
Lo ( / Yo () dy) |
R™\B(0,2r)

Here note that

1/p1
([ tapoyae) < crm [ dy
B(0,r)

|yl dt
<com [ [ e ) ) dy
Iyl/2 t
<o [Te ([ pwa) Y
r A(t) t
o0 ¢ gt 1/q
< Crs+a—n+n/p1 (/ <t—€ f2(y) dy) _)
r A(t) t

fora —n+e=¢—n/1* <0, so that

1/p
( | sy dx)
B(0,r)
. 7 gt p1/(pq)
< Oy (eta—ntn/pip1/p (/ (t_a/ f2(y) dy) _)
r A(t) t

00 q dt 1*/(pq)
+ CrmP (T(EJF"_O‘)q/ (t‘8 f2(y) dy) —) :
r A() t
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Hence

o0 W d,r, 1/‘11
</ (r= " afoll o B0m)™ _)
1 r
0 00 q p191/(pq) Va
<C / (r(—a1+sp1/p+n/:n—(n—a)p1/p)pq/p1/ <t—€/ f2(y) dy) @) @
- 1 r A(t) ¢ r

© 00 1*q1/(pq) Va
+C / (H—al+€1*/p+n/p—<n—a>1*/p)pq/1* / ( faly)d ) dt) T dr
1 r A(t) t r

= CIQ + CJQ
We have by Hardy’s inequality and Fubini’s theorem

ng/pl

- & q1p1/(pq) pq/(q1p1)
B ' r A(t) t r
< C/ ( (—=a1+ep1/p+n/p—(n—a)p1/p)pe/p1 (t—s/ fg(y) dy)q @) @
A(t) t r
dt
C/ (/ (—a+e)q ) (t_ / f2 ) dt
t
<o [" (e[ ) Fec
1

A(t)

IN

when qip1/(pg) > 1, (—ar +epi/p+n/p— (n—a)pi/p)p/pr < —a+ecand 0 <a <
e < n/1*. Similarly,

JPQ/I*

a g\ Var/ ) g\ P00
( (—a1+sl /ptn/p—(n—a)1*/p) :nq/l (t 6/ f2 y) @) 1 ﬁ)
At t r
C </ (r(—a1+€1*/p+n/;n n—a)1* /p)pq/1* /OO (t—€/ f2 ) _) @)
r
) q dt

<cf (t-a f(y)dy) Lye

1 A(t) t

when 1*q¢1/(pq) > 1, (—ay +el*/p+n/p— (n — a)1*/p)p/1* < —a+cand 0 < a <
e < n/l% 0

IA

Lemma 4.9. Suppose (ul(a + «);00). If w(E) = p(B(x,r)) for x € X and
r > 1, then

|‘T _y|a a
/ (B, e — ) W =
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Proof. By Remark 4.5, (u1) and (p2) , we have

|z —y|*
/Eu<B<x, o) Y

|z —y[* |z —y|*
= du(y) + dp(y)
/E'OB(QU,T) :U“(B(Ia |Zl§' - y|)) E\B(z,r) M(B(x> |£E - y|))
|z —yl* re
< dp(y) + C——— dp(y)
/B(x,r) :U“(B(ZEa |Zl§' - y|)) /"L(B(l” T)) E\B(z,r)
7,-.0[
<Cr*+C——————u(F) < Cre,
wBa )
as required. O]
Theorem 4.10. Let a > 0. Suppose v satisfies
(1) (u6) when 0 < ¢ < o0;
(2) (6) and
(u7)  sup 7*(logr)(u(B(z,7)))"t < C when q = co.
zeR™,r>1
If ¢ < 0o, then there exist constants A, C' > 0 such that
o _ dr
sup [ (A X\ BO): L () > AP)" T < €
A>AJ1 r

when || f||y1.aa(xy < 1; if ¢ = 00, then there exist constants A,C' > 0 such that

sup A~ (W{X \ B(0,7): Lo f(x) > A}) < C

A>Ar>1

when ||fHN1,q,a(X) < 1.

Proof. Suppose 1 < ¢ < 0o, as before. Let f be a nonnegative measurable func-
tion on X such that || f||y1ee(x) < 1. Forr > 1, write f = fxpos/2) + fXx\BOr/2) =
fi+ fa

If € X\ B(0,r), then we have by (u6)

[

Iofi(r) < Cm /B(o,r/z) f(y) du(y)

re " dt
<C—rnr—o <1+/ e —) < 4,
1(B(0,r)) 1 t
since || f{|nraex) < 1.
Set E={x € X\ B(0,r): I,f(z) > A}. If A > 2A, then Lemma 4.4 gives

e H(E) <o M (u({x € X\ B(0,r): Iofa(x)) > A/2}))
< CA‘I/sz(y) du(y)

_ o / £() dp(y).
X\B(0,r/2)
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Hence
- 1/q
(/1 (r'he ™ (ul{e € X\ BO.7): Lafola) > 1/2})))’ %)
= AN
a d ar
=c ( /1 (7” /X L u(y)) ; ) ,
which completes the proof. B

Corollary 4.11. Let a > 0 and 0 < ¢ < o0. Let i be the Lebesgue measure on
R™. Ifn — « > a, then there exist constants A, C > 0 such that

qﬁgc
r

A>A

sup [ (AR \ BO.): Lfa) > ADY)

Wheﬂ ||f“N1,q,a(Rn) S 1

5. The associate space of M"%%(X)

Following Gogatishvili and Mustafayev [13, 14|, we study the duality properties
of M44(X) and N°*4-(X) when a > 0; see also [23] and [24].

Let Y be a family of measurable functions on X with a norm || - [[y. Then the
associate space Y’ of Y is defined as the family of all measurable functions f on X
such that

[fllyr = sup /X|f(3€)g(:c)|du(:c)<oo.

9eY: lglly <1

Here we prove the following result.

Theorem 5.1. Fora > 0 and 1 < g < o0,

(Mbre(X)) = Node(X),
The proof will be done in a way similar to those of A. Gogatishvili and R. Ch.
Mustafayev [13, 14]; but, in our case, we recall that

N=da(X)C LX) and  MM%(X) D LY(X).

For a proof of Theorem 5.1, following 23] and [24], it is sufficient to prepare the
following two lemmas.

Lemma 5.2. Leta >0 and 1 < g < oco. Then

/X F@)g(@) dn(x) < O Fllarsaecollglymaos),

Proof. Let 1 < q < oo, as before. Let f and g be measurable functions on X
such that || f[[arneexy <1 and [|g]|yecara(xy < 1. We have by Fubini’s theorem for
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5 >0

[ 15@g(@)] dute)
el dr
= z)g(x)| du(x r)g(x x| rP— | du(z
[, @@t [ s >|(m - ) ()

- [ s+ [ el it

v 5 / ([, @0l ) ) 25
Since

/100 (/X\B(O,r) |f(2)g(x)||z]| 7 d,u(a:)) Cﬁ“ > /X\B(O,l) | (@)g (@)~ du(z),

we have

/ F(@)9(2)] du(z) < / o ) o)

e [T i@ i)

=1+CJ
Then we obtain by Holder’s inequality

I < |[fllzraoallgllcemory <1
and for 8 >a >0

_ dr
= / (Hgnm ooy [ 1@l duto)) o
1 X\B(0,r) r
a q’ d’f’ 1/‘1/
(em—" -
q d 1/‘1
( / ( / |f(93)||x|‘6du(fv)) rqw-@l)
1 X\B(0,r) r
o0 q d 1/f1
g( / ( / If(x)||af|‘5du(x)) rqw-@l)
1 X\B(0,r) r

Here note from Fubini’s theorem and Hélder’s inequality that

[ @l =5 [ ) ([T
<o [T, o @l )

0 </r (/B(O,t)\B(O,r) (@) dz)qt(_ﬁﬂ)q%) ) (/rOOt N Cit)
([ (o))"

IN

IN
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for 0 < v < f — a. Hence by Fubini’s theorem

= = q(=B+7) dt) 94908 dr)
7=C (/1 (/r (/B(O,t)\B(O,r) 7= du(z)) t t r
> T T ! q(=B+7) tr—'yqrq(ﬁ—a)@) @)Uq
SC</1 </B(O,t)‘f( lelul )> ! </o r)t
0 q _ath 1/q
<c([(f,, vl ) ) <

as required. O

Lemma 5.3. Fora >0 and 1 < ¢ < oo, set Z = M*%%(X). Then

oo SC s [ If@lgta)] duta).

{rez: \fllz<1}
Proof. Let g be a measurable function on X such that

sup /|f 2)] du() <

{fez: |Ifllz<1}
Let B be a ball of X. Then f = fixp € Z for f; € L}(X), so that

/m o) du(z) < oo,
. Set

which implies that g € L>*(B

1/q
a; = 2%g|lL~(a,) and Gy = (Z ag-,> ,

J<N
where Ag = B(0,1) and A; = B(0,27) \ B(0,2771) for j > 1. Consider
F=G D2 X, a1 Blj,77)
j<N
where B(z;,r;) C A;. Then

1715 < €3 @l < 0o Y (a7 ) =0

j<N <N

A jagd' =1 v x x
/ |f(@)g(x)| du(z) > CGy 22 j (u(B(xj,rj)) /B(xjm l9(@)] du( )>,

J<N
which together with the Lebesgue density theorem gives

/ F@)g@) du() > CGR S 2967 gl gy = OGS af

j<N j<N

1/q
¢ (Z “3]') = Cllgllyesaco)-

j<N
This completes the proof. O
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