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Abstract. In a metric measure space (X, d, µ), our first aim in this paper is to discuss the weak
estimates for the maximal and Riesz potential operators in the non-homogeneous central Morrey
type space M1,q,a(X) (about x0 ∈ X) of all measurable functions f on X satisfying

‖f‖M1,q,a(X) =

(
ˆ ∞

1

(

r−a‖f‖L1(B(x0,r))

)q dr

r

)1/q

< ∞

for a ≥ 0 and 0 < q < ∞; when q = ∞, we apply a necessary modification. To do this, we consider
the family WMϕ,q,a(X) of all measurable functions f ∈ L1

loc(X) such that

‖f‖WMϕ,q,a(X) = sup
λ>0

λ

(

ˆ ∞

1

(

r−aϕ−1

(

ˆ

B(x0,r)

χEf (λ)(x) dµ(x)

))q
dr

r

)1/q

< ∞,

where ϕ is a general function satisfying certain conditions and χEf (λ) denotes the characteristic func-

tion of Ef (λ) = {x ∈ X : |f(x)| > λ}. In connection with M1,q,a(X), we treat the complementary
space N∞,q,a(X) of all measurable functions f on X satisfying

‖f‖N∞,q,a(X) = ‖f‖L∞(B(x0,2)) +

(
ˆ ∞

1

(

ra‖f‖L1(X\B(x0,r))

)q dr

r

)1/q

< ∞.

1. Introduction

Let Rn denote the n-dimensional Euclidean space. The space Bp(Rn) given by
Beurling [4] is a special case of Herz spaces Kα,r

p (Rn) introduced by Herz [17]. As an
extension of the space Bp(Rn), Alvarez, Guzmán-Partida and Lakey [3] introduced
the non-homogeneous central Morrey space Bp,a(Rn). Fu, Lin and Lu [12] proved the
boundedness of the Riesz potential operator Iα on Bp,a(Rn), where −n/p ≤ a < −α;
see also [21].

We denote by (X, d, µ) a metric measure space, where d is a metric on X and µ
is a nonnegative complete Borel regular outer measure on X which is finite in every
bounded set. For simplicity, we often write X instead of (X, d, µ). For x ∈ X and
r > 0, we denote by B(x, r) the open ball in X centered at x with radius r and let
dX = sup{d(x, y) : x, y ∈ X}. We assume that

µ({x}) = 0
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for x ∈ X and

(µ1) 0 < µ(B(x, r)) < ∞ for x ∈ X and r > 0;
(µ2) µ is doubling, that is, there exists a constant A1 > 1 such that

µ(B(x, 2r)) ≤ A1µ(B(x, r)) for all r > 0 and x ∈ X.

For a fixed point 0 ∈ X, write |x| = d(0, |x|). For 0 < q ≤ ∞ and a ≥ 0, we
consider the non-homogeneous central Morrey type space M1,q,a(X) consisting of all
measurable functions f on X satisfying

‖f‖M1,q,a(X) =

(
ˆ ∞

1

(

r−a‖f‖L1(B(0,r))

)q dr

r

)1/q

< ∞

when q < ∞ and

‖f‖M1,∞,a(X) = sup
r>1

r−a‖f‖L1(B(0,r)) < ∞

when q = ∞. Note here that M1,q,a(X) is independent of 0 by the doubling condition
on µ (see also Definition 2.1).

In connection with M1,q,a(X), let us consider the family N∞,q,a(X) of all mea-
surable functions f on X satisfying

‖f‖N∞,q,a(X) = ‖f‖L∞(B(0,2)) +

(
ˆ ∞

1

(

ra‖f‖L∞(X\B(0,r))

)q dr

r

)1/q

< ∞

when q < ∞ and

‖f‖N∞,∞,a(X) = ‖f‖L∞(B(0,2)) + sup
r>1

ra‖f‖L∞(X\B(0,r)) < ∞

when q = ∞.
There are several Morrey type spaces related to our non-homogeneous central

Morrey type spaces; e.g. Morrey spaces by Adams–Xiao [1], local Morrey type spaces
and complementary local Morrey type spaces by Burenkov and al. [6, 7, 8, 9, 15],
grand and small Lebesgue spaces by Fiorenza–Karadzhov [11].

In harmonic analysis, the maximal operator is a classical tool when studying
Sobolev functions and partial differential equations (see [5, 18, 26], etc.). It is well
known that the maximal operator is weakly bounded in the Lebesgue space L1(Rn)
(see [26]) and the Riesz potential operator is weakly bounded in L1(Rn) (see [16]).
Recently, the first and second authors [20] studied the weak boundedness of the
maximal and Riesz potential operators in M1,q,a(Rn) when µ is the Lebesgue measure
on Rn, as an extension of [26, Theorem 1(b), Chapter 1] and [16, Proposition 3.19].
We know the weak boundedness of the maximal and Riesz potential operators in the
Lebesgue space L1(X) (see [16, Theorems 2.2 and 3.22]).

Our first aim in this paper is to establish the weak boundedness of the maximal
and Riesz potential operators in M1,q,a(X) (Theorems 3.3 and 4.6, Corollaries 3.4
and 4.7 below), as an extension of [20, Theorem 3.2], [26, Theorem 1(b), Chapter 1]
and [16, Proposition 3.19, Theorems 2.2 and 3.22]. To do so, we consider the weak
central Morrey type spaces WMϕ,q,a(X) defined by a general function ϕ satisfying
certain conditions (see Section 3 for the definition of WMϕ,q,a(X)). In connection
with [19, Remark 3.7], we show the boundedness for the Riesz potential operator from
M1,q,a(X) to Mp,q1,a1(X) when X = Rn and 1 < p < 1∗ = n/(n−α) (Corollary 4.8).

Next, following Di Fratta–Fiorenza [10] and Gogatishvili–Mustafayev [13], we
study the duality properties among our Morrey type spaces M1,q,a(X) and N∞,q′,a(X)
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(Theorem 5.1), which gives another characterization of Morrey spaces by Adams–
Xiao [1] (see also [14, 23, 24]).

Throughout this paper, let C denote various positive constants independent of
the variables in question. The symbol g ∼ h means that C−1h ≤ g ≤ Ch for some
constant C > 0.

2. Non-homogeneous central Morrey type spaces

For 1 ≤ p < ∞ and a (Borel) measurable set E ⊂ X, set

‖f‖Lp(E) =

(
ˆ

E

|f(x)|p dµ(x)

)1/p

;

when p = ∞, ‖ · ‖L∞(E) denotes the essential supremum on E.

Definition 2.1. (Non-homogeneous central Morrey type spaces) Let 1 ≤ p ≤ ∞,
0 < q ≤ ∞ and a ≥ 0. We define the non-homogeneous central Morrey type space
Mp,q,a(X) of all measurable functions f on X such that

‖f‖Mp,q,a(X) =

(
ˆ ∞

1

(

r−a‖f‖Lp(B(0,r))

)q dr

r

)1/q

< ∞

when 0 < q < ∞, and

‖f‖Mp,∞,a(X) = sup
r>1

r−a‖f‖Lp(B(0,r)) < ∞

when q = ∞. Further we denote by Np,q,a(X) the family of all measurable functions
f on X such that

‖f‖Np,q,a(X) = ‖f‖Lp(B(0,2)) +

(
ˆ ∞

1

(

ra‖f‖Lp(X\B(0,r))

)q dr

r

)1/q

< ∞

when q < ∞ and

‖f‖Np,∞,a(X) = ‖f‖Lp(B(0,2)) + sup
r>1

ra‖f‖Lp(X\B(0,r)) < ∞

when q = ∞.

It is easy to see that Mp,q,a(X) is independent of 0 ∈ X by the doubling condition
on µ since

‖f‖Lp(B(x0,r)) ≤ ‖f‖Lp(B(0,r+|x0|)) ≤ ‖f‖Lp(B(0,(1+|x0|)r))

for x0 ∈ X and r > 1.
Note that

(1) if a = 0 and 0 < q < ∞, then Mp,q,a(X) = {0};
(2) if a = 0, then Mp,∞,a(X) = Np,∞,a(X) = Lp(X);
(3) if a > 0, then Np,∞,a(X) ⊂ Lp(X) ⊂ Mp,∞,a(X).

Further,

(4) Np,q,a(X) ⊃ Lp
0(X),

where Lp
0(X) denotes the family of functions in Lp(X) with compact support in X.

For fundamental properties of our Morrey type spaces, we have the following
lemmas (see [23, Lemma 2.2]).
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Lemma 2.2. Let 1 ≤ p ≤ ∞ and a ≥ 0. For 0 < q1 < q2 < ∞,

Mp,q1,a(X) ⊂ Mp,q2,a(X) ⊂ Mp,∞,a(X)

and

Np,q1,a(X) ⊂ Np,q2,a(X) ⊂ Np,∞,a(X).

Lemma 2.3. For 1 ≤ p ≤ ∞, 0 < q < ∞ and a ≥ 0,

‖f‖Mp,q,a(X) ∼

(

∞
∑

j=1

(

2−aj‖f‖Lp(B(0,2j ))

)q

)1/q

and

‖f‖Np,q,a(X) ∼ ‖f‖Lp(B(0,4)) +

(

∞
∑

j=1

(

2aj‖f‖Lp(X\B(0,2j ))

)q

)1/q

.

3. Maximal functions

For a locally integrable function f on X, the maximal function of f is defined by

Mf(x) = sup
r>0

1

µ(B(x, r))

ˆ

B(x,r)

|f(y)| dµ(y).

It is well known that the maximal operator M : f −→ Mf is weakly bounded in
L1(X), that is,

µ({x : Mf(x) > λ}) ≤ Cλ−1

ˆ

X

|f(y)| dµ(y)

for all λ > 0 and f with ‖f‖L1(X) < ∞ (see [16], etc.).
Consider a function ϕ(r) satisfying the following conditions (ϕ1) and (ϕ2):

(ϕ1) ϕ(0) = limr→0+ ϕ(r) = 0;
(ϕ2) ϕ(·) is positive, doubling and convex in (0,∞).

Definition 3.1. (Weak central Morrey type spaces) Let 0 < q ≤ ∞ and a ≥ 0.
We denote by WMϕ,q,a(X) the family of all measurable functions f on X such that

‖f‖WMϕ,q,a(X) = sup
λ>0

λ

(
ˆ ∞

1

(

r−aϕ−1

(
ˆ

B(0,r)

χEf (λ)(x) dµ(x)

))q
dr

r

)1/q

< ∞

when 0 < q < ∞ and

‖f‖WMϕ,∞,a(X) = sup
λ>0,r>1

λr−aϕ−1

(
ˆ

B(0,r)

χEf (λ)(x) dµ(x)

)

< ∞

when q = ∞, where χG denotes the characteristic function of a measurable set G ⊂ X
and

Ef(λ) = {x ∈ X : |f(x)| > λ}.

Note here that WMϕ,q,a(X) is a linear space.

When 1 ≤ p ≤ ∞ and ϕ(r) = rp, WMϕ,q,a(X) is denoted by WMp,q,a(X). For
other examples of ϕ, see Examples 4.2 and 4.3 below.

Remark 3.2. It is seen that

sup
λ>0

λ

ˆ

Ef (λ)

(1 + |x|)−a dµ(x) < ∞

if and only if f ∈ WM1,1,a(X). It is easy to see that if
´

X
(1+|x|)−a|f(x)| dµ(x) < ∞,

then f ∈ WM1,1,a(X).
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In view of Almeida and Drihem [2], we know that the maximal operator M is
bounded in both Mp,q,a(Rn) and Np,q,a(Rn), when 1 < p < ∞ and µ is the Lebesgue
measure on Rn. The case p = 1 is treated in the following, which is an extension of
[20, Theorem 3.2].

Theorem 3.3. Let a ≥ 0. Suppose there is C > 0 such that

(µ3)

ˆ ∞

r

µ(B(0, t))−1dt

t
≤ Cµ(B(0, r))−1 when r > 1;

(µ4)

ˆ r

1

t−aµ(B(0, t))
dt

t
≤ Cr−aµ(B(0, r)) when r > 1.

Then the maximal operator M is bounded from M1,q,a(X) to WM1,q,a(X).

Corollary 3.4. Let µ be the Lebesgue measure on Rn. If 0 ≤ a < n and 0 <
q ≤ ∞, then the maximal operator M is bounded from M1,q,a(Rn) to WM1,q,a(Rn).

Theorem 3.5. Let a ≥ 0 and 0 < q ≤ ∞. When a = 0, suppose

(µ5) sup
r>1

(log r)µ(B(0, r))−1 < ∞.

If q < ∞, then there exist constants A,C > 0 such that

sup
λ>A

ˆ ∞

1

(

raλ

ˆ

X\B(0,r)

χEMf (λ)(x) dµ(x)

)q
dr

r
≤ C

when ‖f‖N1,q,a(X) ≤ 1; if q = ∞, then there exist constants A,C > 0 such that

sup
λ>A,r>1

raλ

ˆ

X\B(0,r)

χEMf (λ)(x) dµ(x) ≤ C

when ‖f‖N1,∞,a(X) ≤ 1.

Remark 3.6. In Theorem 3.5, we need the restriction that λ > A when a > 0.
For showing this, take δ > a > 0 and let us consider the function f(y) = (1+|y|)−δ−n.
If µ is the Lebesgue measure on Rn, then f ∈ N1,q,a(Rn) and when |x| > 1

Mf(x) ≥
1

µ(B(x, 2|x|))

ˆ

B(0,|x|)

(1 + |y|)−δ−n dµ(y) ≥ c1
1

µ(B(x, 2|x|))
= c1|x|

−n.

Hence, this implies that for λ = c1r
−n/2

raλµ({x ∈ Rn \B(0, r) : Mf(x) > λ}) ≥ raλµ({x ∈ Rn : r ≤ |x| < 21/nr}) = Cra,

which tends to ∞ as r → ∞, when a > 0.

We write A(0, r) = B(0, 2r)\B(0, r) for r > 0. Let q′ denote the Hölder conjugate
of q, that is,

q′ =











∞ when q = 1,

q/(q − 1) when 1 < q < ∞,

1 when q = ∞.

For a proof of Theorem 3.3, we treat the Hardy type integral. Before doing so,
it is convenient to note the following result due to Nakai [25, Lemma 7.1].

Lemma 3.7. For 0 < q < ∞ and a real a, consider

(µqa;∞): ∃C > 0 s.t.

ˆ ∞

r

(taµ(B(0, t))−1)q
dt

t
≤ C(raµ(B(0, r))−1)q when r > 1;

(µqa; 0): ∃C > 0 s.t.

ˆ r

1

(t−aµ(B(0, t)))q
dt

t
≤ C(r−aµ(B(0, r)))q when r > 1.

Then
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(1) (µ3) implies (µqε;∞) for small ε > 0;
(2) (µ4) implies (µq(a+ ε); 0) for small ε > 0.

Lemma 3.8. For β ≥ 0, 1 < q < ∞ and a ≥ 0, suppose (µ1β;∞) and (µ1(a +
β); 0) hold. Then there exists a constant C > 0 such that

ˆ ∞

1

(

r−a−βµ(B(0, r))

ˆ

X\B(0,2r)

|f(y)||y|βµ(B(0, |y|))−1 dµ(y)

)q
dr

r
≤ C

when ‖f‖M1,q,a(X) ≤ 1.

Proof. By Lemma 3.7, for 1 < q < ∞ and a ≥ 0, there exists ε > 0 such that

(3.1)

(
ˆ ∞

r

(

tβµ(B(0, t))−1
)(1−ε)q′ dt

t

)1/q′

≤ C
(

rβµ(B(0, r))−1
)1−ε

and

(3.2)

ˆ r

1

t−aq
(

tβµ(B(0, t))−1
)−εq dt

t
≤ Cr−aq

(

rβµ(B(0, r))−1
)−εq

when r > 1. Then we have by Fubini’s theorem and Hölder’s inequality

J =

ˆ ∞

1

(

r−a−βµ(B(0, r))

ˆ

X\B(0,2r)

|f(y)||y|βµ(B(0, |y|))−1 dµ(y)

)q
dr

r

≤ C

ˆ ∞

1

(

r−a−βµ(B(0, r))

ˆ

X\B(0,2r)

|f(y)|

(

ˆ |y|

|y|/2

tβµ(B(0, t))−1dt

t

)

dµ(y)

)q
dr

r

= C

ˆ ∞

1

(

r−a−βµ(B(0, r))

ˆ ∞

r

tβµ(B(0, t))−1

(
ˆ

A(0,t)

|f(y)| dµ(y)

)

dt

t

)q
dr

r

≤ C

ˆ ∞

1

(

r−a−βµ(B(0, r))

(
ˆ ∞

r

(

tβµ(B(0, t))−1
)(1−ε)q′ dt

t

)1/q′

·

(
ˆ ∞

r

(

tβµ(B(0, t))−1
)εq
(
ˆ

A(0,t)

|f(y)| dµ(y)

)q
dt

t

)1/q
)q

dr

r
.

From (3.1) we see that

J ≤ C

ˆ ∞

1

r−(a+β)qµ(B(0, r))q
(

rβµ(B(0, r))−1
)(1−ε)q

·

(
ˆ ∞

r

(

tβµ(B(0, t))−1
)εq
(
ˆ

A(0,t)

|f(y)| dµ(y)

)q
dt

t

)

dr

r

= C

ˆ ∞

1

(

tβµ(B(0, t))−1
)εq
(
ˆ

A(0,t)

|f(y)| dµ(y)

)q

·

(
ˆ t

1

r−(a+β)qµ(B(0, r))q
(

rβµ(B(0, r))−1
)(1−ε)q dr

r

)

dt

t

= C

ˆ ∞

1

(

tβµ(B(0, t))−1
)εq
(
ˆ

A(0,t)

|f(y)| dµ(y)

)q

·

(
ˆ t

1

r−aq
(

rβµ(B(0, r))−1
)−εq dr

r

)

dt

t
,
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so that (3.2) yields

J ≤ C

ˆ ∞

1

(

t−a

ˆ

A(0,t)

|f(y)| dµ(y)

)q
dt

t
,

which proves the result. �

When q = ∞, Lemma 3.8 must be replaced by the following.

Lemma 3.9. For β ≥ 0 and a ≥ 0, suppose (µ1(a + β);∞). Then there exists

a constant C > 0 such that

r−a−βµ(B(0, r))

ˆ

X\B(0,2r)

|f(y)||y|βµ(B(0, |y|))−1 dµ(y) ≤ C

when ‖f‖M1,∞,a(X) ≤ 1.

Proof. As the proof of Lemma 3.8, we have

r−a−βµ(B(0, r))

ˆ

X\B(0,2r)

|f(y)||y|βµ(B(0, |y|))−1 dµ(y)

≤ Cr−a−βµ(B(0, r))

ˆ ∞

r

tβµ(B(0, t))−1

(
ˆ

A(0,t)

|f(y)| dµ(y)

)

dt

t

≤ Cr−a−βµ(B(0, r))

ˆ ∞

r

tβ+aµ(B(0, t))−1dt

t
≤ C

with the aid of (µ1(a+ β);∞). �

Lemma 3.10. Let β ≥ 0. When 0 < q ≤ 1 and a ≥ 0, suppose (µ1(a + β); 0).
Then there exists a constant C > 0 such that

ˆ ∞

1

(

r−a−βµ(B(0, r))

ˆ

X\B(0,2r)

|f(y)||y|βµ(B(0, |y|))−1 dµ(y)

)q
dr

r
≤ C

when ‖f‖M1,q,a(X) ≤ 1.

Proof. For 0 < q ≤ 1 and a ≥ 0, we have by (3.2) with ε = 0
ˆ ∞

1

(

r−a−βµ(B(0, r))

ˆ

X\B(0,2r)

|f(y)||y|βµ(B(0, |y|))−1 dµ(y)

)q
dr

r

≤ C

∞
∑

j=1

(

2j(−a−β)µ(B(0, 2j))

(

∑

k≥j

µ(B(0, 2k))−1

ˆ

A(0,2k)

|f(y)||y|β dµ(y)

))q

≤ C

∞
∑

j=1

(2j(−a−β)µ(B(0, 2j)))q
∑

k≥j

(2kβµ(B(0, 2k))−1)q
(
ˆ

A(0,2k)

|f(y)| dµ(y)

)q

≤ C

∞
∑

k=1

(2kβµ(B(0, 2k))−1)q
(
ˆ

A(0,2k)

|f(y)| dµ(y)

)q k
∑

j=1

(2j(−a−β)µ(B(0, 2j)))q

≤ C

∞
∑

k=1

(2kβµ(B(0, 2k))−1)q
(
ˆ

A(0,2k)

|f(y)| dµ(y)

)q

(2k(−a−β)µ(B(0, 2k)))q

≤ C

∞
∑

k=1

(

2−ak

ˆ

B(0,2k)

|f(y)| dµ(y)

)q

≤ C,

which proves the result. �
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Proof of Theorem 3.3. We show only the case when 1 < q < ∞, because
the remaining case is similarly obtained; when 0 < q ≤ 1 and q = ∞, we can use
Lemma 3.10 and Lemma 3.9, respectively, instead of Lemma 3.8.

Let f be a measurable function on X such that ‖f‖M1,q,a(X) ≤ 1. For r > 1, write
f = fχB(0,2r) + fχX\B(0,2r) = f1 + f2. Note here that if x ∈ B(0, r) and t ≤ r, then
B(0, 2r)c ∩ B(x, t) = ∅. Hence,

Mf2(x) ≤ C sup
t>r

1

µ(B(0, t))

ˆ

B(0,2t)\B(0,2r)

|f(y)| dµ(y)

≤ C

ˆ

X\B(0,2r)

|f(y)|µ(B(0, |y|))−1 dµ(y)

for x ∈ B(0, r). Let λ > 0. Since {x ∈ B(0, r) : Mf(x) > λ} ⊂ {x ∈ B(0, r) :
Mf1(x) > λ/2} ∪ {x ∈ B(0, r) : Mf2(x) > λ/2}, we have

µ({x ∈ B(0, r) : Mf(x) > λ})

≤ µ({x ∈ B(0, r) : Mf1(x) > λ/2}) + µ({x ∈ B(0, r) : Mf2(x) > λ/2})

≤ Cλ−1

ˆ

B(0,2r)

|f(y)| dµ(y) + Cµ(B(0, r))λ−1

ˆ

X\B(0,2r)

|f(y)|µ(B(0, |y|))−1dµ(y),

so that

r−aλµ({x ∈ B(0, r) : Mf(x) > λ})

≤ Cr−a

ˆ

B(0,2r)

|f(y)| dµ(y) + Cr−aµ(B(0, r))

ˆ

X\B(0,2r)

|f(y)|µ(B(0, |y|))−1 dµ(y).

Now we find from Lemma 3.8 with β = 0 that

ˆ ∞

1

(

r−aµ(B(0, r))

ˆ

X\B(0,2r)

|f(y)|µ(B(0, |y|))−1 dµ(y)

)q
dr

r
≤ C,

which is a consequence of the lemma. �

Proof of Theorem 3.5. We show only the case when 1 < q < ∞, as the proof of
Theorem 3.3. Let f be a measurable function on X such that ‖f‖N1,q,a(X) ≤ 1. For
r > 1, write f = fχB(0,r/2) + fχX\B(0,r/2) = f1 + f2. Note here that

Mf1(x) ≤ Cµ(B(0, r))−1

ˆ

B(0,r/2)

|f(y)| dµ(y)

≤ Cµ(B(0, r))−1





ˆ

B(0,1)

|f(y)| dµ(y) +
∑

{j:2−jr>1}

ˆ

B(0,2−jr)\B(0,2−j−1r)

|f(y)| dµ(y)





≤ Cµ(B(0, r))−1





ˆ

B(0,1)

|f(y)| dµ(y) +
∑

{j:2−jr>1}

(2−j−1r)−a





≤ Cµ(B(0, r))−1

(

1 +

ˆ r

1

t−a dt

t

)

≤ A
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for x ∈ X \ B(0, r) and r > 1, with the aid of (µ5) when a = 0. Hence if λ > 2A,
then

µ({x ∈ X \B(0, r) : Mf(x) > λ})

≤ µ({x ∈ X \B(0, r) : Mf1(x) > λ/2}) + µ({x ∈ X \B(0, r) : Mf2(x) > λ/2})

≤ µ({x ∈ X \B(0, r) : Mf2(x) > λ/2})

≤ Cλ−1

ˆ

X\B(0,r/2)

|f(y)| dµ(y).

Therefore

raλµ({x ∈ X \B(0, r) : Mf(x) > λ}) ≤ Cra
ˆ

X\B(0,r/2)

|f(y)| dµ(y)

when ‖f‖N1,q,a(X) ≤ 1. Thus this theorem is proved. �

4. Riesz potentials

For α > 0, we define the Riesz potential Iαf of order α of a measurable function
f on X by

Iαf(x) =

ˆ

X

|x− y|α

µ(B(x, |x− y|))
f(y) dµ(y).

Lemma 4.1. [22, Theorem 1.1, Chap. 2] If
ˆ

X

(1 + |y|)α

µ(B(0, 1 + |y|))
|f(y)| dµ(y) < ∞,

then the Riesz potential Iαf is finite a.e. and locally integrable on X.

Proof. For R > 0, write

Iα|f |(x) =

ˆ

B(0,2R)

|x− y|α

µ(B(x, |x− y|))
|f(y)| dµ(y)

+

ˆ

X\B(0,2R)

|x− y|α

µ(B(x, |x− y|))
|f(y)| dµ(y)

= I1(x) + I2(x).

First, for y ∈ B(0, 2R), we see from (µ1) and (µ2) that
ˆ

B(0,R)

|x− y|α

µ(B(x, |x− y|))
dµ(x) ≤

∑

{j : 2−j<3R}

ˆ

A(y,2−j)

|x− y|α

µ(B(y, |x− y|))
dµ(x)

≤ C
∑

{j : 2−j<3R}

2−jα

µ(B(y, 2−j))
µ(B(y, 2−j+1))

≤ CRα,

so that
ˆ

B(0,R)

I1(x) dµ(x) =

ˆ

B(0,2R)

|f(y)|

(
ˆ

B(0,R)

|x− y|α

µ(B(x, |x− y|))
dµ(x)

)

dµ(y)

≤ CRα

ˆ

B(0,2R)

|f(y)| dµ(y).
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Moreover, if x ∈ B(0, R), then

I2(x) ≤ C

ˆ

X\B(0,2R)

|y|α

µ(B(0, |y|))
|f(y)| dµ(y) < ∞

since |y|/2 ≤ |x−y| ≤ 3|y|/2 and B(0, |y|) ⊂ B(x, 5|x−y|). Thus the present lemma
is proved. �

For x ∈ X and t > 0, let

µ−1(x, t) = sup
{r>0: µ(B(x,r))<t}

r.

Note that if µ(B(x, ·)) is continuous on (0,∞) for all x ∈ X, then

µ(B(x, µ−1(x, t))) = t.

Consider a function ϕ(x, r) satisfying (ϕ1)–(ϕ2) and the following conditions
(ϕ3)–(ϕ5):

(ϕ3) there exists a constant C1 > 0 such that

ϕ(x, r[µ−1(x, r−1)]α) ≤ C1r;

(ϕ4) there exists C2 > 0 such that

r ≤ C2ϕ(x, r[µ
−1(x, r)]−α);

(ϕ5) there exists C3 > 0 such that

ϕ(t)−1 ≤ C3ϕ(t
−1),

where

ϕ(t) = inf
x∈X

ϕ(x, t)

for t ≥ 0.

Example 4.2. (1) ϕ(r) = rp(log(e + r))q with p ≥ 1 satisfies (ϕ5) when
q ≥ 0.

(2) ϕc(r) = rp(log(c + r))q with p > 1 is convex when c is sufficiently large,
relatively to q, and ϕc ∼ ϕe when c > e.

(3) ϕ(r) = rp1 + rp2 with 1 ≤ p1 ≤ p2 satisfies (ϕ5).

Example 4.3. Let µ(B(x, r)) = ra(log(e + r−1))b with a > α and b ≥ 0. Then
µ−1(x, r) ∼ r1/a(log(e+ r−1))−b/a. Considering a function

ϕ(r) = ra/(a−α)(log(e+ r))bα/(a−α),

we find

ϕ(x, r[µ−1(x, r−1)]α) ∼ [r[µ−1(x, r−1)]α]a/(a−α)(log(e + r))bα/(a−α)

∼ r(log(e+ r))−(b/a)αa/(a−α)(log(e + r))bα/(a−α) = r,

which shows (ϕ3). Similarly,

ϕ(x, r[µ−1(x, r)]−α) ∼ [r[µ−1(x, r)]−α]a/(a−α)(log(e + r))bα/(a−α)

∼ r(log(e + r−1))bα/(a−α)(log(e+ r))bα/(a−α),

which shows (ϕ4).

Lemma 4.4. Assume that ϕ satisfies (ϕ1)–(ϕ5). Suppose

(µ6) rα(µ(B(x, r)))−1 is uniformly almost decreasing on (1,∞) for all x ∈ X.
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Then the inequality

ϕ−1(µ({x ∈ X : Iα|f |(x) > λ})) ≤ Cλ−1

ˆ

X

|f(y)| dµ(y)

holds for all measurable functions f on X and λ > 0 with a constant C > 0 indepen-

dent of f and λ.

Proof. Let f be a nonnegative measurable function on X such that
ˆ

X

f(y) dµ(y) = 1.

If x ∈ X and t > 0, then we have

Iαf(x) =

ˆ

B(x,t)

|x− y|α

µ(B(x, |x− y|))
f(y) dµ(y) +

ˆ

X\B(x,t)

|x− y|α

µ(B(x, |x− y|))
f(y) dµ(y)

≤ CtαMf(x) + C
tα

µ(B(x, t))

ˆ

X\B(x,t)

f(y) dµ(y)

≤ CtαMf(x) + C
tα

µ(B(x, t))
,

with the aid of (µ6). Here, taking t = µ−1(x, 1/Mf(x)), we find

Iαf(x) ≤ CMf(x)[µ−1(B(x, 1/Mf(x)))]α,

so that by (ϕ2) and (ϕ3)

ϕ(Iαf(x)) ≤ ϕ(x, CMf(x) [µ−1(B(x, 1/Mf(x)))]α) ≤ CMf(x).

Therefore we obtain for λ > 0,

µ({x ∈ X : Iαf(x) > λ/2}) ≤ µ({x ∈ X : Mf(x) > Cϕ(λ/2)})

≤ Cϕ(λ/2)−1

ˆ

X

f(y) dµ(y) = Cϕ(λ/2)−1,

which gives by (ϕ5)

ϕ−1(µ({x ∈ X : Iαf(x) > λ/2})) ≤ Cλ−1,

as required. �

Remark 4.5. Note that (µ1α;∞) implies (µ6).

Theorem 4.6. For a ≥ 0, suppose (µ1α;∞) and (µ1(a+ α); 0) hold. Then the

Riesz potential operator Iα : f −→ Iαf is bounded from M1,q,a(X) to WMϕ,q,a(X).

Proof. Suppose 1 < q < ∞, as before. Let f be a nonnegative measurable func-
tion on X such that ‖f‖M1,q,a(X) ≤ 1. For r > 1, write f = fχB(0,2r) + fχX\B(0,2r) =
f1 + f2.

By Lemma 4.4, we have

ϕ−1(µ({x ∈ B(0, r) : Iαf1(x) > λ/2})) ≤ Cλ−1

ˆ

B(0,2r)

f(y) dµ(y),
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which gives

(
ˆ ∞

1

(

r−aλϕ−1(µ({x ∈ B(0, r) : Iαf1(x) > λ/2}))
)q dr

r

)1/q

≤ C

(
ˆ ∞

1

(

r−a

ˆ

B(0,2r)

f(y) dµ(y)

)q
dr

r

)1/q

.

Further, for x ∈ B(0, r)

Iαf2(x) ≤ C

ˆ

X\B(0,2r)

|y|α

µ(B(0, |y|))
f(y) dµ(y),

Therefore, we obtain

ϕ−1(µ({x ∈ B(0, r) : Iαf2(x) > λ/2}))

≤ Cλ−1ϕ−1(µ(B(0, r)))

ˆ

X\B(0,2r)

|y|α

µ(B(0, |y|))
f(y) dµ(y)

≤ Cλ−1r−αµ(B(0, r))

ˆ

X\B(0,2r)

|y|α

µ(B(0, |y|))
f(y) dµ(y)

since ϕ−1(x, r) ≤ Cr[µ−1(x, r)]−α by (ϕ4). Hence Lemma 3.8 yields

(
ˆ ∞

1

(

r−aλϕ−1(µ({x ∈ B(0, r) : Iαf2(x) > λ/2}))
)q dr

r

)1/q

≤ C

(
ˆ ∞

1

(

r−a−αµ(B(0, r))

ˆ

X\B(0,2r)

|y|α

µ(B(0, |y|))
f(y) dµ(y)

)q
dr

r

)1/q

≤ C

(
ˆ ∞

1

(

r−a

ˆ

B(0,r)

f(y) dµ(y)

)q
dr

r

)1/q

.

Thus, Theorem 4.6 is proved. �

Corollary 4.7. Let a ≥ 0 and 0 < q ≤ ∞. Let µ be the Lebesgue measure on

Rn. If n− α > a, then the Riesz potential operator Iα is bounded from M1,q,a(Rn)
to WM1∗,q,a(Rn).

In connection with [19, Remark 3.7], we show the following result.

Corollary 4.8. Let a ≥ 0 and 0 < q ≤ ∞. Let µ be the Lebesgue measure on

Rn. If 0 < a < n/1∗, a1 > a + n(1/p− 1/1∗) (> a1∗/p) and 0 < q < q1 < ∞, then

the Riesz potential operator Iα is bounded from M1,q,a(Rn) to Mp,q1,a1(Rn) when

1 < p < 1∗.

Proof. Suppose 1 < q < ∞, as before. Let f be a nonnegative measurable
function on Rn such that ‖f‖M1,q,a(Rn) ≤ 1. For r > 1, write f = fχB(0,2r) +
fχRn\B(0,2r) = f1 + f2.

By Lemma 4.4, we have

µ({x ∈ B(0, r) : Iαf1(x) > λ/2}) ≤ C

(

λ−1

ˆ

B(0,2r)

f(y) dy

)1∗

.
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If 1 < p1 < p < 1∗, then
ˆ

B(0,r)

(Iαf1(x))
p dx ≤

ˆ ∞

0

µ({x ∈ B(0, r) : Iαf1(x) > λ}) dλp

≤ C

ˆ 1

0

(
ˆ

B(0,r)

(

Iαf1(x)

λ

)p1

dx

)

dλp

+ C

ˆ ∞

1

(

λ−1

ˆ

B(0,2r)

f(y) dx

)1∗

dλp.

Here note from Minkowski’s inequality that
(
ˆ

B(0,r)

(Iαf1(x))
p1 dx

)1/p1

≤

ˆ

f1(y)

(
ˆ

B(0,r)

|x− y|(α−n)p1 dx

)1/p1

dy

≤ Crα−n+n/p1

ˆ

f1(y) dy

so that
(
ˆ

B(0,r)

(Iαf1(x))
p dx

)1/p

≤ C

(

rα−n+n/p1

ˆ

B(0,2r)

f(y) dy

)p1/p

+ C

(
ˆ

B(0,2r)

f(y) dy

)1∗/p

.

Hence
(
ˆ ∞

1

(

r−a1‖Iαf1‖Lp(B(0,r)

)q1 dr

r

)1/q1

≤ C

(

ˆ ∞

1

(

r−a1p/p1+α−n+n/p1

ˆ

B(0,2r)

f(y) dy

)p1q1/p dr

r

)1/q1

+ C

(

ˆ ∞

1

(

r−a1p/1∗
ˆ

B(0,2r)

f(y) dy

)q11∗/p dr

r

)1/q1

= CI1 + CJ1.

We have by Hardy’s inequality (cf. Stein [26, Appendices B.3])

I
p/p1
1 ≤ C

(
ˆ ∞

1

(

r−a1p/p1+α−n+n/p1

ˆ

B(0,2r)

f(y) dy

)q
dr

r

)1/q

≤ C

(
ˆ ∞

1

(

r−a

ˆ

B(0,2r)

f(y) dy

)q
dr

r

)1/q

≤ C

when q1p1/p > q and −a1p/p1 + n/p1 − n/1∗ < −a. Similarly,

J
p/1∗

1 ≤ C

(
ˆ ∞

1

(

r−a1p/1∗
ˆ

B(0,2r)

f(y) dy

)q
dr

r

)1/q

≤ C

(
ˆ ∞

1

(

r−a

ˆ

B(0,2r)

f(y) dy

)q
dr

r

)1/q

≤ C

when 1∗q1/p > q and −a1p/1
∗ < −a.
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Further, for x ∈ B(0, r)

Iαf2(x) ≤ C

ˆ

Rn\B(0,2r)

|y|α

µ(B(0, |y|))
f(y)dy.

Therefore, if

λ/2 < C

ˆ

Rn\B(0,2r)

|y|α

µ(B(0, |y|))
f(y)dy,

then

µ({x ∈ B(0, r) : Iαf2(x) > λ/2})

≤ Cµ(B(0, r))

(

λ−1

ˆ

Rn\B(0,2r)

|y|α

µ(B(0, |y|))
f(y) dy

)1∗

,

since t1
∗

is an increasing function. If 1 < p1 < p < 1∗, then
ˆ

B(0,r)

(Iαf2(x))
pdx =

ˆ ∞

0

µ({x ∈ B(0, r) : Iαf2(x) > λ})dλp

≤ C

ˆ 1

0

(
ˆ

B(0,r)

(

Iαf2(x)

λ

)p1

dx

)

dλp

+ Crn
ˆ ∞

1

(

λ−1

ˆ

Rn\B(0,2r)

|y|α−nf(y) dy

)1∗

dλp

≤ C

ˆ

B(0,r)

(Iαf2(x))
p1 dx

+ Crn
(
ˆ

Rn\B(0,2r)

|y|α−nf(y) dy

)1∗

.

Here note that
(
ˆ

B(0,r)

(Iαf2(x))
p1 dx

)1/p1

≤ Crn/p1
ˆ

|y|α−nf2(y) dy

≤ Crn/p1
ˆ

(

ˆ |y|

|y|/2

tα−n dt

t

)

f2(y) dy

≤ Crn/p1
ˆ ∞

r

tα−n

(
ˆ

A(t)

f2(y) dy

)

dt

t

≤ Crε+α−n+n/p1

(
ˆ ∞

r

(

t−ε

ˆ

A(t)

f2(y) dy

)q
dt

t

)1/q

for α− n+ ε = ε− n/1∗ < 0, so that
(
ˆ

B(0,r)

(Iαf2(x))
p dx

)1/p

≤ Cr(ε+α−n+n/p1)p1/p

(
ˆ ∞

r

(

t−ε

ˆ

A(t)

f2(y) dy

)q
dt

t

)p1/(pq)

+ Crn/p
(

r(ε+n−α)q

ˆ ∞

r

(

t−ε

ˆ

A(t)

f2(y) dy

)q
dt

t

)1∗/(pq)

.
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Hence

(
ˆ ∞

1

(

r−a1‖Iαf2‖Lp(B(0,r)

)q1 dr

r

)1/q1

≤ C

(

ˆ ∞

1

(

r(−a1+εp1/p+n/p−(n−α)p1/p)pq/p1

ˆ ∞

r

(

t−ε

ˆ

A(t)

f2(y) dy

)q
dt

t

)p1q1/(pq) dr

r

)1/q1

+ C

(

ˆ ∞

1

(

r(−a1+ε1∗/p+n/p−(n−α)1∗/p)pq/1∗
ˆ ∞

r

(

t−ε

ˆ

A(t)

f2(y) dy

)q
dt

t

)1∗q1/(pq) dr

r

)1/q1

= CI2 + CJ2.

We have by Hardy’s inequality and Fubini’s theorem

I
pq/p1
2

≤

(

ˆ ∞

1

(

r(−a1+εp1/p+(n−α)(1−p1/p)pq/p1

ˆ ∞

r

(

t−ε

ˆ

A(t)

f2(y) dy

)q
dt

t

)q1p1/(pq) dr

r

)pq/(q1p1)

≤ C

ˆ ∞

1

(

r(−a1+εp1/p+n/p−(n−α)p1/p)pq/p1

(

t−ε

ˆ

A(t)

f2(y) dy

)q
dt

t

)

dr

r

≤ C

ˆ ∞

1

(
ˆ t

0

r(−a+ε)q dr

r

)(

t−ε

ˆ

A(t)

f2(y) dy

)q
dt

t

≤ C

ˆ ∞

1

(

t−a

ˆ

A(t)

f(y) dy

)q
dt

t
≤ C

when q1p1/(pq) > 1, (−a1 + εp1/p+ n/p− (n − α)p1/p)p/p1 < −a + ε and 0 < a <
ε < n/1∗. Similarly,

J
pq/1∗

2

≤

(

ˆ ∞

1

(

r(−a1+ε1∗/p+n/p−(n−α)1∗/p)pq/1∗
ˆ ∞

r

(

t−ε

ˆ

A(t)

f2(y) dy

)q
dt

t

)1∗q1/(pq) dr

r

)pq/(1∗q1)

≤ C

(
ˆ ∞

1

(

r(−a1+ε1∗/p+n/p−(n−α)1∗/p)pq/1∗
ˆ ∞

r

(

t−ε

ˆ

A(t)

f2(y)dy

)q
dt

t

)

dr

r

)

≤ C

ˆ ∞

1

(

t−a

ˆ

A(t)

f(y)dy

)q
dt

t
≤ C

when 1∗q1/(pq) > 1, (−a1 + ε1∗/p+ n/p− (n − α)1∗/p)p/1∗ < −a + ε and 0 < a <
ε < n/1∗. �

Lemma 4.9. Suppose (µ1(a + α);∞). If µ(E) = µ(B(x, r)) for x ∈ X and

r > 1, then

ˆ

E

|x− y|α

µ(B(x, |x− y|))
dµ(y) ≤ Crα.
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Proof. By Remark 4.5, (µ1) and (µ2) , we have

ˆ

E

|x− y|α

µ(B(x, |x− y|))
dµ(y)

=

ˆ

E∩B(x,r)

|x− y|α

µ(B(x, |x− y|))
dµ(y) +

ˆ

E\B(x,r)

|x− y|α

µ(B(x, |x− y|))
dµ(y)

≤

ˆ

B(x,r)

|x− y|α

µ(B(x, |x− y|))
dµ(y) + C

rα

µ(B(x, r))

ˆ

E\B(x,r)

dµ(y)

≤ Crα + C
rα

µ(B(x, r))
µ(E) ≤ Crα,

as required. �

Theorem 4.10. Let a ≥ 0. Suppose µ satisfies

(1) (µ6) when 0 < q < ∞;

(2) (µ6) and

(µ7) sup
x∈Rn,r>1

rα(log r)(µ(B(x, r)))−1 ≤ C when q = ∞.

If q < ∞, then there exist constants A,C > 0 such that

sup
λ>A

ˆ ∞

1

(

raλϕ−1(µ({X \B(0, r) : Iαf(x) > λ}))
)q dr

r
≤ C

when ‖f‖N1,q,a(X) ≤ 1; if q = ∞, then there exist constants A,C > 0 such that

sup
λ>A,r>1

raλϕ−1(µ({X \B(0, r) : Iαf(x) > λ})) ≤ C

when ‖f‖N1,q,a(X) ≤ 1.

Proof. Suppose 1 < q < ∞, as before. Let f be a nonnegative measurable func-
tion on X such that ‖f‖N1,q,a(X) ≤ 1. For r ≥ 1, write f = fχB(0,r/2)+fχX\B(0,r/2) =
f1 + f2.

If x ∈ X \B(0, r), then we have by (µ6)

Iαf1(x) ≤ C
|x|α

µ(B(0, |x|))

ˆ

B(0,r/2)

f(y) dµ(y)

≤ C
rα

µ(B(0, r))

(

1 +

ˆ r

1

t−a dt

t

)

≤ A,

since ‖f‖N1,q,a(X) ≤ 1.
Set E = {x ∈ X \B(0, r) : Iαf(x) > λ}. If λ > 2A, then Lemma 4.4 gives

ϕ−1(E) ≤ ϕ−1(µ({x ∈ X \B(0, r) : Iαf2(x)) > λ/2}))

≤ Cλ−1

ˆ

X

f2(y) dµ(y)

= Cλ−1

ˆ

X\B(0,r/2)

f(y) dµ(y).
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Hence

(
ˆ ∞

1

(

raλϕ−1(µ({x ∈ X \B(0, r) : Iαf2(x) > λ/2}))
)q dr

r

)1/q

≤ C

(
ˆ ∞

1

(

ra
ˆ

X\B(0,r/2)

f(y) dµ(y)

)q
dr

r

)1/q

,

which completes the proof. �

Corollary 4.11. Let a ≥ 0 and 0 < q ≤ ∞. Let µ be the Lebesgue measure on

Rn. If n− α > a, then there exist constants A,C > 0 such that

sup
λ>A

ˆ ∞

1

(

r−aλ[µ({Rn \B(0, r) : Iαf(x) > λ})]1/1
∗
)q dr

r
≤ C

when ‖f‖N1,q,a(Rn) ≤ 1.

5. The associate space of M1,q,a(X)

Following Gogatishvili and Mustafayev [13, 14], we study the duality properties
of M1,q,a(X) and N∞,q′,a(X) when a ≥ 0; see also [23] and [24].

Let Y be a family of measurable functions on X with a norm ‖ · ‖Y . Then the
associate space Y ′ of Y is defined as the family of all measurable functions f on X
such that

‖f‖Y ′ = sup
g∈Y : ‖g‖Y ≤1

ˆ

X

|f(x)g(x)| dµ(x) < ∞.

Here we prove the following result.

Theorem 5.1. For a > 0 and 1 ≤ q ≤ ∞,

(

M1,q,a(X)
)′
= N∞,q′,a(X).

The proof will be done in a way similar to those of A. Gogatishvili and R. Ch.
Mustafayev [13, 14]; but, in our case, we recall that

N∞,q′,a(X) ⊂ L∞(X) and M1,q,a(X) ⊃ L1(X).

For a proof of Theorem 5.1, following [23] and [24], it is sufficient to prepare the
following two lemmas.

Lemma 5.2. Let a > 0 and 1 ≤ q ≤ ∞. Then

ˆ

X

|f(x)g(x)|dµ(x) ≤ C‖f‖M1,q,a(X)‖g‖N∞,q′,a(X).

Proof. Let 1 < q < ∞, as before. Let f and g be measurable functions on X
such that ‖f‖M1,q,a(X) ≤ 1 and ‖g‖N∞,q′,a(X) ≤ 1. We have by Fubini’s theorem for
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β > 0
ˆ

X

|f(x)g(x)| dµ(x)

=

ˆ

B(0,1)

|f(x)g(x)| dµ(x) +

ˆ

X\B(0,1)

|f(x)g(x)|

(

β|x|−β

ˆ |x|

0

rβ
dr

r

)

dµ(x)

=

ˆ

B(0,1)

|f(x)g(x)| dµ(x) +

ˆ

X\B(0,1)

|f(x)g(x)||x|−β dµ(x)

+ β

ˆ ∞

1

(
ˆ

X\B(0,r)

|f(x)g(x)||x|−βdµ(x)

)

rβ
dr

r
.

Since
ˆ ∞

1

(
ˆ

X\B(0,r)

|f(x)g(x)||x|−β dµ(x)

)

rβ
dr

r
≥

ˆ

X\B(0,1)

|f(x)g(x)||x|−β dµ(x),

we have
ˆ

X

|f(x)g(x)| dµ(x) ≤

ˆ

B(0,1)

|f(x)g(x)| dµ(x)

+ C

ˆ ∞

1

(
ˆ

X\B(0,r)

|f(x)g(x)||x|−β dµ(x)

)

rβ
dr

r

= I + CJ.

Then we obtain by Hölder’s inequality

I ≤ ‖f‖L1(B(0,1))‖g‖L∞(B(0,1)) ≤ 1

and for β > a > 0

J ≤

ˆ ∞

1

(

‖g‖L∞(X\B(0,r))

ˆ

X\B(0,r)

|f(x)||x|−β dµ(x)

)

rβ
dr

r

≤

(
ˆ ∞

1

(

‖g‖L∞(X\B(0,r))r
a
)q′ dr

r

)1/q′

·

(
ˆ ∞

1

(
ˆ

X\B(0,r)

|f(x)||x|−β dµ(x)

)q

rq(β−a)dr

r

)1/q

≤

(
ˆ ∞

1

(
ˆ

X\B(0,r)

|f(x)||x|−β dµ(x)

)q

rq(β−a)dr

r

)1/q

.

Here note from Fubini’s theorem and Hölder’s inequality that
ˆ

X\B(0,r)

|f(x)||x|−β dµ(x) = β

ˆ

X\B(0,r)

|f(x)|

(
ˆ ∞

|x|

t−β dt

t

)

dµ(x)

≤ β

ˆ ∞

r

(
ˆ

B(0,t)\B(0,r)

|f(x)| dµ(x)

)

t−β dt

t

≤ β

(
ˆ ∞

r

(
ˆ

B(0,t)\B(0,r)

|f(x)| dx

)q

t(−β+γ)q dt

t

)1/q (ˆ ∞

r

t−γq′ dt

t

)1/q′

≤ C

(
ˆ ∞

r

(
ˆ

B(0,t)\B(0,r)

|f(x)| dµ(x)

)q

tq(−β+γ)dt

t

)1/q

r−γ
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for 0 < γ < β − a. Hence by Fubini’s theorem

J ≤ C

(
ˆ ∞

1

(
ˆ ∞

r

(
ˆ

B(0,t)\B(0,r)

|f(x)| dµ(x)

)q

tq(−β+γ) dt

t

)

r−γqrq(β−a)dr

r

)1/q

≤ C

(
ˆ ∞

1

(
ˆ

B(0,t)

|f(x)| dµ(x)

)q

tq(−β+γ)

(
ˆ t

0

r−γqrq(β−a)dr

r

)

dt

t

)1/q

≤ C

(
ˆ ∞

1

(
ˆ

B(0,t)

|f(x)| dµ(x)

)q

t−aq dt

t

)1/q

≤ C,

as required. �

Lemma 5.3. For a > 0 and 1 ≤ q ≤ ∞, set Z = M1,q,a(X). Then

‖g‖N∞,q′,a(X) ≤ C sup
{f∈Z : ‖f‖Z≤1}

ˆ

X

|f(x)g(x)| dµ(x).

Proof. Let g be a measurable function on X such that

sup
{f∈Z : ‖f‖Z≤1}

ˆ

X

|f(x)g(x)| dµ(x) < ∞.

Let B be a ball of X. Then f = f1χB ∈ Z for f1 ∈ L1(X), so that
ˆ

B

|f1(x)g(x)| dµ(x) < ∞,

which implies that g ∈ L∞(B). Set

aj = 2ja‖g‖L∞(Aj) and GN =

(

∑

j<N

aq
′

j

)1/q

,

where A0 = B(0, 1) and Aj = B(0, 2j) \B(0, 2j−1) for j ≥ 1. Consider

f = G−1
N

∑

j<N

2jaaq
′−1

j χB(xj ,rj)/µ(B(xj , rj))

where B(xj , rj) ⊂ Aj . Then

‖f‖qZ ≤ C
∑

j<N

(

2−ja‖f‖L1(Aj)

)q
≤ CG−q

N

∑

j<N

(

aq
′−1

j

)q

= C

and
ˆ

X

|f(x)g(x)| dµ(x) ≥ CG−1
N

∑

j<N

2jaaq
′−1

j

(

1

µ(B(xj , rj))

ˆ

B(xj ,rj)

|g(x)| dµ(x)

)

,

which together with the Lebesgue density theorem gives
ˆ

X

|f(x)g(x)| dµ(x) ≥ CG−1
N

∑

j<N

2jaaq
′−1

j ‖g‖L∞(Aj) = CG−1
N

∑

j<N

aq
′

j

= C

(

∑

j<N

aq
′

j

)1/q′

= C‖g‖N∞,q′,a(X).

This completes the proof. �
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